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In this paper we shall first in § 1 extend the notion of the connected 

sets in topological spaces to the case for the lattices with a binary relation, 
next in §§ 2 and 3 prove the fundamental theorems concerning this notion, 

and finally in § 4 discuss the relations between this binary relation and a 

mapping in a complete lattice. 

§ 1. Definitions and axioms 

Let L be a lattice. Given in L a binary relation ry, we shall write x ry y 

to express the fact that the elements x and y of L are in the ry-relation in 
this order. We shall not assume that x ry y implies y r1 x. And x p y means 

that x ry y and y ry x simultaneously. Next we shall define p-irreducible 

elements of L as follows. 

Definition. An element a of L is said to be p-irreducible, if a is not 

expressible as· a=X'--"Y, x p y and x,y =l= a. 

This notion is an extension of that of connected sets in topological 

spaces. 
As the axioms concerning this ry-relation, we shall consider the following 

conditions :n> 

(I) If z < X'--"Y and x py, then (xvy) ,-,.z=(X"""Z)'--"(Y"""Z). 

(II) If x ry y, Xi < x and Yi < Y, then Xi ry'yi. 

(IIJ1) If x ry Yi and x ry Y2, then x ry (Yi'--" Yz). 

(III2) If Xi'YY and X2'YY, then (X1'--"X2)ryy. 

(IV) If x p x, then x=O. (O denotes the zero element of L). 

(IV*) If x < y and x p y, then x=O. 

Remark. It is obvious that (IV) implies (IV*). Under the axiom (II), 
(IV*) implies (IV). For, by (I[) we have (X"""Y) p (x,-,.y); and since x < y, i.e., 

1) This concept corresponds to that of "Verkettung" which has been proposed by F. Riesz 
as a primitive concept of abstract space. F. Riesz, Stetigkeitsbegriff und abstrakte Mengenlehre, Atti 
del IV Congresso lnternazionale dei Matematici, 2 (Rome, 1909), pp. 18-24. 
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.X"'Y=X, hence x p x, and therefore by (IV) we have x=O. That is, under 

the axiom (II), (IV*) is equivalent to (IV). 

§ 2. Theorem of addition 

In this section we shall prove the Theorem of addition. 

Lemma 1.m Under the axioms (I) and (II); if a is a p-irreducible 

~lement of L, then a~ xvy, x p y implies a< x or a s=;.y. 

Proof. By (I) the hypothesis implies a=a'"'(xvy)=(a"'y)v(a"'y), and 

by (II) x p y implies (a"'x) p (a,,--.,y). Hence, since a is p-irreducible, a=a"'x 

-0r a=a'°"y, that is to say a< x or a Sy. 

Lemma 2. Under the axioms (I), (II), (III1) and (III2); if a is a 

p-irreducible element of L, then a _:s;:_ x1 v x2 v · · · v Xn, X; p x 1 (i'4=j) implies 

a ;:::,_ x; for some i. 
Proof. By (III1) and (Ill2), X; p x1(i =4= j) implies x1 p(x2v ··· v Xn); hence 

by Lemma 1, a .S x1 or a~ x2v · · · v Xn, Therefore a <::;, X; for some i. 
Theorem 1. (Theorem of addition).<2> Under the axioms (I) and 

{fl); if a set A of p-irreducible elements of L contains an element a0 such 

that a0 iy a for every a e A er denotes the negation of ry), then the join 

V (a; a e A) (if it exists) is p-irreducible. 

Proof. Let us suppose that V(a; aeA)=X'-'Y, xpy, then we have 

a< xvy, x p y for every a e A. Since a is p-irreducible, by Lemma 1 it 

results a < x or a <::;, y for each a e A. In particular, for a0 we have ao _:s;:_ x 

-0r a0 ~ y ; therefore we can suppose that a0 _< y. Hence by (II) x p y implies 

aa ry x. If a1 _s x for some a1 e A, then by (II) ao ry x implies a0 ry ai, which con

tradicts the hypothesis that ao iy a for every a e A. Therefore a ~y for every 

a e A; and hence V(a; a e A) <y. On the other hand, from V(a; a e A) 

=xvy it follows V(a; aeA)?_y; hence we have V(a; aeA)=y. Therefore 

V(a; a e A) is p-irreducible. This completes the proof. 

§ 3. Theorem of decomposition 

In this section we shall prove the Theorem of decomposition. 
Lemma 3. The axiom (IV*) is a necessary and sufficient condition 

that (a) be equivalent to (/3): 

1) This corresponds to Theorem III in B. Knaster and C. Kuratowski, Sur !es ensembles con
nexes, Fund. Math., vol. 2 (1921), p. 209. 

2) This theorem corresponds to Corollary V in B. Knaster and C. Kuratowski, Joe. cit. p. 210. 
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(a) an element a of L is p-irredudble, 

(fl) an element a of L is not expressible as a= X'--" y, x p y and x, y =t= 0. 

Proof. (a) is equivalent to that a is not expressible as a=X'--"Y, x p y, 

x :l;y and y £ x. For a=X'--"Y =t= x is equivalent to x £Y• It is obvious 

that (/3) implies (a). The necessary and sufficient condition that (a) imply 

(/3) is that if x p y and x SY then x=0; that is to say, the condition is 
the axiom (IV*). 

Remark. Under the axiom (II); (IV*) is equivalent to (IV). (Cf. Remark 
in § 1.) Under the axiom (II) and (IV); if there exist two elements x and y 

such that x py, then the lattice contains the zero element. For by (II) x p y 

implies (x,-.,y) p (x,-.,y). If L does not contain 0, the axiom (IV) means that 

z p z for z e L; hence, in particular, (x~y) p (x~y). This is a contradiction. 

That is, either L contains O or x p y for all x, y e L. In the latter case,, 

every element of L is p-irreducible. 

In the following we shall assume that L contains the zero element. 

Lemma 4.m Under the axioms (II) and (IV); if an _element a is not 

expressible as the join of m p-irreducible elements, then there exist m+ 1 

elements X1, X2, · ·· , Xm+l such that 

Proof. If m=l, then this assertion is obviously valid by Lemma 3. 

Suppose that this lemma holds for m-1, then we have 

Here, by the hypothesis, one of X;, say Xm, is not p-irreducible; hence there 

exist two elements x;;, and Xm+I such that Xm=X;;,'--" Xm+I, x::-, p Xm+I, and x;., 
Xm+I =t= 0. Thus this lemma is proved by the mathematical induction. 

Theorem 2.<2> (Theorem of decomposition). Under the axioms 

([), (II), (Ill1), ([IIJ and (IV); if a, a1, a2, • •• , am are p-irreducible elements 

of L such that 

a=(a1'--"fh.'-'···'-'am)'-'(b1'--"b2'--""·'--"bn),ak=t=0, bi=t=O, and bipbi(i=t=j), 

k=l,2, .. ·,m; i,j,=1,2, .. ·,n, 

1) This corresponds to Theorem 6 in C. Kuratowski, Topologie 11, Warsaw 1950, p. 84. 
2) This theorem is an extension of both Theorem 7 (in C. Kuratowski, loc. cit., p. 84) and 

Theorem 9.9 (in R. L Wilder, Topology of Manifolds, New York, 1949, Amer. Math. Soc. Colloq. 
Pub!., vol. 32, p. 20). 
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then the elements a1 '--' a2 '--' ···'--'am '--' b; (i=l, 2, ···, n) are the joins of m 
p-i-rreducible elements. (distinct or not). 

Proof. Suppose, on the contrary, that a1'--'a2'--' ••• '--'am'--'b;0 for some i0 

is not expressible as the join of m p-irreducible elements of L. Then by 

Lemma 4, there exists a decomposition such that 

X;PX;(i-=t=-j),i,j=l,2,···,m+l. (3.1) 

First we shall prove that 

X; p V(b;; i-=t=- i0) for j=l, 2, ···, m+ 1. (3.2) 

If, on the contrary, x 1. p V (b;; i =i0) for some j 0, then, since x 10 p x 1 for j -=t=-j0, 

by (III1) and (III2) we have 

X Jo p ( V(x J ; j =F j 0)'--' V (b; ; i -=F- io)) • (3.3) 

By (3.1) the hypothesis implies that 

a=x10 '--'(V(x;;j-=t=-jo)'--'V(b;; i-=t=-io)), x1-=t=-0, j=l, ··· ,m+l. (3.4) 

This fact ((3.3) and (3.4)) contradicts the hypothesis that a is a p-irreducible 
element. Hence we have (3.2). 

Next we shall prove that 

for j=l, 2, ···, m+ l. (3.5) 

By (III1) and (III2), the hypothesis b;0 p b;(i-=t=- io) implies b;0 PV(b;; i =t= io). 

Here, if x; 1 .~ b;. for some ji, then by (II) we have x 11 p V (b; ; i =4= io), contra

dicting (3.2). Therefore (3.5) is valid. 
Furthermore, from (3.1) it follows that 

(3.6) 

By using of (I),m we have from (3.6) 

(3.7) 

1) Under the axioms (1), Clll1) and (III2) we can prove by the mathematical induction that 
if z ;": x1 '--"X2 __, ··· '--'Xn and x; p%J(i=f=j), then (x1 '--".%2'-"··· '-"Xn),,....z=(x1 ,-.,z)'-" ··· '--" (xn ...--.z). 
For it is obvious for n=2 by (I); next by (Ilh) and (III2), we have, x1p(X2'--"···'-"Xn), so by 
(I) (x1 '--' ... -....., x,.)...--.2'=(x1 ~z) '--'((Xz'-' ···'-'Xn)...--.z). If we write, z1 =(X2'-" ··· '-'Xn)...--.z, then 
·z' ~ x2 '--" ··· '-" xn; hence by the hypothesis of the mathematical induction we have (x2 '-' ··· '-' x n) 
,-... z1 = ( z2,,.... z1) '-" · · · '-" (x,. ,-., z1 ). And since x2 ...--. z' = x2,,.... z,- · ·, Zn ,-., z' = Xn ~ z. this assertion is 
-proved.-

2) B. Knaster and C. Kratowski, loc. cit., pp. 206-255. C. Kuratowski, Joe. cit., pp. 79-160. 
R. L. Wilder, Joe. cit., pp. 16-27. 
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if a 1,,...,Xj= ··· =am,,...,Xj=O, then from (3.7) we have Xj < b;.,,...___Xj, i.e., Xj ~ b;0 , 

contradicting (3.5). Therefore there exists at least one element ap for each 
Xq such that ap,,...___Xq =4= 0. 

Moreover, from (3.1) we have 

X; p X j (i =t= j) ; (3.8) 

since ap is p-irreducible, by Lemma 2 we have ap :S:: x;1 for some i1• And 

x; px;, for i=t= i1, hence by (III) (x;r---.x;,) p (x;r---.x;.); by (IV) we have X;,,...,X;,=O. 

Since ap ~ x;, implies apr---.x; <::,. x;1 r---.x;, we have ap,,...,X;=O for i =4= i1• There

fore ap,,...,Xq =4= 0 implies ap < Xq, Since ap =4= 0, we have ap =4= x,. for r =4= q. 

But q runs over 1, 2, · · ·, m + l and p runs over 1, 2, · · ·, m. This is obviously 

a contradiction. Thus the proof is completed. 

Thus we can obtain the two fundamental theorems-Theorem of addition 

and Theorem of decomposition-on p-irreducible elements of L, which cor

respond to the fundamental theorems in the theory of connected sets in topo

logical spaces. And since many of the theorems in the classical theory of 

connected sets result from the fundamental theorems, we can regard the 
axioms (I), \II), (III1), (III2) and (IV) as the axioms concerning the mutual 

connectedness of elements in lattices, where x ry y means that x is connected 
with y in this order. 

§ 4. Relations between a binary relation and a mapping 
in a complete lattice 

Let L be a complete lattice with a binary relation ry. 

Theorem 3. There exists a mapping x - x"' in L such that the relation 

x ry y is gfoen by y < x"', if and only if the relation ry satisfies the following 

condition: 

([Ili) If y ;< V (u; x ry u), then x ry y. 

And then the mapping is uniquely determined as follows : 

x-+xY=V(u; xryu). 

Remark. Under the axiom (II); (III*) is equivalent to 

(II11a) If x ry u for every u e A, (A is a subset of L); then x ryV(u; u e A). 

Proof. Suppose that the relation x ry y is given by y < x"'. If y ~ V(u; 

xry u), then y :::::V(u; u ~ x"'); and since V(u; u.:::; x"') < x"', hence we have 

y ::;_ x"', that is to say, x ry y. Therefore the relation satisfies (IIIf). 
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Conversely, suppose that the relation 'Y satisfies (IUi); if we define 

xY= V(u; x 'Yu), then x ry y is given by y S xY. For y < xY is equivalent to 
y ;S'.; V(u; x 'Yu); by (IIIf), y S V (u; x ry u) implies x 'Y y. Conversely if x 'Y y, 

then y < V(u; x 'Yu), i.e., y ~ xY. Therefore y < xY is equivalent to x ry y. 

If x 'Y y is given by y .S x'"', then y < xY is equaivalent to y < x"', that is, 
y s_ x" if and only if y .~ x"'. Hence x"'=xY for every x e L. Thus this 
theorem is completely proved. 

Theorem 4. Under the axiom (Illi), let x - xY be such a mapping in 

L that X.'Y y is given by y s_ x. Then 

(1) x1 ~ x implies Xi> x", if and only if the relation ry satisfies (II). 

(2) (xi'-" x2f ~ xI ""'X~, if and only if the relation 'Y satisfies (Illz). 

Proof. (1) x 'Y y is equivalent to y _S. x"', (by Theorem 3). If the relation 

"/ satisfies (II), then X1 .S X, X "/ y implies Xi"/ Y, that is, y < xY implies y .~ xr; 

therefore we have xY < xr: Conversely, if X1 < X implies xr?, x·r, then 
y < xY implies y ~ xI, that is, x "I y, x1 S x implies Xi 'Y y. 

(2) Suppose that the relation "I satisfies (III2), then X1 "I y, Xz "I y implies 

(X1'--"X2) 'Y y; hence y < xr, y s x1 implies y < (X1'--"X2f- Therefore we have 
(X1'--"X2)1'?xr,...._,1 Conversely if (X1'--"X2)1'>xI"-xt then ysxI, x! implies 
y < (x1 '---' x2)Y ; hence x1 ry y, x2 "I y implies (x1'-" X2) 'Y y. Thus the theorem is 
proved. 

Theorem 5. There exists such a mapping x -➔ x"' in L that the relation 

x 'Y y is given by y S x"', x < y"'; if and only if the relation "I satisfies the 

following condition : 

(III*) 

(V) 

If y<V(u; x7u) and xsV(v; vryy), then xryy. 

If xryy, then yryx. 

And then one of the mapping x- x"' is given by x - xY= V(u; xryu); let 

x - x"' be any mapping such that x 'Y y is given by y .S x"', x Sy"', then xY S x"'. 

Proof. Suppose that the relation .x "I y is given by y < x"', x SY"', then 

(V) is obviously valid. If y < V (u; x 'Yu), x < V (v; v ry y), then y S V (u; 

u < x'", x Su"'), x < V (v; y S v"', v _Sy"); and obviously V (u; u ~ x") ~ x"', 
V(v; v<y"')<y"'. Hence we have y<x"', x<y"', that is to say, x7y. 

Therefore we see that the relation ry satisfies (III*). 

Conversely, suppose that the relation 'Y satisfies (II[*) and (V), and if we 

define, as before, x'Y=V(u; x7u) then, xryy is given by y::;;,_xY, x<yY. 

Indeed, since y < x'Y is equivalent to y S V (u; x "I u), hence y S x'Y, x < y'Y 

is equivalent to y < V (u; x ry u), x ::;;,_ V (v; y ry v), and moreover by (V) 
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V(v; yryv)=V(v; vryy). Therefore, by (IIl*),y<x·1, x<y'Y implies xryy. 

Conversely if x 'Y y, then y ~ V (u; x 'Yu), x .s;; V (v; v 'Y y); and by (V) 

V(v; v,yy)=V (v; yryv). Therefore xryy implies y<x'Y, x<y'Y. Thus 
x 'Y y is equivalent toy.< x'Y, x ~y'Y. 

If xryy is given by y<x'S, x<y"',thenx'Y=V(u; xryu)=V(u; u.s;;x"', 
.x < u"') ~ x"'. That is, x'Y < x"'. 

Thus the theorem is completely proved. 

Theorem 6. Under the axiom (Ill*) and (V), let x - x'Y be such a 
mapping that x'Y= V (u; x,y u). Then 

(1) x1 ~ x implies xr 2 x'Y, if and only if the relation 'Y satisfies (//). 
(2) (x1'--"x2)Y .2': Xi,,...._xi, if and only if the relation satisfies 

{I//**) V (u; X1 'Y x),,...._ V (v; X2 'Y v) < V (w; (X1'--" x2) 'Y w). 

(2') If (X1'--"x2)1 >xY,,...._xi, then the relation 'Y satisfies (1111). 

Proof. (1) By Theorem 5, x 'Y y is equivalent to y < x'Y, x ~y'Y. If 

Xi~ X implies xr ~ x'Y, then X1 < x, X 'Y Y implies X1 < X < y'Y, y < x'Y :< xr, i.e., 

x1 'Y y. Conversely, if the relation 'Y satisfies (II), then, since x'Y= V(u; x 'Yu) 

and Xi= V (v; X1 'Y v), we have xr _2': x'Y. 
(2). Xi ,,...._xL< (X1'--" x2? is equivalent to V (u; x1 'Yu),,...._ V (v; x2 'Y v) ~ 

V (w; (x1 ,,...._x2)''Y w). 

(2'). Suppose that (x1 '--" x2? > Xi ,,...._xl, and if y 'Y xi, y 'Y x2, then y < Xi, 
.x <y'Y and y < xI, xz.s;;y'Y; therefore y ~ Xi,,...._XL~ (X1'--"X2f and X1'--"X2 ~y'Y, 
which is to say, y 'Y (x1 '--" xz). 

Thus the theorem is proved. 

Example. Let L be the lattice 25 of all subsets of an infinite set S, 
and by x 'Y y it is meant that the intersection x~ of subsets x and y of S 

is finite set ; then this relation 'Y satisfies the axioms (II) (1111) and (III2), but 

satisfies rieither (Illf), nor (III;). Therefore this relation can be derived 

neither from such a mapping x - x"' that x 'Y y means y .s;; x"', nor from such 

a mapping x- x"' that x 'Y y means y ~ x"', x _:s;::y"'. 
Let L be a complete Boolean algebra, then y ~ x"' is equivalent to 

x"'c,,...._y=O, (xc means the complement of x). So, if we write (3=ac, then we 

obtain the following theorems from the above theorems. 

Theorem 3'. In a complete Boolean algebra L, there exists such a map
ping x - xfl in L that the relation x 'Y y is given by xfl ,,...._y =0, if and only if 

the relation 'Y satisfies the axiom (/I/*). And then the mapping is uniquely 
determined as x- x8=x'Yc= /\ (uc; x 'Yu). 
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Theorem 5'. In a complete Boolean algebra L, there exists such a map

ping x---+x 11 in L that the relation xryy is given by x 11 ,-·y=O, x,......,y11 =0, if and 

only if the relation 'Y satisfies the axioms (Ill*) and (V). And then one of 

the mapping x---+ x 11 is given by x---+ x 8=/\ (uc; x 'Yu); let x---+ x 13 be any 

mapping such that x ryy is given by xll,......,y=O, x,......,yll=O, then x 8 ~ x 13• 

Theorem 4'. In a complete Boolean algebra L, suppose the axiom 

(Ill*), and let x- x 0 be such a mapping in L that x 'Y y is given by 

x 8 ,......,y=O. Then 

(1) X1 < x implies xi~ xS, if and only if the relation 'Y satisfies (II). 

(2) (x1'-"Xz)° .:S:::xl'-"xt if and on1y if the relation 'Y satisfies (Ill2).·. 

(3) x < x8, if and only if the relation 'Y satisfies 

(IV**) xryy implies X"""y=O. 

(4) 08=0, if and only if the relation 'Y satisfies O 'Y 1. 

(5) x 88 =x8, if and on(v if the relation ,y satisfies 

(IVi) x 'Y y, if and on{v if /\ (zc; x 'Y z)ry y. 

Proof. (1) and (2) are obvious from Theorem 4. 
(3) x < x8, i.e., X"""X8c=O is equivalent to that y, < x8c implies X"""Y=O. 

Thus x _s x 0 is equivalent to that x 'Y y implies X"""y=O. (IV**). (Under the 
axiom (II), (lV**) is equivalent to (IV)). 

(4) 06 =0, i.e., 0°,......,l=O is equivalent to Oryl. 

(5) x88 = x6, i. e., x 88c = x 8c is equivalent to that y < x 00c if and only if 

y S x0c; hence x 8 ry y if and only if x 'Y y. Therofore x 88 =x8 is equivalent to 

that /\ (zc; x 'Y z) 'Y y, if and only if x 'Y y. 

Theorem 6'. In a complete Boolean algebra L, suppose the axiom 

(III*) and (V), and let x - x8 be such a mapping that x6= /\ (uc; x 'Yu). 

Then 

(1) X1 < x implies xf ~ x°, if and only if the relation 'Y satisfies (II). 

(2) (X1'--'X2)6 .:S::: xf'--'x3, if and only if the relation 'Y satisfies (Ill**). 

(2') If (X1'--' x2)8 <,xi'-' x~, then the relation 'Y satisfies (III1). 

(3) x < x 0, if and only if the relation 'Y satisfies (IV**). 

(4) 08=0, if and only if O 'Y 1. 

(5) X 66 =X6, if and only if V (u; x 'Yu)= V (v; /\(we; x 'Y w) 'Y v). 

Proof. (1), (2) and (2') are obvious from Theorem 6. 
(3) Suppose x .:S::: x•, (i.e., x,......,xsc=O), then y < x8c implies x,......,y=O. If 

x 'Y y, th~n y < x0c and x < y 8c; hence x 'Y y implies x----y=O. Conversely, if 
Xryy implies x,......,y=O, (i.e., x~yc), then x 8=/\(uc; x,yu)>x. 
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(4) Suppose 08=0, then 06 ,-.,,l=0; and since 0'""18 =0, we have 0,yl. 

Conversely, if 0 'Y 1, then 0Y=;\ (u"; 0 'Y u)=0. 

(5) x88 =x8 (i.e., X88"=x 8", is equivalent to V (u; x 'Yu)= V (v; x8 'Y v) 

=V(v;;\(w"; x,yw),yv). 

I wish to thank Professor Kakutaro Morinaga for introducing me to this 

subject and for many valuable remarks concerning the contents of this paper. 

Mathematical Institute, 
Hiroshima University 
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