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Introduction

In the recent paper [8], J.S.E Silva has given a detailed discussion on
the (LN*) space, a certain type of an inductive limit of normed spaces, in
view of applications to the theory of analytic functions and to the theory
of distributions. His way of proving the properties of (LN*) space, which
are requisite to applications, is based rather on the consideration of the
spectre defining the space than on the direct investigation of the (LN*)
space itself as a locally eonvex space. ’

In the present paper, we give certain necessary and sufficient conditions
for a locally convex space to be.an (LN*). And basing on this characteri-
zation, though some of the results are due to Silva, we prove certain funda-
mental properties of (LN*) spaces. Among other things it is shown that
a closed subspace of an (LN*) is an (LN*), that an inductive limit of a
countable number of (LN*) is an (LN*), and that the strong dual of a
Schwartz (LF) space is nothing but a projective limit of a sequence of
(LN*) of certain type.

In most cases of this paper, notions and terminologies of Bourbaki [1]
are used without explicit references. '

§1. Preliminaries

Let E be a locally convex space over the complex numbers. If A(CE)
is a bounded closed disk (=convex circled subset), E, denotes the normed
space generated by A with the norm l]xI|A=32£IZ|, zcE,. E is a (DF)
space [5] if

(1) E has a fundamental sequence of bounded sets;

(2) if the intersection ('k] U, of a sequence of closed convex circled

neighbourhoods U, of the origin absorbs every bounded set, N U, is a neigh-
k

bourhood. E is said to satisfy the strict Mackey condition if for every
bounded set A E there exists a bounded closed disk B DA such that the
topology on A induced by E is identical with the topology on A induced by
E,. E is called a Schwartz space [5] if
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(1) for every equicontinuous set AC E’, there exists a neighbourhood
U of the origin of F such that the topology on A induced by the strong
"E’ is identical with the topology on A induced by E’,°;

"~ (2) every bounded subset of E is précompact.

It is known [5] that an (F') space E is a Schwartz space if and only if it
is a Montel space satisfying the condition: every convergent sequence in the
strong dual E’ converges uniformly on a neighbourhood of the origin of E.
The condition of separability (=existence of a countable dense subset) on E
is superfluous, since Dieudonné [4] has shown that a Montel (F') space is
necessarily separable.

Let {E.}(resp. {F}) be a sequence of locally convex spaces and ¢, ,
(resp. 7 ..1) be a continuous linear mapping of E, into E,,; (resp. of F},,
into F,), k=1,2,---. Then {E,, ¢, .} (resp. {F}, m; ..,}) is called an inductive
(resp. projective) spectre [8]. Let E (resp. F') be its inductive (resp. projec-
tive) limit space. Then the canonical mapping of E, into E (resp. of F into
F,) is denoted by ¢, (resp. m,). If E, is a vector subspace of E,,, and ., ,
is the continuous injection, £=1,2,- .-, then FE is called the canonical induc-
tive limit of {E,}, and if, in addition, ¢, , is the isomorphic injection, E is
called the strict inductive limit.

For a later purpose we mention here the following two propositions
concerning the.limit space. But previously it seems convenient to prepare
the next lemma. :

LEMMA 1. Any linear mapp’ihg of a locally convex Hausdorff space
into another is a weak homomorphism if and only if it is a homomorphism
in the Mackey topology (=relatively strong topology), provided the Mackey
topology of the image is identical with the Mackey topology of the range
space (cf. Bourbaki [1], no. 1229, p. 106, Ex. 3), b)).

REMARK 1. We omit the obvious proof of this lemma. But in view of
applications, two important special cases are pointed out, the case of a
metrisable range space and the case of an onto mapping. The additional
assumption made on the image of the mapping is superfluous in these cases.

PROPOSITION A. Let F be the limit space of a projective spectre {F,,
7 k1) OF locally comvex Hausdorff spaces such that m, .., is a mapping of
F.., onto F, transforming any bounded subset of F,., into a weakly rela-
tively compact subset of F,,k=12,--.. Then F 1is semi-reflexive and its
strong dual F is the limit space of the imductive spectre {FY,‘m, ..} regard-
ing mot only the strong topology but the Mackey topology ~(FY, F,) of FY,
k=12,---. Every 'm, .., ts univalent.

PrOOF. Since w7, .., is onto, it is not difficult to see that ‘mr, ,,, is
univalent and that F’ is algebraically the inductive limit of {FY, ‘m, ...}
The semi-reflexivity of F' is proved as follows. Let B be any bounded subset
of . Then =, ,(B) is bounded in F,,,. Hence, owing to the assumption
on the mapping 7 .., m(B)="m; ;. 1(7c.(B)) is weakly relatively compact
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in F,,k=12,..-.. Thus, by the definition of the projective limit, it is not
difficult to see that B is weakly relatively compact in F. Consequently, F
is semi-reflexive. Next we show that the strong topology of F” is the
inductive limit topology of the spectre {FY, ‘m, ,,,} regarding the strong
topology of F/. Let V be a closed disk neighbourhood of the limit topology.
Then ‘a;'(V)=V, is a closed disk neighbourhood of the strong Ef, and hence
A=V} is a bounded closed disk in E,. Owing to the relation (7 ,.:(4:.1))°
T ke 1( A1) =75 %41 Viw1) =V, it is not difficult to see that =, ,..(A4,.,)=
(7, k+1(A411)) " =Vi=A,. Hence by the assumption on = .., it is seen that

A, is weakly compact, k=1,2,---. As a weakly continuous image of a
weakly compact set, m, ,.,(A,.;) is weakly compact. Consequently =, ,,(4;.,)
= ri1(Ar1)=A4, k=12,---. Let A={(m'(4;). Then A is a bounded

13 .

disk in F. It is not difficult to see that V=A° namely V is a strong
neighbourhood of F’. Thus the strong topology of F” is not weaker than
the limit topology of {F%, ‘m, ..,} regarding the strong topology of FY, k=
1,2,---. The converse is obvious. The case of Mackey topology is almost
evident. This completes the proof.

COROLLARY. Let F be the limit space of a projective spectre {F, 7, ...}
of semi-reflexive locally convex Hausdorff spaces with metrisable strong
duals, satisfying m,  (Fr.)=F,, k=12,---. Then F is semi-reflexive and
{F%, 'y, .1} may be considered as a strict inductive spectre whose limit space
18 the strong dual F’' of F. Moreover, if all F, are (DF) spaces, then F'
is an (LF) space.

Proor. Owing to the semi-reflexivity of F,, k=1,2,--., the mapping
7, ¢+1 transforms any bounded subset of F',,, into a weakly relatively compact
subset of F, k=12,-.-. Hence, if we show that ‘m, .., is an isomorphism
of F} into F%,,, the proof will be concluded. =, ,,, is a continuous linear
mapping of F,., onto Fy,‘m, .., is a weak isomorphism of F} into FY,,.
Thus, by Lemma 1 together with Remark 1, ‘m, .., is an isomorphism in the
Mackey topology, that is in the strong topology of the dual.

PROPOSITION B. Let E be the inductive limit of the inductive spectre
{E, ti.1,} with the property: for any bounded subset BC E, there exist an
E, and o bounded subset B,C E, such that (B,)DB. (For example, this
18 the case for the strict inductive limit.) Then the strong dual E' s the
projective limit of the projective spectre {E, ot k)

PrROOF. In any case E’ is algebraically the projective limit of {E7, ‘s, .}.
As for the topology, the strong topology of the dual is not weaker than
that of the inductive limit. The converse may be verified as follows. Let
B be the bounded subset of E. Then by the assumption concerning the .
bounded set, B ¢(B,) for a bounded subset B, of E,. Thus B’ (4(B))
=%;(Bj). This completes the proof.

We note that a locally convex space is a normed space if and only if
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it is a metrisable (DF') space, and that a canonical inductive limit space of
- normed spaces is characterized as a bornological (DF') space.

§2. Silva space

For completeness, we begin with the definitions of (LN*) space and
(M*) space. In view point of our characterization given below, it seems
appropriate to prefer the terminology Silva space to (LN*) space and dual
Silva space to (M*) space.

‘ DEFINITION 1. [8]. A locally convex space E is called a Silva space
if it is a canonical inductive limit of an increasing sequence of normed spaces
{E,} such that the injection E,— E,,, is compact, k=1,2,--- .

DEFINITION 2. [8]. A locally convex space F' is called a dual Silva
space if it is a projective limit of a projective spectre {F', 7, ..}, consisting
of normed spaces F', and compact mappings m, ., : Fy, > F,, k=12,---.

First we give our basic theorem.

THEOREM 1. Let E be a locally convex space. Then the following condi-
tions (1)-(4) are equivalent:

(1) FE is a Silva space; \

(2) FE is a Montel, Hausdorff (DF') space satisfying the strict Mackey
condition;

(3) E is a Hausdorff (DF') space satisfying the following condition (x);

() For any bounded subset AC K, there exists a bounded closed disk
B2 A such that A 1is relatively compact in Ey;
- (4) E is a bornological Hausdorff space admitting a fundamental
sequence of bounded sets, and satisfies the condition (x).

Proor. Ad (1)—>(2): Let {E,} be a defining sequence of £. We may
assume that {F,} are all Banach spaces and the unit sphere B, of E, is a
compact subset of E,.,,k=12,.---, [8]. First we shall prove that E is a
Hausdorff space. For this purpose it suffices to see that the one point set
{0} is a closed subset of E. Let O%-xcE. Then there exists a positive
number «, such that a,B, % «. The subset a,B, of E, is compact in E, so
that a suitable positive number a, satisfies a;B;+a,B,% 2. Continuing this
process, we may obtain a sequence {a,} of positive numbers such that

xé Ena,‘B,c, n=12,.--.-. U= iosz,c (algebraic sum) is a neighbourhood of
k=1 k=1

the origin in E, with ¢ U. This shows that {0} is closed. By the remark
at the end of §1, F is a bornological (DF') space. Let A be a closed bounded
subset of E. Then A is contained in the closure in E of a bounded subset
of some E, ([5], Théoréme 9). Hence A is compact in E,,, and consequently
in E. It follows from this that E satisfies the strict Mackey condition and
that E is a complete space ([5], Proposition 5, Corollaire 2). Thus F is a
bornological complete space whose bounded sets are relatively compact, and
in particular it is a Montel space.



On a Locally Convex Space Introduced by J.S.E Silva 93

Ad (2)—>(8): We need only to verify the condition (x). Let 4 be a
closed bounded subset of E. Then A is compact. By the strict Mackey
condition, the topology of E and that of an E, B being a bounded closed
disk, induce the same topology on A, as desired.

Ad (8)—>(4): We need only to show that E is bornological. Owing to
the condition (*), any closed bounded subset of E is compact and metrisable.
Hence E is semi-reflexive and in the strong dual E’ every bounded subset
is equicontinuous ([5], Théoréme 5), namely E is reflexive. Thus E is
barreled (=tonnelé). Since E’ is metrisable, we may conclude that E is
bornological ([5], Théoréme 7).

Ad (4)—>(1): Owing to the condition (*), we may choose a fundamental
sequence {B,} of bounded subsets in such a way that B, is a compact disk in

" Es.,, k=12,---. Let E be the limit space of the canonical inductive spectre
{E5}. Then E is a Silva space, and except the topology E=FE. But E and

E are both bornological spaces with the same bounded subsets. Thus E=FE
topologically. Hence E is a Silva space. This completes the proof.

"~ COROLLARY. A Silva space is characterized as the strong dual of a
Schwartz (F) space. ‘

Proor. If FE is a Silva space, then by the proof (3) - (4) above mentioned,
" Eisa Montel space whose strong dual E’ is an (F) space. Since E is
reflexive and E’ is a Montel space, it is not difficult to see that E’ satisfies
the conditions (1) and (2) of the Schwartz space: (1) is nothing but the
condition () satisfied by E and (2) is the direct consequence from the fact
that E’ is a Montel space. Thus E’ is a Schwartz (F') space. Conversely,
let F' be a Schwartz (F') space. Then F' is a Montel space and hence refle-
xive. Thus it follows easily from the condition (8) of Theorem 1 that the
strong dual F’ is a Silva space. This completes the proof.

It is to be noted that a Silva space is complete and reflexive. On: the
other hand, metrisable locally convex space admitting a fundamental sequence
of bounded sets and satisfying the condition () is finite dimensional. Hence
a metrisable Silva space is nothing but a finite dimensional Euclidean space
[87. .
REMARK 2. A locally convex space satisfying the condition () is semi-
reflexive, and its closed subspaces have the same property.

As for the dual Silva space we mention the following

THEOREM 2. A locally convex space is a dual Silva spdce if and only
if it is a Schwartz (F') space.

PRrROOF. (1) Dual Silva—>Schwartz (F'): Let F' be a dual Silva space
defined by a projective spectre {F, m; ;.,:}. Clearly F' is metrisable. Let
B be a bounded subset of F. The continuous image m,(B) of B is relatively
compact in F,,k=1,2,---. By means of the ordinary diagonal method, it
is not difficult to see that B is relatively compact in F. From this and the
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metrisability of F, it follows that F' is a Montel (F) space. Let {z/} be a
sequence from F’ converging strongly to 0. Then {«x/} is bounded and hence
equicontinuous, namely, contained in the polar U° of a neighbourhood U of
the origin in F. We show that {x/} converges uniformly on U, or what
comes to the same thing, a subsequence of {z!} converges uniformly on U.
Assume that U=w;'(U,), U, being a neighbourhood of the origin in E,, and
take y, ¢ F with ‘m(y)=wl, =12, .- . Then | <y}, U, >|=|<yi, m(U) >|
=|<af, U>|<L1. Put 2= m-,c,,m(y,) Owing to the compactness of ‘m, .,
{z]} is strongly relatively compact in FY,,. Hence a convergent subsequence
{2/} can be found. Let the limit of {z/} be 2. Then ter,1(2)=0, and
<w/, U>=< zi,—2', m, .(U)> shows that {z/} converges uniformly on U.
Thus F is a Schwartz (F') space. ‘

- (2) Schwartz (F)—Dual Silva: Let F be a Schwartz (F) space, and
{U,} be a decreasing sequence of closed disk neighbourhoods such that
NU.={0}. Put jol.= mfm and N,={z; ||«]|.=0, xeF} Then {N,} is

a decreasmg sequence of closed subspaces Let F,C—F/N,c, a Banach space,
" be the completion of F/N, with respect to the norm induced by the semi-
norm ||z ||,. The extension to F,,—F, of the canonical mapping F/N,,,—~>
F|N, is denoted by m ,,,. By a suitable choice of {U,}, we may assume
that the closure in F, of =, ,,,(U,.,) is compact [5]. Then the projective
spectre {F), m, ..,} defines a dual Silva space G. Owing to the definition
of the neighbourhood of G, it is not difficult to see that F may be regarded
as a dense linear subspace of G, and that the topology of G induces on F
the original topology of F. Hence by the completeness of F, it follows that
JF=(G. This completes the proof.

From this proof it is seen that a dual Silva space is a Montel separable
space and that its defining sequence may be assumed to consist of Banach
spaces.

COROLLARY. The strong dual of a Silva space is a dual Silva space,
and conversely.

Proor. Evident.

At any rate the strong dual of a metrisable Montel space is a Schwartz
space ([5], p. 118). Hence a Silva space is a Schwartz space. Thus it is
to be noted that the Silva space, the dual Silva space, their closed subspaces
and their quotient spaces by closed subspaces are all separable [5].

PROPOSITION 1. Let E be a Silva space and F be its closed subspace.
Then F and E|F are Silva spaces. \

Proor. The strong dual E’ is a Schwartz (F') space. Hence F=F is
isomorphic with the strong dual (E'/F°) [5]. Thus F is a Silva space, since
E'/F° is a dual Silva space [5]. Let u be the canonical mapping E— E/F
andv let A be a bounded subset of E/F. Then there exists a bounded closed,
hence compact subset B of E, such that ACu(B) [5]. Owing to the condition
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(*) satisfied by E, B is relatively compact in E, for a suitably chosen com-
pact disk CDOB. Then w(B) and consequently A are relatively ecompact in
U(E)y,- Thus EJF satisfies the condition (x). Hence E/F is a Silva space,
since it is a (DF') space [5].

ProposITION 2. Let E and F be Silva spaces. Then the projective
tensor product E@F (Grothendieck’s notation [6], p. 30) is also a Silva
space. :

PROOF. E’@F is a Montel (DF) space together with E and F ([6],
p. 45). Hence we need only to verify the condition (*). Let A be a bounded

subset of E@ F. Then A is contained. in the disk closure (B& C)® of some
compact disks BCE and CCF ([6], p. 43). Owing to the condition (*)
satisfied by F and F, B and C are compact, respectively, in E, and F, for
some suitably chosen compact disks K and L such that BCKCE, CCLCF.
Then B C is précompact in E,.® F, ([6], p. 45). Hence it is easy to see

that BQC is relatively compact in the Banach space (E@F)D, where D=
(KQL)* is a compact subset of the complete space E® F. Consequently,”

(B®C)™ is a compact subset of (E@ F),. Thus EQF satisfies the condi-
tion (*). This completes the proof.

PROPOSITION 3. The direct product of two Silva spaces is also a Silva
space.

Proor. Evident from (4) of Theorem 1.

PROPOSITION 4. Amn inductive limit defined by a sequence of Silva spaces
is a Silva space, provided it is a Housdorf space. In particular, a strict
inductive limit of a sequence of Silva spaces is a Silva space.

Proor. First we prove the proposition in the special case of the direct

sum. Let H be the direct sum i E, of Silva spaces {£,}. Then H is auto-

k=1
matically a Hausdorff space. Clearly H is a bornological space admitting a
fundamental sequence of bounded sets. Condition (x) is verified as follows.
Let A be a bounded subset of H. Then for a sufficiently large k, E,+---
+E,DA. Since E,+ - ..+ E, is a Silva space, condition () holds in it,
consequently in H. Theorem 1, (4) is now applicable. Next we prove the
general case. Let E be any inductive limit Hausdorff space of a sequence
{E,} of Silva spaces. Put H:i E,, the direct sum of {E.}, and put

k=1
(x)=1y(x)+ - - - +o(2,) for xeH, x=2,+----+x, where ¢ is the canonical
mapping E,—>E. Then . is a continuous mapping of H onto E. By the
assumption that E is a Hausdorff space, the kernel N of ; is a closed sub-
space of the Silva space H. Hence H/N is a Silva space, algebraically"
isomorphic with the continuous image E. But, as is easily verified, the
canonical mapping E,— H/N is continuous, k=1,2,---. Hence the topology
of H/N is not stronger than the inductive limit topology of E. Thus E is
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topologically isomorphic with the Silva space H/N. This completes the proof
of the first part. The second part is evident.

The next proposition is a special case of a Grothendieck’s Théoréme B
([6], p. 17). But in this case we may give a simple proof.

PrROPOSITION 5. Let E and F be Silva spaces. Then:

(1) Any continuous linear mapping of E onto F is a homomorphism;

(2) Any linear mapping of E into F 1is continuous provided that it
has a closed graph.

PrOOF. Let u be the mapping in question.

Proof of (1): With no loss of generalities we may assume that u is
univalent. Then ‘u is a weak isomorphism of F’ onto a weakly dense subset
‘u(F"y of E’. Lemma 1 together with Remark 1 yields us that ‘u is an
isomorphism in the Mackey topology, and consequently in the strong topology,
since F’ and E’ are (F') spaces. Thus ‘u(F')=FE’, and owing to the re-
flexivity of the spaces, u is an isomorphism. This completes the proof of (1).

Proof of (2): Let the graph G={(x, u(x));xc E} of u be closed in the
" Silva space FFXF. Then G is a Silva space and the projection v of G onto E
is a continuous linear mapping and hence isomorphism by (1). Thus u=wov™*
is continuous where w is the projection of G into F. This completes the
proof of (2). . '

Silva [8] has shown that in any (LN*) a subset A is closed if it has a
closed intersection with each bounded closed subset. In general this state-
ment. does not hold in an (LF') space even if A is a vector subspace ([5],
p. 98). The next proposition is essentially due to Silva [8], but we will
give here a somewhat simpler proof.

PROPOSITION 6. For any subset A of a Silva space E, following state-
ments (1)—(3) are equivalent:

(1) A s closed;

-(2) For any bounded subset BC E, B[ A is closed in B;

(8) A is sequentially closed.

Proor. Ad (1)->(2): Clear. Ad (2)—>(3): Let Asx,—»>x in E. Then
there exists a closed bounded disk B such that {z, x;, x,,---}C B. By the
strict Mackey condition satisfied by E, the topology of E induces a norm
topology on B. Hence in this norm topology B(lA3x,—x on B. Thus
xe BN A since B[ A is closed in B.

Ad (8)>(1): We may reduce the problem in the following form: if
0¢ A, there exists a neighbourhood U of 0 such that UM A=¢. This is
proved as follows. Choose a fundamental sequence {B,} of bounded sets
congisting of closed bounded disks. There exists a positive number «, such
that (a,B)NA=¢. If (;B;+aB)Ax¢ for every positive number aq,

there exists a sequence {x.} of elements wke<alBl+—lt—B2>ﬂA, k=12,..-.

Since {x,} is bounded in the Montel space E, we may assume that {z}
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converges to an element x. By the sequential closedness of A and by the

compactness of alBl-i—r;l;Bz, it follows that ze (a1B1+%B2> N A for every k=

1,2,--.. Consequently xé¢(a,B,)(14, a contradiction. Hence it holds that
(ayBy+a,B,)(NA=¢ for a positive number a,. Continuing this process, we

may obtain a sequence {«,} of positive numbers such that (Z a,B )ﬂA:qb,
n=12,.-., that is, U A=¢ where U= Z%B (algebralc sum). The disk

U is a neighbourhood, since it absorbs bounded sets. This completes the
proof.

As for the dual Silva space we mention the following facts most of
which are easy consequences of Grothendieck [5], [6]. A closed subspace
of a dual Silva space and its quotient space by a closed subspace are dual
Silva spaces [5]. A projective tensor product and a direct product of two
dual Silva spaces are also dual Silva spaces ([6], p. 43, p. 48).

PRrOPOSITION 7. Let F be a projective limit of a projective spectre
{Fy ™, 141} of dual Silva spaces such that m, . (Fy..)=F, for every k=
1,2,---. Then F is a dual Silva space.

ProoF. Clearly F' is a Montel (F') space and consequently a reflexive
space. It is not difficult to see that {F7, ‘m, ,,,} is an inductive spectre of
Silva spaces such that ‘m, ,,, is an isomorphism of F} into F7,, (by a well-
known property of (F) spaces [3]). Hence {F}, ‘m, ..} is a strict inductive
spectre with the strong dual F’ as its limit space; details are omitted. F”
is a Silva space by Proposition 4. Thus F=(F’) is a dual Silva space. This
completes. the proof.

The rest of this paragraph is devoted to the Schwartz (LF') space and
its strong dual. The space (D), the space of the infinitely continuously
differentiable complex-valued functions with compact supports defined on R"
[7], is a Schwartz (LF) space. The strong dual (?') of the space (D), the
space of the distributions on R", is the strong dual of a Schwartz (LF)
space [7], [9].

PROPOSITION 8. Let E be a locally convex space. Then the following
statements (1) and (2) are equivalent:

(1) E is a Schwartz (LF) space;

(2) E is the strict inductive limit of a sequence {E,} of Schwartz (F')
spaces (= dual Silva spaces).

In this case E is a complete, bornological, Montel space. Accordingly, E 1is
reflexive. 4

© PROOF. Ad (1)—>(2): At any rate, E is a strict inductive limit of a
sequence {E,} of (F') spaces. Each E, is a closed subspace of the Schwartz
space £ [3]. Hence E, is also a Schwartz space [5]. The converse (2)—(1)
is obvious [6]. The rests are well-known properties of the (LF') space, of
the bornological space and of the Schwartz space [2], [8], [5].
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PROPOSITION 9. Let F be a locally convex space. Then the following

statements (1) and (2) are equivalent:

" (1) F is the strong dual of a Schwartz (LF) space;

' (2) Fis the projective limit of a projective spectre {F, m, ...} of Silva
spaces such that m, .. (F, . )=F, for every k=12, -
In this case F is a complete Schwartz space satisfying the strict Mackey
condition. Accordingly, F is a Montel space, hence reflexive. '

ProoF. Ad (1)—(2): Let F be the strong dual E’ of a Schwartz (LF)
space E. E isthe strict inductive limit of a sequence {E,} of Schwartz (F')
spaces. Denote the injection E,~E,., by ¢, .. Then {E], %, ,} forms a
. projective spectre of Silva spaces such that ‘s, (Ei,,)=E; for every k=12,
[8]. By Proposition B, E’ is topologically the projective limit of {E,c, bhet, ,c}
This completes the proof of (1)—(2).

Ad (2)—>(1): Let F be the projective limit of a prOJectlve spectre
{Fu i, x.1} of the stated kind. By Corollary of Proposition A, F' is semi-
reflexive and the strong dual F’ is the strict inductive limit of {FY{}, that
-is, a Schwartz (LF') space. Hence by Proposition B, the strong dual of F’
is the projective limit of the projective spectre {FY/, “m, . J={Fu ™ 111}
namely the space F. This proves (2)—>(1). ‘

It follows easily from (2) that F is complete. And as a closed subspace
of a Schwartz space namely the direct product of {F,}, F is a Schwartz
space. Since it is shown in the proof of (2)—> (1) that F is reflexive and
that F’ is a Schwartz space, F' satisfies the strict Mackey condition [5].
This completes the proof.
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