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It is known that, in the space of continuous group of transformations
G with affine connection without torsion, the curvature tensor is equal to
$C,;°C4' ([2],° p. 64) and the condition in order that the linear family of -
infinitesimal transformations X,---, X, (r<d1mens1on of G) at a point 0 of
G generate a totally geodesic subspace is that [[X.X/]X,] (5,3, k=1,---,7)
linearly depends to X,,---, X, ([2], p. 72, in more sharped form [5]). There-
fore we can study a vector space which is closed with respect to a ternary
composition [[ab]c] as a tangent space of a totally geodesic subspace of G.

On the other hand, N. Jacobson has considered such a system algebrai-
cally and called it Lie triple system (this will be denoted as L.t.s.).

In this paper we shall define the abstract L.t.s. and prove the existence
of the 1-to-1 imbedding of an abstract L.t.s. into a Lie algebra in the weaker
assumption than that of N. Jacobson [3] (Standard imbedding in [4]) (§1
and §2). Next we shall consider the geometrical meaning of Theorem 2.1.
§8 is concerned with a condition that a L.t.s. isomorphism should be extended
to a enveloping Lie algebra isomorphism. In §4 for complex L.t.s. an
analogous results of some properties for Lie algebra is proved. In §5 we
classfy the 2-dimensional L.t.s. over the complex field.

§1. Abstract Lie triple systems and some properties.

DEFINITION 1.1. An abstract Lie triple system < is a vector space over
a field @ in which a ternary composition [abc] is defined such that
(1) [abc] is trilinear,

(2) [aab]=0,
(8) [abcl+[bea]+ [cab]=0.

Lie algebra is an abstract L.t.s. relative to the ternary composition
[[ab]e]. In the following, unless the contrary is explicitly stated, we assume -
that the vector space ¥ is finite-dimensional and the characteristic of @ is
0. In this sectlon we shall consider the abstract L.t.s. ¥ only, therefore
we shall call  L.t.s. simply.

A vector subspace B of L.t.s. ¥ is called an ideal in T if [BITT] ;%.
Let B be an ideal of L.t.s. ¥, then the factor space /B becomes an L.t.s.

1) Numbers in brackets refer to the references at the end of the paper.
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(factor L.t.s.) by defining that the product of three elements a=a+%3,
b=b+B,c=c+DB of TV is [abe]=[abc]+DB. A homomorphism f of a L.t.s.
2 into a L.t.s. I is a linear mapping which satisfies f[abc]=[f(a), f(b), f(c)].
If B is an ideal of L.t.s. $ then T is mapped homomorphically onto every
factor system I/B. Conversely, assume that L.t.s. £ be mapped onto L.t.s.
" U by homomorphism f and 2 the kernel of f, then B is an ideal in T and
Il is isomorphic with the factor system Z/%B. ([4], p. 218)

PRrROPOSITION 1.1. If U is a subsystem and B an ideal of L.t.s. T, then

WIAADB = A+ B/B.

A finite sequence of subsystems of a L.t.s. T:T=3,0%,D%,D--- DI, =(0)
is called a composition series of ¥ if every subsystem I, is a maximal
proper ideal of ¥,_;, (1 <7 =<s). A sequence of factor systems 2,/%,,---, T, /T,
is a composition factor series of T. Since now dim T < o there is a composi-
tion series of .

PROPOSITION 1.2. (Jordan-Horder) “Any two composition factor series of
L.t.s. are isomorphic in a suitable order.

The set of the elements ¢ of L.t.s. € which satisfy [cab]=0 for every
a, b in T is called the center of . T is called to be abelian if T coincides
with its center.

Let T be a L.t.s.. We form the sequence of subsets T=D%Z), D{(I)
=[D-Y(), D'"Y(T), D'"'(T)], ©=1,2,--- . If there is an integer s such that
D¥(T)=(0) then T is called to be solvable.

PROPOSITION 1.3. L.t.s. T s solvable if and only if the composition
Jactors of T are all abelian.

The composition factor system of a solvable L.t.s. have the dimension 1.

§2. 1-to-1 imbedding of abstract L.t.s. into Lie algebra.

PROPOSITION 2.1. For abstract L.t.s. T the following two conditions are
equivalent. ' .
(4) [[abelde]+[[bad]ce]+[ba[cde]]+ [cd[abe]]=0.
(4) [[abc]dd]+[[bad]ed]+ [balcdd]]+ [cd[abd]]=0.

ProoF. We shall prove (4)=>(4). Since [---] is trilinear, by replacing
d by d+e in (4') we have
(A) [[abc]de]+ [[abcled]+ [[bad]ce]+ [[bae]ed]

+ [balede]]+ [ba[ced]] + [cd[abe]]+ [ce[abd]]=0
for all @, b, ¢, d, e in Z.

Denote by (B) the expression obtained from (A) by interchange ¢ and d.
Then by subtracting (B) from (A) and by making use of identities (2), (8)
we have (4).

For a,b¢%, let D, ,, be the mapping: x—>[abx] for all zeT, then
D, ,, is a linear mapping of T. (4) also can be rewritten:

[ab[ede]]=[[abc]de] + [c[abd]e] + [ed[abe]].
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Hence D, ,, satisfies the following:
D(a, b)[cde] = [(D(a, b C), dr 6] + Ec’ (D(a, b d)r 6] + [c’ d’ (D(a, b 6)].

D, ;, is called an inner derivation of .2 °

THEOREM 2.1. If an abstract L.t.s. T satisfies the condition (4), then T
can be 1-to-1 imbedded into a Lie algebra 8 such that the givem composition
[abc] in T coincides with the product [[ablc] defined in L.

ProoF. For a,beZ, let D, ,, be an inner derivation of . We define
the addition of two linear mappings: D, ,,+D., ., and the scalar multi-
plication: aD, ,, ac® as follows:

(Dca,b)+D<c,d))_(x)z-D(a,b>(x)l+-D<c,d)(w)9 '(a-D(a,b))(w)=a(D<a,b)(x))'
The set of the inner derivations becomes a vector space D over @. Also,
D'={D,, 3,| Dy, »(x)=0 for all x in T} is a vector subspace of D. We denote
by D(Z) the factor space D/D’. The totality of linear mappings of vector
space ¥ becomes an algebra, if the product of two linear mappings A and
B is defined by the equation (AB)x)=A(Bzx) for all x in . In this case,
since

(Dea,05Dee, 05— Dee, a5Da, n,)(@) = [ab[edz]] — [ed [aba]]
= [[a,bc], d, x] - [[abd]9 ¢, x] ' (by (4))
=(Dave1, &> —Detasaz, ) (@),
we have D, ,,D.., s,— D, a:Dca,55=Ditaser, ay— Digasay, o € O(T). It can be proved
that the direct sum L=IHD(T) has a structure of Lie algebra. For a, b,
¢, eI, we define the product as follows: ‘

[a! b:l =D(a, 3] [D(a, by c] = [abc];
[07 D(a, b)] - [abc]9 [Dm, by D(c, d)] =D([abc], d)_D([abd], &)
and for u=a+> D, ., and v=d+>) D, ,, a,becd,e, feg

[u’ v] = [a’ d] +Z [a: -D(e,f)] +2 [Dw,c)’ d] +X1 [D(b,c)) D(c,f)]'

The elements of D(T) can be written as S[a, b], a,beT. The above defined
product is bilinear. We shall prove that it is skew-symmetric and satisfies
the Jacobi identity.
i) skew-symmetry: For a,b,¢c,deZ .

[a’ b] + [b9 a] =D<a, b)""‘D(b, =0, (by (2))'

[D(a, 3] C:l + [c:.D(a, b)] = [a‘bc] - [abc] =0.

\[D(a. by D(c, d)] + [D(c, ad -D(a, b)]

"_"D(a, b)D(c, P D(c, d)D<a, b)+D(c, d)D(a., b>*“D<a,p)Dcc, »=0.

ii) Jacobi identity: For a,b, ¢, d,ec

[[ablel+[[bela]+[[calb]=0 (by (3)).

2) As for the geometrical meaning of condition (4) see the end of this section, and‘ for
the meaning of D, s see [2], p. 66. )
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[La, 8], D¢, 4]+ LB, Dee,ay]s @]+ [[Dee,an @], b]
= [D(a, by D(c,d)] —D([cdb], a)+D([cda],b): [D(a, b D(c,d):l + [Dw, a» D(a,b)] =0.
[[Da,b» Dec, 05y €1+ [[Dec, a» €1:Dea, 0] + L[ Dea, 5515 Dec, 0]
=[[abc]de]—[[abd]ce]—[ab[cde]]+ [cd[abe]]=0. (by (4)).
For u=[a,b], v=[c, d], w=[e, f], a,b,¢c,d, e, fcT
[Cwo]w]+ [[vw]u] + [ [wu]o]
=Dm,b>D<c,d)Dw,f)“"D(a,d)Dm,b)D(e,f)—'Dw,f)D(a,b:D(c, ¢>+D<e f)-D(c d)D(a b
+Q+R=0,
where @ and R are obtained by the cyclic permutations of the pairs (a, b),
(¢c,d) and (e, f) from the four previous terms. Hence TEHD(T) is a Lie
algebra and [abc]=[[ab]c]. Thus this theorem is proved.

The abstract L.t.s. £ which satisfies (4) is called a Lie triple system.
W.G. Lister called the Lie algebra ©(T) of skew-symmetric mappings the
algebra of inner derivations of T [4].

Next we shall consider the geometrical meaning of Theorem 2.1. In the
space with affine connection, if the torsion tensor S;'=0% and the covariant
" derivative of the curvature tensor p,R;i’=0, then this connection is called
“to be symmetric in the sense of E. Cartan. In this case we have

Riji'+Rji' =0,
Rij + Ry + Riaiy =0,
and the Ricei’s formula becomes
Vo s Ris =V oV Rijil = R Riji" — Rey" Roii— Ry Riik— Roji" Rijn = 0.
Above identities are nothing but the conditions (2), (3) and (4) in coefficient
terms. Let Xi,.---, X, be the base of a tangent space T, of a point p of
the space, then we define the trilinear composition [ X X, X,] by [X. X, X,]
=R;#X,. Since T, is L.t.s. which satisfies (2), (3) and (4), T, can be imbedded
in a Lie algebra, that is, we can say that any space with affine connection
" which is symmetric in the semse of E. Cartan is realizable by a totally
geodesic subspace in a group space without torsion. ([2], p. 90). It is clear
that the totally geodesic subspace in a group space without torsion is a sym-
metric space of E. Cartan since the ambient group space is symmetric.
Thus L.t.s. characterizes the symmetric space intrinsically.

§3. Extension of L.t.s. isomorphism to Lie isomorphism of enveloping
Lie algebras.

THEOREM 3.1. Let T and T’ be L.t.s. with Lie algebras of inner deri-
vations D) and V(') respectively. If I’ is L.t.s. isomorphic to I then
D(T') 18 Lie isomorphic to D(T).

PROOF. From that the mapping a(eZ)—>a'(eT’) is 1-to-1, it follows
that the mapping D, ,,—> D, ,, is 1-to-1, because D, ,,=0 implies [abx]’

3) We use the notations of J. A. Schouten [6].
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=[a'¥%’]=0 for all x in ¥, i.e., D, ,=0. Itisclear that this correspondence
is linear, and that

([Dca, s Dee,a>](®))' =([[abe]dz]— [[abd]ecx])’
=[[abe]d'x]—[[abd]c'x"]
= [Dm', %Y D(c’, d’):l (x')
Hence D(T)=D(X) by the mapping D, ,, = Dy pye
Let T be a L.ts. and €=2F+[ZTT] an enveloping Lie algebra of I.
Then the Lie algebra of inner derivations of ¥ is homomorphic to a Lie
algebra [3, T] and the kernel of this homomorphism is in the center of €.
THEOREM 3.2. Let 8 and ¥ be an enveloping Lie algebras of L.its. I
and T’ respectively, and denote by D(X) and D(F') Lie algebras of inner
derivations of T and T’ respectively. When [T, T]=D(T) and [T/, T ]=T'),
T =3’ (L.t.s. isomorphic) implies L =2’ (Lie isomorphic). .
PrOOF. Since [T, 3] =D(T)=PT')=[T,T'] we have [T, T]=[T, ]
by the mapping [a,b]—>[a’,b'], a,beT. For ec[T,T], ceT we can write
e=3a,b], a,beIT. Therefore [ec] =>[[ablc] =>[[a'b]c’]=[e'c’]. Hence
we have L= ¢ ‘
Theorem 8.2 is not true in general. For instance, L.t.s. ¥ with the-

base X,=1'—1 ( (a9 — Y— 9 >, ngi and L.t.s. I with the base Y1=x—8~
Y2=a— are isomorphic solvable L.t.s. by the mapping X~ Y, (¢=1,2).
a’; .

But the enveloping Lie algebras can not be isomorphiec.

COROLLARY. Using the notations of Theorem, if T and T’ are semi-
simple (without solvable ideal) L.t.s. then =3I implies L=’

PROOF. Let K be the kernel of homomorphism of [T, X] onto D(T)
then K is a solvable ideal of 2. Since any enveloping Lie algebra of a semi-
simple L.t.s. is semi-simple ([4], p. 222), we have K=(0). Hence [Z, 3]
=D(T) and similarly we have [T/, 3] =DX'). .

The above corollary means that when the tangent spaces of two totally
geodesic spaces S and S’ have the structure of semi-simple L.t.s. the projec-
tive transformations between S and S’ imply the isomorphism of the envelop-
ing group spaces.

§4. Infinitesimal group, Characteristic equation.

Now let X,,.--, X, be the base of L.ts. ¥, then [X. X X,]= CMX,,
Cie® 1Z1,5, k,lgr) We call the constants C;;’ the structure constants
of €. In this section it is assumed that the base field @ of ¥ is the com-
plex field.

PROPOSITION 4.1. Let T be a L.t.s. and C;; the structure constants of

3. Then the vector space generated by all the operators E,;=eC;;’ aah

(1<1,5=7) has the structure of a Lie algebra.
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PROOF. [El]! Ekl] [ mCiJa chl “‘]

de b’ de*
=e%(Ciz’ Cuis’' — Ciad Ciis’) *C
. oe

—e*(Cii i —Cii Ciit) -2

S v @)

= C;b.l;b E bj Cli bie

PROPOSITION 4.2. In Proposition 4.1. det|e'e*Ciy'—biw | ts an invariani
of the localgroup generated by E,;.

Proof is similar to that of E. Cartan ([1], p. 27) by using (4).

For two elements ¢ and f of r-dimensional L.t.s. T corresponds a linear
transformation of T: D, ,):w»[efx]. Denote by aj, a3---,a, (s<7) the
distinet roots with multiplicity », of the characteristic equation det | e'f?
Ci—8kw |=0, where C;;’ is the structure constants of . Then T decomposes
to-a direct sum of root spaces: T=B, OBy, D- - -PBs, (Do, ;,—: E)*%B, =(0).
We say that the element 2 of B, belongs to root a.

ProPOSITION 4.3. If x, «; and x. belong to roots a, B and v respec-
tively, then [x.xx.] belongs to a root a+-B-+y and [z.asw,]=0 when a+B-+ry
%8 not a root.

Proor. Put D ,, =D, [wx:x.]=« then we have

Dye=[(Dywa)x52, ]+ [@( Do)t ] + [2.25( Doct,)],

hence the proposition is clear.

85, Classification of 2-dimensional L.t.s.

- LEmMMA 5.1. If a and b is a base of 2-dimensional L.t.s. then we obtain
[abb] =aa+Bb, [baa]=Ra+yb, a,B,vecd.
‘PROOF. Suppose that [abb]=aa+Bb, [baa]=8a-+rb.
Since it.holds by using (4) that

[[baa]bb]+-[[abblab]=0,
we obtain (§—8)[abb]=0. Therefore, if §3-8 we have a=8= 0 and from (4)
[[baa]ba]=0. This implies- =0 which contradicts our assumption.

ProrosiTION 5.1. Any 2-dimensional L.t.s. over the complex field can

be reduced by the suitable base transformatwns to one of the following (i),
(ii) and (iii).

abb] =0 bb] =a abb
(i ){Ebaa::'] ~0 (abelian) (ii) {EZM% 0 ( lvable)  (iii) {Eb % _b (simple).
PROOF. From Lemma 5.1 it follows that for the base a and b

(A) . [abb]=aa+Bb, [baa]=Ba-t+qb.
case 1.1: a=0 and B8=0
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If y=0 it is the type (i).

If y==0 by the transformation a’=b, b’=—1:a (A) reduces to the type

i), Vi
case 1.2: a=0 and B0
If y=0, by the transformation ¢'=-"21— ¥=—_°F
type (iii). : V28 &T:
If ¥ =20, by the transformation a’:—/l—_a, b= 1/1__ (a—]—l b) (A) reduces’
to the type (iii). vy -7 8
case 21: «=0 and ay—B*=0. By the transformation ¢’'=aa+ 35, b’=1—/1:b
(A) reduces to the type (ii). «
case 2.2: a0 and ay—B°=%0. By the transformation a’—M

1 Valay—FY)’
b’=l/—_b (A) reduces to the type (iii).
(44

Ba-+b b= b—pBa

we have the -

In conclusion I wish to express my hearty thanks to Prof. K. Morinaga
- for his kind guidance.
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