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Let R" stand for the n-dimensional Euclidean space to which our con-
sideration of distributions will be confined. For our temporary purpose we
shall denoted by S* T the convolution of distributions S and T in the gener-
alized sense of C. Chevalley [2], and reserve the symbol S* T for the one
defined by L. Schwartz [7]. For any subset AC(9)') let us denote by A*,
called c-dual of 4 in this paper, the set of distributions composable with
each distribution of A in the sense of C. Chevalley. The present paper is
concerned with the theory of convolution between the spaces of distributions.

Section 1 contains several auxiliary results which may serve as tools
in the subsequent sections. A locally convex space E is called admissible
provided that (9)CEC(9'), (9) is dense in E and the injections (9)—>FE
and E—(9)) are continuous. In section 2 we give our principal theorem
(Theorem 3 below) which asserts that if a given distribution T belengs to

the c-dual E* of an admissible barrelled space E, then T @eE’ for any
@€(9). The converse of this statement is also true for the usual spaces of
distributions as will be shown in section 8. If Te¢E* and T* EC G where
G is a permitted space or -its dual, then the application S—S* T is continu-
ous from FE into G. This makes possible to insure that if the admissible
barrelled spaces E and F are composable with each other and E* FFCG,
then the convolution product S* T is hypocontinuous as a bilinear application
of EXF into G. By a composition operator ¥ on E we mean a continuous
linear application of E into (&') which is commutative with any translation.
We show (Theorem 4 below) that then #(S)=S*T where T is a certain
distribution determined by . Finally we conclude section 3 with the dis-
cussion of determining the c¢-duals of the concrete spaces of distributions
appeared in L. Schwartz [7].

Throughout this paper we adopt the notation of L. Schwartz [7] unless
otherwise specifically mentioned. We also assume the knowledge of elements
of topological linear spaces.

1. In this section we shall establish some preliminary results which
will be needed in the later sections. Grothendieck has proved the

THEOREM A. ([5], Chap. I, p. 16) Let E be a locally convex space and
le¢ F and {F} 1=12,---, be (F') spaces. Let u be a continuous linear
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applicaiion of F into E and let, for each index i, w, be a continuous linear
application of F, into E. Suppose w(F)C U uF;). Then there exists an
%

index 1 such that

w(F) Cu(F).
If in this case w, s umivalent, then there exists a continuous linear
application v of F into F; such that

U=U;0.
First we give here a slight generalization of this theorem. The proof
will be carried out along the same line with necessary modifications.

THEOREM 1. Let E be a locally convex space and let F, G and {F},
1=1,2,---, be (F') spaces. Let u be a continuous bilinear application of Fx G
wnto E and let, for each index 1, u;, be a continuous linear application of
F; into E. Suppose w(F'*x G)C u u,(F;). Then there exists an index © such

that

u(F x G)Cu(F,).
If, in this case, u; is wunivalent, then there exists a continuous bilinear
application v of FXG into F; snch that

U=U;0 .

PROOF. Assume the contrary. Then there exists a sequence {(z;, ¥,)}
of elements of F' x G with w(x,, y,) ¢ u,(F,), 1=1,2,---. Set, for any index
© and J, H;={x; u(z, y;) ¢ u,(F;), xc F} and H;=1H;;. For any fixed z¢F,

J

U, :y—>u(x,y) is a continuous linear application of G into E such that
u,(G)Cu(F;). Hence by Theorem A there exists an index ¢ such that

w(w, G)Cu(F;). It follows from this, that F={ H;. Thus for some index

1, H;, and hence H;;, j=1,2,--., are all sets of the second category. For
any index j, X,={(x,2); u(x, y;)=u,(2), xcF, z¢ F} is an (F') space since it
is a closed linear subset of the (F') space F'x F;. The projection of X, into
F:(x,z)—>x has the image H,; of the second category. Hence H;,=F for
any j=1,2,--- ([1], p. 38). We have thus concluded that H,=F and u(x;, ¥;)
eu,(F;), a contradiction. This proves the first part. The second statement
is proved as follows. Let v be the bilinear application F' X G into F; defined
by (x,y)—>wu;'ou(z,y), then we have u=wu;ov. Owing to Theorem A we
can conclude that v is separately continuous, accordingly, jointly continuous
because F' and G are (F') spaces. This completes the proof.

A locally convex space F'is said to be of type (LF') if it is an inductive
limit of an increasing sequence of (F') spaces F;C F. If each F is a Banach
space, we then call F' of type (LB).

COROLLARY, Let F be any space of type (LB) contained in (9') such
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that the injection F—>(9)') is continuous. If u is a continuous linear ap-
plication of (D) into (D), and u(p*¥)e F for any @, Vve(D), then uw(p)eF
for any pe(D) and the linear application of (D) into F:p—>ul(p) 18
continuous,

ProoF. Let {F} be the sequence of definition of the space F. For any
relatively compact open subset 2 in R", the bilinear application w(p *4) of
(Ds)x(Dg) into (9’) is continuous. It follows from Theorem 1 that we
can find an index 7 such that u(p *¥)e F, for any o, V¥ e(Dg) and u(p * ¥)
is a continuous application of (Dz)*(Ds) into F,. By a suitable choice of
a parametrix s such that §=4"h+& where £¢(9)g), we have p=A"p xh+p *£.
And therefore we can apply the argument frequently used in ([7], Chap.
VI) to conclude that u is a continuous application of (&) into F. This
completes the proof.

For our later use we state the following

LEMMA 1. For any given distribution T, we have:

(1) If T+px¥e(Oy) for any o, ve(D), then Te(Y);

(2) If Txpx¥ve(Y) for any @, ¥ve(D), then Te(OL);

(8) If Txpx¥eL? for any ¢,V e(D), where 1 <p<+oo, then Te(Diy).

ProOF. As each of these statements may be proved essentially in a
similar manner, we shall give here only the proof of (1). It is enough to
show that T x ¢ is slowly increasing for any ¢ €(49). To this end we consider
the Banach spaces {F’} of the spaces of continuous functions f(x) defined on
R"™ with the finite sup{—{%)lli as norm. The preceding Corollary shows us

rERP
that T @ belongs to some F), as desired.

A locally convex space is said to be of type (B) if it is an inductive
limit of a family of Banach spaces ([5], Chap. I, p. 17). Then the space is
barrelled and bornological. Any semi-complete bornological space is of type
(8), as shown by Grothendieck ([5], Chap. I, p. 17); so that the usual spaces
of distributions are of this type.

By an admissible space we mean any locally convex space E of distri-
butions with the properties:

(i) (9)CEC(9') where the injections (9)—>E and E->(9’) are

continuous;

(i) (9) is dense in E.

If E is admissible, then its dual E' may be considered as a linear subset of
(9). An admissible (F') space E with the admissible dual £’ is distinguished,
because a sequence is dense in E’ [4].

Let {p.}C (D) be a sequence of regularizations and let {a,} (D) be a

sequence of multiplicators, where p,=p,, p;>0, f pe(x) de=1, support of p,
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tends to 0 in R", 0<a, <1, a;—>1 in (£) and {a,} is bounded in ($B). Now
we define the applications @, and ‘@, of (9)) into (9) by the relations

0(T)=ay(Txp,) and ‘@(T)=(a,T)* p,.
An admissible space E is said to be permitted [8] if the following condition
is satisfied:

(iii) For any Te¢E, &,(T)—>T and ‘@(T)—>T in E.

It was shown by Y. Hirata [6] that a permitted space E is bornological if
it is barrelled and @,(T)—>T in Mackey sense for any T<E, and that its
dual E’ is permitted if E is semi-reflexive.

Now we show the

THEOREM 2. Let E and F be locally convex spaces with FC ('), and
let ¥ be a continuous linear application of E into (') with range in F.
Then ¥, as an application of E into F, will be continuous under any one of
the following conditions:

(1) E 1is of type (B) and we are able to introduce into F a stronger
topology under which F is of type (LF) so that the injection F—(9D') may
be continuous:

(2) FE is a barrelled space and F is a permitted space or its dual:

(8) E is a semi-complete space of type (DF) and F is a permitted space.

PrOOF. The proof of Case (1) may be reduced to the case where E is
a Banach space and F is a space of type (LF'). Then it is a direct con-
sequence of Theorem A. For the proofs of Case (2) and (3) we note that if u,,
k=1,2,- -, is a sequence of continuous linear applications of a barrelled space
E into a locally convex space and u,(x)—>u(x) for each zcE, then w is also
continuous. This is true as well for a semi-complete space E of type (DF),
since the intersection of a sequence of absolutely convex closed neighbour-
hoods of zero, so far as it is absorbing, is also a neighbourhood of zero [4].
If we now put u,(x)=@, . ¥(x), then u,(x)—> £L(x) strongly or weakly according
to the cases whether F' is a permitted space or its dual. Therefore the
proof will be completed if we show that each u, is continuous. But this
follows at once from the fact that the injection (9)— F is continuous. This
completes the proof.

In the next section we shall make use of a theorem of Schwartz ([8],
11, p. 58) to which we shall refer as Theorem S. It asserts that any continuous
- linear application £ of (D) into 9') commutative with any translation is
expressible as ¥(p)=T» ¢ with a uniquely determined distribution T. His
proof is simple enough. But it will be of some interest to see that this
theorem follows also from his “Kernel Theorem.” Following the notation
of Schwartz [8], let K. :¢(9),,: be the kernel distribution associated with
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¥. The condition that ¥ is commutative with any translation is now
written in the form

~r,b-;-,,K,,E=KM for any heR",
where Th and T denote the translations concerning the variables x and E

respectlvely Cons1der the application p:y=x—¢&, n=¢ of (x, §)-space R"xR"
onto the (y,7)-space R"xR". First we show that r,uK=uK for any heR",

where uK denotes the image of K by u. For an; x €(9),,, we have
' <3]-h#K, x>=[(K, BET_1X0)-
Then a simple calculation yields that
(/J‘*:—hx)(x! E)=(:-ng-nM*X)(w; £).

Therefore,
<'11'1n,U«K; X)= <:n"€nK, H* X,

=<K, uxx>=<{pK, x>
as desired. This implies that uK is independent of » and so there exists a
uniquely determined distribution T such that

| Wk, 0= [ T, [ %, mdn) dy.
Then we obtain that
(Ko, ¥)=(K, p¥)={pK, p*"'p¥)
= [ T.(¥©p(c—v)dc)dy
=(T, px¥>=(T*p,¥)
for any @(§)¢(9). and Y(x)e(D),. Therefore,
L@)= [K.p(€)de=Txo.
This completes the proof.
2. In this section we develop our main results. We first recall the

notion of the generalized convolution of Chevalley [2]. If Sand T are any
given distributions satisfying the following condition:

(*) Sxg(x)- Tx¥(x) belongs to L for any ¢, ¥¢(9D),
then we say that S and T are composable with each other or that the gener-

alized comvolution U=S*T is defined, where U is uniquely determined by
the relation

(Ur 5= f Sk () T () d.
To see this, let us consider the bilinear form B(gp, ) defined by
Blp, ¥)= [ Sx (@) T+ ¥(z) da.

Applymg now Theorem 2 to (9) and L, B(e,¥) will become hypocontinuous
since (&) is barrelled. Hence it determines uniquely a continuous linear
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application ¥ of (9) into (9') such that B(p, V)={(¥(p),¥>. We show
that ¥ is commutative with any translation r,.

(L) ¥>= [ Serupla)- Ts¥(z) de
= f S () Trr(w) ds

:fS* P(2) Trer_¥(x) dee

=( (@), T_¥>={m L(p), ¥
Accordingly #r,=+.%, as desired. Then Theorem S shows us that the
distribution U in question does exist.

Chevalley has shown [2] that 4f Sx@ and T are composable for any
(D), then S and T are also composable. This is an immediate consequence
of Corollary to Theorem 1. In fact it is sufficient to consider the appli-
cation u(@)=S*q-T*¥ of () into (D).

For any subset AC(9’), we denote by A*, called the c-dual of A, the
set of distributions composable with any distribution of A. It is obvious that
(1) ACB implies A* D B*, (2) AC A**, (8) A*=A*** (4) A"*=A*". Thus
the mapping A—>A** is a closure operation in the sense of Birkhoff. We
say that A is c-closed or c-reflexive if A=A**. Moreover we have A* D (&)
and A*%(&)C A*. In particular 7, A*=A* and DA*C A* for any trans-
lation =, and for any derivation D. By the result of Chevalley cited above
T«(9D)C A* is equivalent to Te A*.

THEOREM 3. Let E be any admaissible barrelled space. If TeE* then,

(1) TrpecE' for any @ €(D) and the application p—Txgp of (D) into
- K’ is continuous;
(2) the application S—S*T of E into (') is continuous.

Proor. First we prove (2). Let {p,} be a sequence of regularizations,
and put L.(S)=(S*T)*p;. Then £L,(S)— S*T for any Sc¢ E. Hence as noted
in the proof of Theorem 2, it is enough to observe that each ¥, is con-
tinuous. But in view of Theorem 2 the linear application of E into L defined

by S— Sx pk(w)-fi’*<p(x) is continuous for any @e(9). Thus
(L), py= [ 83pula)- T pla) do

is a continuous linear form of S, that is #.(S) is weakly and hence strongly

continuous, as desired. Then the conjugate ‘¥ (go)=fi’*qo of (9) into E’ is
also continuous. This completes the proof.

We note that in the statement of the theorem the continuity of the
application ¢—>’_7’*¢GE" is an immediate consequence of Theorem 2 if E is
permitted. On the other hand, as clear from the proof, the continuity of
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the application S— S* T follows from the mere assumption that E is a
barrelled space or a semi-complete space of type (DF') because the assumption
that E is admissible is not used there.

COROLLARY. Let E, F and G be locally convex spaces contained in (9)')
with continuous injections. If ECF* and Ex FCG, then the bilinear
application (S, T)—>S* T of ExF into G is hypocontinuous under any one
of the following conditions:

(1) E and F .are spaces of type (8) and we are able to introduce into
G a stronger topology under which G is of type (LF) so that the injection
G~ (') may be continuous:
(2) E and F are barrelled spaces, and G is a permitted space or its
dual. )

Proor. It follows from the combination of the above remark and
Theorem 2 that the bilinear application is separately continuous under any
one of the conditions stated in the theorem, and therefore hypocontinuous
since E and F are barrelled. This completes the proof.

As to the usual spaces of distributions, the condition that Zi’*gpeE’ for
any @p¢(9) is also sufficient for T« E* as will be shown in section 3, so
that we shall say that an admissible space E is c-regular if TeE* is equi-

valent to the condition: i’*¢eE’ for any @ e(9).

Let E be an admissible barrelled space, and let T be any element of
E*. Then the linear application #(S)=S*T of E in to (9') is continuous
and obviously £(r.p)=7,£L(®) holds true for any @ec(P). We shall say
that any linear continuous application ¥ of a locally convex space (with the
condition (i) of the preceding section) into (9)') is a composition operator if
L(np)=mL(p) for any @e(9D).

THEOREM 4. Let E be any c-regular barrelled space. Then with any
compositign operator £ on E we may associate a unique distribution Te E*
such t}mt‘;‘jg(S):SIT for any SeFE.

PROOF. On account of Theorem S, there exists a unique distribution T'
such that Y(p)=Tx*¢p for any pe(9). The conjugate t,ge(go)zi‘ xop is a
linear application of (9) into E’. This implies that TeE* since E is
¢-regular. Owing to the continuity of ¥ we have at once £(S)=S*T
for any Se¢E. This completes the proof.

We remark that in this theorem if the range of ¥ is contained in a
permitted space or its dual, then ¢, as an application of E into this space,
is continuous. : ’

COROLLARY. Let E be a c-regular barrelled space. . If for given T,c E*,
1=1, 2, T\* ECFE and T,* ECE hold true, then T, and T, are composable
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and further T\x T,e E* and (T,% Ty)* S=T,*(T,* S) for any SecE. There-
fore if EC E* and E* E*CFE then E is a module over E*,

ProoF. From the hypotheses we see that T, and T,*¢ are composable
for any @ €(9), and therefore T, and T, are composable. Now consider the
linear application ¥ of E into (') defined by S— T, * (T, * S). We show that
& is continuous. To this end let £,(S)= L(S)*p, where {p,} is a sequence
of regularizations. As noted in the proof of Theorem 2, it is enough to
show that ¢, is continuous since ¥£.(S)—¥(S) in (9'). But in virtue of

Theorem 2 the application S—»(TﬁS)*pk(x)/_i’l*go(w) of K into L is continu-
ous and -therefore the linear form:

S (LS) 9= [ (Tux 8) % pula) T+ pl0) do

is continuous for any @ €(9). This means that ¥, is continuous, as desired.
Then ¥ is a composition operator since #(r.¢)=r,L(p) for any @pec(9D) so
that £L(S)=8*T for any Se¢ E where T is a uniquely determined distribution
¢E*. This in turn implies that T*S=T,*(T,*S) for any SeFE and, in
particular, Txp=T, % (Tyxp)=(T,*T,)xp for any pc(9). Hence T=T,*T,
and thus T,*T,e E*. The rests of the statements are clear. This completes
the proof.

3. This section is devoted to the determination of ¢-duals of the various
spaces of distributions discussed in Schwartz [7]. In the following theorem
the symbol E> F is used to denote the relation FF=E*.

THEOREM 5.

(1) D) =>@D)=>(E) >@D);

(2) (&)=>() =2@D)=>(E);

(3) (N=>F)=>)=>(¥;

(4) (Oo)j((?’c):(éﬂ’)é(@’o);
7>

Ox) (O)
(5) (Do) > (D) > (Dir) > (Dew);
(6) (R) > (D) 2(H')=>(Dy);
7 . Z
(%) (5)
(1) (D)= (D)= (D);
(8) (9)=>9)=>(9).

Proor. The proof will be carried out in several steps. For the proof
of (1) and (2) it is sufficient to show that (£)=>(&). (&)CT(E)* is well-
known. Conversely suppose that T'e(£)*. Then Theorem 3 implies that
Txgpe(E) for any pe(9). Now we show that Te(&). Let {2,} be an
increasing sequence of relatively compact open subsets of R* such that
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R*=Q,. Since by Theorem 2 ¥#(p)=T*¢ is a continuous endomorphism

k
of (9), it follows from Theorem A that we can find an integer k, such
that £(95,)C9Dg, . Now take a sequence of regularizations {p,} with
p€(Dg,), k=12,-+- . Then Txp,—~T in (9') and the supports of T=xp,
are all contained in E,Cl. Therefore T<(£'), as desired. This was also shown
by Ehrenpreis [3], but our method may also be applied to the proof of
(9.)>(9),). The details are omitted. On the other hand it is well-known
(9.)C(9,)*. Forany Te(9D,)* we have Txpec(J),) and therefore T+pe(9,)
and in turn Te(9,). This proves (9,)>(9%,). The proof of (7) is thus
completed and (8) may be proved in a similar manner.

It is known that any two different types of spaces of (3) are composable.
Let Te(¥)* then Txgpe(Y’) for any ¢ (D) and therefore TV xgpe(O,) for
any @,Vve(9). Hence Te(¥) by Lemma 1. This implies that (¥) = (¥).
($)(O6) implies that (¥)=(¥)* D(O)* D(¥’), and therefore (OF) > ().
Now if Te(¥)* then Txpec(¥) for any pe(9D). Hence by definition T e (O}).
This proves (¥’) > (O:). The proof of (3) is thus completed.

To prove (4) it is sufficient to show that (%)= (¥'), (O¢) > (%) and
(Ox) > (OF). First we remark that (O%) (resp. (O,)) is contained in (O%) (resp.
(Oy)) with continuous injection. Then (O7) D (k) D(Y¥) implies that (¥')=
©O)*C(OwW*C(P)*=(¥’) and therefore (O%) > (¥’). Now it is well-known
that (O2) C(Op)*. If Te(Oy)* then Tx pe(O)) for any p (D). This yields that
Txpx¥e(Y) for any ¢, ¥ve(9D) so that by Lemma 1, Te(O). This proves
that (O;) > (0%). On the other hand (O) C(Oy) C(Y¥’) implies that (O)=
O)* D(O)* D(P)*=(OF) that is (Oy) > (Ch). We have thus proved (4).

Let Te(Dr)*, 1<p<-+co, then Txpe(D}r), ;1)—+%=1, and hence
TxpxyeL” for any ¢, Ve(9d). Lemma 1 asserts that Te (D). Since it
is known that (9);») and () are composable, we may obtain that (9,»)>
(D). Then the relations (9.2)C(Di») and (D) C(Dir)* imply that
(D) > (D). Thus we have proved (5).

Finally we turn to the proof of (6). Clearly ($)* D (D)%) and (BHr*>D
(9,1). But for any Te(R)* we have Txgpe (D)) and hence TxgpxyreL' for
any @,%e(9). Lemma 1 yields that Te¢(9}) and hence we have (B)>
(9. By the relations ($)C (B)C (%) it follows that (Dh)=(H)* D(BH)*
D(B)*D(Dit). This proves (B)>(Dy) and (B')> (D). Owing to the
relations (B)C(H)C(B) we have (D) =(H)* D(H)* D(H)*=(%) and
hence (.’%'):> (9D%1). This proves (6). The theorem is thus completely proved.
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