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§ 0. Introduction. 

For numerical integration of the ordinary differential equations, there are various 

formulas, but these formulas are divided into two classes. The one is the class of 

the formulas for integrating ahead by extrapolation, and the other is the class of 

the formulas for checking and improving the approximate values found by the 

former formulas. In this paper, we call the former the extrapolation formulas and 

the latter the improving formulas. Now, all the extrapolation formulas, except for 

Runge-Kutta's, are obtained by integrating Newton's interpolation formula over 

some intervals, and the improving formulas by integrating Newton's or central

difference interpolation formula over some intervals. However, · the improving 

formulas based _on central-difference formula are used only when the approximate 

valus are found sufficiently ahead. Thus, except for Runge-Kutta's formula, all the 

formulas of both classes used in the first step are based on Newton's interpolation 

formula. 

Thus, in this paper, at first, we integrate Newton's interpolation formula over 

intervals of arbitrary numbers. Next we consider the general linear combination 

of the formulas thus obtained and seek for the accurate formulas more convenient 

for practical use than the customary ones. Namely we seek for the coefficients of 

the linear combination so that the obtained formulas may not contain the difference 

of higher orders and moreover not lose their accuracy. 

In this paper, we consider the differential equations of the first order and those 

of the second order. For the equations of the higher order, the similar reasonings 

will prevail. 

§ 1. Integration of Newton's interpolation formula. 

Newton's interpolation formula is written as follows: 

(1.1) f(x)=fo+ f! Pfo+ u(u2y1) P2fo+ ... + u(u+I) .p!(u+p-I) pPfo+Sp+1, 

where x=x0+uh, h being the breadth of an interval. For the remainder Sp+ 1, we 

have: 

(1.2) S u(u+1) ··· (u+P) '•'-+lf<P+I>(t.), 
P+1= <P+l) ! .,,... ~ 
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where ~ is a suitable value of x in the interval containing Xo,X-1, ···,X-p and x. 

Integrating (l.l) m-times over the interval [X-N+l, x1], we have: 

(1.3) Jx, J" jx J> . .. ... f(x) dx ...... dx=hm ~ .. , aN f7P -F. +RN 
-- m,P JO m,P+l, 

X-N+l X-N+1 X-N+I m•times p~O 

where 

(1.4) aN = [1 fu ... ... fu u(u+l) ... (u+p-1) du ...... du. 
m,P J-N+iJ-N+iJ-N+1 P ! ~ 

For the r~mainder RfX.P+t, from (1.2), we have the estimation as follows: 

(1.5) I R~.PH J .:s:; hm+p+l&.1:f,,p+1 /J<P+l> /max, 

where 

(1.6) [xN =jl Ju··· ···Ju I u(u+l) ··· (u+p) I du ...... du 
m,P+I (P+l) I ~ • 

-Ml -~1 -Ml · -~~ 

Now we put <0>.f(x)= f (x) and define Mf (X) successively by the relations as follows: 

(1.7) .:Jx Mf(x)=<H>f(x). 

Then it is easily seen that 

(1.8) 

(E) 

Given the differentiq.l equation as follows : 

y<n>=f(x,y,y', ······,Y<n-n). 

Then, if, in (1.3), we write n-m instead of m and put f(x)=y<n>, then, from (1.8), 

we have: 

(1.9) 
fm) n-m-l Nvhv (m+vl -1'., N N 

YI = ~ -v-,-Y-N+1+hn-m~an-m,pf'Pfo+Rn-m,P+l (m=O,l,··•,n-1). 
•~O • P-0 

These are nothing but the extrapolation formulas for the equation (E) with the 

remainders. 

If we integrate (1.1) over the interval [X-N,Xo], then, for (E), similarly we have: 

(1.10) 
<m) n-m-1 N•h• 'm+.) ,p N 'N 

Yo = ~ -v-,~Y-N +hn-m~fJn-m,rf7Pfo+Rn-m,P+l (m=O,l,···,n-1), 
•-0 · p-0 

where 

(1.11) fJfX,r= fo [" ... ... [u u(u+l) ... ;u+p-1) du .... du. 
J-NJ-N J-N p · ~ 

For the remainder R',:,p+1, from (1.2), it is valid that 

(1.12) * I R:,,;P+I l < hm+p+I(37:f,_p+1 l f(J>+I) l~ax, 
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where 

(1.13) 7->N =Jo j" ... ···j" I u(u+l) ... (u+P) I du ...... du 
f-Jm,P+l (P+l·) I -- • -N -N -N • m-times 

The formulas (1.10) are nothing but the improving formulas for the equation (E) 

with the remainders. 

§ 2. Calculation of the numbers aNm,P, r.JN [x.N and i>r,; f-Jm,P, m,P f-Jm,P• 

From (1.4) and (1.11), it is easily seen that, for N -:2. 2, 

(2.1) { 
"v 1 + r.Jlll-1+ r.,N-1 a2,p=a2,P f-Jl.P f-J2,P • 

Making use of these formulas, we calculate /3f;;,P and a;f,,p. The results are shown 

in Table 1. 

Put 

(2.2) 
_ u(u+l) ···(u+p-1) Up--- - ,- -- -. 

P· 

Then, for u:?.O,] UPl=UP, consequently jL=atP and ;tP=ab. Now it is evident 
* --;'{-

that (2.1) holds also for a and /3. Thus we see that 

(2.3) { 
* Then, for our purpose, it is sufficient to calculate {31;;,,P • 

Now, from (2.2), it is evident that, when p:?. I, 

{ 
for u such that -u ~ u S-(u-1) (u < p-1), 

for uS-(p-1), IUPl=(-l)PUp. 

Then it is readily seen that, when p:?. I, 

{ 
for N> p, 

for N~p-I, 

* * /31;;,.P= ( - l)P[/3{;[, p - /3;!,-iJ + /3{!} ' 
* * (m=1, 2) 
/31;;.,p=(- l)N[/31;;,,P-/3;;,,-l]+/3~:l, 

*o o where we agree that /3m,P=/3m,P=0. Then, adding these formulas, we have: 

* f:3!.i. p = -- /3~. p' 

* {32,,.,P =/3;,,,P -2/3!,,,p, 

~!,. P = - /3!,, P + 2/32,,., P - 2/3!,,, P, 
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* 13p-l =(-l)r-1[(3P-l_z1-1P-2+z1-1p-3_ ...... +(-l)r-221.;,l J 
m,p m,P /.Jnt,P f.Jm,p f.Jm,P , 

* (3i;,,P =(-l)P[/3i;,,p-2(3i;,~1r+2,8~:!- ··· ··· +(-l)r-12,8!,,,r J, 

* 1-1P+l =(-l)rr1-1P+l -21-1P-l +21-1P-2_ •••... +(-l)r-121-11 J 
f.Jm, P W,..,m, P f.Jm., P f..Jm, P f.Jm, p , 

for p > I. When p=O, I U0 I =Uo=l, consequently 

* /3~.o=/3;!,o • 
* Thus, by means of Table 1, we can calculate the values of f:3~.r. Then, by (2.3), 

. * 
we can calculate the values of afn. P• These results are shown in Table 2. 

Remark For the discussion of the paragraph 3rd and downwards, we have not 

necessity for the values of a{;;,r and &~.P for N> 2. However, here, for utility of 

the future, we have calculated these values also. 

§ 3. Extrapolation formula for the equation of the first order. 

For the differential equation of the first order, from (1.9) and (1.10), we have: 

(3.1) 

(i) 

{ 
(ii) 

p 

Yr+1=Yr+h ::8 a}.rJ7P fr+Rl.P+I, 
r-0 

.p s Is 
Yr=Yr-s+h ::8 /31,rf1P fr+Ri,.P+l • 

P-0 
(s=l, 2, ···, N) 

Multiplying ls on both sides of (ii) and adding them to (i) we have: 

(3.2) 

where 

(3.3) 

N .p 
Yr+t= ~ lsYr-s+h ::8 a1,rf1P fr+R1,P+1, 

s;cO P-0 

N 

{ 
lo=l- L; ls, 

s-1 

Here the remainder R1,p+1 is estimated as follows: 

(3.4) 

where 

(3.5) 

J R1,p+1 J ::=;: hP+2A1 I f(p+l) lmax ,. 

*1 N *s 
A1=a1 . .P+1+ ~ I ls j /31,.P+l • 

s-1 

The formula (3.2) from which the remainder is removed is nothing but the extra

polation formula. Let the approximate values of y; calculated by this formula be 

Yi, · Then it follows that 
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(3.6) 

where fr= f(x, Yr). Put 

(3.7) 

then (3.6) is written as follows : 

(3.8) 

Then, for the errors F:;=y;-y;, from (3.2) and (3.8), we have the following estima

tion: 

(3.9) 

where K=] 8f(.x,y)/8y lmax and L= I jCP+l) !max• 

Then, from (3.9), it follows that 

Put max 
s,cr .:?.O 

(j Er-s I, I Er-er\)= I € I. 

(3.10) 
N .P 

I €r+1 I< (:8 I ls I +hK:8 j a1.cr I) I£ I +hP+2A1L. 
s-o· o--0 

Consequently, in order that the extrapolation formula be accurate, the quantity 
N JJ 

('.:8 I ls I +hK'2, I a1," I) should be as small as possible. However, since h « 1, the 
s~O o-~O 

. N 
quantity :8 I ls I should be as small as possible. 

s-0 

Now, for practical computation, it is desirable that the differences of the higher 

orders do not appear in the formula, in other words, that the coefficients a1,0, a1,1, 

•·· ···, ai,t, vanish as many as possible, counting from the end. 
Thus it is seen that, in order that the extrapolation formula be accurate and 

moreover be convenient for practical use, it is necessary that the coefficients ls 

satisfy the conditions as follows : 

(3.11) 

(i) 

{ {ii) 

Now, from (3.3), 

(3.11) (iii) 

N 
~ I ls I =min. 
s-0 

N 
~ ls=l. 
s-o 

for a=P,P-1, ···, 

The coefficients ls satisfying (3.11) (i) and (iii) are expressed as follows: 

ls= :8 CsjTJ+Cs, 
J 

where T /s are the parameters. If we consider the T J•Space E, ls=O represents a 

hyperplane in E. Then the space E is divided into several domains by the hyper• 
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planes ls=O (s=O, 1, 2, ... , N) and in each domain the signs of /s's are fixed. Con
N 

sequently, in each domain, ::8 I ls I is expressed as follows: 
s-0 

N 
::8 I ls I= ~CjTj+C. 
s-o J 

N [ 8 N J If, in t.he domain, ::8 I ls I is minimum at the point P, then - 8 . ::8 I ls I· =cj=O, 
s-0 TJ s-0 p 

N 
namely ::8 I ls I is constant. From this fact, it is seen that the minimum value of 

s-0 
N 
::8 I ls I can be attained at the vertices of the domain. Thus we see that, in order 
s-0 

to obtain the desired coefficients /s's, it is enough to take !s's such that, of all the 
N . 

vertices, they give the vertex at which ::8 I ls I is the smallest. Now, from (3.11) 
s~O 

N N 
(iii), ::8 I ls I> 1, consequently the minimum value of ::8 I ls I is not less than unity. 

s-0 s-0 

The procedure of computation for l.'s can be seen from the following example. 

Example. The case where o-=5 and N =5. 

In this case, the conditions are written as follows : 

{ 
475-27li-16!2-27l3-475/5=0, 

lo+l1+l2+l3+l4+ls=l. 

The vertices are given by (lo, li, 12, h, 14, 15) where any four of /s's are zeros. Calculat
N 

ing ~ I ls l at each vertex, we have: 
s-o 

lo h !2 

0 o. 0 

0 0 0 

475 0 0 16 

0 0 448 -u 
0 475 0 27 

---~ ------
0 459 448 

--i1 -u 
448 0 0 --27 

459 0 
475 

-16 ~ 

16 

448 475 

I -27 27 0 

/3 /4 /5 :l; llsl 

---------------0 0 1 1 
--

475 448 0 923 
27 - -27 27 

I 
459 . 934 

0 -16 0 I -I6-
---

459 0 0 907 
u u 

0 448 0 923 - 27 27 
--

0 0 0 907 -u 
475 0 0 923 
27 27 

0 0 0 934 
16 

0 0 0 
·923 

., '2.7 
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Thus it is seen that the set of the coefficients ls's which gives the m~nimum value 

of ~ I ls I is (0, 0, 0, 0, 0, 1). 

Of the extrapolation formulas obtained in the above way, those in which 

~ I ls I -1 < 0.5, are tabulated in Table ~-
.P 

Now, as seen from (3.10), it is supplementarih~ desirable. tllat ::8 I a1,u I is as 
u-p 

small as possible. Therefore we have shown these quantities also in the table. 

§ 4. Improving formula for the equation of the first order. 

For the differential equation of the first order, from (1.10), we have: 

(4.1) 

Multiplying ls on both sides of (4.1) and adding them, we have: 

(4.2) 

where 

(4.3) 

T,he remainder Ri.P+l is estimated as follows: 

(4.4) 

where 

(4.5) 

If we normalize !s's so that 

(4.6) 

then, from (4.2), we have: 

(4.7) 

N 
~ ls=l, 
s-1 

Removing the remainder R~.P+I, we obtain the improving formula. 

Let the errors of the approximate values of y; improved by this formula be £;. 

Put 

(4.8) f11,u =( -1)" ~ b1, p(p )·, 
p=u U 

. . 
then, as in § 3, from ( 4. 7 ), we have : 

- 199 - · 



M. URABE and ,T. TSUSHIMA 

N p . . 
I €r+l I~ :E I ls 11 €r+1-s I +hK '2J I ,81,u I I €r+1-ul +hP+2B1L. 

s-1 u=O 

Consequently it follows that 

(4.9) 
N . . .P 

(1-hK I /31,0 I) I £,+1 I< '2J I ls I ler+1-s I +hK'2J I /31,u 11 €r+l-u I +hP+2B1L. 
s=l u=l 

Put max ( I E'r+1-s I, I €r+l-u I)= I£ I, then it follows that 
S,u:2:1 

1 (N .P ' 
I Er+l I ~-1-hKj /3l,O j s~ll ls I +hKu~l I /31,u I) I£ j + 1-hKI /31.0 I 

Since h « 1, 1/(1-hK I /31.0 l)=l+hK I /31,0 I, consequently we have: 

I €r+1' ."'S:[~ I ls I +hK {~ I ls I· I /31,ol +~I /31,ul}] I€ I +hP+2B1L, 
s-1 s-1 u=l 

(4.10) 

Then, as in § 3, the desired formulas are determined by the conditions as follows : 

(4.11) 

N 
::8 ls=l, 
s=l 

N 
'2J I ls !=min., 
s=l { ::,: 

(iii) 
N s 

b1,u = ::8 ls/31,u=0 
s=l 

for u=P,P-1, ···. 

The procedure of computation for /s's satisfying ( 4.11) is the same as in § 3. 
N 

Of the improving formulas obtained in this way, those in which ::8 I ls j -1 < 0.3, 
s=l 

are tabulated in Table 4. 
N 

For the formula such that '2J I ls I -1 « 1, from ( 4.10 ), we have : 
s=l 

(4.12) 

.P 
because h « 1. Then, as in § 3, it is supplementarily desirable that ::8 I /31," I is as 

u-0 
small as possible, consequently we have shown these quantities also in the table. 

Now, the improved value of Yr+l is found by the method of iteration. In this 

process, I ,81,0 I expresses the rapidity of convergence of iteration process. Hence, we 

have shown these quantities also in the table. 

§ 5. Extrapolation formulas for the equation of the second order. 

For the differential equation of the second order, from (1.9) and (1.10), we have: 

(5.1) 

(i) 

{ (ii) 

. .P 1 l 
Yr+1=Yr+hy',+h2 ::8 Cl2,pf7Pf,+R2,P+l, 

.p=0 
.P 

Yr=Yr-s+shy',-s+h2 ::8 /32,pf7P fr+Rf~P+l • (s=l, 2, ··· ,N) 
p-0 . . 
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Multiplying ls on both sides of (ii) and adding them to _(i), we have: 

(5.2) 

where 

(5.3) 

Yn1=~l'sYr-s+h Y1r+~slsY'r-s +h2 ~a2,pf'Pf,+R2,p+1, N ( N ) P 
s-0 s-1 p-0 

N 

{ 
lo=l-~./s, 

s-1 

The remainder R2,p , 1 is estimated as follows: 

(5.4) I R2,P+l I< hP+3A2 I /<.P+ll )max, 

where 

*t N *s 
A2=a2.P+1+ ~ I ls I fhP+l • 

s-1 

For Y'r+ 1, we can make use of the extrapolation formula for the equation of the 

first order. Thus, as the extrapolation formulas for the equation of the second 

order, we have the following simultaneous formulas: 

(5.5) 

Put 

(5.6) 

and let the errors of the approximate values of y; and y'; calculated by means of 

(5.5) be E'; and £1; respectively. Then, putting K= I fJf(x,y,y')/fJy !max and K' 

=jfJf(x,y,y')JfJy'lmax, from (5.2) and (3.2), we have: 

N ( N ) P . 

{ 
!E'r+rl ~5~ 0 llsl )E'r-sl +h IE'1r j + s~l sJ!sl je:'r-sl +h1~ 0la2,uJ(KJe:r-ul +K1 )E'1r-ul) 

(5.7) +hP+3A 2L2 , 

N' q 
I E'1nil <~I l's I I €1r-s I +h ~ I a1,u j (K IEr-u I +K' j E'1r-u l)+hq+2A1L1, 

s-O u~O 

where L1= jf(q+l) !max and L2= j/<JJ+l) lmax. Ptit max Cl €r-s I, I E'r-u !)= I e: I and 
s,u.:C:0 

max Cl E1r-s I, I E1r-u I)= I e:' J. Then, from (5.7), it follows that 
S,<T :?.O 
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{ 

le:r+1l < (#0 lls l +h2KJ0!a2.ul)ie: I +{h( 1+ ~i8 lls 1)+h2K' i:01a2,ul}le:'I 

(5.8) + hP+3 A2L2, 

t e:',.+1 I~ hKJ01 a1,u I· le: I +(~oll's I +hK' to, a1,cr 1) i € 1 I +hq+ 2A1L1. 

Cons~tly, ift order that the extrapolation formulas .. be accurate, the coefficients 

of I£ I and t £1 I in the right-hand sides of (5.8) should be as small as possible. We 

assume that I£ I am I £ 1 Lare of the same magnitude. Then,. for the sewnd of (5.8), 

our demand is satisfied, because it is satisfied for the extrapolation formula for the 

equation of the first order. For the first of (5.8), our demand claimes ~t the 
N 

quantities ~ I ls I should be as small as possible, for, since h « 1. the other terms 
s•O . 

in the coefficients are so small that we can neglect. 

Now for practical computation, it is desirable that the differences of the higher 

orders do not appear in the formulas. 

Thus, quite similarly as in § 3, we can obtain the accurate formulas convenient 

for· practical use. 
N 

Of the extrapolation formulas obtained in this way, those in which ~ I ls 1-1 < 0.2, 
s=O 

are tabulated in Table 5. 

As seen from (5.8), it is supplementarily desirable that the quantities 

( 1+ ~ s I ls 1) and f I a2,cr I are as small as possible. Therefore we have shown 
s•l u-0 

these quantities also in the table. 

Remark. In making use of our formulas, on account of our claim that I € I and 

I e:' I be of the same magnitude, we must start with the values of y and y' of the 

same degree of accuracy. 

§ 6. Improving: formulas for the equation of the second order. 

For the differential equation of the second order, from (1.10), we have: 

.N 
If we multiply ls on both sides and add them, then, normalizing /s's so that ~ ls~l, 

s-1 

we have: 

(6.1) 

where 

(6.2) 
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The remainder R'2,t,+l is estimated as follows: 

(6.3) 

where 

(6.4) 

For Yr+i. we can make use of the improving formula for the equation of the first 

order. Thus, as the improving formulas for the equation of the second order, we 

have the following simultaneous formulas : 

(6.5) 

N N P 

· s-1 s-1 p-0 { 
Yn1=:= ~ lsYr+1-s+h ~ SlsY1r+i-s+h2 ~ b2,PPP fr+l, 

Put 

(6.6) /32,u=( - lY £ b2,P (p), 
p-u 0-

and let the errors of the approximate values of y; and y'; improved by means of 

(6.5) be e:; and e:'; resp~ctively. Then, as in § 5, we have: 

{ 

N N ,JJ • 
lcr+d ~~I.ls I J Er+l-s J +h ::8 S] ls J je'n1-s] +h2 ~ I /32,u J (Kj€r+1-u l+K' le'r+l-u I) 

s-1 s-1 u-0 

Consequently it follows that 

(6.7) 
q N' 

-hK[/31.0I I Er+d+(l-hK' l/31,ol) !e'r+il < hK~ l/31,u I ler+1-ul + ~ ll's Ix 
. . u-1 s-1 

Pu'. max(IEr+1-sl, ler+1-ul)=lel and max(\e'r+1-sl, Je1r+1-u[)=le' I• If we solve 
S,<T?.: 1 S,<T.?:: 1 

(6.7) with regard to I €;-+1 I and I e'r+1 I, then, neglecting the terms of the higher 

orders with regard to h,. we have: 

- 203 -



(6.8) 

M. URABE·and T. TSUSHIMA 

+[ \~/ llsl +h2K'(l,82,o I ¾ill'sl + "~11,82,ul)] I e'j +hP+3B2Lt, 

I E1r+l I :s;· hK ( J ,81,0 I ffii_! ls!+ "~1 I /:11,ul) le I 

As in § 5, we assume that I e I and I e' I are of the same magnitude. Then, as in 

§ 5, it is readily seen that, in order that the improving formulas (6.5) be accurate, 
N 

it is necessary that the quantity ~ I ls I is as small as possible. 
s-1 

Thus, quite similarly as in § 5, we can Qbtain the accurate formulas convenient 

for practical use. 
N 

Of the improving formulas obtained in this way, those in which :EI ls j-1 < 0.1, 
s-o 

are tabulated in Table 6. 
N N 1 

For the formulas such that ~ I ls 1-1 « 1 and :E I l's 1-1 « 1, from (6.8), we 
s~l s~l 

have: 

(6.9). 

N 
Then, as in § 5, it is supplementarily desirable that the quantities :E s I ls I and 

s-1 
.,, 
:E I ,82,u I are as small as possible. Therefore we have shown these quantities also in 
u=O 

Table 6. 
Now the values of Yr+1 and Y'r+1 are found by the method of iteration from 

(6.5). Let the m-th values of them in the iteration process be y~~l and y~<w 

respectively. Then, from (6.5), it is easily seen that 

I Y<m+ll_ y<m) I< h2 j a I (KI y(m)_ y<m-V I + v-1 j y'(m)_ ·y'<m-1> j) 
{ 

r+l r+l = /v2,0 r+l r~l n· r+l r+l , 

. . jy'(m+l>_ y'Cm) I< h j Q I (K jy(m)_y(m-1) j +K' j y'<m)_ y'<m-1) j) 
. r+l r+l = fJl,O r+l r+l r+l r+l • 

Consequently, it follows that 

(KI y;~iD- Y~'i'l 1 +K' IY~c.fl.+1>-Y~'.:'l? I)~ h(hKI f32.o I +K' I ,81,0 I) x 

x (Kjy<m)_y<m-1) j +K' jy'<m)_y'(m-1) j) 
r+l r+l r+l r+l ·• 
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Thus the quantity h(hKI /32, 0 I +K' I (31, 0 I) expresses the rapidity of convergence of 

iteration process. Hence, we have shown the quantity I /32, 0 I also in Table 6. 

As in § 5, in making use of our formulas, on account of our claim that I e ] and 

I e' I be of the same magnitude, we must start with the values of y and y' of the 

accuracy of the same degree. 

§ 7. Example. 

As an example, we shall find correctly to five decimal places the solution of 

the equation 

(7.1) y"=-y'Zfy' 

with the initial condition that y=l, y'=l when x=0. 

In order to obtain the solution correct to five decimal places, we adopt the 

formulas for P=3 and q=4. Of such formulas, for the sake of simplicity and 
accuracy, we avail ourselves of the formulas as follows: 

(7.2) 

for extrapolation, 

Y1n1= 1~2 (39Y1r-1+96Y1r-4-23Y1r-5)+ :S (105/,.-lllp/,.+87p2f,.), 

Yr+1= 3!1 (313y,.+38Yr-3)+ 3!1 (351y',.+114Y1r-3) 

h2 
+ 312 (308/,.-252ji'/,.+229J72/,.); 

for improving, 

Y 1r+1= 5~1 (250y',.+300y'r-1-25Y1r-a+6Y1r-4)+ 1~7 (260/r+1-200P'/n1), 

l h . h2 
Yr+i= 23 (16y,.+7Yr-1)+ 23 (16y',.+14y1,--1)+ -2f (22fr+1-24P'/r+1+4172/,-+1). 

In order to find the new values of y and y' by means of these formulas, it is 

necessary to have the six beforehand known values of y and y'. Thus, the starting 

values must be computed for the six values of x. For this purpose, at first, diffe

rentiating successively the equation (7.1), we find the values of the derivatives for 

x=0. They are as follows : 

y"=-l, y"'=3, y(3>=-15, y<5>=105, y<6>=-945, 

ym=l0,395, y<81=-135,135, y<9)=2,027,025, y(IOl=-34,459,425. 

By means of Taylor's series determined by these values, we compute the starting 

values of y and y' correct to five decimal ~laces for x=-0.10, -0.05, 0, 0.05, 0.10 

and 0.15. 

Next, by means of (7.2) with h=0.05, we compute the values of y and y1 to five 
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decimal places for x=0.20, 0.25, 0.30, 0.35 and 0.40. 

Lastly, starting with the values found in the above way for x=-0.1, 0, 0.1, 0.2, 

0.3 and 0.4, by means of (7.2) with h=0.1, we compute successively the values of y 

and y' to five decimal places. These values are tabulated in the following table as 

Y1 and Y'1• 

Now, the equation (7.1) is easily integrated and the solution satisfying the given 

initial condition becomes 

Y=1l2x+l . 

Consequently it follows that y'=l/i/2x+l. For comparison, the true values of y 

and y' computed from these functions are also tabulated in the table. 

Solution of the equation y 11 = -y'2/y with the initial conaition that y (0) = y1 (0) = 1. 

y y' 

" Yl Y2 Y11 Y21 

true values true values 

values errors values errors values errors values errors 

-0.10 0.89443 0.89443 0.89443 1.11803 1.11803 1.11803 

-0.05 0.94868 0.94868 0.94868 1.05409 1.05409 1.05409 

0 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 

0.05 1.04881 1.04881 1.04881 0.95346 0.95346 0.95346 

0.10 1.09544 1.09544 1.09544 0.91287 0.91287 0.91287 

0.15 1.14018 1.14018 1.14018 0.87706 0.87706 0.87706 

0.20 1.18321 -1 1.18322 1.18322 0 0.84515 0 0.84515 0.84516 +1 
0.25 1.22474 0 1.22474 1.22475 +1 0.81650 0 0.81650 0.81650 0 

0.30 1.26490 -1 1.26491 1.26491 0 0.79057 0 0.79057 079057 0 

0.35 1.30384 * 1.30384 - 0.76697 * 0.76696 -
0.40 1.34164 0 1.34164 1.34164 0 0.74536 0 0.74536 0.74538 +2 

~---

0.5 1.41420 -1 1.41421 1.41422 +1 0.70711 0 0.70711 0.70714 +3 

0.6 1.48323 -1 1.48324 1.48324 0 0.67421 +l 0.67420 0.67423 +3 

0.7 1.54918 -1 1.54919 1.54919 0 0.64550 0 0.64550 0.64553 +3 
0.8 1.61244 -1 1.61245 1.61245 0 0.62018 +1 0.62017 0.62020 +3 
0.9 1.67331 -1 1.67332 1.67332 0 0.59762 +1 0.59761 0.59764 +3 

1.0 1.73203 -2 1.73205 1.73205 0 0.57736 +1 0.57735 0.57737 +2 
1.1 1.78884 -1 1.78885 1.78886 +1 0.55902 0 0.55902 0.55904 +2 
1.2 1.84389 -2 1.84391 1.84391 0 0.54233 0 0.54233 0.54235 +2 

1.3 1.89735 -2 1.89737 1.89738 +1 0.52705 0 0.52705 0.52707 +2 

1.4 1.94935 -1 1.94936 1.94938 +2 0.51299 0 0.51299 0.51301 +2 
1.5 1.99999 -1 2.00000 2.00002 +2 0.50000 0 0.50000 0.50002 +2 

1.6 2.04938 -1 2.04939 2.04941 +2 0.48795 0 0.48795 0.48797 +2 

1.7 209761 -1 2.09762 2.09764 +2 0.47673 0 0.47673 0.47675 +2 

1.8 2.14476 0 2.14476 2.14479 +3 0.46625 0 0.46625 0.46627 +2 

1.9 2.19088 -1 2.19089 2.19092 +3 0.45643 -1 0.45644 0.45645 +1 

2.0 2.23605 -2 2.23607 2.23609 +2 0.44721 0 0.44721 0.44723 +2 
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For comparison, we have computed the values of y and y' by means of the 

customary difference formulas as follows: 

for extrapolation, 

h 
Y1r+1=y',+ 720 (720/,.+360p'f,+300172/r+270173/,.+251174/r), 

(7.3) 
for improving, 

h 
Y1 r+l= Y1 r+ 720 (720/r+l-36017 fr +1-60172/r+1-30p3 /r+1-19p4/r+l), 

These values are tabulated in the table as y2 and y' 2• 

The formulas (7.2) do not contain the differences of 3rd and 4th orders contained 

in (7.3). In this respect, (7.2) is simpler than (7.3), but the terms of y and y' in 

the right-hand sides of (7.2) are more complicated than those of (7.3). As seen 

from our example, in practical computation, the extrapolation process does not make 

much difference in labour whether by means of (7.2) or (7.3).. However, in the 

improving process, the computation by means of (7.2) is much simpler than that by 

means of (7.3), especially when the iteration is carried out two and more times. In 

accuracy, as seen from the table, (7.2) is pretty better than (7.3). 

Faculty of Science, Hiroshima University 

and Hiroshima Women's College. 
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Table 1. The numbers a~.P and ,8!':,p, 
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27 9 27 27 783 
12 --24- - 720 -144(f --60480 
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80 64 224 
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360 
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*N *N Table 2. The numbers am,P. and flm,P· 
m=l 

N ~~, 0 1 2 3 4 5 6 
- .. 

*1 1 1 5 9 251 475 19087 Ctl,p . 

12 24- - -
1440 60480 2 720 

1 * 
,8i,p 1 1 1 19 27 863 

1 2 12 24 720 1440 60480 
-

*2 2 2 6 10 270 502 19950 
al,P 2 12 24 -720 1440 60480 

2 * 
,8t,p 2 

4 6 2 30 38 1134 
-2. 12 24 720 1440 60480 

- ---

*3 3 5 11 11 281 513 20221 
al,P -2- 12 -24 -120·· 1440 60480 

3 * .etp 3 
9 29 11 49 49 1325 
2 12 24 no·· 1440 60480 

-
I 

*it 
I 10 34 20 300 524 20412 

al,P 4 2 12 24 720 1440 60480 
4 

* flt.p 4 
16 82 66 300 76 1596 
2 12 24 720 -1440 60480 

- ---·· 

*s 5 17 87 75 551 551 20683 
Cti,P 2 - 720- 1440 60480 12 24 

5 
* .etp 5 

25 177 227 2201 551 2459 
2 

-
24 -,120- 144,0 60480 12 

- --·-

6 *6 
6 

26 182 236 2452 1026 21546 a1,p 2 12 24 720- 1440 60480 

m=2 
-- ··-···--· 

N ~ 0 1 2 3 4 5 6 

*1 1 1 3 38 135 863 9625 
a2,P 2 6 -z;i- 36() -1440- 10080 120960-

1 * 
.etp 1 2 1 7 17 82 731 

2 6 24 . 360 1440 ·10680 120960-
- -·-· 

*2 4 6 6 60 190 1134 12082 
a2,P 2 6 -24 360 · 1440 10080 120960 

2 
* 

,8~,P 4 16 18 30 50 196 1526 
2 6 24 360 1440 ·10030 T2096o 

-

*3 9 29 33 98 24,5 1325 13419 
a2,P 2 6 24 36() 1440 10080- 120960 

3 * 
,8~,P 

9 54 137 397 147 390 2481 
2 6 ~- 360- 1440 10080 -120960 

-

*4 16 82 198 600 380 1596 14756 
az,P -2- 6 24 36() 1440 10080 120960 

4 
* 16 128 514 3374 2020 1064 4396 
fltp T -6- -24 36() 1440 -10080 120960-

- ---

*5 25 177 681 4402 2755 2459 17213 
a2.P 2 6 24 360 1440 10080 120960 

5 
* 25 250 1377 14421 19603 16826 12295 
/3tp 2 6 24 - 3-60 1440 10080 120960 

- --·----

6 *6 36 326 1734 17864 24140 21546 26838 
a2,P 2 -6- 24 360 1440 10080 120960 
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On Numerical Integration of Oridinary Differential Equations 

Table 5. Extrapolation formulas for the equation of the second order. (iv) 
P=2 

-

lo l1 l2 /3 l4 ls a2,o a2,1 a2,2 I 1.' I ls I 1 + 1.'s I lsl 2.' I a2," j A2 
-

1 0 0 0 0 0 
12 4 3 
24 24 24 1 1 1.292 0.105556 

0 
69 1 48 2 
68 0 -68- 0 0 51 -51 0 1.029412 2.058824 0.941 0.141503 

0 
515 2 332 29 
513 0 0 - 0 342 - - 0 1.007797 2 019493 0.971 0.161615 513 342 

0 0 
515 19 1689 1328 
496 0 - 496 0 -744 - 744 0 1.076613 3.229839 2.270 0.551098 

0 
689 1 507 55 
688 0 0 0 -688 516 - 516 0 1.002907 2.008721 0.983 0.183253 

0 0 
1378 19 2132 1771 
1359 0 0 - -1359 906 - 906 0 1.027962 3.097866 2.353 0.750104 

46 1 12 11 
45 0 0 --45 0 0 30 30 0 1.044444 1.066667 1.133 0.130062 

515 3 87 56 
512 0 0 0 - 512 0 192 192 0 1.011719 1.023438 1.036 0.160471 

1378 3 156 85 
1375 0 0 0 0 - 1375 330 330 0 1.004364 1.010909 0.988 0.192956 

0 
1063 32 11 232 
1020 - 1020 - 1020 0 0 255 0 0 1.084314 2.137255 0.910 0140327 

0 
5312 261 11 761 
5040 - 5040 0 - 5040 0 840 0 0 1.107937 2.166270 0.906 0.150820 

0 
9769 261 32 728 
954,(f 0 - 9540 9540 0 

795 0 0 1.054717 2.119497 0.916 0.187074 

0 
1449 80 1 103 
-1368 - 1368 0 0 -].;j68 - 0 0 1.118421 2.179825 0.904 0.160307 114 

0 
2417 

0 
55 2 542 

2J64 - 2364 0 2364 
- 0 0 1.046531 2.096447 0.917 0.184983 591 

0 
46771 880 261 _ I 3557 
46152 0 0 - 46152 

--- - 0 0 1.038135 2.117958 0.925 0.530504 46152 I 3846 
32 297 5 8 
324 -324 0 - 324 0 0 9 0 0 1 030864 1.962963 0.889 0.14.0398 

1063 297 64 53 
1296 0 1296 -1.296 0 0 

72 0 0 1.098765 1.606481 0.736 0.179111 

261 896 5 41 -- 0 0 1152 1152- - 1152 0 0 0 1.008681 1.795139 0.854 0.161357 48 
83 14 1 17 
9(f 0 96 0 - 96 0 24 0 0 1.020833 1.333333 0.708 0.215336 

9769 896 297 95 
-10368 0 0 1.0368 - 10368- 0 144 0 0 1.057292 1.373843 0.660 0.469332 

176 425 1 5 
600 600 0 0 0 - 600 0 0 1.003333 1.716667 0.833 0.186092 6 

15939 2125 64 83 
18000 0 18000 0 0 - 18000 

-~ 0 0 1.007111 1.253889 0.692 0.257823 120 
38672 2125 297 29 
-40500 0 0 40500 0 - 40500 45- 0 0 1.014667 1.194074 0.644 0.457178 

46771 
0 

2125 896 149 
48000 0 0 -48000 - 48000 240 0 0 1.037333 1.270417 0.621 1.268227 
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