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Introduction 

We have known the set-theoretical properties which characterize the 
closed 2-cells and the 2-spheres among locally connected, compact, metric 
continua. In this paper we shall consider the set-theoretical properties which 
characterize the torus. 

Most of the terminologies and notations are due to G. T. Whyburn's 
book [l].1> 

§ 1. Statement of Theorem 

For the convenience of the statement of Theorem, we shall give the 
following definitions. 

DEFINITION. A set M will be said to be locally connected at a point p · 
(p EM or p $ M) if for any s > 0 there exists o > 0 such that every two 
points x and y of M whose distances from p are less than o lie together 
in a connected subset of M of diameter less than s. 

DEFINITION. Let M be a locally connected set and N a subset of M 
which separates a sufficiently small region containing a point of N. Let X=ab 
be a spanning arc of N in M, U a sufficiently small region in M containing 
a and V the component of U-N which contains a neighborhood of a in 
(X). We shall say that a spanning arc Y of N covers the end point a of 
X if Y is an arc such that < Y) lies in V and its end points are the end 
points of an arc in N which has a as an interior point. 

In the following sections, we shall prove 
THEOREM. In order that a locally connected, compact, metric continuum 

T be a torus it is necessary and sufficient that T=J1+J2+R where 
(a) J;'s (i=l,2) are simple closed curves such that J 1-J2=p is a single 

point, and R (=T-(J1+J2)) is connected; 
( b) Ji separates irreducibly a sufficiently small connected neighborhood 

Ri of Jt into exactly two regions R} and R:, being locally connected at any 
point of· Ji; 

( c ) if X = ab is any spanning arc of J 1 + J 2 in T, then < X) separates 
R irreducibly, and moreover if Y is a spanning arc of J 1+J2 in T which 

1) Number in brackets refer to the references at the end of the paper. 
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covers one end point of X, then < Y) separates R between two points of (X) 
which are sufficiently near to a and b, respectively. 

§ 2. Preliminary Lemmas 

In the following let T, Jt, R, R 0 R{ be as in Theorem. 
LEMMA 1. J 2 crosses J 1 at p, that is, there exists an arc apb of J 2 such 

that <ap) and (bp) lie in Rf and Ri, respectively. 
PROOF. Suppose, on the contrary, that J 2 does not cross J 1 at p. Then 

we may assume that J 2 •m=o. Let ab be a spanning arc of J 1+J2 in T 
such that aeJ1, beJ2 and a sufficiently small neighborhood of a in <ab) lie 
in RI. Let cc' and dd' be arcs such that (cc' +dd')•(J1 +J2+ab)=c+c' +d+d', 
where c, de J 1 and c', d' e ab, and such that cc' +(arc c'd' of ab)+d'd is a 
spanning arc which covers the end point a of ab. Then by (c) it is easily 
shown that (cc') 'and <dd') lie in different components of R-<ab). On the 
other hand, since R} is locally connected at any point of Ji, we can join 
<cc') to (dd') by an arc in R}-<ab) and hence in R-<ab). This contra-
diction proves Lemma 1. Q.E.D. 

LEMMA 2. Let X=ab be a spanning arc of Ji+J2 in T. Then R-(X) 
consists of exactly two components. 

PROOF. Suppose, on the contrary, that R-<X) has at least three 
components D 0, D1, D 2, then we may take the following three arcs Y 0 =a0b0, 

Yi =a1b1, Y 2 =a2b2 : < Y0), < Y1), < Y2 ) lie in D0, D1, D2, respectively, and their 
end points are on X in the order a, bi, a0, a1, a 2, b0, b2, b. Then the arc 
Z=(arc abi of X)+ Y1 +(arc a1a2 of X)+ Y2+(arc b2b of X) is a spanning 
arc of J 1+J2 in T. Every component of R-(Z) intersects Xbut all points 
of X-Z lie in one component of R-(Z), so that R-(Z) is connected, 

· contradicting (c). Q.E.D. 
LEMMA 3. Let X=ab be a spanning arc of J 1+J2 in T, and let Y=cd 

be an arc such that Y•(Ji+J2+X)=c+d, where ce<X) and de(Ji+J2)-X. 
Then <Y) separates irreducibly the component of R-<X) containing <Y) 
into exactly two regions. 

PROOF. Let X1 and X2 be the two arcs into which c separates X. Then 
X1 + Y and X 2+ Y are spanning arcs of Ji +J2 in T. Hence we have the 
following three separations: 

R-<X)=Rk+R2x, where Rk::J(Y), 
R-(Xi+ Y)=Rk1r+Ri1r, where Ri1r::JR:r, 
R-(X2+ Y)=Rk2r+Ri2r, where R2x_2y-::JRi. 

To prove this lemma, it suffices to show that R1--(Y)=R1-1r+R1"2r and 
this is a separation. It is obvious by (c) that RlrRk2r=O, and by the 
definitions of R1"1r and Rk2r that Rk-< Y) ::J Rk1r+Rk2r. To see Rk-< Y) 
c Rk1~+Rk2n suppose, on the contrary, that there exists a point x such 
that xeRk-(Y) but x$R1"1r+Rk2r. Since Ri1Y contains both x and Ri, 
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there exists an arc xx2 in R2x_1y, where x2 e <X2). Similarly there exists an 
arc xx1 in R2x,Y, where x1 e<X1). We may assume that xx1•X1=X1, XX2·X2=X2 
and xx1 •XX2=x. Moreover, we construct an open arc <y1y2) in R2x whose 
end points are on X in the order a, x1, x2, y 1, y 2, b. Then Z=(arc ax, of X) 
+x1x+xx2 +(arc x2y1 of X)+y1y2 +(arc y2b of X) is a spanning arc of J1+J2 
in T. But it is easily shown that Y does not separate R, contradicting 
(c). Q.E.D. 

LEMMA 4. Let X be a simple closed curve in T such that X· (J1 +J2) =a 
is a single point and X crosses either J 1 or J 2 at a. Then <X> (=X-a) 
separates R irreducibly into exactly two regions. 

PROOF. Let us suppose that X crosses J 1 at a. Then there exist two 
open arcs <ab1) and <ab2) of X which lie in R{ and RL respectively. Let­
ee' be an arc such that ee'•(J1+J2+X)=e+e' and <ee')CRL where ee(J1-a) 
and e' e (X-a). Replacing the arc ae' of X lying in R~ by ee', we obtairi a 
spanning arc Y=(arc ae' of X)+e'e of J1+J2 in T. By virtue o~ (b) 'we. 
may constrU<~t a spanning arc of J 1 + J 2 in T Z =cc'+ ( arc c' d' of X) + d' d, 
which covers the end point a of Y, as in the proof of Lemma 1. Here we 
may suppose that <Z) separates <ab1) and <ee') and hence <ab1 ) and <ab2) 

in R. By Lemma 3 we have the following separations: 

R-<Z)=Ri+R~, where R1:J<ab1 ) and R~:J_<ab2), 

Ri-<arc ac' of X lying in R1)=R!+R1, where R!:Jcc' and R1:Jdd', 

R~-<arc ad' of X lying in fil)=R~+R~, where R~:Jcc' and m:Jdd'. 

Then it is easily shown that R-<X)=(R~+<cc')+R~)+(R1+<dd')+R~) is 
the separation desired to prove Lemma 4. Q.E.D. 

LEMMA 5. Let X be either a spanning arc of J 1 + J2 in T or a simple 
closed curve as in Lemma 4. Then every component of R-<X) has at least 
a point of (J1+J2)-X as a limit point. 

The proof of this lemma is exactly same as the proof of (5.5) ([2], pp. 
92-93). 

§3. Proof of Theorem 

The necessity of the condition of Theorem follows at once from the 
definition of torus. To prove the sufficiency we shall make use of the 
fundamental properties of relative distance spaces (Cf. [l], pp. 154-162) and 
the characterization of 2-cells (Cf. [1], pp. 119-120). The proof is given 
below in sectionalized form. 

Since (T-J1) is a region in a locally connected metric continuum T, 
the relative distance space (T-J1)* for (T-J1) and the relative distance 
transformation f((T-J1))=(T-J1)* may be defined by changing all distances 
p(x, y) in (T-J1) into distances p*(x, y), where p*(x, y) is the greatest lower 
bound of the aggregate of diameters of all connected sets in (T-J1) which 
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contain both x and y. Then we have known that (T-J1)* is uniformly 
locally connected and f((T-J1))=(T-J1)* is topological. Hence f- 1((T-J1)*) 

=(T-J1) can be extended to give the continuous transformation w of (r:::J-1)* 

into T, where (~1)* stands for the complete enclosure of (T-J1)*. In 
the following we denote points of (T-J1) by x, y, · · · and corresponding 
points in (T-J1)* by x*, y*,· · · . 

( i) (f"::J1)*-(T-J1)* consists of two disjoint simple closed curves 
Jfw and J'fc*) such that w(Jfc*))=w(Jfm)=J1 and such that the transforma­
tions w(Jfc*))=J1 and w(Jfw)=J1 are topological. 

For let xm be any point of (T-J'1)*-(T-J1)* and let {xt} be a sequence 
converging to xc*) in (T-J1)*. Then the corresponding sequence {xi} con­
verges to a point w(xc*i) of J 1, and all but a finite number of the points of 
{xi} lie in only one of R~'s, denoted by R{. By virtue of (b), for XC*l R{ 
corresponds independently to the choice of {xt}. Let J{w be the set of all 

points of (fi=J1)*-(T-J1)* to which R{ corresponds. Then it is obvious 
that Jfm•Jfc*i=O. To see w(Jfm)=J1 , it suffices to show that w(J{c*)) =iJ1 • 

Let y be any point of J 1 and let {Yi} be a sequence converging to y in R{. 
By (b), {yt} converges to a point ye*) of· J{m, so that w(yc*))=y. Let ZC*l 
be any point of J{m such that w(zc*))=Y and let {zt} be a sequence con­
verging to zm such that Z; ER{. Then both {y;} and {zt} converge to y, so 
that yc*)=ZC*). Therefore w(J{c*l)=J1 is one-to-one. Next to show that Jfc*i 
is compact, let {X;C*l} be any infinite set of Jfc*i and for each X;C*l let {x.t} 
be a sequence converging to X/*l such that xik E R1. Since T is compact we 
may assume that {x;i} converges to a point of J 1 • Then {x!} converges to 
a point of J{c*), and also {X;C*)} converges to the same point. Therefore 
J{c*i is compact. Thus the transformations w(J~m)=J1 and w(Jiw)=J1 are 
topological. 

(ii) (.f:::J-1)* is a locally connected, compact continuum. 

For, firstly, to prove that ( N 1)* is compact, it suffices to show that 
any infinite set {xt} of (T-J1)* such that {x;} converges to a point of 

J1, has a limit point in (r=J1)*, because the tnmsformations w(J}c*l)=J1, 

w(Jic*i)=J1 and w((T-J1)*)=(T-J1) are topological. Moreover, we may 
assume that X;ER{. Then by virtue of (b) {xt} is a fundamental sequence, 

and {x!} has a limit point in (~1)*. Secondly, since (T-J1)* is uniformly 

locally connected and conditionaly compact, ( f=J-1)* has property S and 
~ 

hence (T-J1)* is locally connected. Thus (ii) is proved. 
It follows at once from Lemma 1 that J 2(;,) (=w- 1(J2)) is an arc spanning 

J~c*) and Jic*) in (r::-:i1)*. Furthermore, it is easily shown that the sets 

J 2m, w- 1(R2), w- 1(Ri) and w-1(RD in (N°1)* satisfy the condition (b). There­
fore, in exactly the same manner, we may obtain the complete enclosure 
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-.., ~ -
R*={(T-J1)*-J2c*l}* of the relative distance space for {(T-J1)*-J2c*l} and 

the continuous transformation w' of R* onto ( N 1)*. Hence we have also 
the following two results: 

( i') R* -{(Ni)*-J2c*l} * consists of two disjoint arcs J~c**l and J~c**l 
such that w'(J~c**l)=w'(J~c**l)=J2m and such that the transformations 
w'(J~c**l)=J2C*l and w'(J:c**l)=J2c*l are topological. 

(ii') R* is a locally connected, compact continuum. 

Obviously J}c**i(=w'· 1(J}c*l)) and Jic**l(=w'· 1(Jim)) are arcs. 

(iii) R* is a closed 2-cell. 

For, firstly, it follows at once from (i) and (i') that R* is the sum of 
the simple closed curve J=J!c**l+J~c**l+Jic**l+J:r**l and the region R<**l 
bounded by J, where w'- 1(w· 1(R)) is denoted by Rc**J. Secondly, it is known 

from Lemma 2 and 4 that if ry is any spanning arc of J in R*, then <ry) 
cuts Rc**i into exactly two regions Ra and Rb. Thirdly, Ra and Rb are 
bounded- by ry+a and ry+/3, respectively, where a and (3 the two arcs into 
which the end points of ry separate J. For by Lemma 5, each of Ra and Rb 
has at least a point of <a)+<f3) as a limit point. If Ra has a point of 
<a) (or <f3)) as a limit point, then Ra has every point of a (or /3) as a limit 
point by virtue of (b), and the same as for Ra is true for Rb. On the other 
hand, any point of <a)+<f3) can not be a limit point of both Ra and Rb. 
Therefore it follows from Lemma 4 and (c) that the boundaries of Ra and 

Rb are ry+a and ry+/3, respectively. Thus R* is a closed 2-cell. 

(iv) T is a torus. 

To show this we shall consider the relation between T and R*. At first 
we assign to both J!c**J and Ji<**l the same direction from J~c**l to J:c**l, 
and to both J~c**l and J:c**l the same direction from Jic**J to J~c**l. Then 

the transformation w'(R*)=(N1)* has the following properties: 

( 1') w'({.R*-(J~c**i+J~c**i)})= {(F-='J1)*-J2c*l} is topological; 
(2') both w'(J~c**l)=J2c*l and w'(J~c**i)=J2c*i are topological, and assign 

to J 2c*J the same direction. 

And also the transformation w((f=-J"1)*)= T has the following properties: --( 1) w({(T-J1)*-(Jim+Ji<*l)})=(T-J1) is topological; 
(2) both w(Ji<*l)=J1 and w(Jic*l)=J1 are topological, and assign to J 1 

the same direction. 
Here that both w(Jfc*l)=J1 and w(Jic*i)=J1 assign to J 1 the same direction 
follows at once from the fact that J 2 separates R2 • 

Thus T is a torus. 

In conclusion I wish to express my hearty thanks to Prof. K. Morinaga 
for his kind guidance. 
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