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Theory of n-Cocycles and n-Cohomology 

Groups in Commutative Rings 1> 

By 

Akira KINOHARA 

(Received Jan. 30, 1955) 

Prof. Y. Kawada 2> has investigated the structure of 2-cohomology groups 

m integral domains of j:.J-adic number fields. Recently Prof. M. Moriya 3) has 

discussed the extension theory of 2-cocycles in commutative rings and, con

nectedly, has developed the theory of 2-cohomology groups in complete fields 

with respect to a discrete valuation. 

Now, in the first step (§§ 2 and 3), we shall study on some properties 

of n-cocycles and n-cohomology groups in commutative rings. In the next step 

(§4), we shall investigate the structure of n-cocycles · and n-cohomology groups 

in integral domains of ,)J-adic number fields. 

§ I. Definition of n-cocycle and n-cohomology 

group in commutative rings. 

Let ffi be a commutative ring and 9R an ffi-left module. Then, a unique 

n terms 

mapping f of a product space ix---~-x ffi into 9Jl 1s called an n-cocycle of ffi in 

9Jl if it satisfies: 

i) For A1, A2, ... , An E ffi 

J(Ai, A2, :··,An)= J(A;, Aj, ... , Ai), 

where i, j, ... , l means any permutation of 1, 2, ... , n; 

I) This note has been completed by the encouragement of Prof. M. Moriya. The author 

wishes to express here his hearty thanks to Prof. M. Mori ya for his kindness. 
2) Y. Kawada: On the derivations in number fields, Annals of Math., 54 (1954), pp. 

302---314. 
3) M. Mori ya: Zur Fortsetzung der 2-Cozyklen in einem kommutative Ring, Math. 

Journ., Okayama Univ., 4 (1954), pp. 1-19. 
Theorie der 2-Cohomologiegruppen in diskret bewerteten perfekten Korpern, 

Proceedings of Japan Academy, 30 (1954), pp. 787-790. 
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n 

A1J(A2, ... , A,., A,.+1) + :::8( -1)'/(Ai, A2, ... , A;A;+1, ... , An+1) 
i-1 

iv) For the two mappings / 1, /2 

We shall denote Z(ffi; 9Jc) the totality of all the n-cocycles of ffi in 9Jt 
Then Z(ffi; We) is an additive group. Now, we consider a pnique mapping fl 

n-1 terms 
-~·~-, 

of a product space ffi x · · · X ffi into W1 with the following properties : 

where i, j, ... , t means any permutation of 1, 2, ... , n - I ; 

iii) For the two mappings 91, 9 2 

n terms 
~ 

Next a mapping 09 of a product space ffi X ••• X ffi into W1 is called an 

n-cobounda,y of ffi in ilJc if it satisfies: 

i)* For Ai, A2, ... , A,,_1, An E ffi 

ii)* 

n-1 

+ :z:;c- ); ,9(A1, A2, ... , A; Ai+I, ... , An-I, An) 
i=l 

+ ( - )" A,, fl (A1, A2, ... , A,.-1) ; 

09(A1, A2, ... ,A,.)= o,9(A;, Aj, ... , Az), 

where i, j, ... , l means any permutation of 1, 2, ... , n. 

We shall denote B(ffi; We) as the totality of all the n-coboundaries 09 of 

ffi in im. Then B(ffi; im) is a subgroup of Z(ffi; 9Jc). Here, for even numbers 
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of n (in addition, n = I, 3 41 ), we shall define n-cohomology group of 9t m We as 

the factor group H(9t; 9R) = Z(ffi:; 9R)/B(9t; 9R). 

§ 2. On some properties of n-cocycle and n-cohomology 

group for a suhring ffi:0 of 9t. 

Let 9t be a commutative ring with I-element and ffi: 0 a subring containing 

I. We consider an ffi:-Ieft module We with I as a unit operator. In this 

section, we shall denote the element of 9t and 8t0 by Latin capital letters 

A1, A2, ••• , An-1, An and by a Latin small letter a, respectively. 

We shall prove the following 

THEOREM 1. If n is an odd number, it holds that : 

f(l, 5> A1, ... , An-1) = 0 

PROOF. From 

for every rational integer l. 

If(l, I, ... , I, A, I) - J(I, I, .. ,, I, A, I)+ ... 

- J(I, I, ... , 1, 1, A)+ J(l, I, ... , I, l, A)= 0, 

we have: 

J(I, I, ... , I, A)= 0. 

Now, we shall assume that 

f(Ai. A2, ••• , Ai, I, ... , I)= 0 for i<n-1. 

Then if i is an even number, from 

If(A1, A2, ... , Ai, A;+i. I, ... , I) - f (A1, A2, ... , A;, A;+i. I, ... , I) 
i 

+ ~ ( - I)i+1J(l, Ai, ... , AjAj+l, ... , A,+l, I, ... , I) 
j~l 

+ f(l, Ai, ... , Ai, Ai+i,1, ... , I) - ··· + f(A 1, A2, ••• , A,, Ai+i. 1, ... ,I)= 0, 

we have: 

f (A1, A2, ... , A,, Ai+l• I, ... , I)= 0 

If i 1s an odd number, from 

for i<n-1. 

1/(1, I, ... , I, A1, ... , A;, A,+1) - f(I, I, ... , 1, A1, ... , A;, A;+1) + ··· 

+ J(I, I, ... , 1, Ai. ... , A;, A;+1) - J(I, I, ... , I, A1A2, ••• , A;, A;+i) + ··· 

- J(I, I, ... , I, A1, ... , A;A;+1) + A;+i/0, I, ... , I, A1, ... ,A;)= O, 

4) If n=I, we shall define 09(A)=O for AE:!R, and if n=3, we have always 159(A1,A2,A3)=0 
for A 1 , A2, A3E:iR. 

5) By l we mean [, I. 
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we have: 

J(A1, A2, ... , A;, Ai+l, I, ... , I)= 0 for i < n - I. 

Thus, by mathematical induction on the number i of the element A, we have: 

(I) 

From 

we have: 

(2) 

By (I) and (2) we can easily obtain our theorem. 

THEOREM 2. If n is an even number, there exists an n-cocycle f in any cohomology 

class of HOR ; We) such that J(a, A1, ... , An-1) = 0 holds. 

PROOF. For an arbitrary f E Z (ffi; We) we can take a ff such that 

n-1 terms n-2 terms 

, J( ~' A) = ff (1,1,~, A). Then from 

Af(I, I, ... , I) - J(4, I, ... , I)+ ... - J(A, I, ... , I)= 0, 

we have: 

ff(A, I, ... , I)= J(A, I, ... , I)= AJ(I, I, ... , I)= A ff(I, I, ... , I). 

Then for the n-cocycle Jo= f- Off we have: 

Jo (A, I, ... , I)= J(A, I, ... , I) - A ff(I, I, ... , I) 

+ ff(A, I, ... , I) - ... - ff(A, I, ... , I)= 0. 

Thus, there exists an n-cocycle Jo with f 0 (A, I, ... , I)= 0 in any cohomology 

class of H(ffi ; We). 

Here, we shall assume that J0 (1, I, ... , I, Ai, ... , A;)= 0 for i<n-1. Then 

if i is an even number, from 

IJo(I, ... , I, A1, ... , A,, A,+1) - Jo(I, ... , I, A1, ... , A,, A;+1) + ... 

+ Jo(I, ... , I, A1, ... , A;, A,+1) --_Jo(I, ... , 1, A1A2, ... , A,, A,+1) + ... 

+ Jo(I, ... I, A1, ... , A;A,+1) -A;+1Jo(l, ... , I, Ai, ... , A;)= 0, 

we have: 

Jo(I, ... , I, A1, ... , A,, A,+1) = 0 for i < n - I. 
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If i is an odd number, from 

lfo(A1,A2, •·•,Ai,Ai+I, 1, •··, l)-Jo(A1,A2, •·•,A;,Ai+I, l, •··, 1) 

+ /o(l, A1A2, •··, A;, Ai+I, 1, ... , 1) - ··· + /oO, A1, •··, A;Ai+1' 1, •··, 1) 

- Jo(l, Ai,•··, A;, Ai+I, I, ... , I)+··· - Jo(I, Ai,•··, A;, A,+1, 1, ... , 1) = 0, 

we have_: 

Jo (1, ... , 1, A1, ... , A,, A;+1) = O for i<n-1. 

35 

Thus, by mathematical induction on the number i of the element A, we have: 

Now we shall consider a :Jo such that :Jo (a Ai, A2, ... , An-1) = Jo (a, A1, A2, ... , 

An-1), then we have: 

:7o(a, A2, ... , An-1) =Jo(a, 1, A2, ... , An-1) = 0 

and 

Thus, for the n-cocycle f1 ==Jo+ 0:70 we have: 

J1 (a, Ai, ... , Au-1) = Jo (a, A1, ... , An-1) + a :70 (A1, ... , An-1) 

- :7o(aA1, A2, • • •, An-1) + :70 (a, A1A2, • • •, An-1) - · · · 

+ An-1 :70 (a, A1, ... , An-2) = 0. 

This completes the proof of our theorem. 

Therefore we shall denote Z(ffi, ffio ; ffic) as the totality of all the rela1ive 

n-cocycles f with f(a, A1, •··, An-1) = 0 for every a E fft0 and B(ffi, ffi0 ;·ffic) as the 

totality of all the relative n-coboundaries 0:7 with :7(a, A1 , ••• , A,._2) = 0 and :7(aA1, 

... , A,.-1) = a:7 (A1, ... , Au-1)-

Here, for even numbers of n (in addition, n = 1, 3), we shall define the 

relative n-cohomology group for a subring ffio of ffi as the factor group H(ffi, ffi0 ; 

ffic) = Z(ffi, ffio; ffic)/B(ffi, ffio; ffic). 

Then we have 

THEOREM 3. For every J E Z(ffi, ffi 0 ; 9Jc) we have: 

f(aA.1, A2, ... , A,.)= af(Ai. A2, ... , An)

PROOF. From 
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n-l 
+ ~( -1r1f(a, A1, ... , A; Ai+l, ... , An)+ ( -1t+1 Anf(a, Ar, ... , An-I)= 0, 

i=l 

we have: 

§ 3. On some properties of n-cocycle and n-cohomology 

group for a subring of ffio of ffi = ffio[0]. 

Let ffi be a commutative ring with I-element, and ffi0 (=¾=ffi) a subring 

containing I. Moreover, we shall assume that ffi has a linear independent 

ffi 0-base I, 0, ... , es-I (s> I), i.e., any element of ffi be uniquely represented 

as the linear form of 1, 0, ... , 0•-! with coefficients in ffi0 • Now let F(x) = 
xs + a1 x•-1 + ... + a,= 0 be the irreducible defining equation of 0 in ffi 0 [x], i.e., 

0' = - a1 0•-1 - · • · - a,. 

Then by Theorem 3, we have immediately 

s-1 

LEMMA 1. Let it be Ar, A2 , ••• , An E ffi, and A;= -~a;h0j; (i = I, 2, ... , n) with 
Ji-0 

aiji E ffio, Then for every f E Z(ffi, ffio ; ffic), it holds that: 

s-I s-l s-1 

f(Ai, A2, ... ,An)=~ ~ · ·· ~ a1h a2h . .. anjJ(0h, 0j2, ••• , 0in). 
j1=0j2=0 in=O . 

Therefore every f E Z(ffi, ffi 0 ; ffic) is uniquely determined by the values 

f(e'",0·3, ••• ,er,fJ), whei;e I<a.:::;;:s-1, l</3<s-l, ... , l<1<s-l, 1_::;;:o< 
s - I. 

Now we shall prove the following 

THEOREM 4. For every n-cocycle fE Z(lH, ffio; ffic), 

are uniquely represented as the linear form of f(0, 0, ... , 0, 0') (I <i_<s- 1) with co

efficients in ffio [ 0]. 

PROOF. From 

0J0"-1, 0fl, ... , OY, 08) - J(O"', Of1, ... 0'1, 08) 

+ J(0, ero+fl-1, ... , 0'1, 06) - ... + (- I)n+le8J(0, 0"- 1, ••• ,BY)= 0, 

we have: 
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J(0", (}8, .•. , {JY, es)= 0J(e«-I, ()fl, ... , e·t, es)+ f(0, e«+/3-1, ... , 0Y, es) 

- ... + ( - 1r1 es1c0, e«-1, .•• , 01). 

s 
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By this formula and 0' = - ::Sa;0'-•, J(O", 013, ••• , (JY, 08) are uniquely represented 
i=l . 

as the linear form of J(0, 0\ ... , 0,,., 0") (1 <X.<s-1, : .. , l <µ<s-1, 1 <v.S: 

s- 1) with coefficients in ffi0 [0]. Now we shall assume that J(0", 0/3, ... , 01, es) 
i terms 

are uniquely represented as the linear form of f~, 0", 07 , ••• et, 01 ) (1 .S: 

o-<s-1, I<r<s-1, ... , l.S:l;<s-1, I<11<s-l) with coefficients in ffi 0 [0]. 

Then, 

Case 1. For even numbers of i 

From 

i terms ,--_,.._______ 
0 J(0, 0, ... , 0, oa--i, 07, ... , O\ 01 ) - J(02 , 0, ... , 0, 0"-1, 07, ... , 01;, 0q) + ··· 

i terms 

+ J(0, 0, ... , 02, ecr-1, 07 , ••• , 0~, 0q) - J(0, 0,~, 0", 07, ... , et, eq) 
i+ I terms i+ I terms 
~ ~ + J(0, 0, ... , e, 0"+ 7 - 1, ... , 01;, Oq) - ... + ( - l)n+l 0qf(0, 0, ... , e, ea--l, 07, .. . , et)= 0, 

we have: 

i terms i terms 

1c0,0,'::,0, 0", e7 , ••• , 01;, eq) = eJ(~, 0"-1, 07, ... , 01;, eq) 
i+l terms i+l terms 
~ ' ~ 

+ J(e, 0, ... , e, e"+T-1, ••• , 01;, 0/) - •·· + c - 1y+10qJ(e, 0, ... , e, e"-1, 07 , ••• ,01;)_ 

Case 2. For odd numbers of i 

From 

i terms 
,,--,~ 

01(07, e, ... , e, 0"-1, ... , 01;; eq.) - J(e 7 +1, e, ... , e, e"-1, ... , 01;, 01 ) 

+ .rce, 07 +1, 0, ... , e, e"-1, ••. , et, 0q) - J(0, 07, 02, ••• , e, ea-- 1, ••• , 01;, eq) + ... 

+ f(0, 07, e, ... , 02, ea--1, ... ,et,~) - J(0, 07, ... , e, eu, ... ,el;,~) 

we have: 

i terms i terms 
,----,-----._ ,,-------r----, 

J(e, ... , e, 0'". 07, ... , 01;, 01 ) = eJ(e, ... , e, 0"-1. 07, ... , 01;, 01 ) 

i+ I terms i+ I terms 

+ .rce.----:::0. eu+, .. , 07, ... , 0\ 01 ) - ••• + ( - l)n+leqJ(e:::::e. eu-1, 07, ... , 01;). 
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Thus, by both the mathematical induction on the number i of 0 in f(0, ... , 

0, 0"', 0', ... , 0~, 0~) and the relation ff= - ±a;0'-;, f(~, 0.3, ... , ·0y, 08 ) (l S:: a S:: 
i=l 

s-1, l<iS<s-1, ... , I<ry<s-1, IS::o<s-1) are uniquely represented as 

the linear form of f(0, ._ .. ,8,0') (l<t<s-·I) with coefficients in ffi 0 [0], q.e.d. 

THEOREM 5. If n is an odd number, the c.ondition fE Z(ffi, ffio; 9-R) is the follow

ing: 

for every natural, number i. 

and 

f(8, ... , 0, F(O)) = F'(0))-., = 0, 

where f(8, ... , 0) = )-., is an arbitrary element of 9-R. 
PROOF. From 

8f(e, 0, ... , e, 0i-l) -f(02, e, ... , 0, ei-I) + •·· + f(0, 8, ... , 02, ei-1) 

- f(8, 0, ... , 0, 0;) + 0•- 1f(0, 0, ... , 0) = 0 for every natural number i, 

we have: 

(I) f(0, 0, ... , 0, 0;) = 0f(0, ... , 0, 0;-i) 

+ (f- 1f(0, ... , 0, 0) for every natural number i. 

Let us put f(0, ... , 0) = )-.,, )-., being an arbitrary element of m,, then (I) lS 

equivalent to 

for every natural number i. 

By using F(0) = 0, we have: 

f(0, ... , 0, F(0)) = F'(0) \, = 0, q. e. d. 

THEOREM 6. If n is an even number, then there exists an n-cocycle f in any 

cohomology class of H(ffi, ffi 0 ; 9R) with f(0, ... , 0, 0') = 0 for I °<i <s-1. · 

PROOF. For an arbitrary fEZ('iR, ffi 0 ; We), we can take a ff such that 

f(0, 0, •··, 0) = 9(02, 0, ... , 0). Then we have: 

f(l, 0, ... , 0) = 9(0, 0, ... , 0) = 0. 

For the relative n-cocycle f1 = f +off• we have: 

f1 (0, ... , 0) = f(0, ... , 0) + 0 ff (0, ... , 0) - ff (02, 0, ... , 0) 

+ ... - 9(0, ... , 02) + 0 9(0, ... , 0) = 0. 
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Now we shall assume the existence of f;(l <i<s-2) such that f(O, ... , 0, Oh)=O 

for 1 ~h <i. We can take a [Ii such that f,(0, ... , e, 0•+ 1) = [f,(0, ... , e, 0•+ 2), 

then we have: 

f;(O, ... , e, ~) = [/.(0, ... , e, eh+I) = 0 for 1 <h <i. 

Then for the relative n-cocycle fi+I = f, + Off, we have: 

. f.+1 co,_ ... , e, eh)= f. (e, ... , e, eh) + efl, (e, ... , e, eh) 

- ff,(02, e, ... , e, eh)+._ .. + ff,(e, ... , 02, eh) - ff,(e, ... , e, 0h+1) 

+ eh 9.(0, ... , 0) = 0 for I <h <i, 

and 

f.+1(0, ... , o, 0i+ 1) = f,(e, ... , e, 0•+ 1) + efl,(e, ... , e, 0•+ 1) 

- fl, (02, e, ... , o, 0•+ 1) + ... + fl• (o, ... , 02, 0•+ 1) - fli (e, ... , e, 0•+ 2) 

+ e•+l fli(0, •••, 0) = 0 for 

Thus, by mathematical induction, we have our theorem. 

Therefore, when n is an even number, if we denote Z1 (ffi, ffio; file) as the 

totality of all the relative n-cocycles JE Z(ffi, ffio; file) with J(0, ... , 0, 0') = 0 for 

l <i < s- l and denote B1 (ffi, ffi0 ; file)= Z1 OH, ffio; 9.R)nB(ffi, ffio; 9.R), then we 

have: 

THEOREM 7. The condition off E B1 (ffi, ffio; file) is the following: 

and 
s-1 

fl (0, ... , e, 0') = - ~ (s - i) a,0•-i-l>c, 
i=I 

where fl ( 0, ... , 0) = >c is an arbitra,y element of We. 

PROOF. By Theorem 6, the condition 09 E B1 (ffi, ffio; file) 1s Off (0, ... ,0, 0') 

=O for I <i <s- l. Then from 

of/(0, ... , 0, 0·) = ef/(0, ... , 0, ei) - 9 (02, ... , e, 0') + ... 

+ 0[/(0, ... , 02, 0\) - [/(0, , .. , 0, 0i+I) + 0ifl(0, ••·, 0) = 0, 

we have: 
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Now, putting 9(0, ... , 0) = X, X being an arbitrary element of 9Jc, (I) is 

equivalent to 

s 

By using 0' = - ~ a;e'- 1 , we have: 
i = 1 

,-1 

9(0, ... , 0, 0') = - ~ (s - i) a;0s-i-lx, q. e. d. 
i=l 

§ 4. On the structure of n•cocycle and n-cohomology group 

in integral domain of +J-adic number fields. 

Let k, K (k CK) be ,1:J-adic number fields, and O, D its valuation ring, 

respectively, and ~ (*(O), (1)) prime ideal in D. Let D be the relative 

different of K/k. Then, there exists BED such that D=co[0]. Now, let F(x) 

=x'+a1 x'- 1 +···+a,=O be the irreducible defining equation of 0 in o[x], then 

(F'(0)) = D, where F'(x) denotes the derivative of F(x) by x. Now, we shall 

define the group Z (D, O ; D / ~r) of the relative n-cocycle and the relative n

cohomology group H(D, O; D /~r) (for natural number r) as in § 3. Then we 

have: 

THEOREM 8. For odd numbers of n 

and for even numbers of n (in addition, n = I, 3) 

H(D, o; D /~r),...., D /(~r, D) 

where (~r, D) denotes the greatest common divisor of ~r and D_. 

(r = 1, 2, ... ) 

(r= l, 2, ... ), 

PROOF. If n is an odd number, then, from Theorem 5, /E Z(D, 0; D /~r) 

is uniquely determined by the value of /(0, 0, ... , 0) = \. mod ~r. Then, also 

by Theorem 5, we have: 

J(0, 0, ... , 0, F(0)) == F'(0) X == 0 

Thus, we have easily: 

Z(D, o; D / 1-ln.:: D / (~r, D) (r=l,2, ... ). 

If n is an even number, then, from Theorem 6, /E Z1 (D, 0; D ;~:n lS 

uniquely determined by the value of /(0, ... , 0, 0•-1). But the condition f= 
09EB1(D,o; D/1-ln is the following: 
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J(0, ... , 0, 0'- 1) == 09-(0, ... , 0, 0·-1) == 09-(0, ... , 0, 0•- 1) 

- 9-(02 , 0, ... , 0'- 1) + 9(0, ff, ... , 0•-1) - ••• + 9-(0, ... , 02, 0•-1) 

- 9-(0, ... , 0, 0') + 0s-19-(0, ... , 0) (mod ~n-
Now, putting 9-(0, ... , 0) == A. mod ~r, by Theorem 7 we have: 

· s-1 

== s0'-1 )\. + ~ (s - i) a;0s-i-li'e = F'(0)1' 
(=l 

Thus, we have : 

H(D, o; D/~')"-'D/(~r, D) (r=l,2, ... ), q.e.d. 

Department of Mathematics, 

Hiroshima University 
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