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Introduction. The intersection theorem, due to Krull, Chevalley and Zariski, 

is of paramount importance in the theory of Noetherian rings. But it being stated 

only for rings with unit elements, we tried to formulate and prove the theorem for 

rings not assumed to have unit elements. Our proof is based on an investigation of 

relations between ideals in a ring and those in a ring obtained by adjoining a unit 

element to the original one. This may be blamed too long and too compliciated in 

order to obtain only the theorem in view. However Lemmas I* and III, which state. 

relations between two rings, will be of some interest in themselves. 

1. Theorems known. For the sake of convenience, we state the theorems due 

to Krull, Chevalley and Zariski, and sketch their proofs briefly. 

Let o be a commutative ring and form the set o* which consists of all pairs 

[a, m] where a E o and m is an integer. o* becomes a ring if we define addition 

and multii,lication in o* as follows: 

[a, m]+[b, n]=[a+b, m+n], 

[a, m] • [b, n]=[ab+na+mb, mn]. 

We may identify [a, OJ, [O, m] with a, m respectively in obvious reasons. ·· Then o* 

is a ring with the unit element 1, and contains o and the ring of integers Z as an 

ideal and a subring respectively. Every ideal in o is an ideal in o*. o is a prime 

ideal in o*, and every prime ideal in o*, which contains o strictly and is not equal 

to o*, is a maximal ideal. If o is Noetherian, o* is too. 

(L1) Let a be an ideal t"n a Noetherian ring and put c= r1;_1an then we have 

ca:-c. 
Let ca=[lh, •··~ q,.J be a representation of ca as an intersection of primary ideals 

and let ~; be the prime divisor of q;. If as;;;~;, then c C q; follows from ca C q;. If 

a C q;, then c C aPi CW C q;, pi being the exponent of q;. After all we have always 

c C q;. 

(L2) Let c, a be ideals in a commutative ring o such that cd=C and suppose· ·c 

has a finite base. Then there exists an element a in c such that c•a=c for any 
element c in c.D 

1) S. Mori, Ueber Productzer/egung der Ideals. This Journal 2 (1932) Satz 1, p. 1. 
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Put c=(c1, •··, Cn), then we have c;=.l'aijCj, a;j Ea. Forming o* if necessary, we 

have c;.d=O, where .d= det (ou-au)=l-a, a ea, then ca=c for any element c in c. 

THEOREM (K). Let o be a Noetherian integral domain, and let o be an ideal z'n 

o, but not equal to o if o has a unit element. Then we have (\an=(0).2' 

THEOREM (C). Let a be an ideal in a Noetherian ring with unit element 1, and 

let lJ1, ···, 1-1,- be the Prime dt'vz'sors of the zero ideal. Then the following statements are 
equivalents; i) (\an=(O) ii) no element which is = 1 (mod. a) is a zero divisor, iii) 

lJ;+a =\= (1) (i=l, •··, r).3J 

This follows from Li. 1 2 and the fact that the set of all zero divisors is Vf-1lJ;. 
(La) Let a, l:i be ideals z'n a Noetherian ring o with unit element and let lJ; (i 

=1, ···, r) be the prime divisors of l:i, and suppose l:i =\= o. Then the following state• · 

ments are equivalent: i) (\(l:i+an)=l:i, ii) lJ;+a=\=(l)(z"=J,···,r). 

This is easily seen if we apply the Theorem (C) to the residue ring o/l:i. 

TllEOREM (Z). Let a, l:i be ideals in a Noetherian ring O with a unit element 1, 

and let fi=[q1, ···, Gr] be an irredundant representation of l:i as an intersection of 

Primary ideals, and ·let lJ; be the prime divisor of q;. If µ;+a=\= (1) for i=I, ···, s and 
lJ;+a=(l) for j=s+l, •·•,r, then 

(\ (b+an)=[qi, ... , q5] .4) 

We may assume s < r. Then [Gs+i, ···, q,J+an=(l) for any positive integer n, 
whence [qi,···, Qs] C (b+an). On the other hand, we have by 1 3, [qi,···, qs]= {\ ([q1, 

···, Gs]+an) ~ (\ (l:i+an ). 

2. Lemmas. Let o be a commutative ring and let o* be the ring obtained by 

adjoining a unit element in the usual manner described in the preceding section. 

LEMMA I. Let lJ be a prime ideal in o and assum~ that lJ is not prime in o*. 

Then there exists a only one Prime ideal lJ* in o* such that 

lJ=lJ*(\o. 

µ* consists of elements such that 

c+m(bo-ro) where c e lJ and m is an integer. 

r0 is uniquely determined posi#ve integer and b0 is an element in o uniquely deter

mined mod.µ such that ab0 = ar0 (mod.µ) for any a in O; The followz'ng statemm!s 

are equivalent : 

i) r0=I, ii) ollJ has a unit element, iii) o+lJ*=o*. 

When ro=I, b0 i's a unit element mod.µ z'n o. 

2) W. Krull, Dimensionstheorie in Stellenringen, J. Reine Angew. Math., 179 (1938) Satz 1, p. 206. 
3) C. Chevalley, On the theory of local rings, Ann. of Math., 44 (1943) Lemma 2, p. 692. 
4) 0. Zariski, Generalized semi-local rings, Sum. Bras. Math., 1 (1946) Lemma 3, p. 178 and 

Theorem 3, p. 180. 
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PRooF. Set v*=v: o (ideal quotient in o*). Let a, fl be two elements in o* such 

that a·fl E ~*. Then (a•fl )o C v, hence (ao) • (flo) C v. Since v is prime in o, we have 

ao C v or flo C v, that is a Ev* or fl Ev*. This shows µ* is prime in o*. Since o=¼=v 

and (µ* (\ o)o CV, we have µ* [\ o C v, hence v* [\ o=v. Furthermore since v is not 

prime in o*, this representation of v is irredundant. We next consider the set of· 

integers n such that b+n Ev* for some b in o. This set forms a principal ideal (r0) 

in a ring of integer Z and we can find an element b0 in o such that b0-r0 Ev. Then 

b0 is uniquely determined mod. V• The other assertions in our Lemma will be easily 

seen. q. e. d. 

LEMMA II. (With the same assumptions and notations.) If a is an ideal in o, 
then the following two statements are equivalent: 

i) a+µ*=o*, ii) ofµ has a unit element, and a+v=o. 

PROOF. If a+v*=o*, then ofµ has a unit element (by Lemma I) and moreover 

o=(a+v*) (\ o=a+µ* (\ o=a+v. Conversely if o/v has a unit element, then o+v*=o* 

(by Lemma I). Therefore if we have a+v==o in addition, then follows a+v*=o*. 

q. e. d. 

If a* and a are ideals in o* and o respectively such that a*[\ o=a, then we shall 
say that a* lies over a. The following Lemma will be an easy consequence of 

Lemma I. 

LEMMA I*. If v is a prime ideal in o other than o, there lies over v one and only 

one Prime ideal in o*. 

LEMMA III. Let q be a strongly Primary ideal t"n o which belongs to a Prime 

ideal v(=¼= o). Then there exists an only one prt"mary ideal q* t"n o* which lies over 

q. Moreover q* belongs to the Prime ideal µ* which lies over V• 
PRooF. Set q* =q : o, v* =v : o. We have obviously q* C v*. Let a, fl be two 

elements such that a·B E q* and a$ v*, then we have (ao)(flo) C q and ao S: V, 
whence flo C q i.e. fl E q*. If a Ev*, we have aPoP C VP C q where p is the exi;mnent 

of q. Hence we have (aPo)cP-1 C q, which implies aPo C q, aP E q*. Therefore q* is a 

primary ideal in o* and belongs to v*. The relation q=q* (\ o can be proved similarly 

as in Lemma I. If V is prime in o* (in this case evidently V: O=V), q*=q. q. e. d. 

LEMMA IV. If q is a prlmary ideal in a Noetherian ring o and has o as its 
radical, then its representations have such a form as q=[qo, qi*, ···, qr*], where qo be

longs to o, and qi* to a maximal ideal which contains o. 

3. Intersection theorem 

(Z*) Let a, Ii be any ideals ln a Noetherian ring and let li=[q1, •··, qr] be an 

t"rredundant representation of Ii. Let Vi denotes the Prime divisor of qi. If +'i 

satt"sfies the three conditions "Vi=¼= o, o/µi has a unit element, a+v;=o" for s+ 1 < i 
< r, and fails to satisfy the conditions for I < i < s, then 
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From Lemmas II, III and IV, we. can write down an irredundant representation 

of an ideal li as an intersection of primary ideals in o* from the one in o. Therefore 

this theorem is an immedia,te consequence of Theorem (Z). 

Department of Mathematics, 

Hiroshima University 
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