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The set of all closed linear manifolds of a (not necessarily separable) Hilbet 

space is a (I) complete, (II) relatively atomic, and (IV) orlhocomPlemented lattice 

satisfying (III) the exchange axiom of MacLane [lJn, together with the following 

condition: 

(V) If b, c are orthogonal elements, then it holds (b, c)M, i.e., a~ c implies 
(a,._, b) ,,...._ c=a ,._, (b ,,...._ c). 

The purpose of this paper is to study an abstract lattice L satisfying these five 

conditions (I)-(V). The main results are as follows2> : 

(1) Any element a of L has an orthogonal basis, that is, there exists an-ortho

gonal system of points whose join is equals to a. 
(2) If P, Q are both orthogonal bases of an element, then P and Q hav~ the 

same cardinal numbers provided that L satisfies furthermore an "counrability con

dition of dependence ".3> 

(3) Any quotient lattice of L has the same properties as L. 

(4) L is a direct sum of irreducible sublattices. 

(5) Projections and permutability of elements are defined and their interrelation 

is investigated. 

§ 1. The lattice of closed linear manifolds of a Hibert space. 

Let ~ be a (not necessarily separable) Hilbert space, and let the set of all closed 

linear manifolds of .p he denoted by L. It is well known that L is a complete, 

relatively atomic, and orthocomplemented lattice, partially ordered by set-inclusion. 

Croisot [l] has shown that L satisfies the exchange axiom of MacLane4>. Hence we 

have the following: 

1) The numbers in square brackets refer to the list of references at the end of the paper. 
2) An exchange lattice of MacLane [1], which is equivalent to a "matroid lattice" in the ter

minology of F. Maeda [3], is a complete, relatively atomic lattice satisfying the exchange. axiom 
together with the "finiteness condition of dependence". MacLane [1] has shown that analogous 
theorems to (1)-(3) above are valid in any exchange lattice (cf. ibid. 458, Theorem 3, 4 and 6); 
( 4) has been iihown for an exchange lattice by U. Sasaki and S. Fujiwara [1] 188, Theorem 4. 

3) Cf. the condition (VI) in Theorem 2.2 below. 
4) Cf. Croisot [1] 259, Lemma 1 and 261, Lemma 3 which are respectively (·~") and (~") in 

Remark (2) below. 
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TmmREM 1.1. The lattice L of all closed linear manifolds of a (not necessarily 
separable) Hilbert space .4':> satisfies the following conditions: 

(I) It is complete. 
(II) It is relatively afomt"c: a < b implies a < a v P < b for some point p. 
(III) It satisfies the exchange axz"om of MacLane: 

(1J') pr-..a=O imply qspva. 

CIV) It ,s orlhocomplemented: Tliere exists a one-to-one mapping a➔ a..1.. of L 
into L such that (1) a$ b implies a..1.. > b\ (2) (a..1..)-1--=a, and (3) a r-.. ~=os>. 

(V) bsr implies (b,c)M6>. 
PRooF. It remains merely to show the condition (V). As is well known, L is 

isomorphic to the lattice of all projections in (), partially ordered by the relation 

< which is defined as follows: Es F if and only if EF = E. Now let F, G be 

orthogonal projections in (), and let E be any projection with E-:5:_G, then it is 

obvious that (E+F)G=E, completing the proof. 

REMARK. The following propositions will be used frequently in the sequel with

out further reference : 

(1) In a relatively atomitf lattice, any element a is the join of all points con
taz·ned in a 1 '. 

(2) In a relatively atomic lattice, the following condi#ons are equivfflent to each 
other 8>: 

('11') ps_qv a, pr-..a=O imply qspva. 
( .,,,, ) If p ;ta a then fJ v a covers a • 

. (f") If a covers a r-.. b then av b covers b. 

(3) An orthocomplemented lattice is self-dual, whence any proposition yields · its 
dual. For example, in a lattice satisfying the conditions (II), (III), (IV), it .holds 

the dual of Cf") : 

<f") If av 6 covers a then b covers a r-.. b. 

If L satisfies (IV), (V), then the dual of (V) is valid: 

(V) If b<r, then it holds (b,c)M, i.e. a>c implies (ar-..b)vc=ar-..(bvc). 

§ 2. Orthogonal bases. 

DEFINITION 2.1. In an orthocomplemented lattice, an element a is said ortho
gonal to b, denoted by a ..J.. b, if a < b..1... It is obvious that a ..J.. b implies b..J.. a. By 

an orthogonal system, we mean the the set of elements {a,.; a e I} such that if 

5~ Cf. Halmos [1] 24, Theorem I, 3, 5. 
6) By (b,c)M, it is meant that a~c implies (a.....,b)r-.c=av(b,,.....,c). 

: :7} Cf. F. Maeda [2] 88, Lemma I.I. 
8) Cf. F. Maeda [3] 180, Theorem 2. 
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a =\= ,8 · then a/I, .L OfJ. V (a,.; a E J) is denoted by V ( !J)a,.; a E I) provided that "{a,.; 

a EI} is an orthogonal system. In particular, if P is an orthogonal system of points, 

V ( P; PEP) is denoted by V ( <:f;P), and P is called a orthogonal basis of a, if 

a=VC(f)P). 

LEMMA 2.1. In a lattice satisfyi"ng the.the conditions (II) a,id (IV) in Theorem 

1.1, the condiUon (V) is equlvalent to 

CV') P;;;:;; ad:)b and p < b.J... imply p <a. 

PROOF. First we shall show that (V) implies (V'). Let p<a'-'b, and p, aSb.i... 

Since it holds Cb,b.i..)M by (V), we have Ca'-'b),,,..._b.i..=a, and it follows p-::;:;,a. Next 

weshallprovethat(V')implies (V). Let a<c, then it holds (a'-'b),,,...,c>a'-'(b,,,...,c) 

in general. Thus it is sufficient to prove that p ~ (a '-' b) ,,,..._ c implies p <a'--' (b 

,,,..._ c). Now P <Ca'--' b) ,,,..._ c implies p-::;:;, a'-' b and P < c. Since b-Lc, it follows a.Lb 

and p Sc s,b+, whence we have p < a by CV'). 

Unless otherwise stated, in the remainder of this section we shall denote by L 

the lattice satisfying the conditions (1)-(V) in Theorem tl. 
LEMMA 2.2. If a > b in L, then there exists a Point P such that a?:. b Eti p. 

PROOF. There exists a point q such that a> b '-' q > b by (TI). In view of the 

. fact (~, b)M, we have {Cb'-' q) ,,,..._ b.J...} '-' b=b ..__,, q. Since L satisfies, Cr/'), b '--' q 

covers b, whence (b '-' q)""" b.J.. covers {(b '--' q) ,,,..._ b.i..} ,,,..._ b=O by' (["). The point 

P='(b '--' q) ,,,..._ b.i.. is the desired one. 

THEOREM 2.1. Let L be a lattice satisfying the conditlons (1)-CV) in Theorem 1.1. 

If P ls an orthogonal system of Points such that V C !J';P) ~ a, then there exists an 

orthogonal basis of a containing P. Consequently every element aC=\= 0) has an or
thogonal basis. 

PRooF. Let S be the set of points contained in a, then there exists by Zorn's 
. . 

lemma, a maximal orthogonal system of points Q such that Pc Q c S. Th.en Q 

is a basis of a, since otherwise we have VC!J';Q) < a, which implies the existence of 

a point p such that Pm V C (BQ) Sa, whence {P, Q} is an orthogonal system contain

ing Q, contrary to the maximality of Q. 

LEMMA 2.3. Let S be an orthogonal system of points of L. If P :<::; V C !J';S), then 

there exi'sts a unz"que subset T of S such that P < V((-f)T), but P fs V(ffiT') for any 

Proper subset T' of T. 
PRooE. (i) Put T={teS: tfsp.J..} and R={reS; r<p.i..}, then -we have 

p<V(ffiT)r:fJVCr:fJR), andp<{V(r:fJR)}.J... It follows from (V') thatP;$;V(r:fJT). 

(ii) For any t ET, put T'=T-t. If P _s;_ V(!J';T'), then we have p ~ t1: con

tradicting the definition of T. Thus P fs V(r:f;T') for any proper subset T' of T. 

(iii) Let Ube a subset of S such that P-:£ V(<:f;U), and P fs V(<:f;U') for any 
. r 

proper subset U' of U. If rES-U, then it holds r+> V(<:f;U)> p and so reR=S-T, 

whence we have U> T. Hence it holds that U=T, completing the proof. 
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It is known that all bases of an element have the same cardinal· number in any 

exchange latt'ice9>. However, in a lattice satisfying the conditions (1)-(V), the unique

ness of the cardinal number of orthogonal bases of an element is secured under an 

additional condition stated below . 

. Tu~oREM 2.2. Let L be a lattice soUsfying the conditions (1)-(V) in Theorem 
1.1. and i"n addition 

(V1)10> p < V (P) implies P < V (P;; i=1, 2 ···) for some P; E P(i'=l, 2, ··· ), where 
P i"s a set of points of L. 

· lf' both P and Q are orthogonal bases of an element a, then P and Q have the 

same cardinal number. 
· PROOF.· ,, Case 1. Either · P or Q is a finite set. 

By symmetry we can assume that P is a finite set {P;; i=], 2, ···, n}. The 

cardinal number of Q can not exceed n. For otherwise there exist points q1, q2, ·•• 

-.' .. , qn+i E Q, and it follows from U. Sasaki and S. Fujiwara [l] Lemma 2.2 that 

_V(<J)q;)~'V(ffiP;)=a2<1,n+1, contrary to the orthogonality of Q. Similarly 'p, the 
,-1 ,-1 · , , · · 

cardinal number of .P, can ·not exceed Q, and so we have P=Q.' 
. · , Case 2.. Both P and Q are infinite sets. 

Sirice .a=V(tf;P)=V(@Q), it follows from the cendition (VI) and Lemma 2.2 that 

for any ·q E Q there exists a countable subset Tq of P such that q < V({£)Tq) and 

q ~ V(tf;T') for any proper subset T' of Tq• Since any point of P belongs to some 

Tq(q e Q)ll>, we have P=V(Tq; q E Q). On the other hand the cardinal number of 

V< Tq; q E Q) can not exceed' Q · 't..o=Q. Thus we have P ~ Q. Similarly we have 

Q SP,- completing the proof. 

§ 3. Quotient lattices. 

DEFINITION 3.1. Let a > b in an orthocomplemented lattice, we shall denote by 

a/b the lattice of all elements c·such that a2.c2b, and by a8h we shall mean 

the element a ,...., b.J.... 

LEMMA 3.1. In a lattice satisfying the conditious (IV) and (V ), the following rules 
of computation hold : 

1. · a> b impUes · a=b tf;(a 8 b); 

2. c~a implies aG(aGc)=c. 

3. b (£) cs a implies a 8 (b !cf; c)=(a 8 b) 8 c·. 

·4_ a !cf; x=a !cf; y implies x=y. 

5. x,y~a and a Gx=a Gy imply x=y. 

9) Cf. MacLane [1] 458, Theorem 6. 
16) Compare with the condition ( F1) of MacLane [1] 456. Remark also that (VI) is satisfied 

in the lattice of all closed linear manifolds of a Hilbert space, cf. Halmos [1], 22 Theorem 1. 
fl) In fact, suppose _that a point p(f P) belongs to none of Tq(qeQ), then we have p ~V(~Q) 

·~ V(P-p) ~p+-, which is a contradiction. 
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PROOF. (1)-(3) are obvious. 

(4) a EB x=a EBY implies (a'-' x) ,-.. a-1-=(a '-' y) ,-.. a.J_, whence it holds x=y in 

view of (a, a.J_)M, and x,y < a.J_. 

(5) It follows from (1) that xEB(a8x)=yEB(a8y), whence we have x=y 
by (4). 

THEOREM 3.1. Let L be a lattice satisfying the conditions (I)-(V) in Theorem 1.1. 

If a>b in L, then the quotz'ent lat#ce a/b satisfies also (I)-(V), and its points are all 

the elements of L of the form b EB P, where P is a point of L such that p EB b ~ a. 

PRooF. Such an arbitrary element b EB p is a point of a/b, since b EB p obviously 

covers b which is the zero element of a/b. Conversely if d is a point of. a/b, then 

a> d and d covers b, it follows from Lemma 2.1 that there exists a point p with 

d=bEBP~ a. 
Now it is sufficient to prove (II)-(V), since a/b is obviously complete . 

. (II) If c, de a/b and c > d, then we have c > d EB p > d for some point p of L 

by Lemma 2.1, whence it holds c > d '-' (b EB P) > d. Thus alb is relatively atomic. 

(III) Let bffip be a point of a/b which is not contained in cea/b, then c....,,(cEBP) 

=c '-' p covers c since p ;$a c. Thus a/b satisfies (r/1) and so does ( r/). · 

(IV) Put c1=(a8c)!,£b for any cea/b. We shall show that c' is the orthocomp-le

ment of c in a/b. Let c, de a/b and c' =d', then the applications of ( 4) and (5) of 

Lemma 3.1 yield c=d, which shows that the mapping c - c' is one-to,one. Obviously 

c < d implies c' > d'. The applications of (3), (2), and (1) of Lemma 3.1 yield c"=c. 

Since it holds (~. c)M, we have b < c ,-.. c'=c ,-.. { (a 8 c) '-' b} < c"' (c.J_ '-' b;J=b. 

whence c ,-.. c'=b . . Hence a/b is an orthocomplemented lattice •. 

(V) Let y, z e a/b and y S z', then x s z implies 

(x....,, y) "'z S (x '-' z') ""'z S (x....,, z,_) ,-.. z=x, 

whence we have (y, z)M. 

This completes the proof. 

If L satisfies in addition the condition (VI) in Theorem 2.2, then it is easily seen 

that the quotient lattice a/b satisfies also (VI). 

§ 4. Direct decomposition. 

DEFINITION 4.1. In a lattice with 0, if P, q are points such that PS Q'-' a, P ,-.. a 

=0 for some element a e L, then p is said perspective to q and denoted by P~q. 

Remark that P~q is equivalent to q~P in a lattice satisfying the condition (r,'). 

LEMMA 4.1. Let L be a lattice satisfying the conditions (11),(III), (IV). If psq....,,a; 

p, q being points and a being an element· ( =t=O) of L, then there exists a point r such 

that p -:;;;:, q '-' r and r < a. 

PRooF. We can assume without loss of generality that P=t=q, and P ;$a a. Since 

q ;$a a, we have by ( 7111 ) that (P '-' q) '-' a=q '-' a covers a. It follows from <f") th_at 

(P 'J q) ,-.. a is covered bp p '-' q, whence r=(P '-' q) ,-.. a is a point of L with r.::;, a 
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and r~pvq. By using (rJ') we have p<qvr. 

An immediate consequence of this lemma is the followihg corollary which will 

be used frequently without further reference. 

CoROLLARY. In a lattice satisfying the conditions (II), (III), (IV), two points p, q 
are perspective to each other if and only if p :Sq v r for some point r( =t,.p). 

Now we shall show that the perspectivity is transitive. 

LEMMA 4.2. In a lattice satisfylng the condilt"ons (II), (III) and (IV), 

P~q and q~r imply P~r. 

PROOF. We may assume without loss of generality that P, q, rare distinct and 

P $, q v r. Since p ~ q vs and 1J. < r v t for some points s( +P) and t( =t=q), it holds 

that P ,:S:: r v s v t. Now suppose that p;:;; s v t, then we have s v t=P vs:::;, q and 

s v t=q v t > r by (7]1), and it follows from U. Sasaki and S. Fujiwara [l] Lemma 

2 (2°) that q v r=s v t and so q v r > p, contrary to the assumption. Thus we 

have P ,,..._ (s v t)=O, and it follows that p-r. 
DEFINITION 4.2. In a lattice with 0, by a P' b, we mean that (av x) •'"' h=x Ab 

for every x EL. If S is any subset of L, we denote by sv the set of a such that 

·arb for all bES. 

, Unless otherwise. stated, we shall denote by L in the remainder of this sectioo 

the lattice satisfying the conditions (I)-(V). 

LEMMA .4.3. The following condiUons are equivalent in L : 

(a) ap-b. 

(fJ) There exist no Points p, q such that P < a, q ~ b, and p-q. 

PROOF. The implication (a)->(fJ) may be proved by a verbatim repetition of 

F. Maede [2] Lemma 1.6, while to prove the converse we need a slight modification. 

Let us assume that ( a) is false, then there exists x =¾c= 0 such that (av x) ,-.. b 

> x Ab. U follows from Lemma 2.2 that there exists a point q such that (av X) 

,,..._ b > (x ,,..._ b) 8:) q. Then x A b I'"'\ q=O, q ~ b and so we have q ,,..,. x=O. Now since 

q <av x=x8:) {(av x) 8 x}, the element (av x) 8 x contains at least one point r 
which is not orthogonal to q, for for otherwise we have q <{(av x) 8 x}.l.. and it 

follows from the condition (V') that q < x, contrary to the preceding statement. Then 

we have r < a v x and r < r, whence r is not orthogonal to some point p :Sf?, since 

otherwise we have r<a+ and so r~(avx)Aa_,_Ar=O, which is a contradic

.tion. Here we remark . that two points which are not orthogonal are Perspective to 

each other. · Consequently we have q~r and r~P and so it holds q~P and P < a, 
contrary to (fJ). 

DEFINITION 4.3. Let {S.,; a EI} be a family of subsets of L. If 

12) Proof: If q is not orthogonal tor, then we have q;:j;;r_,_. Since q ~ rvr, it holds q--r 
by Definition 4.1.. 
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(1) every a E L is expressible in the form 

a=V(a,,,; ael), · a,,,ES,,,(a.El), and 

(2) a~/3 implies 

then L is called a direct sum of S,,,(a EI), and is denoted by L=2:((£) S,,,; a EI). 

LEMMA 4.4. If b P' a,,,(a el) fn L, then ft holds b 17 V(a,,,; a e"I). 

PRooF. Suppose that b 17 V(a.,; a e I) is false, then it follows from Lemma 4.3 

that there exist points p, q such that p < V (a.,; a E I), q :Sb and P~q. Now let 

{p;; /3 e I,.} be the set of points contained in a,,,, then we have p < V (Pi; /3e[,,,, ael). 

It follows that there exists a point p; which is not orthogonal to p, whence p; ~ p 
and so p; ~ q for some a E I, /3 E /,,,, contrary to b r a., . 

. By making use of this iemma, we can easily verify the following : 

LEMMA 4.5. If L is a direct sum of sublattices S,,,(a el), then any element a EL 

is expressible ·unfquely as 

a=V(a,,,; ael), 

and L i's isomorpht'c to the direct product II(S,,,; a El). 

PROOF. Cf. F. Maeda [1] Lemma 2.2 and Theorem 2.1. 

By a similar argument as in F. Maeda [2] Theorem I.I; we obtain the followingm. 

LEMMA 4.6. L is a direct sum of sublat#ces S,,, of L, that is, L=).'( (£) S., ; a E I). 

And any two points of the same S., are perspective to each other, and two Points 
which are contafned fn dfs#nct s,,, and Sfl are not perspective. 

· Thus we obtain the following theorems by verbatim repetitions of the arguments 

in U. Sasaki and S. Fujiwara [l], Theorem 3 and 4. . . . 

THEOREM 4.1. A latUce satisfying the conditions (1)-(V) in Theorem 1.1 'is irre

duet'f!le t'f a~d only if any two Points are. perspective to each other. 
THEOREM '4.2. A lattt'ce L satisfyz'ng the conditions (I)-(V) in Theorem 1.1 is a 

dz'rect sum of irreducib.le sublattlces which satisfy the same conditions as L. 

§ 5. Projection. 

In this section, we shall denote by L a lattice satisfying the conditions (I)C.:(V) 

in Theorem 1.1. 

LEMMA 5.1. If P ;'ffe b, p;:;, a(£) b z'n L, then (P '-" b) ,-... !' is a point. 
PROOF, By virtue of (a, b)M, we have { (P '-" b) r.. a}......, b=p·......, b. If follows 

from ('1)11 ) that {(P'-"b)"'a}vb covers b, whence it holds by C!") that_ {(P'--'b) 
,.... a} "' b=O is covered· by ( p '-' b) "' a, completing the proof. . 

LEMMA 5.2. If p .:::;: a (£) b, a, b ~ 0 in L, then p < q (£) r for some Points q < a, 

r < b; in partictdar if p ;'ffe a, b, then q, r are determined uniquely dependent on P, a, b. 

13) Remark that if p ,:S:, V(P), where P is a set of points which is perspective to a fixed point 
Po, then it holds P~Po, in fact p is not orthogonal to some point P1€P, whence P~P'~Po. 
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PRooF. We can assume without loss of generality that p ~ a and p ~ b. Put 

q=(p v b) """a, then by Lemma 5.1, q is a point such that q Sp vb and q < a. 

Hence by ( rJ') we have p < q EB b. Then by a similar argument, r=(P v q) """ b is 

a point and r<b, r<pvq, whence p<qEBr.by (rl). 

Next suppose that p Sq' EB r', q' < a, and r' < b. In view of ( ,,.,, ) it holds that 

q1 Sp v r' Sp vb, whence q' S (P vb),,..... a=q. Consequently we have q1=q. By 

symmetry it holds r'=(P v a) ,,..... b. 

REMARK. If a is an element ( =i=O, 1) of L, and if p .is a point such that p ~ a, 
p ~ a'-, then there exist uniquely determined points q, r such as p $ q EB r, q .Sa, 

r <a.,_; q, r being (p v a.,_),,.., a, (P v a),,..... a.,_, respectively. 

We may consider that this fact corresponds to the one in a Hilbert space () that 

if f is an element. of {) and IJR is a closed linear manifold, tben there exist elements 

g, h such that f=g+ h, g E IJR, h E IJR.,_, motivating the following : 

DEFINITION 5.1. Let a and p be respectively an element and a point of L. We 

shall define <paP by (P v a.,_),,.., a and call it a projection of p on a. In particular 

we shall define <paO=O. 

REMARK. For any Point f! and any element a of L, we have p < <paP EB cp0 ~p in 

view of the preceding remark. 

LEMMA 5.3. The followt"ng ProPositt'ons are vaUd z'n L: 

(1)" 

(2) 

cpaP=P 

'PaP=O 

t"f and only tf P <a. 

if and only i'f p Sa.,_ • 

PRooF. (1) The necessity is trivial and the sufficiency follows from the fact 

(a+,a)M. (2) The sufficiency is obvious and the necessity is immediate from 

Lemma 5.1. 

LEMMA 5.4. If p < b EB c, b < a, c < a.J.. for some element a z'n . L, then it holds 

<paP='PbP....:.(p v c),,.., b. · 

PROOF. It follows from C < b.J.. that (P V c)"' b < (p V b.L) """b, whence we can 

infer (p v c) ,,..... b=<pbP- For otherwise we have O=(P v c) ,,..... b < 'PbP, it follows 

from Lemma 5.1 that p Sc, whence p < b.,_, contrary to O < <p~P by Lemma 5.3. 

Similarly (p ._,:., c),,..... b=qiaP, whence we have <paP=cpbp. 

Now we shall characterize the projections. 

THEOREM 5.1. Let L be a lattice satisfying the conditions (l)-(V) Theorem 1.1, 

and let P be the set of all points of L together with 0. A mapplng <p of P lnto P is 

ldenUcal to a projection on some element a of L if and only if it satisfies the follow

ing conditions : 

Cl) 

(2) 

p < V(cppa,; a e I) 

implies 
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0,thocomplemenled Lattices Satisfying the Exchange Axiom 

(3) p < q v r· implies · <pP < <pq v <pr. 

PRooF. ·Necessi"ty. (1) is obvious·, since <pap., S a(a EI). (2) · Suppose P.J. <pa<l 

then it holds (q v a_J_) ,,.,_ a <p+, whence p < (q-1- ,,.,_a)(£) a-1-. It follows that p.;.., ai
<(qL ;""\a)(£) r, and so (p V a.J..) ,,..,_a< {Cr,.;, a)(£) a..L} '"'a=r ;""\ a <qL. That 

is, <paP.J..q. (3) Since q<<paq(£)<p0 ... q, and r_:S<p0 r(£)<pa ... r, we have 

P < (<paQ v <par) (:t) (<pa,Q v <J}a...Y). 

It follows from Lemma 5.4 that <paP is equal to the projection of p on <paQ v <par, 

whence we have <paP < <paQ v <par. 

Sufficiency. Put a=V(<pq; qEP). Then since <pap<a=V(<pq; qEP),itf<>ll_ows 

from the condition (1) that <p(<paP)=<paP• Next we have <p<pa ... P=O, in fact, it 

holds <pa ... P.J.. <pq for every q E P, and so <p<pa ... P is orthogonal to every q E P by the 

condition (2), whence <pqJa ... P=O. Now p .5 <paP (£) <pa ... P for any P ~ P. It follows 

from the condition (3) that <pp< <prpaP (£) <p<p,, ... p. Hence by the a~ve results 

we have <pP < <paP which yields <PP=<paP for every PEP. For otherwise O=cpP<<paP, 

and it holds <pP ..1- q for every q E P, and so p is orthogonal to every <pq( q E P), whence 

p ..1- a, contrary to the fact <paP > O. Now it is clear that the condition (1) yields 

<pO=O. Hence <p is identical with <f'a· 

CoRoLLARY. If a< b i"n L, then <pa<pbP=<paP for every poi"nt p EL; 

PRooF. For any point p EL, it holds p _S <pbP (£) <pb ... P- It follows Theorem 5.1 

(3) that <paP < <pa<pbP v <pa<pb ... p. Since a< b, we have <pa<pb+P=O by Lemma 5.3 

(2). Hence <f'aP < <pa<pbP, whence we can infer without difficulty that <paP=<pa<pbP· 

DEFINITION 5.2. Let a, b be elements of L. If a=(a,,.... b) (£) (a,,.,_ b-1-), then a is 

called permutable with b. 

LEMMA 5.5. If a i"s permutable with b, then b ls Permutable with a.1° 

PRooF. Since a=(a ,,..,_ b) (£) (a r-. b-1.), we have a-1-=(a ,,..,_ b)+ ,,..,_ (a-1- vb), whence 

it holds b ,....__ a-L=(a ,,.,_ b)+ ,,..,_ (a-1- vb),--.. b=(a ,,.,_ b)+- r-. b. It follows from the fact 

((a,,.,_ b)":-, a'"' b)M, that 

(b ,,.,_a)(£) (b ,,.,_ a-1-)={ (a,,.,_ b)-1. ,,.,_ b} v (a,,..,_ b)=b. 

Interrelation between the permutability of the elements a, b and the com

mutativity of the projections <pa, <pb is verified by the following: 

THEOREM 5.2. Let a, b be elements of a lattice satisfying the condi#on I:-V in 

Theorem 1.1. Then the following ProPosi#ons are equivalent to each other: 

(a) a is Permutable with b. 

(B) <f'a(JJbP=rp1,<paP=<pa~bP for any point PEL. 

( 'Y) <pbP < a for any point p < a . 

14) Cf. F. Maeda [4] 207, Lemma 1.2. 
·~ 111,•~ ..,.j-., -301-
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PRooF. (a)--+(/3). Since a=(ar-.b)EB(ar-.l,+), we have <paP<(a,,-...b)EB(ar-. 

b.,_) for every point p E.L. By virtue of the fact a r-. b < b, a r.-- b.J.. <b.J.., it follows 

from Lemma 5.4 that ,Pb<pap=<pa,...b<flaP. An application of Corollary of Theorem 5.l 

yields <p'a,...b<flaP=<pa-bP, whence we have <flb<flaP=<pa,.,,bP- In view of Lemma 5.5, it 

holds similarly <pa<flbP=<pa~bP-

(/3)--+( ry). Since <paP=P for any point P < a, we have 

<pbP=<pb<flaP-:=,pa-bP <a• 

(ry )-+(a). It is sufficient to prove that a< (a r-. b) EB (a r-. b.J..), since the con• 

yerse inequality is valid in general. Now let p .S:: a, then it holds by hypothesis, 

({Jb~ < a r-. b. We hav~ in general P .S:: <flbP EB CfJb"'P, where we can assume P ¾:-<flbP, 

since ?therwise the result is obvious. It follows from ( 171) that <flb"'P < p \.../ <pbP < a, 

whence <flb"'P <a,......_ bL. Hence p < (a r-. b) EB (a r-. b.J..). Thus we have in view of 

tl).e condition (11), 

a< (a,,-... b) EB (a,-..~). 

This completes the proof. 

In conclusion, the author wishes to express his hearty thanks to Proof. F. Maeda 

for his kind guidance. 

This research has been performed under the Grant in Aid for the Miscellaneous 

Scientific Researches given by the Ministry of Education. 
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