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Introduction.

Kaplansky [1]" has introduced the notion of AW*-algebras, as an elegant
abstract generalization of weakly closed self-adjoint operator algebras on a Hilbert
space (W*-algebras). By an AWH*algebra, it is meant a B*algebra such
that the left annihilator of any subset is a principal left ideal generated by a
projection, an idempotent self-adjoint element. = Many properties such as com-
plete additi‘vity of equivalence of projections and Decomposition Theorem,
which play the fundamental réles in both W*-algebras and continuous geome-
tries, have been shown in AW*-algebras by Kaplansky [1], [2]. In particular,
it has been verified that the projections in a finite AW*-algeBra form a con-
tinuous geometry, and that there exists a unique normalized dimension function
in any finite AW*-algebra.

In this paper, we shall investigate the lattice of projections in an arbitrary
AWH*-algebra by making use of the known theory of continuous geometries
and AW™algebras.  The set of all projections in an AW™*algebra is a com-
plete orthocomplemented lattice such that any pair of orthogonal projections .
forms a modular pair?® (Theorem 1.1), and its subset of all finite projections
forms a general continuous geometry (Theorem 1.2).  Although it is neither
modular nor continuous lattice, it has many analogous properties as a continu-
ous geometry, among others, it is shown that it has a dimension function
uniquely determined in some sense (Theorem 5.1 and 5.2), which is an ex-
tension of the result of Kaplansky [1] stated above to a general case, and may
be considered as an abstract generalization of Segal [1], Theorem 1, and of a

part of Dixmier [3], Theorem 1 and 2.

1) The numbers in square brackets refer to the references at the end of the paper.
2) (b, c) is called a modular pair if a<c implies (aUb)Nc=auU(bNc).
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§ 1. Projections in AW*.algebras.

According to Kaplansky [3], 853, we shall define an AW%*algebra as
follows : )

DEFINITION 1.1. By a B*dlgebra. it is meant a Banach x-algebra in which,
lx*x||=||%]|* for every x€A. An element f in A is called a projection if it is
self-adjoint and idempotent, i.e., f=f*=f% For projections a, b in 4, we
shall denote by a=<{b if a=ab. We observe. that the set of all projections in
A is partially ordered by the relation “< ", and that if ¢ and b commute we
have a\Vb=a+b—ab and aNnb=ab.

By an AW*-algebra, we mean a B*algebra A such that the left annihilator
L(S) of any subset S of 4 is a principal left ideal generated by a projection
fin 4, i.e., L(S)=Af.

REMARK 1.1. A B*algebra is an AW™algebra if and only if it satisfies
the following conditions. Cf, Kaplansky [1], 236, [3], 853.

(A) In the partially ordered set of projections, any set of orthogonal projections has
a least upper bound.

(B) Any maximal commutative self-adjoint subalgebra is generated by its projections.

REMARK 1.2 Any W*algebra M is an AW™*algebra. Because M is a
B*-algebra as is well knoun; and if {T,; a€l} is a subset of M, and R, is
the renge of T, (¢ €1), let E be the projection on the orthocomplement of the
linear manifold V(R.; a€l), then we can show without difficulty that the
left annihilator of {T,; a €I} is the principal left ideal generated by E.

LEMMA 1.1. For any subset S of an AW*-adlgebra A the right annihilator R(S) is
a principal right ideal generated by a projection.

PROOF. Let S*={s*; s€S}, then the left annihilator L(S*) is a principal
left ideal generated by a projection, say f. It is easily shown that R(S)=fA.

The following three lemmas are immediate consequences of the definiton
of AW* algebras. | Cf. Kaplansky [1], 237, Corollary 1, 2 and 3, respectively.

LEMMA 1.2. In an AW*-algebra, the left annihilator of a left ideal is a principal
two-sided ideal generated by a central projection.

LEMMA 1.3. An AW™*-algebra has the unit element 1.

LEMMA 1.4. The projections in an AW*-algebra form a complete lattice.

DEFINITION 1.2. Let L be a lattice with 0. If there exists a dual-auto-

morphism of period two a—a" such that aNa™=0, then L is called orthocomplemented,

3) Cf. Kaplansky [1], 236, Remark.
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and a” is called the orthocomplement of a. If a=<\b™, then a is said orthogonal to
b and is denoted by a_| b.

THEOERM 1.1.Y The set A, of all projections in an AW*-algebra A is a complete
orthocomplemented lattice sucht hat-a | b implies (a\Jb)N\b" =a.

PROOF. Put a"=1-—a for any projection a in 4, then a is clearly the
orthocomplement of a.

If a | b, then we have
(aub)yNb =@ +bb =a.

Thus the proof is completed. by Lemma 1.4,

Following Maeda [2], 90, we shall define general continuous geometries as
follows : . :
DEFINITION 1.3. A conditionally complete lattice L is called conditionally con-
tinuous® if it satisfies both the following conditons :

For any directed set {a;; 8 € D} of L,

(a) as T a implies asN\b 1 anb, for any bEL, and
(B) as | a implies as\Jb | a\Jb, for any b€ L.

By a general continuous geometry, it is meant a conditionally continuous, rela-
tively complemented, modular lattice with 0.

A complete lattice is called upper continuous if it satisfies the condition (a),
and is called continuous if both conditions (&) and (B) are satisfied.

By a continuous geometry, we mean a continuous, complemented, modular
lattice.

LEMMA 1.5. Let L be a lattice with 0. L is a general continuous geometry if and
only if L(0, a) ={xEL; x<a} is a continuous geometry for any a € L.

PROOF. Let L be a general continuous geometry. For any element g,
L(0, @) has the unit element a, whence it is clearly a continuous geometry.

Conversely suppose that L(0, @) is a continuous geometry for any a€L.
For any b, c€ L, a=<c implies (aUb)Nc=a\J(bNc), since L(0, b\Jc) is modular.
It follews that L is a modular lattice. By a similar argument, we can easily

show that L is a conditionally continuous, relatively complemented lattice.

'4) In an orthocomplemented lattice, any pair of orthogonal projections forms a modular
pair (cf. foot-note 2) provided that ¢_| b implies (aUb)Nb =a. Because, if a<c<b*, then
it holds .

(aub)Nc'=(aub)Nb+Nc=a=aJU(bNc).

Thus the condition (V) in Sasaki [1] could be replaced by a formally weaker condition:
a_l b implies (aUb)Nb*=a.

5) Cf. Maeda [2], Definition 2.2.
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Consequentely L is a general continuous geometry.

DEFINITION 1.4. Let a, b be projections in an AW*-algebra. If there exists
an element ¥ such that xx*=a and x*x=25, then a is called equivalent to b
and is denoted by a~b. A projection a is called finite if a~b and b=<a implies
a=b, and otherwise infinite. An AW™algebra is called finite or infinite according
as 1 is finite or not. We shall write a<d if there exists a projection ¢ such
that a~c and ¢<b. Note that a is infinite if and only if a<a.

LEMMA 1.6. Let a be a finite projection in an AW ™-adlgebra A.  The sublattice
A,(0, ) of dll projections contained in a is a continuous geomeiry.

PROOF. By Kaplansky [l], Theorem 2.4, the subalgebra a4a is also an
AW*-algebra which is easily shown to be finite,” and it follows from Kaplansky
[1], Theorem 6.5 that the set of all projections in ada which is identical with
A,(0, @) forms a continuous geometry.

As an immediate consequence of Lemma 1.5 and 1.6, we obtain the follow-
ing : v

THEOREM 1.2. The set of all finite projections in an AW *-algebra is a general

continuous geomelry.
§ 2. Central projections in AW*-algebras.

In this section, we shall discuss the interrelation of central projections in
an AW*algebra A and central elements of the lattice 4, of projections in A.

DEFINITION 2.1. Let a, b be elements of an orthocomplemented lattice.
If it holds a=(anb)\J{anb™), then a is called permutable with b, and is denoted
by a<>b. Obviously a<>b implies a>b". ‘ ‘

LEMMA 2.1. Let L be a complete, orthocomplemented lattice such that o b implies
(eub)Nb"=a. Then we have

(i) a<>b imples b a,

(ii) a_1‘<—>b, az>b imply a;\Ja;<>b,

(iii) aso>b, as t a imply asn\b 1 anb, where {as; 8€ D} is a directed set of L,

(iv) awo>b(a€l) implies \/(aw; ¢ €I)<>b.

PLooF. (i) Cf. Sasaki [1], Lemma 5.5.

(i) Since a; = (a;N\b)\J(a;:N\b") (=1, 2), we have

a\Vaz = {(a: ")\ (@2 Nb)} U {(aa Nb)\U (@2 b ™)}

. 6) We observe that if b, ¢ are projections in a4a, then b, ¢ are equivalent in ada if
and only if b, ¢ are equivalent in A, since the element x defining the equivalence of b, ¢ is

necessarily in §4ec.
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<{laVa)Nb}{laVa)Nb*} <a\Jas.

Thus it holds a;\Jas <>b. ‘
(ii1) Since a5 = (asNb)\J(asN\b") (8€ D), we obtain

Vias; 8€D) =V (asnb; §€D)JV (asNb*; SED).
it follows from V(asN\b*; € D)_| b that
BAV (a53 SED) = {\V(asnb; SED)UV (asnb*; S€ D)} Nb
=V (asNb; 8€D)

(iv) Let D be the directd set of all finite subset v of I, and. let a,=
V(as; ®€v), then we have V(a,; vED)= V(a; «€I), and a,>b (W€ D) by
(ii). It follows from (iii) that dNV{(as; S€D)= VV{esNb; 3€D), and ' fa)
Vias; §€ D)=V (asN\b"; 8€ D), whence

{bnVige; a€D} U "NViaw; a€D} = V{tanb; a€DU \V(aaNbt; a€)
= V({(@nb)\J(a.Nb"); acl)
= Ve, ; @€,

completing: the proof.

LEMMA 2.2.7 Let L be an orthocomplemented lattice such that a | b implies
(aub)Nb™=a. Then the following conditions are equivalent to each other :

(@) z is a central element of L.°

(B) =z is a neutral element of L.

(v)  z has a unique complement.

(8) z is permutable with every element of L.

(&) If ' is a complement of z, then we have a= (anz)\J(aNz') for every a.-

PrROOF. (a)=(B)=(7) is obvious.

(v)=(3). For any a€L, put v=an(aNz)", then vNz=0, whence z’=
vU(w\Uz)" is a complement of z such that v<{7.'”® Since the complement is
unique, it follows v <{z", accordingly v<{anz". Now we have a= (aNz)Uv =<
(anz)U(anz"). Thus it holds a= (eaNz)Ulanz™), since the converse inequality

7) A similar theorem is valid in W*-algebras, and in complemented modular lattices, cf.
Maeda [17], Theorem I; and [3], 23, Theorem 3.3, 49, Theorem 2.1, respectively.

8) An clement z of a lattice L with 0 and 1 is called a central element if it corresponds
to [1;, 02] under an isomorphism of L with Lj+Lsy for some lattices Ly,Ls.

9) An element z is called neutral if the triple {x, y, z} generates a distributive sublattice
of L for every x, y&L.

10) Remark that znz’ = {pu(ruz)t}N(wUz)Nz=2Nz.
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is valid in general.

(®=(a). It holds a=(anz)U(anz™) for every a€L. Therefore if we
put Li=L(0, z), and Ly =L(0, z"), then we can easily show that L is isomorphic
to Li*L,; and z corresponds to [1, 02]. Thus z is a central element of L.

Thus the conditions (a), (B), (v), and (8) are equivalent to each other.
It is clear that (8) implies (€) and (&) implies (3), completing the proof.

LEMMA 2.3. Let a, b be projections in an AW*-algebra. It holds ab=ba if and
only if a<>b.

PROOF. If ab=ba, then obviously ab”=b"a, whence ab =anb, and ab™ =
anb’. Tt follows that (anb)\J(aNb™)=ab + ab" =a, whence a>b.

Conversely suppose that a¢>b, then we have
a = (aNnb)U(end™), whence
ab = (anb) b + (anbd™)b = anb.

Similarly we have bé=af\b, whence ab=ba.

THEOREM 2.1."Y  The center of the lattice A, of all projections in an AW*-algebra
A consists of central projections in A, and it is a complete Boolean algebra.

PROOF. Let z be a central projection in 4. For any a€4, we have
az=za, and it follows from Lemma 2.2 and 2.3 that z belongs to the center
of A4,.

Conversely suppose that z is a central element of 4,. In order to show
that z commutes with every x€ 4, we may assume x=x* and it is sufficient
to verify that z commutes with every projection a€ A4,, in view of the con-
dition (B) in Remark l.l. Thus the assertion is obvious from Lemmas 2.3 and
2.2. ’

The center of A4, is clearly a Boolean algebra, and the completeness follows

immediately from Lemmas 2.1 (iv) and 2.3.*»

§ 3. Central envelopes of projections. Structure theorems.

DEFINITION 3.1. Let S be a subset of an AW*algebra 4. By the left pro-
jection of S, it is meant the projection f such that the left annihilator of S is
Af* (cf. Definition 1.1). The right projection of S is defined similarly. This

11) As to a similar theorem in W*-algebra, cf. Maeda [1], Theorem I.
12) The completeness may be proved by a similar argument as Kaplansky [1], Lemma
2.2, (b). ’
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terminology agrees with that of Rickart [1], 534, if S consists of a single ele-

ant,ls)

LEiMMA 3.1. Let S bera subset of an AW™*-algebra A, then the following statements

in view of the following:

are equivalent to each other :
(@) fis the left projection of S, i.e., L(S)=Af".
(i) fs=s for every s€S, and
®) { (ii) for any x€ 4, xs=0 (s€S) implies xf= 0.
(v)  For a projection g, it holds gs=s (s€S) if and only if g=f.

PROOF. (@)= (B). (i) Since f*€L(S), we have f"s=0 (s€S), whence s=fs
(s€8). (i) If xs=10 (s€S8), then xEL(S) = Af", whence x=xf", and so xf=0.

(B)=>(7). Let g be a projection with gs=35s (s€S), then we have g's=0
(s€S), whence g"f=0 by (B) (ii), and so f=g. -

Conversely suppose that f< g, then f=gf, whence it holds by (B) (i)
that s=fs=gfs=gs (s€S).

(V)= (a). Since fs=s (s€S), we have f"s=0 (s€S), whence f-€L(S).
Now let g be the left projection of S, then f"€L(S)=Ag" implies f~<g",
and f=g. On the other hand gs=s (s€8), whence g=f by (7). Thus f=g.

COROLLARY 3.1. The left and right projections of x are the left projections of xx*
and x*x, respectively.

PROOF. It holds L(x)= L(xx*), because yx =0 implies yxx*=0, and con-
versely yxx*=0 implies yx(yx)*=10, accordingly yx=0. It follows that the
left projections of x and xx* are identical. The remaining part of the corollary
is obvious, since R(x)= L(x*).

' DEFINITION 3.2. Let S be a subset of an AW™algebra 4, and f and g be
its left'and right projections, respectively. By the carrier'® of S, we shall mean
the projection fUg. If S consists of a single element x, then the carrier of
{x} is called the carrier of the element x, and is denoted by c(x).

As an ihmcdiate consequence of Lemma 3.1, we have the following:

COROLLARY 3.2. Let e be the carrier of a subset S of an AW*-algebra, and a be
a projection. It holds as=sa=s (s€S) if and only if a=e.

13) Bj-algebras in the terminology of Rickart [1] migth be defined as B*algebras with
unit elements such that every element has its left projection, while AW*algebras are B*
algebras such that every subset has its left projection.

14) In W*algebras, the carrier of S is idencal with “die Haupteinheit von S” in the
terminology of J.v. Neumann [1], Definition 4.
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DEFINITION. 3.3. Let x be any element of an AW*—alge‘bra 4. The left
projection of the left ideal Ax is called the ceniral carrier of x. In particular, if
a is a projection in A4, the central carrier of a is called the ceniral etwelo})e of a,
and is denoted by e(a).”

COROLLARY 3.3. The central carrier f of x is the least central projection such that
fe=xf=x. Particularly the central envelope.of a projection is the least ceniral projection
containing it.

PROOF. By Lemma 1.2, f is a central projection, whence it follows from
Lemma 3.1 that fx=xf=x. Now suppose that g is a central projection such
that gx =xg =1x, then we have gax =ax (a€ 4), whence f<g by Lemma 3.1.

The remainder part is then obvious.

REMARK 3.1. In view of Corollary 3.3, the central carrier of x might be
defined as the right projection of xA4.

We observe that the cetral carrier of x is the central envelope of the left
projection of x. Indeed, let f be the left projection of x, then (i) fx=x, and
(i) yx=0 implies yf=0. It follows clearly L(Ax)=L(Afx)2L(Af). Con-
versely it holds L(Af) =2L(Ax), for yax =0 implies yaf=0 by (ii) for every
a€ A. Thus we have L(Ax)zL(Af), consequenﬂy the central carrier of x is

equal to e(f). .

DEFINITION 3.4. If a, b are equivalent projections in an AW™*algebra, (cf.
Definition 1.4), then the element x such that ¢ =xx* and b =x*x, is called the
partially isometric element defining the equivalence of @ and b. By a unitary element,
it is meant an element x such that xx* =ax*x = 1.

Now we shall give some remarks on the equivalence of projections, which
has been discussed in detail by Kaplansky [1].

REMARK 3.2. The relation ~ is clearly an equivalence relation, i.e., (i)
a~a, (ii) a~b implies b~a, and (iii)) e~b, b~c¢ imply a~c. Furthermore
it has the complete additivity,'® i.e., if {a,; €I} and {bs; €I} are both
sets of mutually orthogonal projections such that az~b, (®€1I), then it holds
V(ag; a€D)~ V(by; a€l) :

REMARK 3.3. . If x is the partially isometric element defining the equiva-
lence of projections @ and b, then a and b are the left and right projections of

x, respectively, by Corollary 3.1.

+ 15) As to a similar notion in W*algebras, cf. Maeda [1], Definition 2.1 and Dixmier [1],
Definintion 3.1; in continuous geometries, cf. J.v. Neumann [2], Part III, Definition L.l; in
upper-continuous, complemented, modular lattices, cf. Maeda [3], 60, Definition 4.2.

16) Cf. Kaplansky [1], Theorem 5.5.
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Generally it holds that the left and right projections of any element are
equivalent, and consequently for any projections a, b the projections a—(anb)
and (a\Vb)—b are equivalent, since they are left and right projections of ab,
respectively.'”

REMARK 3.4. If the projections @ and b are perspective in the lattice 4,
i.e., alJc=>bUc, anc=>bNc for some projection ¢, then it holds a~b, because
a—(anc)~(@Jc) —c=(b\Jc) —c~b—(bNc) by Remark 3.3. As an immediate
consequence of this results, we have that anb” =a"Nb=0 implies a~b.18)

If @ and b are finite projections, then a~b implies a\Jc=5b\Uc and anc=

bNec for some projection c¢.'?

LEMMA 3.2°° Let a, b and {aw; « €1} be projections in an AW *-algebra A.
Then it holds :

(1) a~b implies e(a) =e(b),

(il) axXb implies e(a) <e(d),

(iii). e(za) =ze(a) for any central projection z,

(iv) e(V(a; a€l) =V (elas); a€l).

PROOF. (i) Let x be the partially isometric element defining the equiva-
‘lence of a and b, then we have L(Axx*)=Ae(a)” and L(4x*x)=Ae()™ by
Definition 3.3. Since yAxx*=0 if and only if yAx*x=0 by Ka})'lansky (1],
Lemma 4.9, it holds L(Axx*) = L(4x*x), whence e(a) = e(b).

(ii) It is obvious from (i).

(iii) Since za=<ze(a), it holds e(za) <ze(a). As e(za)<z, we have
e(za) + 2" =za + z a=a, whence e(za) + z"=e(a). By multiplying both sides
of this inequality by z, we obtain e(za) =ze(a). Thus we have e(za)=ze(a).

'(iv) Since V(aw; a€l)=a, (€ €1), we have e(V(as; a€l))=elas) (a€l),
whence e(\V(ay; a€D)=>V(e(as,); ®EI). On the other hand, it holds e(a,) = aq
(a€I), whence V(e(as); a€ D=V (ay; a€1), and accordingly V(e(as); a€l) =
e(V(aw; a€1)), completing the proof.

LEMMA 3.3. Let a, b, a1 and b, be projections in an AW *-algebra A, the following

conditions are equivalent to each other :

17) Cf. Kaplansky [1], Theorem 5.2, Lemma 5.3 and Theorem 5.4.

18) Projections a, b such that anNd*=a*Nb=0 are called to be in positions p’ in the
terminology of Dixmier [17.

19) Cf. Kaplansky [1], Theorem 6.6.

20) As to analogous properties in continuous geometries and in upper continuous, com-
plemented, modular lattices, cf. J. v. Neumann [2], Part III, Theorem 1.3, 1.4 and Maeda
[3], 60, Lemma 4.7, respectively.
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() adAb=0.

B) e(@e®)=o. |
V) e=a, b=b and a1 ~b; imply ai=0b, = 0.

PROOF. (a)=(B). aAb=0 implies a€ L(Ab)= Ae(b)", whence ae(d)=0,
and it follows from Lemma 3.2 (iii) that e(a)e(6) =0.

(B)=(y). Let a=a, b=b; and @, ~b;. By Lemma 3.2 (i), (ii), we have
e(a) =e(b) Ze(a)Ne(d) =0, whence a; =b;=0. A

(v)=>(a). Suppose that a4b3=0. Then there exists a non-zero element
x€aAb. Let a; and b; be respectively the left and right projections of x, then
it holds a; ~b: by Remark 3.3. Since ax =a, it follows from Lemma 3.1 that
a=a; and similarly 5=5b,. = Thus we have a; =5, =0, contrary to x=0.

REMRAK 3.5. It has been shown that (y) implies (a) in AW#*-algebras
and B}-algebra, cf. Kaplansky [1], Lemma 3.3, aqd Rickart [1], Theorem 5.2.
As to an analogous theorem in W*-algebras, in continuous geometries, and in
upper continuous complemented modular  lattices, cf. Maeda [l], Theorem II,
J. v. Neumann, {2], Part I, Theorem 5.7, Part III, Lemma 1.1, and Maeda [3],
61, Theorem 4.5, respectively.

As Kaplansky [1] has shown, the Decomposition Theorem, one of the most
important theorems in dimension theory, is now at hand in view of Lemma 3.3
and the complete additivity of the equivalence of projections (Remark 3.2).
We shall for convenience cite it here for reference.

DECOMPOSITION THEOREM.?" Let a, b be projections in an AW*-algebra.  There
existsts a ceniral projection z such that za<Xzb and z"azz"b.

DEFINITION 3.5. A B*-algebra is called a factor if its center consists of
scalar multiples of the unit element.

COROLLARY 3.4. In an AW ™*-adlgebra A, the following conditions are equivalent to
each other :

() A is a facior.
(B) For projections a, b in A, it holds either a b or a=b.
(v) For projections a, b in A, a Ab=0 implies either a=0 or b=0.

PROOF.. (a)=(B). By applying the Decomposition Theorem to a, b, there

21) Cf. Kaplansky [1], Lemma 3.4 and Theorem 5.6. As to an analogous theorem in W*-
algebra, cf. Maeda [1], Theorem III, and Dixmier [1], Theorem 6. In cases continuous
geometries and upper continuous complemented modular lattices, ¢f. J.v Neumann [2],
Part III, Theorem 2.7, and Maeda [3], 77, Thorem 1.2, respectively.



Lattices of Projections in AW*-algebras 11

exists a central projection z such that zaX>zb and z ax{z"b. Since either
z=0 or z=1, it follows that either a<b or a=b.

(B)= (7). Suppose that adb =0, then it holds from Lemma 3.3 that a =a,,
b>by, ax~b, implies @, =b:=0. Now since either aXb or a=b, there exists
a projection ¢ such that a~c¢=<b or b~c=a, and it follows that either a=0
or b=0.

(v)=(a). Let z be any central projection in A, then we have obviously |
z"Az=0, whence either z=1 or z=0. Thus the center of 4 contains only
scalar multiples of 1.

REMARK. 3.6. The equivalence of («) and (¥) in specified Bj-algebras has
been shown by Rickart [1], Theorem 5.18. As to the equivalence of («) and
(B) in any W™*algebra, cf. Maeda [1], Theorem IV.

THEOREM 3.1.22 Let Z be the center of an AW*-algebra A, and let a be any
projection in A. The center of the AW *-algebra aAa is identical with aZ, and it is
*-isomorphic to e(a) Z.

PROOF. Let f be any central projection in- the AW#*-algebra aAa, whose
unit -element is clearly a. Since (¢a—f)Af=(a—fladaf=(a—f)fada=0, it
follows from Lemma 3.3 that e(a — f)e(f) =0. Now by Lemma 3.2, we have

e(ae(f) — f) =elae(f) — fe(f)) =ela—fle(f) =0,
whence f=ae(f)€aZ.

Conversely any projection in aZ is clearly a central projection in aAa,
and it follows that central projections in aA4a consist of projections in aZ.

Since aZ and the center of ada are both AW*-algebras, they are generated
by the set of projections (Remark 1.1 (B)), and it follows that the center of
ada is aZ.

The correspondence az<>e(a)z is one-to-one between aZ and e(a)Z. Be-
cause, if az1=uaz; and z;, 2:€ Z, then e(a)zi=¢e(a)zs. This mapping is obvi-
ously *-isomorphism of aZ and e(a)Z, completing the proof.

COROLLARY 3.5 Let a, b be projections in an AW*-algebra A. The following
condition is -equivalent to the conditions in Lemma 3.3 :

(8) anb=0 and (a, b) D, i.e., (aUb)Nx = (anx)J(bNx) for aﬁy xE A,

22) As to an analogous theorem in W*algebras, cf. Dixmier [3], Lemma 2.2, 2.4, and 2.5;
in cases continuous geometries and upper continuous complemented modular lattices, cf. J. v.
Neumann [2], Part III, Theorem 1.6, and Maeda [3], 78, Theorem 1.4, respectively.

23) As to an analogous theorem in W*algebras, cf. Maeda [1], Theorem II.
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PROOF. We shall show that () is equivalent to (8) in Lemma 3.3.

(B)=(5). Since ae(d) <e(a)e(d), it follows that anNbdb <ae®d)=0, and
(aUb)e(b) =b and similarly (a\Ub)e(a)=a, and so a and b are central pro-
jections in (a\Vb) A(a\Vb) by Theorem 3.1. Accordingly we have y=(any)V
(bNy) for every projection y <<a\Ub. Thus it holds for any x€ 4,

(b)) Nx = {an(eUb)nx} VU {bN(aVb)Nx} = (anx) U (bNx),

since (a\Ub)Nx<a\Ub. Consequently (a, b) D is valid.

(6)=(B). Since a and b are complements to each other in L(0, a\Ub), it
follows from Lemma 2.2, and Theorem 2.1 that a, b are central projections in
(a\Ub) A(a\JD), whence aUb=a +b.. Now by Theorem 3.1, we have a=
e(a)(a +b), whence e(a)b =0, accordingly e(a)e(b) =0 by Lemma 3.2, (iii).

Now we shall enter into structure theorems of AW®*-algebras.

DEFINITION 3.6. Let 4 be an AW™algebra, and a, b be its projections. We
shall write a>b 2* if it holds either za>zb or za=zb=10 for every central
projection z. A non-zero projection a is called properly infinite if a»a is valid,
and purely infinite if a contains no finite projection (F0). An AW™algebra is
called purely * (resp. properly) infinite provided that the unit element 1 is purely

(resp. properly) infinite, and it is called semi-finite **

if every non-zero central
projection contains a finite non-zero projection.

REMRAK 3.7. Since the least upper bound of finite (resp. purely infinite)
central projections is also finite (resp. purely infinite), it follows from Zorn’s
lemma that there exists a unique maximal finite (resp. purely infinite) central
projection, say z/ (resp. zri). Put zi=1 — z/ — zPi, then the algebras z/4, zrid,
and z‘4 are finite, purely infinite and semi-finite together with properly infinite,
respectively.

Thus it holds the following theorem. Cf. Kaplansky [1], Theorem 4.2.

THEOREM 3.2. Any AW *-algebra is a direct sum of a finite algebra, a purely
infinite algebra and a properly infinite and semi-finite algebra.

REMARK 3.8. In view of Theorems 3.1. and 3.2, for any projection a,
there exists a central projection z such that az is finite and az" is properly

infinite.

24) A similar notation is used in continuous geometries by J.v. Neumann [2], Part III,
Definition 2.3.

25) A purely infinite algebra in this sense is called ‘‘of type III” by Kaplansky [2],
Definitions 1.3 and 2.1. -

26) Cf. ‘Griffin [1]," Definition 1.4.
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LEMMA 3.4*" If a, b are equivalent projections in an AW*-algebra, there exist
unitary elements w,, ws such that a=a1 + as, b=0b, +bs and w¥a,w;=5b;, (Gi=1, 2),
where {a1, a2} and {bi, ba} are orthogonal pairs of projections.

PROOF. In view of Remark 3.7, we may assume without loss of generality
that ¢ and b are both finite or both properly infinite. In case a, b are finite,
it follows from Remark 3.4, that a is perspective to b in A, accordingly a" is
also perspective to " in 4,, whence a"~b". Let x and y bec the partially
isometric elements defining a~b and a-~b" respectively, then w;=2x+y and
wy =1 are desired elements. In case a, b are properly infinite, there exists
projections a1, az; b, by such that e=a;+as b=05b+bs and a~a~as,
b~b;~by™ whence a;"~b"* By a similar argument as above, there exists
a unitary element w; such that wia;w:=10;, and similarly w; such that w¥as ws
=b,. These elements wi, ws are the asserted.

COROLLARY 3.6.3” ILct a be a projection in an AW *-algebra, and let {ay; a €1}
be the set of all projections equivalent to a. Then it holds

ela) = V (as; a€l),

PROOF. Put b= V(as; ®€I), then we have e(a)e(b*)=0. For, if other-
wise, there exist, by Lemma 3.3, non-zero projections o/, b’ such that o’ < a,
¥ <b", and o/ ~b’, and it follows from Lemma 3.4 that there exist pairs of
orthogonal projections {a}, a3}, {bi, b5} and unitary elements w;, w: such that
o =da} +ab, b =0, +b5 and w,diwF=0b, (i=1, 2). Let a;=w;awf G=1, 2),
then bégai'\va Gt=1, 2), whence b/<b (=1, 2) and also bi<b" (=1, 2),
and it follows b;=10 (=1, 2), contrary to ' 3=0. Thus it holds e(a)e(b™) = 0.
Now since we have e(a) —b=-c(a)b"<e(a)e(®d™), it follows e(a) =b.

Now we shall refine the decomposition of AW*-algebras in Theorem 3.2.
We need the following lemmas.

LEMMA 3.5. Let A be a properly infinite AW *-algebra.

(i) If a, b are finite projections in A, then it holds a <b".

(ii) If a is a finite projection in A, then there exists a sequence of orthogonal pro-
jections {a.}, each a, being equivalent to a.

PROOF. (i). By applying the Decomposition Theorem to a and b", there

exists a central projection z such that ¢z<b*z and az" b z". Since az" is

27) As to a similar lemma in W*algebra, cf Dixmier [2], Lemma 1.7.

28) Apply Kaplansky [1], Lemma 4.5 to ¢e4a and to bA4b.

29) Proof: l—ay=(l—a)+as~(l—a)+a=1 and similarly b;*~1, whence a;*~b;+,
30) As to an analogous property in W*algebras, cf. Dixmier [1], Lemma 3.1,



14 U. SASAKI

finite, it follows that b"z" is also finite; accordingly b*z" +bz" = z" is finite, too.
Since A is properly infinite, it follnws hat z"=0, i.e., z=1, consequently
aXb".

(ii). Let {a, a ..., @} be a set of orthogonal projections, each a; being

equivalent to @ Then b= \/a; is also finite and it follows from (i) that there

i=1
exists a projection a,.; such that A~ a1 b7 Then {al, (g, vy Qpe1p Aare
mutually orthogonal and each ag; is equivalent to a. Thus we obtain the result
by induction.

LEMMA 3.6V In a semi-finite AW ™*-algebra, there exists a finite projection uy such
that e(uo) = 1.

PROOF. By Zorn’s lemma, there exists a maximal set of finite projections
{us; €€ 1} such that e(us)e(us) =0 (@=/B). The projection ug=V (Ue; ¢€I)
is an asserted one.

DEFINITION 3.7 By a subunit projection in a semi-finite AW*-algebra, it is
meant a finite projection up such that e(u,) = I.

LEMMA 3.7 Let A be a semi-finite and properly infinite AW *-dlgebra, and let uo
be any subunit projection in A. There exists a non-zero central projection z which is
equal to the least upper bound of mutually orthogonal projections each of which is equivalent
to zup.

PROOF. Let {us; €1} be a maximal set of mutually orthogonal projections
each of which is equivalent to uy (Zorn’s lemma), and put u= V (us; ¢ € I).
It is not valid uy<u", since otherwise we could enlarge {u,; a€I}. It follows
from the Decomposition Theorem that there exists a non-zero central projection
z such that zu"<Czu,. Then we have z=V (zus; ¢ €I) +zu". Assume that
the index set I is well ordered, then zuy~zuy (Y= 1), and V(zuy; v = 1)~
V(zuy; ¥ > 1), since I is an infinite set by Lemma 3.5. (ii). Accordingly we
have V(zuy; Y= 1) =V (zuy; v> 1) +z2u"~z It is obvious that z2V (zuy;
v=1), and it follows that z~ \(zuy; Y==1). Now let x be the partially
isometric element defining the equivalence of z and V(zuy; v=1), and put
vy=xzuyx* (y=1). Then we have v,~zuy,~zuy (y=1) and z=V(vy; v=21).

DEFINITION 3.8.3 Let uo be a subunit projection in a semifinite AW*

algebra. If a projection a is the least upper bound of an infinite set of orthogo-

31) As to a similar lemma in W*algebras, cf. Dixmier [2], Lemma 2.4.

32) Cf. Maeda [2], 91.

33) As to the case up is an abelian projection, cf. Kaplansky [1], Lemma 4.8.
34) Cf. Griffin [1], Definition 1.5.
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nal projéctions {v, ; a €1}, each of which is equivalent to e(a)up, and if
the cardinal of the index set [ is 1, them a is said to be of fype Sy relative to
Ug. .
LEMMA 3.8. Let A be a semi-finite and properly infinite AW ™*-algebra, uo, be its
subunit projection, and let = be the set of infinite cardinals not greater than that of A.
There exists a set of central projections {zn; WE w} such that :

6)) Vi n€m) =1,

(ii)  Either zx =10 or zu is a projection of type Sn relative to u,,

(iii) If z is a central projection of type Su relative to uo, then it holds z < zy.

PROOF. 1If there exists no central projection of type Sy relative to uo, then
put zp=0. Otherwise, there exists (by Zorn’s lemma) a maximal set of or-
thogonal central projections {z,; @ €I} such that each z, is of type Sy relative
to up. Put zn= V(2,3 ®E€I), then zy is clearly of type Sy relative to u,.

It is an immediate consequence of Lemma 3.7 that Vizm; NEx) = 1.

Suppose that z is a central projection of type Sy relative to up and z=zn.
Then we have z — zqz =0, which is of type Sy relative to uy and orthogonal
to zn, contrary to the maximality of {z4; a€I}). Thus we have z<z, This
completes the proof.

Now let us consider AW™*-algebras satisfying the following condition, which
is suggested by Griffin [1]:

(C) If a projection is of types Swm and S relative to subunit projections u, and us
respectively, then it holds m =n.

Remark that any W™algebra satisfies the condition (C) by Griffin [1],
Theorem 2. ’ |

DEFINITION 3.9. An AW™algebra satisfying the condition (C) is called of
type Su if its unit element is of type Sy relative to any (or every by virtue of
the comdition (C)) subunit projection.

THEOREM 3.3 Let A be a semi-finite and properly infinite AW *-algebra, then A
is a direct sum of AW*-algebra of type Su (WE x), w being a set of infinite cardinals
not grater than that of A.

PROOF. In view of Lemma 3.8,.it is sufficient to prove that the central
projections {zn; NE #} in the lemma are mutually orthogonal.

Suppose that zmza=F0 for some m, N with m=En, then zmzn is of types
S and Sy, which contradits the condition (C). This completes the proof.

We obtain the following immediately from Theorems 3.2 and 3.3:

35). As-to a similar-theorem in W*algebras, cf. Griffin, [1], Theorem 3.
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COROLLARY 3.7. Let A be an AW™-algebra satisfying the condition (C). Then A
is a direct sum' of a finite algebra, a purely infinite algebra and algebras of type Sy
(nex), = being a set as in Theorem 3.3.

§ 4. Ideals and neutral ideals in AW*-algebras.’®’

In this section, we shall investigate the interrelation of ideals in an AW*.
algebra and the sets of projections contained in the ideals.

DEFINITION 4.1. Left, right, and closed ideals in an AW*-algebra are defined
as usual. By a self-adjoint ideal, we mean an ideal I such that I=T1% i.e.,
2 €1 implies a*€ L

LEMMA 4.1. A linear subset I of an AW *-algebra is a left ideal if and only if
x €1 impies wx €1 for every unitary element w.

PROOF. This is an immediate consequence of the fact that every element
is a linear combination of unitary elements, which is easily shown by a similar
argument as in Dixmier [1], Theorem 10.

LEMMA 4.2°7 Let x be any element of an AW *-algebra, then there exists a unique
decomposition of x snch that x = ua, where a is a positive element and w is a partially
isometric element such that u*u is the right projection of a.

PROOF. (i) Put (x*x)*=gq, then a is a positve element. Let e be the right
projection of a, then e is also the right projection of x by Corollay 3.1. By a

similar argument as in Kaplansky [l], 244, we can see that there exists a

sequence {e,} of orthogonal projections commutative with a such that e= Ve,
n=1

and that if we put a,=ae,(n=1, 2, ...), then there exists a positive element

a;, with properties that

ad, = ala=e, uee-- (1), and
e, a, =ale,=al, ...... (2),
for every n=1, 2, ....
(ii) Put Up = X Ay eneen (3),

then it follows from (1) that ufu,=e, =1, 2, ...). If we put u,u¥=f,, then f,
is a projection by (2), and we can show that f,f,=0 (n=Fm), indeed, we have

36) Cf. Wright [1]. An analogous investigation in W#*.algebras as in this section has
been performed by Dixmier [3], 16-23. Added in proof: During the preparation of the
paper, the following was not available to the author: Wright, A reduction for algebras
of finite type, Ann. of Math. 60 (1954), 560-570.

37) It is well known that a similar lemma is valid in W*.algebras, and is called the
canonical decomposition, cf. Murray and J.v. Neumann [1], Definition 4.4.1 and Lemma 4.4.1.
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fufw = Untiiunul, = xa,arx*xanan,x* by (3) and a,x*xal, = a,aal, = e,e, = 0,
by (1).
Let f= \ f. then it follows from Kaplansky [2], Lemma 20 that there
n=1

exists a partially isometric element u such that u*u=-e, uvu*=f, v*f,=u}, and

(iii) Now we shall prove x =ud. We can see uae,=xe, for every n=
1,2, ..., because the left member of the equation is u,z by (4), the right
member being equal to xa,a=u,a by (1) and (3). It follows wae=xe and
accordingly ua = x."®

(iv) Now suppose that x =vb, b=>0, and v*v is the right projection of b.
Then we have x*x =b% and accordingly b=a.

Since x=wvgq, it follows xa,=vaal,, the left hand member of which is
equal to u,=ue, by (3) and (4), the right hand member being ve, by (2). It
follows that ve,=ue, (n=1,2,...), whence ve=ue and accordingly v=u."
This completes th;: proof.

As an immediate consequence of Lemma 4.2, we obtain the following :

LEMMA 4.3.% A left (right) ideal in an AW*-dlgebra is two-sided if and only if it
is self-adjoins.

DEFINITION 4.2. A subset J of projections in an AW™algebra 4 is called
a neutral ideal provided that ‘

(i) a€J and bEJ imply aUbE,

.(ii) beJ, a€ 4,, and a<b imply a¢€/J, and

(iii)) b&€J and a~b imply a€/J.

REMARK 4.1. A subset of a relatively complemented lattice with 0 is called
a neutral ideal provided that (i) ab&J iinply a\JbeJ, (ii) axb and bEJ imply
a€J, and (iii) if a is perspective to b and bEJ then a€J.*”

It follows from Remark 3.4 that any neutral ideal in an AW™algebra 4
in Definition 4.2 is a neutral ideal iin the lattice A4, in the preceding sense,
but the converse is not always true except for a finite AW™*-algebra 4. How-
ever, by a neutral ideal in an AW®algebra, we shall mean a subset J in
Definition 4.2 throughout the remainder of this paper, unless otherwise stated.

It follows immediately from Lemma 3.4.

38) Note that elements @, %, u, v have one and the same right projection e.
39) Cf. Dixmier [3], Lemma 3.3.
40) Cf. Birkhoff [17, 125, Theorem 11, and Maeda 3], 32, Definition 4.5, and Remark 4.4.
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LEMMA 4.4.Y A subset J of projections in an AW *-algebra satisfying the conditions
(i) and (ii) in Definition 4.2 is a neuiral ideal if and only if it satisfies the following
condition : ;

(iii") a€J implies w*aw€J for every unitary element w.

LEMMA 4.5.% Let I be any two-sided ideal in an AW*-algebra, then the set J(I)
of dll projections in I is a neutral ideal.

PROOF. 1If @ is a projection such that a<<b€J(I), then a is clearly in J(I),
because @ =ab. It is obvious that a€J(I) implies w*aw€J(I) for every unitary
element w. Suppose that a, b€J(I) and put c¢=(a\Ub) —a, then it follows
from Remark 3.3 that c¢~b—(anb) <b, accordingly ceJ(I) and a\Ub=

a+ceJI). Thus J(I) is a neutral ideal. _
LEMMA 4.6.2 Let J be any neutral ideal in an AW*-algebra. Then the set I(J)

of all elements whose carriers belong to J is the two-sided ideal generated by J.

PROOF. It is sufficient to prove that I(J) is a two-sided ideal. Suppose
that x, y€I(J), then their carriers c(x), c(y) belong to J, and accordingly
c(x)Ve(y)€J. Tt follows from Corollary 3.2 that )

{c@) Ve )} Ax+py) {c@) Yy} = rx + py,

for any complex numbers N\, u, whence c(Ax +py) <c(x)Uc(y). Thus Ax+
py€I(J). Next let w be any unitary element, then it holds

{c(x) v wc(x)w*} wx {c(@)Vwe(x)w*} = wx,

whence wx€I(}), and similarly xw&€I(J). It follows from Lemma 4.1 that
I(J) is a two-sided ideal.

LEMMA 4.7.*0 Let J be any neutral ideal in an AW*-algebra A. Then it holds
J=Jam)=Jawmn), 1) being the closure of I(J).

PROOF. Since it is obvious that JESJ(I(J)) SJ(I(J)), we shall show that
J(I(J))SJ. Suppose that a is any projection in I(—]) Then there exists a
sequence {x,} such that x,€I(J) (n=1,2,...) and x,—>a (n—> o). ~ Since ax,a—a
(n—> ©0), we may assume without loss of generality that ax,==x,6=x, and
la —x,[|<1 for every n. Put y=a +§_} (a — x1)", then we can easily show that

y€A and my=a"*® It follows from x €I(J) that a€I(J), and accordingly

41) Cf. Dixmier [3], Lemma 3.1.
42) Cf. loc. cit., Lemma 3.7, (a).
43) Cf. loc. cit., Lemma 3.7, (b).
44) Cf. Dixmier [3], Lemma 3.8, (b).
45) Cf. Gelfand [1], Hilfssatz 1.
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a=c(a)€J, completing the proof.

DEFINITION 4.3 Let I be any two-sided ideal in an AW*-algebra. The
ideal generated by its projections, i.e., I(J(I)) is called restricted ideal of 1. An
ideal is called restricted if it is identical with its restricted ideal.

LEMMA 4.8 Let I be any two-sided ideal in an AW *-algebra, then it holds
I((1) 2121 (D)), where T(J(I)) is the closure of 1(J(I)).

In particular, if I'is closed, then I= T(T—U)); and if 1 is restricted, then I=I1(J(I)).

PROOF. Since it is obvious that I271(j(I)), we shall prove IJI) 21

Suppose that x€1. In view of Lemma 4.3, we may assume without loss

of generality that x is self-adjoint. By Kaplansky [6], Lemma 2.1, there exists
a sequence {e,} of projections such that |x ——xe,LH<—Tll-, xe, = e,%, and xx,=e,

for some x, (n=1,2,...). Then x€I implies e, € JU), (n=1,2,...). Since
€, X, = xe,6, = %€, it follows xe, € I(J(I)) for every n. Consequently we have
x€I(J(I)), because xe,—>x (n—>o0). Thus ISTJI)). A

If I is closed, it follows immediately from the preceding result that I=1J ).
The remaining part of the lemma is trivial from Definition 4.3.

As an immediate consequence of Lemmas 4.7 and 4.8, we obtain the follow-
ing '

THEOREM 4.1. A two-sided ideal I in an AW ™-algebra contains its resiricted ideal
and it is contained in the closure of its resiricted ideal. These three ideals have the same
neutral ideal in common.

THEOREM 4.2.®  Both the sets of dll closed and of all restricted two-sided ideals in
an AW*-algebra A are upper continuous lattices, ordered by set inclusion, isomorphic to the
lattice of all newtral ideals.

PROOF. First we shall show that the lattice of neutral ideals is upper
continuous. The set of all projections in A4 is clearly a neutral ideal. Let
{Js; a€I} be a set of neutral ideals, then the intersection /I (J,; a€1I) is also
a neutral ideal. If {J;; €D} is a directed monotone increasing system of
neutral ideals, then the union >)(Js; 6€ D) is a neutral ideal, too. Conse-

quently the set of all neutral ideals forms an upper continuous lattice.*”

46) Cf. Dixmier [3], Definition 3.3.

47) Cf. loc. cit., Lemma 3.8, (a), where the half of Lemma 4.8 above i.e., I2I(J(I)) has
been shown in W*-algebras. }

48) Cf. Dixmier [3], Lemma 3.9, (a), where the existence of the one-to-one correspondence
between the set of neutral ideals and the of all restricted ideals has been shown in W*
algebras. Cf. also Wright [1].

49) Cf. Maeda [3], 12, Lemma 1.14.
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Now let J be any neutral ideal, then I(J) is a restricted ideal, then I(J) is
a closed ideal, by Lemma 4.6. Conversely [ is a closed or restricted ideal, then
it follows from Lemm 4.5 that J(I) is a neutral ideal. The mapping I—J(I)
is a one-to-one correspondence of the set of all closed (or restricted) ideals
‘onto the set of all neutral ideals, by Lemmas 4.7 and 4.8, and clearly preserves
the order relation. This completes the proof.

COROLLARY 4.1. The upper continuous lattice of all two-sided ideals in an AW™*-
algebra, ordered by set inclusion, is homomorphic to the lattice of all neutral ideals.

PROOF.. The set of all ideals forms clearly an upper continuous lattice.
Let ,, I; be any two-sided ideals. Then J(5,) and J(Iz) are neutral ideals and
obviously J(hNL)=JI)NJI), and J(Lh\DL) =>JL)VJIL). It follows from
Theorem 4.2 Lemma 4.7 that

TV L) <JTTEI) VTT @)
= JAT @) VT T @)
=J () IJ ).

Thus it holds J(L\VI,)=J(L)\JJ(l;). Consequently I—->J(I) is a homo-
morphic mapping of the lattice of all two-sided ideals on the lattice of all neutral
ideals.

COROLLARY 4.2. Closed (or restricted) two-sided ideals in an AW™-factor form a chain.

PROOF. :In view of Theorem 4.2, it is sufficient to prove that the set of
all neutral ideals forms a chain, i.e., it holds either J1=<XJ; or J;=<\Ji for any
neutral ideals Ji, Jo. Suppose that Jp is not a part of Ji, then there exists a
projection as such that a; €J; and a,&J;. It follows from Cofollary 3.4, that
we have either @, <@z or a2 Xa; for any a;€Ji. Assume a2 a; then it holds
az€J1, which is a contradiction. Thus we have a;Xas for any a;€J;, con-
sequently J1 </, completing the proof.

REMARK 4.2. The following simple examples may clarify the situation of
Theorem 4.1 and Corollary 4.2.

Let A be the AW*-factor of all bounded operators in -a separable Hilbert
space . The set J(§8o) of all finite dimensional projections forms the unique
proper neutral ideal. It follows that proper closed (or restricted) two-sided
ideal in A is also unique. Indeed, they are respectively the ideal g of all
completely continuous operators and the ideal ¥ of all finite dimensional oper-

ators; and any proper two-sided ideal (for example, the ideal g of all.operators
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of Hilbert-Schmidt types) contains & and is contained in g, all of these having
J(8%0) in common.’® '

If generally the dimension of & is $$s @ being an ordinal number; any
proper neutral ideal is the set J(§}) of all projections whose ranges have di-
mensions less than §§, an infinite cardinal less than §§,. It follows that the set
of all closed (resp. restricted) two-sided ideals in A forms a well ordered set,
and any non-zero two-sided ideal I contains a restricted ideal I(J(%})), and is
contained in the closed ideal IT](_%—)), for some infinite cardinal §§ not greater
than $84 uniquely determined by I

COROLLARY 4.3. Let A be an AW *-algebra with center Z. There exists a one-to-
one correspondence between all maximal two-sided ideals and all maximal newtral ideals.
Especially, maximal two-sided ideals in Z correspond one-to-one to maximal ideals in the
Boolean algebra Z,.

PROOF. First we shall show that any maximal two-sided ideal I in 4 is
necessarily closed. We have J(I)<A4,, since J(I)= A4, would imply I(J()) = 4,
and accordingly /=24 by Theorem 4.1, contrary to I<A. "Then it follows
from Theorems 4.1 and 4.2 that I§m<m= A, consequently I=I_(7(T))
from the maximality of L

Then the first half of the corollary is obvious from Theorem 4.2.

Since the center Z is a finite AW™-algebra, it follows from Remark 4.1
that any neutral ideal in Z is a lattice theoretic neutral ideal, which is
trivially an ideal in the lattice Z,, since Z, is a Boolean algebra. Thus the
remainder part of the corollary is obvious from the preceding result.

REMARK. 4.3. Let Z be the center of an AW™algebra. Then it follows
from Corollary 4.3 that the representative Boolean space of the Boolean ‘alge-
bra Z, is homeomorphic to the representative Gelfand space of the center Z.

REMARK 4.4. It follows from Theorem 4.2 that any finite AW%*-algebra
is strongly semi-simple in the sense that the intersection of all maximal two:
sided ideals is the null ideal; indeed, it corresponds to the intersection of all
maximal neutral ideals in the continuous geometry A,, which is known to be
the null ideal.’” . ‘ A

It follows from the preceding result that any finite AW™-algebra A4 is
isomorphic to a subdirect product of a simple B*-algebra A/I (I€ £), where £

is the set of all maximal two-sided ideals in A.

50) Cf. Calkin [17], Theorem 1.4 and 1.7.
51) - Cf.-Maeda [3], 109, Remark 3.1,



22 U. SASAKI

An infinite AW*-algebra 4 is not always strongly semi-simple, because, for
example, 7 in Remark 4.2 is the unique maximal two-sided ideal in % and
is not a null ideal. However, 4 is also isomorphic to a subdirect product of
B*-algeb’ras. Indeed, let &£ be the set of all maximal ideals, say §, in the
Boolean algebra Z,, and let I(p) be the least closed two-sided ideal in A con-
taining P, then 4 is isomorphic to a subdirect product of B*-algebras A/I(p),

(pe Q).
§ 5. Dimension functions of AW*-algebras.

Kaplansky [1] has shown that there exists a unique normalized dimension
function in any finite AW*-algebra. In this section, we shall extend this result
to an arbitrary AW™*-algebra.’®

DEFINITION 5.1. Let A be an AW*algebra with center Z, and £ be the
representative Boolean space for the Boolean algebra Z,,°” and let Z be the
set of all non-negative, finite or infinite valued continuous functions on 0259
To every central projection z there corresponds an open compact set E(z) in
£, the characteristic function of which will be denoted by 2z itself in the
sequel.

By a dimension function of A, it is meant a mapping d(a) of A, into Z
satisfying the following conditions : *®

(1°) If a is a finite projection, then d(a)<<oo except on a non-dense set of £.

(2°) d(a) =0 implies a= 0. ’

(3°) a~b implies d(a) =d ().

(4°) If z is a central projeciton, then d(za) = zd(a).

(5°) If a, b are orthogonal projections, then d(a + b) =d(a) + d (b).

- REMARK. 5.1. Any continuous geometry has a dimension function d(a)

satisfying the conditions (1°)-(5°) above, uniquely determined provided d(1)=1.

52) As to the dimension functions in W#*algebras, cf. Dixmier [3], Theorems 1 and 2,
and Segal [1], Theorem 1. Dimension functions of semi-finite W*-algebras are identical with
the restrictions to projections of “‘pseudo-application § normal fidlele et essentielle” in the
terminology of Dixmier [3], to which we are deeply indebted in writing this section.

53) In view of Remark 4.3, 2 may be considered as the representative Gelfand space
for the center Z.

54) Z is a complete lattice, cf. Stone [1], Theorem 18, Dixmier [4], 25. If fo€Z, (a€l),
we shall denote by 3. (fs; a€I) the L. U.B. of the directed set of sums of finite subsets of
{fa; a€Il}.

55) The complete additivity of a dimension function is a consequence of these con-
ditions, cf. Corollary 5.3, below. As to this fact, I wa's.suggeste'd by Mr. S. Maeda.
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Note also that d(a) is completely additive and if d(a)<d(b) then a is perspective to
a part of b5

LEMMA 5.1. Let d(a) be a dimension function of an AW*-algebra, then it holds
d(a) = co+e(a) if and only if a is properly infinite.

PROOF. Let a be a properly infinite projection, then there exist orthogonal
projections ai, a; such that a=a; +as, and a~ay~as. It follows from (89
and (5°) in Definition 5.1 that d(a) =2d(a), and accordingly d(a, )= " or
0 for any point PE€ £. Since d(a)=e(a)d(@) by (4°), we have d(a, ) =0 for
any P& E(e(a)).™® It follows from (2°) and the continuity of d(a) that d(a, )
= oo for every pEE(e(a)). for otherwise there exists a non-zero central pro-
jection z=<{e(a) such that zd(a) =0, whence it holds za=0 by (2°) and (4°),
accordingly 0 =e(za) = ze(a) =z, contrary to z=¢0.

Conversely suppose that d(a) = oo +e(a). It follows from Remark 3.8 that
there exists a central projection z such that az is finite and az" is properly
infinite. Assume az=:0, then e(az)=F0 and we have e(az)d(a) = o - e(az) con-
trary to (1°). Thus a=az" and consequently a is properly infinite.

COROLLARY 5.1. Any purely infinite AW*-algebra has a unique- dimension function
d(a) = oo +e(a) for every projection a.

PROOf‘. It follows from Lemma 3.2 that d(a)= oo -e(a) is a dimension
function.

. Conversely suppose that d(a) is a dimension function, then we have d(a)=
oo +e(a) by Lemma 5.1, since every non-zero projection is properly infinite.
This completes the proof.

It follows from Theorem 3.2, Corollary 5.1 and the result of Kaplansky
[1] stated above, that in order to show the existence of a dimension function
in an arbitrary AW™*-algebra, it is sufficient to prove in case it is semi-finite
and properly infinite.

We need the following lemmas. .

LEMMA 5.2.°%  Let uo be a projection with e(uo) =1 in an AW *-algebra, then for
any projection a, there exists a set of orthogonal projections {as; A €1) such that a=

56) The condition (1°) may be read ‘“‘d(a) < oo for every element ¢”’, and “a~25" in (3°)
must be read “e is perspective to b”. Cf. Iwamura [1], and Maeda [3], 98, Theorem 1.4
and 1.5. As to the dimension funtion in a general continuous geometry, cf. Maeda [2],
90-92, .

57) By d(a, p), we denote the value of d(a) at the point p of 2.

58) By E(e(a)), we denote the open compact set in 2 corresponding to e(a).

59) Cf. Dixmier [3], Lemma 3.10.
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Viai; a€l) and aaKuo (@€I).

PROOF. There exists, by Zorn’s lemma, a maximal set of orthogonal pro-
jections {a,; « €I} such that ¢y <<a and aa<Xuy (®€I). Clearly we have a>
V(as; a€l). By applying Lemma 3.3 to up and b=a—V{a,; ®a€ ), it holds
e(up)e(d) =0, since otherwise {ay; ® €I} would be enlarged. Since e(u,) = 1.
it follows e(b) =0, and accordingly 5 =0. This completes the proof.

LEMMA 5.3. Let A be a properly infinite AW ™-algebra.

(i) If b is a finite projection, and ¢KXbXd, and c¢<d, then there exists a pro-
jection by such that ¢<.b;<<d and b, ~b. .

(ii) If a, b are finite projections, then there exists a projection by such that b | a,
bi~b and a\Vb=<a + b.

PROOF. (i) Since ¢<Xb<xd, there exist projections &, ¢ such that d=¥
=c ~c and b’ ~b. As c is a finite projection, there exists a unitary element
w in dAd such that ww* =w*w=d and w*cw=1c* Put b, =w*b’w, then b
is easily shown to be the asserted projection.

(ii) Put c=(a\Ub) —a, then we have ¢<a" and c¢Xb, since (eanb)—a~
b — (anbd) by Remark 3.3. It follows from Lemma 3.5 (i) that b<{a". Hence
there exists a projection b; such that ¢<b <<a™ and b;~b. The projection b,
is the asserted one. '

LEMMA 5.4 Let a be a finite projection in a properly infinite AW *-algebra. The
set J of all projections which are contained in some projection a+az+-+++a, (n=1,2,...),
where each a; is equivalent to a and mutually orthogonal, is the neutral ideal generated
by a, which will be denoted by J(a) in the sequel.

PROOF. It is sufficient to show that J is a neutral ideal. Suppose b;, b2€J,
then there exist sets of mutually ofthogonal projections {aj, az; ey @Yy {al, ab,
ceey @p}, each of which is equivalent to @ and b <{a; +as+ - +a, and b
ai +as + -+ +a, By Lemma 5.3, there exist projections ¢, g +--, €y €ach of

which is equivalent to ¢ and
bhVbs<(m+ar+ - +a)Vlaj+ast+ - +al,)
§a1+a2+ Ter +(ln+61+62+ ce +Cm,

where {a;, ag, > Apy €15 €25 -++5 Cmp are mutually orthogonal. Consequently we
have b;\Vbs€J. The conditions (ii) in Definition 4.2 and (iii’) in Lemma 4.5

are obvious. This completes the proof.

60) Cf. the proof of Lemma 3.4.
61) Cf. Dixmier [3], Lemma 3.9 (b).
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LEMMA 5.5. Let a be a properly infinite projection, and uo be a fnite projection in
an AW"‘-algebra. For every n=1,2, ..., thére exist orthogonal projections ai, as, ---, @,
such that ai~e(@uy G=1,2,...,n) and a=ay +az + -+ + a,.

PROOF. From Lemma 3.5, (ii), itr is suﬁ"icient.to Aprove that there exists a
projection ap such that a0~uoe(a) and ao € aAda.

Apply the Decomposition Theorem to a an'd' uge(a), then there eéxists a

central projection z such that
azz;uoe(a)z ...... (1), and"
az Lugela)z™ onit (2).

Since a is properly infinite, and wupe(a)z" is finite; it follows from (2) that
az* =0, i.e., a<z, and accordingly e(a) <z. From (1), we have a==>az~ue(a),
whence there exists a projection a, such that a==ap~uee(a). This completes
the proof. ' | 7 '

LEMMA 5.6. Let A be a properly infinite AW*-algebra. If a, uy are finite non-zero
projections with a <. e(uo), then there exists a central non-zero projection z such that
0= az€J(u).

PROOF  Let {ui, u2, -y Un, .-} be a sequence of orthogonal projections
equivalent to up (Lemma 3.5 (ii)), and let v*=uwu; 4+ us+ -+ +u,. Apply the
Decomposition Theorem to ¢ and u®, and there exists a central projection z,

such that azy <u"z, and
A2y U 2y eeeres (D).

Then we can show az; =0 for some n. For otherwise we have a<z, (n=
1,2, ...), accordingly e(a) <z, (n=1,2,...). It follows from (1) that e(a)az,
>u.z,e(a), whence a>u,e(a) for every n, contrary to the finiteness of a.®”
It follows that 0=Faz, Ku"zy <u"€J(ue) for some n. This completes the proof.

LEMMA 5.7.%  Let uo be a fixed subunit projection in a semi-finite and properly
infinite AW *-algebra A. For every projection a in J(uo), the neutral ideal generated by
uo, there exists a continuous function @(a) in Z satisfying the conditions in Definition 5.1.

PROOF. (i) Let u be any subunit projection in A, then it follows from

Lemma 1.6 that the set of projections contained in u forms a continuous geo-

metry. Hence in view of Remark 5.1, there exists for every projection ¢ (Zu),

62) By a similar argument as in Kaplansky [1], Lemma 6.4, there exists a sequence of
orthogonal projections {v»} such that a=v; +vz+ -+ + v, + ---, where each v, is equivalent
to uge(a), contrary to the finiteness of a. Cf. also Maeda [3], 86, Theorem 4.3.

63) Cf. Dixmma [3], Lemma 4.12.



26 U. SASAKI

a finite valued continuous function §,(a), which may be assumed to be defined
on the Boolean space & in Definition 5.1, from Theorems 2.1 and 3.1. Con-
sequently we do assume 6,(a)€Z and 8,(u) =1 for every subunit projection u
and any projection a (X u) in the sequel.

(ii) For every a€J(uo), there exist from Lemma 5.4, orthogonal projections
Uy, Uzy -+ U, such that a<wuy +us+ > +u, and uy;~uy G=1,2,...,n). Put
u=1u +us+ - +u, and @{a)=nd,(@). We shall prove that @(a) is inde-
pendent of u and n.

Suppose a<v; +vs+ - +v,=v, where vi, 0 ---, ¥, are orthogonal pro-
jections equivalent to u. It follows from Lemma 3.5 (ii) that there exist pro-
JECtions Uumus1, Um+s2s «-+» Umny €quivalent to up such that vy, v, ..., Um, are mutually
orthogonal. Similarly there exist projections ugs1, Uns2, ***5 Umns €quivalent to
such that u, ua, ---, Un, are mutually orthogonal. Put Z=u; +uz + -+ + Un. and

=v;4+v3+ - +Vpn,. Then it holds Z~7 in the finite AW*-algebra (7\U7)A(@\U7),

and accordingly

8205 (@) = Says (@) .o (D.
On the other hand, we have %
82 Saus
b0 = 30y = @ = m ST

and similarly

8 (a) uui(a)

whence n8,(e) =mé6,(e). Thus @(a) is independent of u and n.

(iii) Then @(a) is clearly an element of Z, and it is not difficult to show
that @(a) satisfies the conditions (1°)-(5°) in Definition 5.1, in view of Remark
5.1. Remark that @(a) is finite for every a€J(uy), and aZd if @la)<op®),
and also that ¢ is completely additive.

LEMMA 5.8.%) Let A be a semi-finite and properly infinite AW *-algebra. For any

projection a in A, put

d (@) =sup{p ®); a=b<J(u)}

where @ (b) is the same as in Lemma 5.7. Then d(a) is a dimension function of A.
PROOF. (i) We can easily show that d(a) satisfies the conditions (2°)-(4°)

64) Cf. Maeda [3], 114, Remark 3.4.
65) Cf. Dixmier [3], Lemma 4.6.
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in Definition 5.1. Note that d(a) = @(a) for every a€&J(up).

(i) We shall show the condition (1°): For any finite projection a, d(a) < oo
except on a non-dense set of L.

If otherwise, there exists an open set E of £, on which d(a)=oo. The
closure of E is an open compact set of &, to which corresponds a central pro-
jection zg, and d(azy) = o0 -z, accordingly it holds d(az)=o0-z for every
central projection z <z, Now since az, is finite, it follows from Lemma 5.6
that thereexists a central projection z; such that 03 azz € J(u), whence d(azoz:)
=@(azoz1)is finite, which is a contradiction.

(iii) Here we shall remark that d(a) = oo -e(a) provided that a is properly
infinite. Indeed, if a is properly infinite, it follows from Lemma 5.5 that
d(a) =ne(a) for every n=1,2, ..., and accordingly d(a) = o «e(a).

(iv) Now it will be convenient to verify the following proposition :

If {aw; R €1} is a set of mutually orthogonal projections such that a=\/(a.; a€I)
and a, Kuo (AE€I), then it holds d(a) =>)(p(as); a€ ). ‘

PROOF. Let D be the directed set of all finite subsets v of I, and let
a” =\ (as; @€ ), then clearly a® 1 a, and 3 (p(as); a€1) =sup(p(@™);veD),

Now it is sufficient to consider the following two cases from Remark 3.8.

Case 1. a is finite.

Since ¢ <a and a® €J(u), it follows >)(p(aq); a€l)<d(a), whence it
suffices to prove the converse inequality. Suppose b<<a and b&J(u). Since
a is finite, it follows from Lemma 1.6 that a® %a implies a®Nbtanb=2,
accordingly @ (b) =sup(@ (@™ Nb);veD). As it holds @@ Nb) <), we
have @ (@) <> (p(as); a€l). Thus it is valid d{a) <> (@ (a.); € I), and con-
sequently d(a) =2 (p(a.) ; «€1).

Case 2. a is properly infinite. _

From (iii), it is sufficient to show that sup(p(a™); v€ D) =00 +e(a). Suppose

the contrary, then it follows from the continuity of sup(p(@®);v€D) on £

that there exists a non-zero central projection z<Ce(a) such that
zsup (p@¥);veD) <nz

for some positive integer n. Accordingly it holds @(za™) <@ ("z) for every
vE€D, where uv"=u; +us+ -+ + U, up, Us, *+*, u, being mutually orthogonal and

equivalent to u. Thus we have® za™ w2 for every v€ D, and accordingly

66) Cf. the remark at the end of the proof of Lemma 5.7.
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it holds za<Xu"z.5%? Since u"z is finite, it follows that za is finite, contrary to
the assumption. ' ‘

(v) Now we are in a position to prove the condition (5 ), but we shall
show more generally the complete additivity of d(a) for later use.

Let {a,; a €I} be a set of mutually orthogonal projections, and put a=
V(e ; «€1). From Lemma 5.2, there exist mutually orthogonal projections
{a%; k€ K,} (¢ €I) such that a, =V (d}; /cEK,,) and each af€J(u,). Since a=
Vi (o ; kEK,, aEI),_,V it follows from (iv) that d(a)=>)(p(as); k€K, a€l)=
S'(d(as); «€I). This completes the proof. v

From the remark following Corollary 5.1, we obtain

THEOREM 5.1, Any AW™*-algebra has a dimension function.

Next we shal discuss the uniqueness of dimension functions of an AW™*-
algebré. :

LEMMA 5.9.%" Let d(a) be a dimension function of a semi-finite AW ™-algebra A,
and let uo be a subunit projection in A. Then d(uo)>0 except'on a non-dense set of £.

PROOF. Suppose the contrary, then from the continuity of d(a) we have
d(us) =0 on ban‘ open compact set, to which a non-cho central projection z
correspdnds and it holds zd(uo)=d(2ﬂ0)=0, accordingly zu,= 0, whence e(u)
<z contrary to e(u) = l.

THEOREM 5.2. Let both di(a) and da(a) be dimension functions of an AW *-algebra
A, and let uo be a subunit projection in the semi-finite part of A. If dy(ue) = da(uo)s
then d,(a) =ds(a) for every projection a in A.

PROOF. Put 8;(b) = (;l;((f))
. i \to

8:(b) and 8:(b) are the normalized dimension functions of the continuous geo-

(=1, 2) for any projection b=<Cuy, then both

metry A,(0,u), which consists of all projections in 4 contained in u, (Lemma
1.6). 1t follows the uniqueness of the normalized dimension function of a
continuous geometry (Remark 5.1) that we have 6,(b) = 8;(b), and accordingly
di(b) =d2(b) for every b=<uy. In view of the condition (3°) in Definition 5.1,
we have di(c) =dz(c) for every ¢=Xuy.

Let @ be any projection in 4, then by Remark 3.8 there exists a central
projection z such that az is finite and az™ is properly infinite. In view of
Lemma 5.1, we have di(ez") =dz(az") =0 +e(az"). Hence we may assume

without loss of generality that o is a finite projection. It follows from Lemma

67) Cf. Kaplansky [1], Lemma 6.4, which is valid in any AW*.algebra provided the pro-
jection f in the lemma is finite. E
68) Cf. Dixmier [3], Lemma 4.16 (a).
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5.2 that there exist orthogonal projections {a,; € €I} such that a=\(a.; A€
and a,<Xuo (@€I). By a similar argument as above, the restrictions of d;, ds
to A,(0,a) are dimension functions of the continuous geometry A4,(0,a). And
it follows from Remark 5.1. that di(a) = 3)(di(as) ; € €I) and d:(a) = > (d:(as) ;
«€l). Since ay,Zup(a€l), it follows dy(ay) =dz(as) (@€I), and consequently
di(a) =ds(a). This completes the proof.

COROLLARY 5.2.% Let do(a) be any fixed dimension function of a semi-finite
AW*-algebra A, and let T be the set of all functions in Z such that 0 < f(p) oo except
on a non-dense set of £. Then d(a) is a dimension function of A if and only if d(a)
= fdo(a) for some f€ .

PROOF. The “if” part of the corollary is obvious. So we assume that
d(a) is any dimension function of 4, and up is a subunit projection in 4, then
it follows from Lemma 5.9 and the condition (1°) in Definition 5.1 that

d (1) -
do(uo) ’

we have f€F and accordingly d'(a) = fdo(a) is a dimension function of A.
Since d' (uo) = d(uo), it follows from Theorem' 5.2 that d(a) = fdy(a), completing
the proof. .

COROLLARY 5.3 let d(a) be a dimension function of an AW *-algebra A. If
{aws a €1} is a set of mutually orthogonal projections, then ue have

0<d(up)<oce and 0<dy(ug)<< oo except on a non-dense set. Put f= then

d(V(aw; a€D))=>(d(aa) ; € €).

PROOF. If A is finite or purely infinite, the result is obvious. Thus we
may assume that A4 is semi-finite and properly infinite. Let dy be the di-
mension function in Lemma 5.8, then we have shown in (v) of the proof of
the lemma that do(V (as; €€ 1)) =2>1(do(as) ; ®€I), and consequently the result

is obvious from Corollary 5.2.

In conclusion, the author wishes to express his hearty thanks to Prof.
F. Maeda for his kind guidance.
This research has been performed under the Grant in Aid for the Mis-

cellaneous Scientific Reseaches given by the Ministry of Education.
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