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Introduction. 

Kaplansky [I] 1> has introduced the notion of A W*-algebras, as an elegant 

abstract generalization of weakly closed self-adjoint operator algebras on a Hilbert 

space (W*-algebras). By an A W*-algebra, it is meant a B*-algebra such 

that the left annihilator of any subset is a principal left ideal generated by a 

projection, an idempotent self-adjoint element. Many properties such as com-

plete additivity of equivalence of projections and Decomposition Theorem, 

which play the fundamental roles in both W*-algebras and continuous geome­

tries, have been shown in A W*-algebras by Kaplansky [I], [2]. In particular, 

it has been verified that the projections in a finite A W*-algebra form a con­

tinuous geometry, and that there exists a unique normalized dimension function 

in any finite A W*-algebra. 

In this paper, we shall investigate the lattice of projections in an arbitrary 

AW*-algebra by making use of the known theory of continuous geometries 

and A W*-algebras. The set of all, projections in an A W*-algebra is a com­

plete orthocomplemented lattice such that any pair of orthogonal projections . 

forms a modular pair 2> (Theorem I. I), and its subset of all finite projections 

forms a general continuous geometry (Theorem 1.2). Although it is neither 

modular nor continuous lattice, it has many analogous properties as a continu­

ous geometry, among others, it is shown that it has a dimension function 

uniquely determined in some sense ( Theorem 5.1 and 5.2 ), which is an ex­

tension of the result of Kaplansky [l] stated above to a general case, and may 

be considered as an abstract generalization of Segal [I], Theorem l, and of a 

part of Dixmier [3], Theorem l and 2. 

I) The numbers in square brackets refer to the references at the end of the paper. 
2) (b, c) is called a modular pair if a~c implies (aub)nc=aU(bnc). 
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§ I. Projections in A W*-algebras. 

According to Kaplansky [3], 853, we shall define an A W*-algebra as 

follows: 

DEFINITION I. I. By a B*-al,gebra. it is meant a Banach *-algebra in which, 

//x*x// = //x// 2 for every x EA. An element f in A is called a projection if it is 

self-adjoint and idempotent, i.e., f=f*=f2• For projections a, b in A, we 

shall denote by aS.b if a=ab. We observe. that the set of all projections in 

A is partially ordered by the relation "< ", and that if a and b commute we 

have aVb=a+b-ab and anb=ab. 

By an AW*-algebra, we mean a B*-algebra A such that the left annihilator 

L(S) of any subset S of A is a principal left ideal generated by a projection 

f in A, i. e., L(S) = Af 

REMARK I. I. A B*-algebra is an A W*-algebra if and only if it satisfies 

the following conditions. Cf. Kaplansky [ l ], 236, [3], 853. 

(A) In the partially ordered set of projections, any set of orthogonal projections has 

a least upper bound. 

(B) Any maximal commutative self-adjoint subalgebra is generated by its projections. 

REMARK 1.2.3) Any W*-algebra M is an A W*-algebra. Because M is a 

B*-algebra as is well knoun ; and if {T,, ; a EI} is a subset of M, and 91., is 

the renge of T., (a EI), let E be the projection on the orthocomplement of the 

linear manifold V (91., ; a EI), then we can show without difficulty that the 

left annihilator of {T.,; aE I} is the principal left ideal generated by E. 

LEMMA I.I. For any subset S of an AW*-al,gebra A the right annihilator R(S) is 

a principal right ideal generated by a projection. 

PROOF. Let S* = {s*; sE S}, then the left annihilator L(S*) is a principal 

left ideal generated by a projection, say f- It is easily shown that R (S) = f A. 

The following three lemmas 'are immediate consequences of the definiton 

of AW*-algebras. Cf. Kaplansky [l], 237, Corollary I, 2 and 3, respectively. 

LEMMA 1.2. ln an ATP"*-algebra, the left annilziuitor of a left ideal is a principal, 

two-sided ideal, generated by a central, projection. 

LEMMA 1.3. An AW*-algebra has the unit element I. 

LEMMA 1.4. The projections in an AW*-al,gebra form a complete lattice. 

DEFINITION 1.2. Let L be a lattice with 0. If there exists a dual-auto-

morphism of period two a_.,a.J._ such that ar\a.J._=0, then Lis called orthocomplemented, 

3) Cf. Kaplans.ky [!], 236, Remark. 
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and a-1. is called the orthocomplement of a. If a:s;;,.b''-, then a Is said orthogonal to 

b and is denoted by a J__ b. 

THEO ERM 1.1. 4) The set AP of all projections in an A Tr'-algebra A is a complete 

orthocomplemmted lattice sucht hat a J__ b implies ( a Vb) 11 b-1. = a. 

PROOF. Put a-1. = I - a for any projection a in A, then a-1. IS clearly the 

orthocomplement of a. 

If a J__ b, then we have 

(avb) 11 b-1. =(a+ b)b-1. = a. 

Thus the proof is compleJed. by Lemma 1.4. 

Following Maeda [2], 90, we shall define general continuous geometries as 

follows: 

DEFINITION 1.3. A conditionally complete lattice L is called conditionally con­

tinuous5) if it satisfies both the following conditons : 

For any directed set {aa ; o E D} of L, 

(a) ait ta implies as 11b t a11b, for any b EL, and 

(/3) aa i a implies aa Vb i a Vb, for any b EL. 

By a general continuous geometry, it is meant a conditionally continuous, rela­

tively complemented, modular lattice with 0. 

A complete lattice is called upper continuous if it satisfies the condition (a), 

and is called continuous if both conditions (a) and (/3) are satisfied. 

By a continuous geometry, we mean a continuous, complemented, modular 

lattice. 

LEMMA 1.5. Let L be a futtice with 0. L is a general continuous geometry if and 

only if L(0, a)={xEL; x_<a} is a continuous geometry for any a EL. 

PROOF. Let L be a general continuous geometry. For any element a, 

L(0, a) has the unit element a, whence it is clearly a continuous geometry. 

Conversely suppose that L(0, a) is a continuous geometry for any a EL. 

For any b, c EL, a~c implies (aVb)11c=aV(b11c), since L(0, bVc) is modular. 

It follows that L IS a modular lattice. By a similar argument, we can easily 

show that L is a conditionally continuous, relatively complemented lattice. 

4) In an orthocomplemented lattice, any pair of orthogonal projections forms a modular 
pair (cf. foot-note 2) provided that a_J_ b implies (aub)nb-1.=a. Because, if a;;;;,c;;;;;,b-1., then 
it holds 

(aub)nc·= (aub)nb-1.nc =a= au(bnc). 

Thus the condition (V) in Sasaki [l] could be replaced by a formally weaker condition: 
a_J_b implies (aub)nb-1.=a. 

5) Cf. Maeda [2], Definition 2.2. 
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Consequentely L is a general continuous geometry. 

DEFINITION 1.4. Let a, b be projections in an A W*-algebra. If there exists 

an element x such that xx* = a a:nd . x* x = b, then a is called equivalent to b 

and is denoted by a~b. A projection a is called finite if a~b and b <a implies 

a=b, and otherwise infinite. An A W*-algebra is called finite or infinite according 

as I is finite or not. We shall write a<b if there exists a projection c such 

that a~c and c<b. Note that a is infinite if and only if a<a. 

LEMMA 1.6. Let a be a finite projection in an AW*-algebra A. The sublattice 

AP (0, a) of all projections contained in a is a continuous geometry. 

PROOF. By Kaplansky [I], Theorem 2.4, the subalgebra aAa 1s also an 

A W*-algebra which is easily shown to be finite,6) and it follows from Kaplansky 

[l], Theorem 6.5 that the set of all projections in aAa which is identical with 

Ap(O; a) forms a continuous geometry. 

As an immediate consequence of Lemma 1.5 and 1.6, we obtain the follow­

ing: 

THEOREM 1.2. The set of all finite projections in an AW*-algebra is a general 

continuous geometry. 

§ 2. Central projections in AW*-algebras. 

In this section, we shall discuss the interrelation of central projections in 

an A W*-algebra A and central elements of the lattice AP of projections in A. 

DEFINITION 2.1. Let a, b be elements of an orthocomplemented lattice. 

If it holds a= (ar\b)V(ar\b-1.), then a is called permutable with b, and is denoted 

by attb. Obviously attb implies aHb-1.. 

LEMMA 2.1. Let L be a complete, orthocomplemented lattice such that al_b implies 

(avb)r\b-1.=a. Then we lwve 

(i) attb imples btta, 

(ii) a1 Hb, a2Hb imply a1 Va2Hb, 

(iii) a6 Hb, as ta imply asr\b t ar\b, where {aa; oED} is a directed set of L, 

(iv) a,.ttb(aEI) implies V(a,,,; aEI)Hb. 

PLOOF. (i) Cf. Sasaki [l ], Lemma 5.5. 

(ii) Since a;= (a;r\b)V(a;r\b-1.) (i = 1, 2), we have 

a1 Va2 = {(a1 r\b) V (a2 r\b )} V {(a1r\b-1.) V (a2r\b.1..)} 

6) We observe that if b, c are projections in aAa, then b, c are equivalent in aAa if 
and only if b, c are equivalent in A, since the element x defining the equivalence of b, c is 

necessarily in !;Ac. 
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Thus it holds a~ Va2 Bb. 

(iii) Since as=(asnb)V(a6 nb-1) (i5ED), we obtain 

V (as; oED) = V (asnb; oE D) V V (asnbJ..; oE D). 

It follows from V (a8 nb.1.. ; o E D)_L b that 

bnV(a6 ; oED)={V(asnb; oED)VV(asnb-'-; oED)}nb 

= V(asnb; oED) 

5 

(iv) Let, D be the directd set of all finite subset Ii of [, and. let a,= 

V(aa,; aE))), then we have V(a,; ))ED)= V(aa,; aEI), and a,Bb ())ED) by 

(ii). It follows from (iii) that ·bnV(as; oED)= V(a8 nb; oED), and bJ..n 

V(as; 0ED)=V(a6 nb.1..; oED), whence 

{bn V(aa,; aE I)} V {b..1..n V(aa; aE I)}= V(aanb; aEl)V V(aanb..1..; aE I) 

= V((aanb)V(aa,nb..1..); aE I) 

= V(aa; aEI), 

completing the proof. 

LEMMA 2. 2. 7> Let L be an orthocomplemented lattice such that al_ b implies 

(aV b) nb..1.. = a. Then the foUowing conditions are equivalent to each other: 

(a) z is a central clement of L.8> 

((3) z is a neutral element of L.9> 

(7) z has a unique complement. 

(o) z is permutable with every element of L. 

(c) If z' is a complement of z, then we have a= (anz)V(anz') for every a.· 

PROOF. (a)=H/3)='1(7) is obvious. 

('Y)='t(o). For any aEL, put v=an(anz)..1.., then vnz=O, whence z'= 

vV(vVz)..1.. is a complement of z such that v<z1• 10> Since the complement is 

unique, it follows V <z\ accordingly V <anz..J.... Now we. have a= (anz)Vv < 
(anz)V(anz.1..). Thus it holds a= (anz)V(anz..1..), since the converse inequality 

7) A similar theorem is valid in W*-algebras, and in complemented modular lattices, cf. 
Maeda [l], Theorem I; and [3], 23, Theorem 3.3, 49, Theorem 2.1, respectively. 

8) An element z of a lattice L with O and I is called a central element if it corresponds 
to [I 1, 02] under an isomorphism of L with L1 °L2 for some lattices L1,L2• 

9) An element z is called neutral if the triple {x, y, z} generates a distributive sublattice 
of L for every x, y EL. 

10) Remark that znz' = {vu(vuz)-L}n(vuz)nz = vnz. 
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1s valid in general. 

(o)=}(a). It holds a=(ar\z)V(~r\z.1..) for every aEL. Therefore if we 

put Lr= L(O, z), and L2 = L(O, z.1..), then we can easily show that L is isomorphic 

to Lr• L2 and z corresponds to [ l r, 02]. Thus z is a central element of L. 

Thus the conditions (a), (/3), ('Y), and (o) are equivalent to each other. 

It is clear that (/3) implies (E) and (E) implies (o), completing the proof. 

LEMMA 2.3. Let a, b be projections in an AW*-algebra. It holds ab= ba if and 

only if a tt b. 

PROOF. If ab= ba, then obviously ab.1.. = b.1.. a, whence ab= ar\b, and ah.1.. = 
ar\b.1... It- follows that (anb)V(ar\b-1..) =ab+ ab.1.. = a, whence attb. 

Conversely suppose that attb, then we have 

a= (ar\b)V(ar\b.1..), whence 

ab = (anb) b + (anb.J,.)b = ar\b. 

Similarly we have ba = ar\b, whence ab= ba. 

THEOREM 2.J.11l The center of the kJttice AP of all projedions in an AW"-algebra 

A coniists of central projections · in A, and it is a complete Boo/,run algebra. 

PROOF. Let z be a central projection in A. For a~y a E Ap, we have 

az = za, and it follows from Lemma 2.2 and 2.3 that z belongs to the center 

of Ar 

Conversely suppose that z is a central element of Ar In order to show 

that z commutes with every x EA, we may assume x = x*, and it is sufficient 

to verify that z commutes with every projection a EA P' in view of the con­

dition (B) in Remark 1.1. Thus the assertion is obvious from Lemmas 2.3 and 

2.2. 

The center of AP is clearly a Boolean algebra, and the completeness follows 

immediately from Lemmas 2.1 (iv) and 2.3.12J 

§ 3. Central envelopes of projections. Structure theorems. 

DEFINITION 3.1. Let S be a subset of an A W*-algebra A. By the left pro­

jection of S, it is meant the projection f such that the left annihilator of S is 

Af'"' (cf. Definition I.I). The right projection of S is defined similarly. This 

11) As to a similar theorem in W*-algebra, cf. Maeda [I], Theorem I. 
12) The completeness may be proved by a similar argument as Kaplansky [I], Lemma 

2.2, (b). 
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terminology agrees with that of Rickart [l], 534, if S consists of a single ele­

ment,13> in view of the following : 

LEMMA 3.1. Let S be'a subset of an AW"'--algebra A, then the following statements 

are fXJUivalent to each other : 

(a) f is the left projection of s, i.e., L(S) = Ar. 

(/3) I (i) f s = s for every s ES, and 

(ii) for any xEA, xs=O (sES) implies xf=O. 

(ry) For a projection g, it holds gs=s (sES) if and only if g2f 

PROOF. (a)=}(/3). (i) Since j"1-EL(S), we have f""·s=O (sES), whenq:, s=fs 

(sE S). (ii) If xs = 0 (sE S), then xE L(S) = Af"-, whence x = xf"-, and so xf = 0. 

((3)=}(ry). Let g be a projection with gs=s (sES), then we have g.Ls=O 

(sE S), whence g.Lf= 0 by (/3) (ii), and so f<g. 

Conversely suppose that J<g, then f = gf, whence it holds by (/3) (i) 

that s = fs = gfs = gs (sE S). 

(ry)=}(a). Since fs=s (sES), we have rs=O (sES), whence rEL(S). 

Now let g be the left projection of S, then f.L E L(S) =Ag.L implies f.L :::;;.g\ 

and f2g. On the other hand gs= s (sE S), whence g2f by (ry). Thus f = g. 

COROLLARY 3. I. The left and right projections of x are the left projections of xx* 

aitd x* x, respectively. 

PROOF. It holds L(x) = L(xx*), because yx = 0 implies yxx*=O, and con­

versely yxx*=O implies yx(yx)*=O, accordingly yx=O. It follows that the 

left projections of x and xx* are identical. The remaining part of the corollary 

1s obvious, since R(x) = L(x*). 

DEFINITION 3.2. Let S be a subset of an A W*-algebra A, and f and g be 

its left and right projections, respectively. By the carrier14l of S, we shall mean 

the projection JV g. If S consists of a single element x, then the carrier of 

{x} is called the carrier of the element x, and is denoted by c(x). 

As an immediate consequence of Lemma 3.1, we have the following: 

COROLLARY 3.2. Let e be the carrier of a subset S of an AW"'-algebra, and a be 

a projection. It holds as= sa = s (s ES) if aitd only if a 2 e. 

13) B;-algebras in the terminology of Rickart [I] migth be defined as B*-algebras with 
unit elements such that every element has its left projection, while AW*-algebras are B*­
algebras such that every subset has its left projection. 

14) In W*-algebras, the carrier of S is idencal with "die Haupteinheit von S" in the 
terminolog-y of J. v, Nettmann [I], Definition 4. 
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DEFINITION. 3.3. Let x be any element of an A W*-algebra A. The left 

projection of the left ideal Ax is called the central cmrier of x. In particular, if 

a is a projection in A, the central carrier of a is called the central enve/,ope of a, 

and is denoted by e(a).15> 

COROLLARY 3.3. The central carrier f of x is the least central projection such that 

f x = x f = x. Particularly the central envdope of a projection is the least cen 1ral projection 

containing it. 

PROOF. By Lemma 1.2, / is a central projection, whence it follows from 

Lemma 3.l that Jx = xf = x. Now suppose that g is a central projection such 

that gx = xg = x, then we have gax = ax (aE A), whence J<g by Lemma 3.1. 

The remainder part is then obvious. 

REMARK 3. l. In view of Corollary 3.3, the central carrier of x might be 

defined as the right projection of xA. 

We observe that the cetral carrier of x is the central envelope of the left 

projection of x. Indeed, let f be the left projection of x, then (i) f x = x, and 

(ii) yx=O implies yf=O. It follows clearly L(Ax)=L(Afx)":::JL(AJ). Con­

versely it holds L(Af) ~,L(Ax), for yax = 0 implies ya/= 0 by (ii) for every 

aEA. Thus we have L(Ax)=L(Af), consequently the central carrier of xis 

equal to e(f). 

DEFINITION 3.4. If a, b are equivalent projections m an A W*-algebra, (cf. 

Definition 1.4), then the element x such that a= xx* and b = x*x, is called the 

partially isometric element defining the equivalence of a and b. By a unitary element, 

it is meant an element x such that xx*= x* x = 1. 

Now we shall give some remarks on the equivalence of projections, which 

has been discussed in detail by Kaplansky [l]. 

REMARK 3.2. The relation ~ is clearly an equivalence relation, i.e., (i) 

a~a, (ii) a~b implies b~a, and (iii) a~b, b~c imply a~c. Furthermore 

it has the complete additivity,16> i. e., if {a.,; a E /} and {b.,; a E /} are both 

sets of mutually orthogonal projections such that aa ~ b., (a E /), then it holds 

V(aa; aE I)~ V(b.,; aE /) 

REMARK 3.3. If x is the partially isometric element defining the equiva­

lence of projections a and b, then a and b are the left and right projections of 

x, respectively, by Corollary 3.1. 

15) As to a similar notion in W*-algebras, cf. ·Maeda [I], Definition 2.1 and Dixmier [!], 
Definintion 3.1; in continuous geometries, cf. J. v. Neumann [2], Part III, Definition I.I; in 
upper-continuous, complemented, modular lattices, cf. Maeda [3], 60, Definition 4.2. 

16) Cf. Kaplansky [I], Theorem 5.5. 
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Generally it holds that the left and right projections of any element are 

equivalent, and consequently for any projections a, b the projections a-(anb) 

and (aVb)-b are equivalent, ince they are left and right projections ~f ab\ 

respectively .17> 

REMARK 3.4. If the projections a and b are perspective m the lattice Ap, 

i.e., aVc=bVc, anc=bnc for some projection c, then it holds a~b, because 

a-(anc)~(aVc)-c=(bVc)-c~b-(bnc) by Remark 3.3. As an immediate 

consequence of this results, we have that anb_J_ = a_J_ nb = 0 implies a~ b. 18> 

If a and b are finite projections, then a~ b implies a Ve= bVc and anc = 

bnc for some projection c. 19) 

LEMMA 3.2.20> Let a, band {a.,; aEI} be projections in an AW"-algebra A. 

Then it holds : 

(i) a~b implies e(a)=e(b), 

(ii) a$,.b implies e(a) ~e(b), 

(iii) e(za)=ze(a) for any central projection z, 

(iv) e(V(a"; aE/))= V(e(a,.); aE/). 

PROOF. (i) Let x be the partially isometric element defining the equiva­

· 1ence of a and b, then we have L(Axx*) = Ae(a)_J_ and L(Ax*x) = Ae(b)_J_ by 

Definition 3.3. Since y Axx* = 0 if and only if y Ax*x = 0 by Kaplansky [l], 

Lemma 4.9, it holds L(Axx*) = L(Ax*x), whence e(a) = e(b). 

(ii) It is obvious from (i). 

(iii) Since za <ze(a), it holds e(za) < ze(a). As e(za) <z, we have 

e(za) + z_J_ 2 za + z_J_ a= a, whence e(za) + z_J_ 2 e(a). By multiplying b<;>th sides 

of this inequality by z, we obtain e(za) 2ze(a). Thus we have e(za) = ze(a). 

(iv) Since V(a.,; aEI)>a" (aE/), we have e(V(a.,; aE/))>e(a.,) (aE/), 

whence e(V(a.,; aE/))2V(e(a,.); aE/). On the other hand, it holds e(a,.)2a,. 

(aE/), whence V(e(a.,); aE/)2V(a,.;aE/), and accordingly V(e(a,,);aE/)2 

e( V (a.,; a E /)), completing the proof. 

LEMMA 3.3. Let a, b, a1 and b1 be projections in an AW*-algebra A, the following 

conditions are equivalent to each other : 

17) Cf. Kaplansky [I], Theorem 5.2, Lemma 5.3 and Theorem 5.4. 
18) Projections a, b such that anb.1_ = a.Lnb = 0 are called to be in positions p' in the 

terminology of Dixmier [I]. 
19) Cf. Kaplansky [I], Theorem 6.6. 

20) As to analogous properties in continuous geometries and in upper continuous, com• 
plemented, modular lattices, cf. J. v. Neumann [2], Part III, Theorem 1.3, 1.4 and Maeda 
[3], 60, Lemma 4.7, respectively. 
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(a) aAb = 0. 

(~) e(a) e(b) = 0. 

(ry) a '.:2: ai, b 2 b1 and a1 - b1 imply a1 = b1 = 0. 

PROOF. (a)==}(f]). aAb=0 implies aEL(Ab)=Ae(b)-\ whence ae(b)=0, 

and it follows from Lemma 3.2 (iii) that e(a)e(b) = 0. 

(f])=}(ry). Let a2a1, b2b1 and a1 ~b1. By Lemma 3.2 (i), (ii), we have 

e(a1) = e(b1):5:,.e(a)ne(b) = 0, whence a1 = b1 = 0. 

_(ry)=}(a). Suppose that aAb,t0. Then there exists a non-zero element 

x E aAb. Let a1 and b1 be respectively the left and right projections of x, the:!:). 

it holds a1 ~ b1 by Remark 3.3. Since ax= a, it follows from Lemma 3.1 that 

a2 a1 and similarly b 2 b1. Thus we have a1 = b1 = 0, contrary to x ,t 0. 

REMRAK 3.5. It has been shown that (ry) implies (a) m A W*-algebras 

and B;-algebra, cf. Kaplansky [l], Lemma 3.3, and Rickart [l], Theorem 5.2. 

As to an analogous theorem in W*-algebras, in continuous geometries, and in 

upper continuous complemented modular lattices, cf. Maeda [l], Theorem II, 

J. v. Neumann, [2], Part I, Theorem 5.7, Part III, Lemma I.I, and Maeda [3], 

61, Theorem 4.5, respectively. 

As Kaplansky [l] has shown, the Decomposition Theorem, one of the most 

important theorems in dimension theory, is now at hand in view of Lemma 3.3 

and the complete additivity of the equivalence of projections (Remark 3.2). 

We shall for convenience cite it here for reference. 

DECOMPOSITION THEOREM.21l Let a, b be projections in an AW*-algebra. There 

existsts a central projection z such that z a ;S z b and z.1. a~ z.1. b. 

DEFINITION 3.5. A B*-algebra is called a factor if its center consists of 

scalar multiples of the unit element. 

COROLLARY 3.4. In an AW*-algebra A, the following conditions are equivalent to 

each other: 

(a) A is a factor. 

(fJ) For projections a, b in A, it holds either a ;S b or a ~ b. 

(ry) Far projections a, b in A, a Ab= 0 implies either a= 0 or b = 0. 

PROOF. (a)=} (fJ). By applying the Decomposition Theorem to a, b, there 

21) Cf. Kaplansky [I], Lemma 3.4 and Theorem 5.6. As to an analogous theorem in W*­
algebra, cf. Maeda [I], Theorem III, and Dixmier [I], Theorem 6. In cases continuous 
geometries and upper continuous complemented modular lattices, cf. J. v Neumann [2], 
Par.t Iµ, Tbeorelll,. 2.7, and Maeda [3], 77, Thorem J.2, respectively. 
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exists a central projection z such that z a~ z b and z.1. a S:. z.1. b. 

z = 0 or z = I, it follows that either a S:. b or a~ b. 

11 

Since either 

(/3)=}(ry). Suppose that aAb = 0, then it holds from Lemma 3.3 that a~ai, 

b~bi, a 1 ~b1 implies a1 =b1 =0. Now since either aS:.b or a~b, there exists 

a projection c such that a~ c~b or b ~ c <a, and it follows that either a= 0 

or b = 0. 

(ry)=}(a). Let z be any central projection m A, then we have obviously 

z.1. Az = 0, whence either z = I or z = 0. Thus the center of A contains only 

scalar multiples of 1. 

REMARK. 3.6. The equivalence of (aJ and (ry) in specified B;-algebras has 

been shown by Rickart [l], Theorem 5.18. As to the equivalence of (a) and 

((3) in any W*-algebra, cf. Maeda [I], Theorem IV. 

THEOREM 3.1.22> Let Z be the center of an AW*-dgebra A, and let a be any 

projection in A. The center of the AW*-al,gebra aAa is identical, with aZ, and it is 

*-isomorphic to e (a) z. 
PROOF. Let f be any central projection m the A W*-algebra aAa, whose 

unit element is clearly a. Since (a - f)Af = (a - f)aAaf = (a - f)faAa = 0, it 

follows from Lemma 3.3 that e(a - f)e(J) = 0. Now by Lemma 3.2, we have 

e (ae (J) - f) = e (ae (J) - f e (J)) = e (a - f) e (J) = 0, 

whence f= ae(J) E aZ. 

Conversely any projection m aZ is clearly a central projection m aAa, 

and it follows that central projections in aAa consist of projections in aZ. 

Since aZ and the center of aAa are both A W*-algebras, they are generated 

by the set of projections (Remark I.I (B)), and it follows that the center of 

aAa is aZ. 

The correspondence az0e(a)z is one-to-one between aZ and e(a)Z. Be-

cause, if az1=az2 and z1, z2EZ, then e(a)z1=e(a)z2. This mapping is obvi-

ously *-isomorphism of aZ and e(a) Z, completing the proof. 

COROLLARY 3.5.23> Let a, b be projections in an AW*-dgebra A. The following 

condition is equivdent to the ronditions in Lemma 3.3 : 

(o) anb = 0 and (a, b) D, i.e., (aVb)nx = (anx)V(bnx) for any x E Ar 

22) As to an analogous theorem in W*-algebras, cf. Dixmier [3], Lemma 2.2, 2.4, and 2.5; 
in cases continuous geometries and upper continuous complemented modular lattices, cf. J. v. 
Neumann [2], Part III, Theorem 1.6, and Maeda [3], 78, Theorem 1.4, respectively. 

23) As to an analogous theorem in W*-algebras, cf. Maeda [l], Theorem II. 
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PROOF. We shall show that (o) is equivalent to (/3) in Lemma 3.3. 

(/3)=}(0). Since ae(b)<e(a)e(b), it follows that anb<ae(b)=O, and 

(aVb)e(b) = b and similarly (aVb)e(a) = a, and so a and b are central pro· 

jections in (aVb)A(aVb) by Theorem 3.1. Accordingly we have y = (any) V 

(bny) for every projection y<avb. Thus it holds for any xEAp, 

(a Vb) n x = {an(avb)nx} v {bn(aVb)nx} = (anx) v (bnx), 

smce (aVb)nx~aVb. Consequently (a, b) D is valid. 

(o)=}(/3). Since a and b are complements to each other in L(O, aVb), it 

follows from Lemma 2.2, and Theorem 2.1 that a, b are central projections in 

(aVb)A(aVb), whence aVb =a+ b. Now by Theorem 3.1, we have a= 

e(a)(a+b), whence e(a)b=O, accordingly e(a)e(b)=O by Lemma 3.2, (iii). 

Now we shall enter into structure theorems of A W*-algebras. 

DEFINITION 3.6. Let A be an A W*-algebra, and a, b be its projections. We 

shall write a ► b 24) if it holds either za >zb or za = zb = 0 for every central 

projection z. A non-zero projection a is called properly infinite if a ► a is valid, 

and purely infinite if a contains no finite projection (=\= 0). An A W*-algebra is 

called purely 25) (resp. properly) infinite provided that the unit element I is purely 

(resp. properly) infinite, and it is called semi-finite 26) if every non-zero central 

projection contains a finite non-zero projection. 

REMRAK 3. 7. Since the least upper bound of finite (resp. purely infinite) 

central projections is also finite (resp. purely infinite), it follows from Zorn's 

lemma that there exists a unique maximal finite (resp. purely infinite) central 

projection, say zl (resp. zP'). Put zi = I - zl - zPi, then the algebras zl A, zPiA, 

and ziA are finite, purely infinite and semi-finite together with properly infinite, 

respectively. 

Thus it holds the following theorem. Cf. Kaplansky [I], Theorem 4.2. 

THEOREM 3.2. Any AW*-algebra is a direct sum of a finite algebra, a purely 

infinite algebra and a properly infinite and semi-finite algebra. 

REMARK 3.8. In view of Theorems 3.1. and 3.2, for any projection a, 

there exists a central projection z such that az is finite and az.1. is properly 

infinite. 

24) A similar notation is used in continuous geometries by J. v. Neumann [2], Part III, 
Definition 2.3. 

25) A purely infinite algebra in this sense is called ''of type III" by Kaplansky [2], 
Definitions 1.3 and 2.1. 

26) Cf. ·Griffin [!],· Definition 1.4. 
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LEMMA 3.4.27> If a, b are equivalent projections in an AW*-algcbm, there exist 

unitary clements w1, W2 such that a= a1 + a2, b = b1 + b2 and w[a;wi = b; (i = 1, 2), 

where {a1, a2} and {b1, b2} arc orthogonal pairs of projections. 

PROOF. In view of. Remark 3. 7, we may assume without loss of generality 

that a and b are both finite or both proper! y infinite. In case a, b are finite, 

it follows from Remark 3.4, that a is perspective to b in AP accordingly a-'- is 

also perspccti ve to b.J... in AP' whence a.J... ~ b.J.... Let x and y be the partially 

isometric elements defining a~ b and a.J... ~ b.J... respectively, then w1 = x + y and 

w 2 = 1 are desired clements. In case a, b are properly infinite, there exists 

projections ai, a2 ; b1, b2 such that a= a1 + a2, b = b1 + b2 and a~ a1 ~ a2, 

b ~ b1 ~ b2, 28J whence a1_c ~ b1.J.... 29l By a similar argument as above, there exists 

a unitary element w1 such that w[a1 w1 = b1, and similarly w2 such that wia2 w2 

= b2. These elements w1, w2 are the asserted. 

COROLLARY 3.6.30) Let a be a projection in an AW*-algebra, and let {a,.; a EI} 

be the set of all projections equivalent to a. Then it holds 

e (a) = V (a"' ; a EI), 

PROOF. Put b= V(a,,; aEI), then we have e(a)e(b,_)=0. For, if other­

wise, there exist, by Lemma 3.3, non-zero projections a', b' such that a' < a, 

b' <b.J..., and a'~ b', and it follows from Lemma 3.4 that there exist pairs of 

orthogonal projections {a~, a;}, {bi, b;} and unitary elements w1 , w2 such that 

a'= ai + a;, b' =bi+ b; and W;a;wf = b'. (i = 1, 2). Let !l; = W;awf (i = I, 2), 

then b;<a;~a (i= I, 2), whence b;_<;_b (i= 1, 2) 

and it follows b; = 0 (i = 1, 2), contrary to b' =\= 0. 

Now since we have e(a) - b = e(a)b.J... <e(a)c(b.J...), it 

and also b; <b.l.. (i = 1, 2), 

Thus it holds c (a) e (b.l..) = 0. 

follows e(a) = b. 

Now we shall refine the decomposition of A \V*-algebras in Theorem 3.2. 

We need the following lemmas. 

LEMMA 3.5. Let A be a properly infinite AW*-algcbra. 

(i) If a, b are finite projections in A, then it holds a;:::;;; b.J.... 

(ii) If a is a finite projection in A, then there exists a sequence of orthogonal pro­

jcctiorzs {an}, each an bei,ng equivalent to a. 

PROOF. (i). By applying the Decomposition Theorem to a and b.J..., there 

exists a central projection z such that az;:::;;; b.l.. z and az-'- ";:::;, b.l.. z-'-. Since az-'- is 

27) As to a similar lemma in W*-algebra, cf Dixmier [2], Lemma 1.7. 
28) Apply Kaplansky [l], Lemma 4.5 to aA a and to bA b. 
29) Proof: l-a1=(l-a)+a2~(I-a)+a=I and similarly b1-'-~1, whence a 1-'-~b1-'-, 

30) As to an analogous property in W*-algebras, cf. Dixmier [I], Lemma 3.1. 
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finite, it follows that b..1.z..1. is also finite; accordingly b-1.z..1. + bz..1. = z..1. is finite, too. 

Since A is properly infinite, it follnws hat z..1. = 0, i.e., z = I, consequently 

a$b-'-. 

(ii). Let {ai, a2 , ••• , an} be a set of orthogonal projections, each a, being 
n 

equivalent to a. Then b = Va; is also finite and it follows from (i) that there 
i=l 

exists a projection a,.+l such that a~ a,.+1 :::;;.b-'-. Then {ai, a2, ... , a,.+1} are 

mutually orthogonal and each a; is equivalent to a. Thus we obtain the result 

by induction. 

LEMMA 3.6.31> In a semi-finite AW"'-algebra, there exists a finite projection uo such 

that e (uo) = I. 

PROOF. By Zorn's lemma, there exists a maximal set of finite projections 

{u,.; aEJ} such that e(u,.)e(u,3)=0 (a-d.=-(3). The projection u0 = V(u,.; aEI) 

1s an asserted one. 

DEFrnITION 3. 7 .32) By a subunit projection in a semi-finite A W*-algebra, it 1s 

meant a finite projection u0 such that e(u0) = 1. 

LEMMA 3. 7 •33) Let A be a semi-finite and properly infinite AW"'-algebra, and let u0 

be any subunit projection in A. There exists a non-zero central projection z which is 

equal to the least upper bound of mutually orthogonal projections each of which is equivalent 

to zu0 • 

PROOF. Let {u,.; a E J} be a maximal set of mutually orthogonal projections 

each of which is equivalent to u0 (Zorn's lemma), and put u = V (u,.; a E J). 

It is not valid u0 $ u-'-, since otherwise we could enlarge {u.,; a E J}. It follows 

from the Decomposition Theorem that there exists a non-zero central projection 

z such that zu-'-<zUo. Then we have z = V (zuQ\; aE I)+ zu..1.. Assume that 

the index set I is well ordered, then zuy~zuy+I ('Y 2 I), and V(zuy; 'Y 2 1) ~ 
V(zuy; 'Y > I), since I is an infinite set by Lemma 3.5. (ii). Accordingly we 

have V(zUy; 'Y2l)~V(zuy; ry>I)+zu..1.~z. It is obvious that z~V(zuy; 

'Y2 I), and it follows that z~ V(zuy; ry2 l). Now let x be the partially 

isometric element defining the equivalence of z and V(zUy; 'Y2 I), and put 

v.,=xzuyx* ('Y21). Then we have Vy~zUy~zu0 ('Y21) and z=V(vy; "/21). 

DEFINITION 3.8.34) Let Uo be a subunit projection in a semi-finite AW*­

algebra. If a projection a is the least upper bound of an infinite set of orthogo-

31) As to a similar lemma in W*•algebras, cf. Dixmier [2], Lemma 2.4. 
32) Cf. Maeda [2], 91. 

33) As to the case u0 is an abelian projection, cf. Kaplansky [I], Lemma 4.8. 
34) Cf. Griffin [I], Definition 1.5. 
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nal projections {v"'; a EI},' each of which is equivalent to e(a)uo, and if 

the cardinal of the index set I is n, then a is said to be of type Sn relative to 

Uo. 

LEMMA 3.8. Let A be a semi-finite and properly infinite AW*-algebra, u0 be its 

subunit projection, and let -,r be the set of infinite cardinals not greater than that of A. 

There exists a set of central projections { Zn ; n E -,r} such that : 

(i) V (zn; nE-,r) = 1, 

(ii) Either Zn= 0 or Zn is a projection of type Sn relative to u0 , 

(iii) If z is a central projection of type Stt relative to Uo, then it holds z S::zn. 

PROOF. If there exists no central projection of type Sn relative to Uo, then 

put Zn= 0. Otherwise, there exists (by Zorn's lemma) a maximal set of or­

thogonal central projections {z"'; a EI} such that each Za, is of type Sn relative 

to u0• Put Zn= V (za,; a EI), then Zn is clearly of type Sn relative to u0• 

It IS an immediate consequence of Lemma 3. 7 that V (zn; 11 En:)= I. 

Suppose that z is a central projection of type Sn relative to u0 "and z $;.zn. 

Then we have z - ZnZ =\= 0, which is of type Sn relative to Uo and orthogonal 

to Zn, contrary to the maximality of {z,..; a EI}. Thus we have z S::zn. This 

completes the proof. 

Now let us consider A W*-algebras satisfying the following condition, which 

is suggested by Griffin [ l] : 

( C) If a projection is of types Sm and Sn rdative to subunit projections uI and u2 

respectively, then it holds m = n. 

Remark that any W*-algebra satisfies the condition (C) by Griffin [I], 

Theorem 2. 

DEFINITION 3.9. An A W*-algebra satisfying the condition (C) is called of 

type Sn if its unit element is of type Sn relative to any (or every by virtue of 

the corrdition (C)) subunit projection. 

THEOREM 3.3.35> Let A be a semi-finite and properly infoute AW"'-algebra, then A 

is a direct sum of AW"'-algebra of type Sn (n En:), n: bang a set of infinite cardinals 

not grater than that of A. 

PROOF. In view of Lemma 3.8,. it is sufficient to prove that the central 

projections {zn; n E -,r} in the lemma are mutually orthogonal. 

Suppose that ZmZn =\= 0 for some m, n with m =\= n, then ZmZn Is of types 

Sm and Sn, which contradits the condition (C). This completes the proof. 

We obtain the following immediately from Theorems 3.2 and 3.3: 

35) . As to a similar -theorem in W*-algebras, cf •. GriJfin, [!], Theorem 3. 
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COROLLARY 3.7. Let A be an AW*-algebra satisfying the condition (C). Then A 

is a direct sum of a finite algebra, a purely infinite algebra and algebras of type S11 

(n En-), 7l' being a set as in Theorem 3.3. 

§ 4. Ideals and neutral ideals in A W*-algebras.36J· 

In this section, we shall investigate the interrelation of ideals m an AW*­

algebra and the sets of projections contained in the ideals. 

DEFINITION 4.1. Left, right, and closed ideals in an A W*-algebra are defined 

as usual. By a self-adjoint ideal, we mean an ideal I such that I= 1 *, i.e., 

x EI implies x* EI. 

LEMMA 4.1. A linear subset I of an AW*-algebra is a left ideal if and only if 

x EI impies wx EI for every unitary element w. 

PROOF. This is an immediate consequence of the fact that every element 

IS a linear combination of unitary elements, which is easily shown by a similar 

argument as in Dixmier [ 1 ], Theorem 10. 

LEMMA 4.2.37) Let x be any element of an AW*-algebra, then there exists a unique 

decomposition of x snch that' x = ua, where a is a positive element and u is a partially 

isometric element such that zt* n is the right projection of a. 

PROOF. (i) Put (x*xi = a, then a is a positve element. Let e be the right 

projection of a, then e is also the right projection of x by Corollay 3.1. By a 

similar argument as in Kaplansky [l], 244, we can see that there exists a 

sequence {en} of orthogonal projections commutative with a such that e = Ven 
n=l 

and that if we put an=aen(n= 1, 2, ... ), then there exists a positive element 

a~ with properties that 

for every n = I, 2, .... 

(ii) Put 

a a~ == a~ a = en (1), and 

(2), 

then it follows from (1) that u;;un = en (n = 1, 2, ... ). If we put Unu;;= fn, then fn 

IS a projection by (2), and we can show that fnJm = 0 (n =t, m), indeed, we have 

36) Cf. Wright [!]. An analogous investigation in W*-algebras as in this section has 
been performed by Dixmier [3], 16-23. AddPd in proof: During the preparation of the 

paper, the following was not available to the author: Wright, A reduction for algebras 
of finite type, Ann. of Math. 60 {1954), 560-570. 

37) It is well known that a similar lemma is valid in W*-algebras, and is called the 
canonical decomposition, cf. Murray and J. v. Neumann [I], Definition 4.4.1 and Lemma 4.4.1. 
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by (1). 

Let f= V fn, then it follows from Kaplansky [2], Lemma 20 that there 
n=l 

exists a partially isometric element u such that u* u = e, uu* = J, u* fn = u:, and 

Uen = Un ...... (4). 

(iii) Now we shall prove x = ua. We can see uaen = xen for every n = 
1, 2, ... , because the left member of the equation is Una by (4), the right 

member being equal to xa~a=una by (I) and (3). It follows uae=xe and 

accordingly ua = x.38: 

(iv) Now suppose that x=vb, b20, and v*v is the right projection of b. 

Then we have x* x = b2, and accordingly b = a. 

Since x = va, it follows xa~ = vaa~, the left hand member of which 1s 

equal to u,, = uen by (3) and (4), the right hand member being ven by (2). It 

follows that ven=uen (n= 1,2, ... ), whence ve=ue and accordingly v=u.38) 

This completes the proof. 

As an immediate consequence of Lemma 4.2, we obtain the following : 

LEMMA 4.3.39J A left (right) ideal in an AW*-algebra is two-:ided if and only if it 

is self-adjoint. 

DEFINITION 4.2. A subset J of projections m an A W*-algebra A 1s called 

a neutral ideal provided that 

(i) aEJ and b EJ imply a Vb EJ, 

(ii) bEJ, aEAp, and a<b imply aEJ, and 

(iii) bEJ and a~b imply aEJ. 

REMARK 4.1. A subset of a relatively complemented lattice with O is called 

a neutral ideal provided that (i) a,b EJ i~ply a Vb EJ, (ii) a:::;;.b and b EJ imply 

a EJ, and (iii) if a is perspective to b and b EJ then a EJ.40J 

It follows from Remark 3.4 that any neutral ideal in an A W*-algebra A 

m Definition 4.2 is a neutral ideal •in the lattice AP in the preceding sense, 

but the converse is not always true except for a finite A W*-algebra A. How­

ever, by a neutral ideal m an A W*-algebra, we shall mean a subset J in 

Definition 4.2 throughout the remainder of this paper, unless otherwise stated. 

It follows immediately from Lemma 3.4. 

38) Note that elements a, x, u, v have one and the same right projection e. 
39) Cf. Dixmier [3], Lemma 3.3. 
40) Cf. Birkhoff [I], 125, Theorem II, and Maeda [3], 32, Definition 4.5, and Remark 4.4. 
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LEMMA 4.4.41) A subset J of projections in an AW*-dgebra satisfying the conditions 

(i) and (ii) in Definition 4.2 is a neutral ideal if and only if it satisfies the following 

condition: 

(iii') a EJ implies w*aw EJ for every unitary element w. 

LEMMA 4.5.42) Let I be any two-sided ideal in an AW*-dgebra, then the set J(I) 

of al,l projections in I is a neutral ideal. 

PROOF. If a is a projection such that a <b EJ(I), then a is clearly in J(I), 

because a= ab. It is obvious that a E](I) implies w*aw EJ(I) for every unitary 

element w. Suppose that a, b EJ(I) and put c = (a Vb) - a, then it follows 

from Remark 3.3 that c~b-(anb)<b, accordingly cEJ(I) and aVb= 

a+ c EJ(I). Thus J(I) is a neutral ideal. 

LEMMA 4.6.43) Let J be any neutral ideal, in an AW*-al,gebra. Then the set I(J) 

of all elements whose carriers belong to J is the two-sided ideal, generated by J. 

PROOF. It is sufficient to prove that I(J) is a two-sided ideal. Suppose 

that x, y E [(]), then their carriers c(x), c(y) belong to J, and accordingly 

c(x)Vc(y) EJ. It follows from Corollary 3.2 that 

{c (x) V c (y)} (:\x + µy) {c(x) V c(y)} = :\x + µy, 

for any complex numbers :\, µ, whence c(:\x + µy) < c(x)Vc(y). Thus :\x + 
µy E I(J). Next let w be any unitary element, then it holds 

{c(x) V wc(x)w*} wx {c(x)Vwc(x)w*} = wx, 

whence wxEI(J), and similarly xwEI(J). It follows from Lemma 4.1 that 

I(J) is a two-sided ideal. 

LEMMA 4.7.44) Let J be any neutral, ideal in an AW*-al,gebra A. Then it holds 

J=J(I(J)) =J(I(J)), I(J) being the closure of I(J). 

PROOF. Since it is obvious that JCJ(I(J)) CJ(J(J)), we shall show that 

J(J(J)) CJ. Suppose that a is any projection in J(J). Then there exists a 

sequence {xn} such that xnEI(J) (n= 1, 2, ... ) and Xn-a (n- 00). Since axna-+a 

(n - oo ), we may assume without loss of generality that ax,.= Xna = Xn, and 

II a - Xn I/< 1 for every n. Put y =a+ h (a - xrt, then- we can easily show that 
n=l 

y EA and x 1 y = a.451 It follows from X1 E I(J) that a E I(J), and accordingly 

41) Cf. Dixmier [3], Lemma 3.1. 
42) Cf. Joe. cit., Lemma 3.7, (a). 
43) Cf. Joe. cit., Lemma 3.7, (b). 
44) Cf. Dixmier [3], Lemma 3.8, (b). 
45) Cf. Gelfand [I], Hilfssatz I. 
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a= c(a) EJ, completing the proof. 

DEFINITION 4.346> Let I be any two-sided ideal in an A W*-algebra. The 

ideal generated by its projections, i.e., I(J(I)) is called restricted ideal, of I. An 

ideal is called restricted if it is identical with its restricted ideal. 

LEMMA 4.8.47l Let I be any two-sided ideal in an AW*-algebra, then it lwlds 

I(J(I))~l-;;:i_J(J(I)), where I(J(I)) is the closure of I(J(I)). 

In particular, if I is dosed, then I= I(J(l)); and if I is restricted, then I= I(J(I)). 

PROOF. Since it is obvious that I~ I(J(I)), we shall prove I(J(l)) ~ I. 

Suppose that x EI. In view of Lemma 4.3, we may assume without loss 

of generality that x is self-adjoint. By Kaplansky [6], Lemma 2.l, there exists 

a sequence {en} of projections such that //x - xen!I < ! , xen = enX, and xx~= en 

for some x~ (n= 1, 2, ... ). Then xEI implies enEJ(I), (n= I, 2, ... ). Since 

enxen=xenen=xen, it follows xenEI(J(l)) for every n. Consequently we have 

xEI(J(I)), because xen-+X (n-+oo). Thus /C/(J(I)). 

If I is closed, it follows immediately from the preceding result that l=I(J(I)). 

The remaining part of the lemma is trivial from Definition 4.3. 

As an immediate consequence of Lemmas 4.7 and 4.8, we obtain the follow­

ing 

THEOREM 4. I. A two-sided ideal I in an AW*-algebra contains its restricted ideal 

and it is contained in the closure of its restricted ideal. These three ideals have the same 

neutral ideal in common. 

THEOREM 4.2.48) Both the sets of all closed and of all restricted two-sided ideds in 

an AW* -algebra A are upper continuous lattices, ordered by set inclusion, isomorphic to the 

fottice of all neutral .ideals. 

PROOF. First we shall show that the lattice of neutral ideals is upper 

continuous. The set of all projections in A is clearly a neutral ideal. Let 

{la; a EI} be a set of neutral ideals, then the intersection // U«; a EI) is also 

a neutral ideal. If {10 ; o ED} is a directed monotone increasing system of 

neutral ideals, then the union ~ (10 ; o ED) is a neutral ideal, too. Conse­

quently the set of all neutral ideals forms an upper continuous lattice.49> 

46) Cf. Dixmier [3], Definition 3.3. 
47) Cf. loc. cit., Lemma 3.8, (a), where the half of Lemma 4.8 above i.e., I~ I(J(f)) has 

been shown in W*-algebras. 
48) Cf. Dixmier [3], Lemma 3.9, (a), where the existence of the one-to-one correspondence 

between the set of neutral ideals and the of all restricted ideals has been shown in W*• 

algebras. Cf. also Wright [I]. 
49) Cf. Maeda [3], 12, Lemma 1.14. 
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Now let 1 be any neutral ideal, then I(J) is a restricted ideal, then /(J) is 

a closed ideal, by Lemma 4.6. Conversely I is a closed or restricted ideal, then 

it follows from Lemm 4.5 that l(I) is a neutral ideal. The mapping l-----+J(I) 

IS a one-to-one correspondence of the set of a·ll closed (or restricted) ideals 

·onto the set of all neutral ideals, by Lemmas 4.7 and 4.8, and clearly preserves 

the order relation. This completes the proof. 

COROLLARY 4.1. The upper continuous lattice of all two-sided ideals in an AW*­

algebra, ordered by set inclusion, is homomorphic to the lattice of all neutral ideals. 

PROOF. The set of all ideals forms clearly an upper continuous lattice. 

Let /1, /2 be any two-sided ideals. Then 1(/1) and ](/2) are neutral ideals and 

obviously l(I1nl2) =J(I1)nJ(I2), and J(/1 V /2) 2l(I1)V l(/2). It follows from 

Theorem 4.2 Lemma 4. 7 that 

1 (/1 V /2) <l(l (J (/1)) V / (J (/2))) 

= l(I (J (/1)) V ](I (J (12))) 

= 1 (/1) V] (/2). 

Consequently l-----+J(I) is a homo­

morphic mapping of the lattice of all two-sided ideals on the lattice of all neutral 

ideals. 

COROLLARY 4.2. Closed (or restricted) two-sided ideals in an AW*-factor form a chain. 

PROOF. In view of Theorem 4.2, it is sufficient to prove that the set of 

all neutral ideals forms a chain, i. e., it holds either 11 <12 or 12 <11 for any 

neutral ideals li, 12- Suppose that 12 is not a part of l1, then there exists a 

projection a2 such that a2 El2 and a2 $. 11- It follows from Corollary 3.4, that 

we have either aI:::S:a2 or a2:::S:a1 for any aIEl1. Assume a2:::S:a1, then it holds 

a2 ElI, which is a contradiction. Thus we haye a1 :::S:a2, for any a1 El1, con­

sequently l1::::;.l2, completing the proof. 

REMARK 4.2. The following simple examples may clarify the situation of 

Theorem 4.1 and Corollary 4.2. 

Let ~ be the A W*-factor of all bounded operators in .a separable Hilbert 

space .\). The set 1(~0 ) of all finite d1.mensional projections forms the unique 

proper neutral ideal. It follows that proper closed (or restricted) two-sided 

ideal in ~ is also unique. Indeed, they are respectively the ideal q of all 

completely continuous operators and the ideal g of all finite dimensional oper­

ators ; and any pi-oper two-sided ideal (for example, the ideal S of alL operators 
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of Hilbert-Schmidt types) contains ';;ff and 1s contained m q, all of these having 

](~0 ) in common.50) 

If generally the dimension of S,'j is ~,., a being an ordinal number; any 

proper neutral ideal is the set ](~) of all projections whose ranges have di­

mensions less than ~, an infinite cardinal less than ~... It follows that the set 

of all closed (resp. restricted) two-sided ideals in W- forms a well ordered set, 

and any non-zero two-sided ideal I contains a restricted ideal I(J(~)), and is 

contained in the closed ideal J(J(~)), for some infinite cardinal ~ not greater 

than ~"" uniquely determined by I. 

COROLLARY 4.3. Let A be cm AW:,-algebra with center Z. There exists a one-to­

one correspondence between all maximal two-sided ideals and all maximal neu;{,ral ideals. 

&perially, maximal two-sided ideals in Z correepond one-to-one to maximal ideals in the 

Boolean algebra Zr 

PROOF. First we shall show that any maximal two-sided ideal I in A is 

necessarily closed. We have J(I)<Ap, since J(I) = AP would imply /(](/))=A, 

and accordingly I= A by Theorem 4.1, contrary to I <A. Then it follows 

from Theorems 4.1 and 4.2 that Is..I(J(I))< I(Ap) = A, consequently I= I(J(I)) 

from the. maximality of I. 

Then the first half of the corollary is obvious from Theorem 4.2. 

Since the center Z is a finite A W*-algebra, it follows from Remark 4.1 

that any neutral ideal m Z 1s a lattice theoretic neutral ideal, which is 

trivially an ideal in the lattice Zp, since Zp is a Boolean algebra. Thus the 

remainder part of the corollary is obvious from the preceding result. 

REMARK. 4.3. Let Z be the center of an A W*-algebra. Then it follows 

from Corollary 4.3 that the representative Boolean space of the Boolean alge­

bra ZP is homeomorphic to the representative Gelfand space of the center Z. 

REMARK 4.4. It follows from Theorem 4.2 that any finite A W*-algebra 

1s strongly semi-simple in the sense that the intersection of all maximal two­

sided ideals is the null ideal; indeed, it corresponds to the intersection of all 

maximal neutral ideals in the continuous geometry Ap, which is known to be 

the null ideal.51> 

It follows from the preceding result that any finite A W*-algebra A 1s 

isomorphic to a subdirect product of a simple B*-algebra A/I (IE SJ), where !2 

is the set of all maximal two-sided ideals in A. 

50) Cf. Calkin [!], Theorem 1.4 and 1.7. 
51) Cf, Maeda [3], 109, Remark 3.1, 
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An infinite A W*-algebra A is not always strongly semi-simple, because, for 

example, ':I in Remark 4.2 is the unique maximal two-3ided ideal in ~ and 

is not a null ideal. However, A is also isomorphic to a subdirect product of 

B*-algebras. Indeed, let SJ be the set of all maximal ideals, say +J, in the 

Boolean algebra Zp, and let I(+J) be the least closed two-sided ideal rn A con­

taining +J, then A is isomorphic to a subdirect product of B*-algebras A/I(+i), 

(+J E Q). 

§ 5. Dimension functions of A W*-algehras. 

Kaplansky [I] has shown that there exists a unique normalized dimension 

function in any finite A W*-algebra. In this section, we shall extend this result 

to an arbitrary A W*-algebra.52) 

DEFINITION 5. 1. Let A be an A W*-algebra with center Z, and S2 be the 

representative Boolean space for the Boolean algebra Zp,53> and let Z be the 

set of all non-negative, finite or infinite valued continuous functions on Q.54> 

To every central projection z there corresponds an open compact set E(z) in 

Q, the characteristic function of which will be denoted by z itself in the 

sequel. 

By a dimensfon function of A, it is meant a mapping d(a) of AP into Z 

satisfying the following conditions: 55) 

(1 °) If a is a finite projection, then d (a)< oo except on a non-dense set of SJ. 

(2°) d(a) = 0 implies a= 0. 

(3°) a~b implies d(a) = d(b). 

(4°) If z is a central projeciton, then d(za) = zd(a). 

(5°) If a, b are orthogonal projections, then d(a + b) = d(a) + d(b). 

REMARK. 5.1. Any continuous geometry has a dimension function d (a) 

satisfying the conditions (1 °)-(5°) above, uniquely determined provided d(I) = 1. 

52) As to the dimension functions in W*-algebras, cf. Dixmier [3], Theorems I and 2, 
and Segal [I], Theorem I. Dimension functions of semi-finite W*-algebras are identical with 
the restrictions to projections of "pseudo-a,pplication ~ normal fidlele et essentielle" in the 
terminology of Dixmier [3], to which we are deeply indebted in writing this section, 

53) In view of Remark 4.3, Q may be considered as the representative Gelfand space 
for the center Z. 

54) Z is a complete lattice, cf. Stone [!], Theorem 18, Dixmier [4], 25. If J,,,EZ, (a:El), 
we shall penote by "J:.(j,,,; a:El) the L. U. B. of the directed set of sums of finite subsets of 
{/,,,; a:EI}. 

55) The complete additivity of a dimension function is a consequence of these con• 
ditions, cf. Corollary 5.3, below. As to this fact, I was suggested by Mr. S. Maeda. 
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Note also that d(a) is completely additive and if d(a) <d(b) then a is perspedive to 

a part of b. 56> 

LEMMA 5.1. Let d(a) be a dimension function of an AW*-algebra, then it holds 

d(a) = 00 •e(a) if and only if a is properly infinite. 

PROOF. Let a be a properly infinite projection, then there exist orthogonal 

projections a1, a2 such that a= a1 + a2, and a~ a1 ~ a2. It follows from (3°) 

and (5°) in Definition 5.1 that d(a)=2d(a), and accordingly d(a,1J)=oo 57l or 

0 for any point iJE SJ. Since d(a) = e(a)d(a) by (4°), we have d(a, ti)= 0 for 

any tiEEE(e(a)).58) ~t follows from (2°) and the continuity of d(a) that d(a,iJ) 

= oo for every 1J E E(e(a)), for otherwise there exists a non-zero central pro­

jection z<e(a) such that zd(a)=0, whence it holds za=0 by (2°) and (4°), 

accordingly 0 = e(za) = ze(a) = z, contrary to z =\= 0. 

Conversely suppose that d(a) = oo • e(a). It follows from Remark 3.8 that 

there exists a central projection z such that az is finite and az.L is properly 

infinite. Assume az =\= 0, then e(az) =\= 0 and we have e(az)d(a) = oo • e(az) con­

trary to (1 °). Thus a= az.L and consequently a is properly infinite. 

COROLLARY 5.1. Any purely infinite A W*-algebra has a unique dimension fundion 

d(a) = oo • e(a) for every projection a. 

PROOF. It follows from Lemma 3.2 that d (a) = oo • e (a) 1s a dimension 

function. 

Conversely suppose that d(a) is a dimension function, then we have d(a)= 

oo • e(a) by Lemma 5.1, since every non-zero projection is properly infinite. 

This completes the proof. 

It follows from Theorem 3.2, Corollary 5.1 and the result of Kaplansky 

[I] stated above, that in order to show the existence of a dimension function 

in an arbitrary A W*-algebra, it is sufficient to prove in case it is semi-finite 

and proper! y infinite. 

We need the following lemmas. 

LEMMA 5.2.59) Let u0 be a projection with e(Uo) = 1 in an AW*-algebra, then for 

any projection a, there exists a set of ortlwgonal projections { a., ; a E I) such that a = 

56) The condition (1°) may be read "d(a) < oo for every element a", and "a~b" in (3°) 

must be 
and 1.5. 
90-92, 

read "a is perspective to b". Cf. Iwamura [l], and Maeda [3], 98, Theorem 1.4 
As to the dimension funtion in a general continuous geometry, cf. Maeda [2], 

57) 

58) 
59) 

By d(a, lJ), we denote the value of d(a) at the point lJ of !J. 
By E(e(a)), we denote the open compact set in !J corresponding to e(a). 
Cf. Dixmier [3], Lemma 3.10. 
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V(a,.; aEI) and a.,$no (dEI). 

PROOF. There exists, by Zorn's lemma, a maximal set of orthogonal pro­

jections {a«; aEI} such that a«<a and a«$u0 (aEI). Clearly we have a2 

V (a"'; a EI). By applying Lemma 3.3 to uo and b = a - V (a"'; a EI), it holds 

e(u0)e(b) = 0, since otherwise {a«; aE I} would be enlarged. Since e(Uo) = I. 

it follows e(b) = 0, and accordingly b = 0. This completes the proof. 

LEMMA 5.3. Let A be a properly infinite AW*-algebra. 

(i) If b is a finite projection, and c $ b $ d, and cs.d, then there exists a pro­

jection b1 such that c < b1 < d and b1 ~ b. 

(ii) If a, b are finite projections, then there exists a projection b1 such that bi_l_a, 

b1 ~b and aVb<a+br. 

PROOF. (i) Since c:S,b$d, there exist projections b', c' such that d2b' 

2 c' ~ c and b' ~ b. As c is a finite projection, there exists a unitary element 

win dAd such that ww*=w*w=d and w*c'w=c.60> Put b1 =w*b'w, then b 

1s easily shown to be the asserted projection. 

(ii) Put c=(aVb)-a, then we have c<a-'- and c$b, since (anb)-a~ 

b - (anb) by Remark 3.3. It follows from Lemma 3.5 (i) that b S,a-'-. Hence 

there exists a projection b1 such that c:s;;.b1 <a-'- and b1 ~ b. The projection b1 

1s the asserted one. 

LEMMA 5.4.61) Let a be a finite projection in a properly infinite AW*-algebra. The 

set J of all projections which are contained in some projection a1 + a 2 + · · · + an (n = 1, 2, ... ), 

where each a; is equivalent to a and mutually orthogonal, is the neutral ideal generated 

by a, which will be denoted by J(a) in the sequel. 

PROOF. It is sufficient to show that J is a neutral ideal. Suppose b1, b2 EJ, 

then there exist sets of mutually orthogonal projections {ai, a 2, ••• , an}, {a~, a~, 

... , a;,.}, each of which is equivalent to a and b1 <a1 + a2 + ··· + a,,, and b2S. 

a~ + a~ + · · · + a;,,. By Lemma 5.3, there exist projections Ci, c2, ••• , Cm, each of 

which is equivalent to a and 

where {ai, a2, ... , an, c1, c2, ... , cm} are mutually orthogonal. Consequently we 

have b1 Vb2 EJ. The conditions (ii) in Definition 4.2 and (iii') in Lemma 4.5 

are obvious. This completes the proof. 

60) Cf. the proof of Lemma 3.4. 
61) Cf. Dixmier [3], Lemma 3.9 (b). 
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LEMMA 5.5. Let a be a properly infinite projeaion, and uo be a finite projection in 

an AW""'-algebra. For every n = I, 2, ... , there exist orthogonal projections ai, a2, ... , an 

suchthatai~e(a)u0 (i=I,2, ... ,n) and a2a1+a2+···+an. 

PROOF. From Lemma 3.5, (ii), it is sufficient to prove that there exists a 

projection a0 such that a0 ~ u0 e(a) and a0 Ea A a. 

Apply the Decomposition Theorem to a and u0 e(a), then there exists a 

central projection z such that 

a z ~ u0 e (a) z (1), and 

a z-1-;:;;;; u0 e (a) z-1- (2). 

Since a is properly infinite, and u0 e(a)z-1- is finite, it follows from (2) that 

az-1-=0, i.e., a<z, and accordingly e(a)S:z. From (1), we have a2:az~Uoe(a), 

whence there exists a projection a0 such that a2 a0 ~ uoe(a). This completes 

the proof. 

LEMMA 5.6. Let A be a properly infinite AW*-algebra. If a, u0 are finite non-zero 

projections with a .S: e(u0 ), then there exists a central non-zero projeaion z such that 

0 =f az E](uo). 

PROOF Let {ui, u2, ... , Un, ... } be a sequence of orthogonal projections 

equivalent to u0 (Lemma 3.5 (ii)), and let un = U1 + u2 + ··· + Un• Apply the 

Decomposition Theorem to a and un, and there exists a central projection Zn 

such that az!;:;;;; un z~ and 

azn~u"z,, ...... (1). 

Then we can show az! =f' 0 for some n. For otherwise we have a< Zn (n = 
I, 2, ... ), accordingly e(a);;;;.zn (n = I, 2, ... ). It follows from (I) that e(a)azn 

~UnZne(a), whence a~une(a) for every n, contrary to the finiteness of a.62) 

It follows that O =¾= az~;:;;;; un z-'; < un E](zt0) for some n. This completes the proof. 

LEMMA 5. 7. 63) Let u0 be a fixed snbunit projection in a semi-finite and properly 

infinite AJV*-algebra A. For eve,y projection a in J(u0 ), the neutral ideal generated by 

u0 , there exists a continuous function <p (a) in Z satisfying the conditions in Definition 5.1. 

PROOF. (i) Let u be any subunit projection in A, then it follows from 

Lemma 1.6 that the set of projections contained in zt forms a continuous geo­

metry. Hence in view of Remark 5.1, there exists for every projection a ( <u), 

62) By a similar argument as in Kaplansky [l], Lemma 6.4, there exists a sequence of 

orthogonal projections {v,.} such that a~v1 + v2 + ··· + v,, + ···, where each Vn is equivalent 
to uoe(a), contrary to the finiteness of a. Cf. also Maeda [3], 86, Theorem 4.3. 

63) Cf. Dixmma [3], Lemma 4.12. 
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a finite valued continuous function Du(a), which may be assumed to be defined 

on the Boolean space Q in Definition 5.1, from Theorems 2.1 and 3.1. Con­

sequently we do assume ou(a) E Z and Ou (u) = I for every subunit projection u 

and any projection a (<u) in the sequel. 

(ii) For every a EJ(Uo), there exist from Lemma 5.4, orthogonal projections 

U1, U2, .•• , Un s·uch that Cl~U1 + U2 + ... + Un and U; ~ Uo (i = 1, 2, ... , n). Put 

u=u1+u2+ .. ·+un, and cp(a)=nou(a). We shall prove that cp(a) is inde­

pendent of u and n. 

Suppose a <v1 + V2 + ··· + Vm = v, where V1, V2, .•• , Vm are orthogonal pro­

jections equivalent to u0 • It follows from Lemma 3.5 (ii) that there exist pro­

jections Vm+I, Vm+2, ... , V,,,n, equivalent to uo such that v1, V2, ... , Vmn are mutually 

orthogonal. Similarly there exist projections Un+i. Un+ 2 , • ··, Umn, equivalent to u0 

such that u1, u2, ... , Umn are mutually orthogonal. Put u = u1 + u2 + ... + u,,,n, and 

v=vi +v2 + .. · +vmn• Then it holds u ~ D in the finite A W*-algebra (uVv)A(uVv), 

and accordingly 

O;;uv (u) = o.,u;; (v) ...... (1). 

On the other hand, we have 64> 

<::' ( ) o,,(a) <::' ( ) o;;u;;(a) 
Ou a = o,,(u) = mo,, (l = m O;;u;;(u)' 

and similarly 

" ( ) - o,,l)v(a) 
Ov Cl - n ,;:- (-) , 

ouu u v 

whence no.,(a) = mo.(a). Thus cp (a) is independent of ll and n. 

(iii) Then cp (a) is clearly an element of Z, and it is not difficult to show 

that cp (a) satisfies the conditions (1 °)-(5°) in Definition 5.1, in view of Remark 

5.1. Remark that cp(a) is finite for every aEJ(Uo), and a~b if cp(a)<qJ(b), 

and also that cp is completely additive. 

LEMMA 5.8.65> Let A be a semi-finite and properly infinite AW*-algcbra. For any 

projection a in A, put 

d (a) = sup {cp (b); a 2 b E J (u0)}, 

where rp(b) is the same as in Lemma 5.7. Then d(a) is a dimension function of A. 

PROOF. (i) We can easily show that d(a) satisfies the conditions (2°)-(4°) 

64) Cf. Maeda [3], 114, Remark 3.4. 
65) Cf. Dixmier [3], Lemma 4.6. 
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m Definition 5.1. Note that d (a) = <p (a) for every a E](Uo). 

(ii) We shall show the condition (I'): For any finite projedion a, d(a) < co 

except on a non-dense set of !2. 

If otherwise, there exists an open set E of Q, on which d(a) = 00 • The 

closure of E is an open compact set of !2, to which corresponds a central pro­

jection z0 , and d(az0 ) =co• z0 , accordingly it holds d(az) =co• z for every 

central projection z < z0• Now since az0 is finite, it follows from Lemma 5.6 

that thereexists a central projection z1 such that O =\=az0 z1 E J(u0 ), whence d(az0z1) 

=(p(az0z1)is finite, which is a contradiction. 

(iii) Here we shall remark that d(a) = co • e(a) provided that a is properly 

infinite. Indeed, if a is properly infinite, it follows from Lemma 5.5 that 

d(a)Lne(a) for every n=l,2, ... , and accordingly d(a)=oo•e(a). 

(iv) Now it will be convenient to verify the following proposition: 

If { a., ; a E /} is a set of mutually orthogonal projections such that a= V (a., ; a E /) 

and a.,~u0 (aE/), then it holds d(a)=:z.:;(cp(a.,); aE/). 

PROOF. Let D be the directed set of all finite subsets J.J of /, and let 

aM = V (a.,; aE J.J), then clearly aM ta, and ::8(cp(a.,); a EI)= sup (<p(aM); J.J ED), 

Now it is sufficient to consider the following two cases from Remark 3.8. 

Case l . a is finite. 

Since aM :5:,_a and aM E](u0), it follows }.; (<p (a,.); a E /) <d(a), whence it 

suffices to prove the converse inequality. Suppose b:5:,_a and b EJ(u0 ). Since 

a is finite, it follows from Lemma 1.6 that a<"l ta implies aM nb t anb = b, 

accordingly cp(b)=sup(,p(a(>)nb);J.JED). As it holds cp(aMnb)<<p(aM), we 

have 1p(a)<:z:;(,p(a.,); aE/). Thus it is valid d(a):5:,_b(,p(a.,); aEI), and con­

sequently d (a)=~ (tp (a.,) ; a E /). 

Case 2. a is properly infinite. 

From (iii), it is sufficient to show that sup(<p(aM); J.JED)=oo •e(a). Suppose 

the contrary, then it follows from the continuity of sup (<p (aM); J.J ED) on SJ 

that there exists a non-zero central projection z <e(a) such that 

zsup(,p(aM); J.JED) <nz 

for some positive integer n. Accordingly it holds q;(zaM)<,p(unz) for every 

J.J ED, where nn = n1 + n2 + · · · + ltn; n1, n2, ···, nn being mutually orthogonal and 

equivalent to n0 • Thus we have 66) za<>) ~ nnz for every v ED, and accordingly 

66) Cf. the remark at the end of the proof of Lemma 5.7. 
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it holds za~unz.67) Since unz IS finite, it follows that za IS finite, contrary to 

the assumption. 

(v) Now we are m a posit10n to prove the condition (5°), but we shall 

show more generally the complete additivity of d (a) for later use. 

Let {a,,,; a E /} be a set of mutually orthogonal projections, and put a= 

V (a"; a E /). From Lemma 5.2, there exist mutually orthogonal projections 

{a~; KE K,,,} (a E /) such that a"'= V (a~; KE K.) and each a~ E](u0). Since ci = 
V (a~ ; KE K"', a E /),. it follows from (iv) that d (a) = ::S (cp (a~) ; KE K,, a E /) = 
::S(d(a"'); aE I). This completes the proof. 

From the remark following Corollary 5.1, we obtain 

THEOREM 5.1, Any AW*-algebra has a dimension function. 

Next we shal discuss the uniqueness of dimension functions of an AW*­

algebra. 

LEMMA 5.9.68) Let d(a) be a dimension function of a semi-fim"te AW"'-algebra A, 

and let u0 be a subunit projection in A. Then d(uo)>O except on a non-dense set of JJ. 

PROOF. Suppose the contrary, then from the continuity of d(a) we have 

d (u0 ) = 0 on an open compact set, to which a non-zero central projection z 

corresponds and it holds zd(u0 ) = d(zu0 ) = 0, accordingly zuo = 0, whence e(u0 ) 

S.z.1. contrary to e (u0 ) = I. 

THEOREM 5.2. Let both d1(a) and d2(a) be dimension functions of an AW*-algebra 

A, and let u0 be a subunit projection in the semi-finite part of A. If dI(u0 ) = d 2(u0), 

then d1 (a)= d 2 (a) for every projection a in A. 

PROOF. Put oi(b)= 1\~;) (i= I, 2) for any projection b<uo, then both 

D1 (b) and o2 (b) are the normalized dimension functions of the continuous geo­

metry Ap(0, u0 ), which consists of all projections in A contained in u0 (Lemma 

1.6). It follows the uniqueness of the normalized dimension function of a 

continuous geometry (Remark 5.1) that we have Or(b) = 02(b), and accordingly 

d1 (b) = d2 (b) for every b <u0 • In view of the condition (3°) in Definition 5.1, 

we have d1 (c) = d2 (c) for every c ~ uo. 

Let a be any projection in A, then by Remark 3.8 there exists a central 

projection z such that az is finite and az.1. is properly infinite. In view of 

Lemma 5.1, we have dI(az.1.)=d2(az.1.)=oo•e(az.1.). Hence we may assume 

without loss of generality that a is a finite projection. It follows from Lemma 

67) Cf. Kaplansky [I], Lemma 6.4, which is valid in any AW*-algebra pro\'ided the pro­
jection fin the lemma is finite. 

68) Cf. Dixmier [3], Lemma 4.16 (a). 
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5.2 that there exist orthogonal projections {a.,; a EI} such that a= V (a,.; a EI) 

and a"'~ u0 (a E J). By a similar argument as above, the restrictions of di, d2 

to Ap(O, a) are dimension functions of the continuous geometry Ap(O, a). And 

it follows from Remark 5.1. that d1 (a)=~(d1(a.,); aEI) and d2(a)=~(d2(aa,); 

a EI). Since a"~ u0 (aE I), it follows d1 (aa,) = d2 (a,.) (aE I), and consequently 

d1 (a)= d2 (a). This completes the proof. 

COROLLARY 5.2.69) Let d0 (a) be any fixed dimension function of a semi-finite 

AW*-algebra A, an.d let ::F be the set of all functiOT1s in Z such that O <f(tJ) < oo except 

on a non-dense set of 52. Then d(a) is a dimension fimction of A if and only if d(a) 

= /do (a) for some fE '.;l. 

PROOF. The "if" part of the corollary 1s obvious. So we assume that 

d(ri) is any dimension function of A, and u0 1s · a subunit projection in A, then 

it follows from Lemma 5.9 and the condition (l 0 ) in Definition 5.1 that 

O<d(u0 )< oo and O<do(Uo)< oo except on a non-dense set. Put f = d (uo) , then 
do(uo) 

we have f E g and according! y d' (a) = f d0 (a) is a dimension function of A. 

Since d' (u0) = d (u0), it follows from Theorem 5.2 that d (a)= f do (a), completing 

the proof. 

COROLLARY 5.3 Let d (a) be a dimension function of an AW*-algebra A. If 

{ a., ; a E I} is a set of mutually orthogonal projections, then ue have 

d(V(a.,; a El))= ~(d(a.,); a El). 

PROOF. If A is finite or purely infinite, the result 1s obvious. Thus we 

may assume that A is semi-finite and properly infinite. Let d0 be the di­

mension function in Lemma 5.8, then we have shown in ( v) of the proof of 

the lemma that d0 ( V (a., ; a EI))= :::8 (do (a.,) ; a EI), and consequently the result 

1s obvious from Corollary 5.2. 

In conclusion, the author wishes to express his hearty thanks to Prof. 

F. Maeda for his kind guidance. 

This research has been performed under the Grant in Aid for the Mis­

cellaneous Scientific Reseaches given by the Ministry of Education. 
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