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Preface

In this paper, we seek for methods of numerical determination of a
periodic solution of a nonlinear system-—both a periodic and an autonomous
system. Compared with the customary methods, our methods will suit to
minute computation because the accuracy of computation can be easily
raised as high as we desire and will fit with automatic computation because
of their iterative character. Besides, our methods guarantee the existence
of a periodic solution at the same time as its numerical determination.
This is very important, because the customary methods—except for those
by successive approximation which do not, in general, suit to numerical
computation—give nothing concerning the existence of a periodic solution.

Due to the fact that the solution ¢,(t, «) such that ¢,0, )=, is
periodic when and only when ¢, w,2)=2;, for certain »>0, for determina-
tion of a periodic solution, our methods bring the methods of numerical
determination of the initial values x, such that ¢,(w,2)=x,, In the case
of a periodic system, « is given, but, in the case of an autonomous system,
» is also unknown, consequently, in the latter case, » must be computed
at the same time as the initial values x,, In the case of an autonomous
system, for determination of « and %, our method presents an iterative
process which converges rapidly.

In Chap. I, we deal with a periodic system and a one-parameter family
of such systems. In Chap. II, we deal with an autonomous system and, in
Chap. III, with a one-parameter family of autonomous systems. A one-
parameter family of the systems is, in particular, convenient for seeking
for periodic solutions by our methods. On a one-parameter family of
autonomous systems, the two-dimensional case has already been discussed
by the present writer [1]°. In this paper, the general case is discussed
in parallel but in connection with our methods for numerical computation
of periodic solutions, and one property on the stability of a periodic solution
produced by deformation of continuum of periodic solutions is added. Lastly,

1) Numbers in the crotchets refer to the references listed at the end of the paper.
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in the Appendix, the formulas of Chaps. II and III are calculated on the
two dimensional systems and the formulas convenient for actual computation
are shown. '

Chapter I Periodic system

1.1 Periodic solution of a periodic system
Given

W Xy -, B ) (G=1,2,1 -, ),

111
(L.LI) o

where X, (z,t)s are
(i) analytic and periodic with respect to ¢ with period » >0, ,
(ii) analytic with respect to x; in a certain domain £ of n-dimensional
Euclidean space?.
Let @,(t, x) (¢1=1,2,- -, n) be a solution of (1.1.1) such that

(1.1.2) 2,0, ) = , (i=1,2,---,n).

Then the periodic solution of (1.1.1) with period « is a solution correspond-
ing to the initial values x, such that

(1.1.3) P0/2, 2)=p(—w0/2,2) (@=12,--+,n).

The equations (1.1.3) can be numerically solved by means of Newton’s
method when the approximate solution is known, in other words, the true
periodic solution of (1.1.1) is found when the approximately periodic solution
is known.

Let the approximate solution of (1.1.3) and its first correction be x®
and 825" respectively. Then, by Newton’s method, if

99 (w/2, V) _ Op(—w/2, %) |
(1.1.4) det.thax?) 7 - 0elZeB T o,

52™’s are calculated from

n ) 2, C0) 2 — 2’ (0>
(L15) 450+ z;( 2%6)-”5 0 ?‘(—5;’!? #))sufp=0
(7::19 2!' ty n);
where
(1.1.6) 4z =@ ()2, ) —p,(—wf2, 7).

1) For applicability of Newton’s method, the condition of analyticity of the functions
Xi(x, t)’s is too strong, but, for numerical solution of the differential equations, sufficient
smoothness of Xj(x, t)’s is necessary, consequently, in the present paper, for simplicity, we
have assumed analyticity of Xi(x, t)’s.
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Now, from

de(t, x) _
T’—Xi{¢(t’ ), t}

follows that

d 9p, _ & 0X(p,t) Op,
dt oz, &1 Op, ow;

Consequently, if we put

(L.17) OX®D _X\@t) G k=12---,n)
ox;,
then, for each j (j=1,2,---,m), /Oo¢,/ox,\ is a solution of the so-called
8(;)2./8%-
ago,,./aa:j
variational equations
dg, _2 o
(1.1.8) 28 =531 X, (o, D&, (1=1, 2,---, n).
dt =1 ,

If we write Op,/ox; as ¢,;, then, since ¢,,(0, 2)=35,, where §,; is a Kronecker’s
delta, a set of /¢;;,\ (/=1,2,---,n) forms a fundamental system of solu-
#us
¢nj
tions and it is found from (1.1.8) by numerical integration.
Put

(1.1.9) ¢ij(m/2~! x)—¢“(—-w/2, x):q’if(x)
and
(1.1.10) @) |7 =[] 2, ||

when ||, (2)]|"! exists. Then, from (1.1.5) follows
(11.11) SP=—2 PV (§=1,2, -+, m)
=1

provided that (1.1.4) holds, namely there holds
(1.1.12) det. [, ()| 0.
By (1.1.11), we compute 8z” and put
204 8xP =2,

Replacing = by x{® and repeating the above process, we get x{® and so
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on. Then, as is well known, the sequences {x™} (m=0,1,2,---) converge
to the true solution z, of the equation (1.1.3). In this process, as is well
known, the quantities Z,(x) do not need to be computed at each step, but
the correction 8x” of the p-1-th step can be computed by

(1.1.13) SrP = — z D, A,
where 7
A5P=p(0/2, 27)—p(—w/2, 2P)

and ¥,’s are constants—which we may prefer arbitrarily—sufficiently
near to Z,(z®). By this modification, we can facilitate actual computation
in great deal, though convergence of the above iteration process loses
rapidity a little in general.
Remark 1. The reason why we considered the condition (1.1.3) instead
of
¢i(mr x):xi (i=1’ 2, ., 'n)
lies in making the errors caused by numerical integration of differential
equations as small as possible. Of course, if convenient for computation,
instead of (1.1.3), we may consider the condition
¢i(wlr x)=¢i(w2! x) (’L:ly 2,..., ’I’b)

for w;, ws=w/2 such that o,—w,=o.
Remark 2. When ¢,(t, ) is a periodic solution, the condition (1.1.4) is
equivalent to

| 99w, )
det. iT&o)’ ""8{]! :\:0.

For since {||o,||} (4/=1,2,-:,n) is a fundamental system of solutions of
(1.1.8) such that ¢,;(0)=8,;, it is valid that

| p:sE+o) =11 28 ||+ 1] @i 5(0) |I,
from which follows
@i —w/2) || || pislw/2) [|=]| @i o) |] -

1.2 Periodic solutions of a one-parameter family of periodic systems
Given a family of the systems

(1.2.1) K@t (=120

like' (1.1.1) depending analytically on a parameter A2 for a<i<b. In this
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paragraph, we show that, if a periodic solution is known for A=a, then,
making use of a perturbation method, by means of the method of the
preceding paragraph, under general conditions, the periodic solutions of
(1.2.1) can be computed successively for 21=a,, a,, a5+, ay Where a<a,<a,
LAyl oo <Ay <h OF A< A< Ay 1<+ v+ < By<< Ay < Ay < b.

If the given system like (1.1.1) is imbedded in a family like (1.2.1),
namely, for certain i=4, (@<<i,<b),

Xi(xy t’ 20):Xz(m7 t) (71: 1’ 27' ] n)r

then the method of this paragraph could be used effectively when the certain
general condition is satisfied.

By the assumption, for sufficiently small |1—a,|, the functions X (x,¢,2)’s
are expanded as follows:

(1.2.2) X, 8, )=X(, t, @) +eX, (@, T, @)+ -+,

where

e =4—ay,

consequently the solution (¢, 2,2) (¢=1,2,---,7) of (1.2.1) such that
»,(0, z, )=u, is expanded as follows: :

(1.2.3) Pt 2, )=, %, @) +epiP(t, @, )+ - -,

where

(0, x, ap)=2;,
(1.2.4) {¢‘( 5=

qun(o, x, ao)z‘i’?)(oy x, a0)= -=0.
Substituting (1.2.3) into (1.2.1), on account of (1.2.2), we have:

Al £.0) — X1t 3,0, 1, 0o},

dt
(1 n
(1.25) "i?j‘*(;’t@"’i%)’:kz:i Xik(¢! t: a0)¢§cl)+Xi(1)(qpr tv ao) ’

---------------------

where X, (x,t, 1)=0X,(x,t,4)/ox,. From the first of (1.2.4) and that of (1.2.5),
@t ,x,a,) is a solution of (1.2.1) for 1=a, such that ¢,0,z,a,)=x,. Now,
by the assumption, for A=a, a periodic solution of (1.2.1) is known, so we
suppose that a known periodic solution is ¢,({, 2>, a,). Comparing (1.1.8)
. with the second of (1.2.5), we see that the solution of the second of (1.2.5)
is expressed as follows:

(1.2.6) PO, 2, ag)= 21 Pt @, ag)u,(t, 2, a,)
=
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where
(1.2.7) P, %, @) =0p,(¢, , a)[0x; ,

because {||o;; ||} (/=1,2,---,n) forms a fundamental system of solutions
of (1.1.8). Substituting (1.2.6) into the second of (1.2.5), we have

“ d
j=21 Pij %:—Xiq)(¢’ t; ao) ’

consequently, from (1.2.4) follows

t n
u,(t, x, ay)= f Z‘lcbj,-(s, x, a) X; Y {p(s, , @), 8, @y} ds,
0 i .

or
n tn

(12:8) P07 0)=3 py [ 10X ds (=120, ),
j=1 )k

where [|@;||=]|[p; "

In order that the solution ¢,(f,x,4) may be periodic with period >0,
it is necessary and sufficient that

o022, N)=p(—0/2,2,2) (=1,2,---,n)
namely, from (1.2.3), that

? /2, z, a))+epi(w/2, x, ag)+- - -
:¢i(—w/2’ Z, a0)+ego§"(—w/2, x, a0)+ e
(G=1,2, -, m).

(1.2.9)

By our assumption on ¢,(t, 2, a,), (1.2.9) are evidently valid when ¢=0,
ie. A=a, and z,=2 (1=1,2,---,n). Therefore, for 1=a,+¢, if we put
z, = x4+ 82, from (1.2.9) follows

1

> {Pul0]2 8%, a) =i — /2, &, a0)} 525"
+e{pi™(w/2, 7, a)) — P (—0/2, &7, ag)} + - -+ =0,
consequently, provided that
det. |p; (0/2, 2, ay)— p, ( — /2, v, a)| 0,
we have:

(1.2.10) S0 = —e ) P, dp®+0(e),
i=1

where
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“ q]jt ”= ” ?ji(m/z’ z, ao)_goji(—w/z: z”, ao) ”A1 ’
PP =pP(af2, 57, a)— P —of2, 57, 4.

Thus, from (1.2.8) and (1.2.10), for A=a,-+¢, we obtain an approximately
periodic solution such that

¢i(0’ ac“”—l—&x“”, 2) :x;i":‘—!—b‘xg“’ (’b= 1’ 2, cee, ,n)
where

(1.2.11) SrP= —e¢ 2 P, AP .

Starting from this solution, by the iteration method of the preceding para-
graph, we can find a periodic solution for 2=a,+¢c. But, in this iteration
process, as is remarked at the end of the preceding paragraph, we may
use ¥, of this paragraph as ¥, in (1.1.13). This preferance would save
much labor in actual computation.

Computation of a periodic solution for i=a, from one for 1=a,_, is
quite analogous.

Thus, from a given periodic solution for i=a, we can compute secces-
sively periodic solutions for 2=a,, a,, a,- - -, a, provided that, at each step

(1.2.12) det. | @/(0/2, 2, ) — @, (—0/2, 2, 2) | 0.

Chapter II Autonomous system

2.1 Fundamental formulas
Given an autonomous system

2.1.1) idxf = X(@p Toy- oy 7)) (=12, 1)

where X,(x)’s are analytic in a certain domain £ of n-dimensional Euclidean

space. Also given a solution ¢,(t) which is approximately periodic with

the approximate period w,>0, and of which the characteristic C, lies in 2.
Let £§®(x) (a=1,2,---,n—1) be the direction cosines of the normals of

the characteristics of (2.1.1) which are orthogonal to each other®, then, from

the definition follows

ST EPX,=0,
(2.1.2) .

S1EPEP=8,,

i=1
where &, is a Kronecker’s delta. Since the characteristic C lying in the
neighborhood of C, is expressed by

1) Existence of such normals is evident from analyticity of the characteristics.
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n--1
(2.1.3) v=o+ 35 pE(9) (i=1,2,+++,m)
and, for C, from (2.1.1), there hold
(2.1.4) == X (%) (=1,2,---,m),

substituting (2.1.3) into (2.1.4), we have:

fn—l‘d” £ n- _X,—QT-—X —1.2....
(2.15) a2=1 d + 2 dt i dt i((/)) (,L 3 &y ’ n)’
where
@216) X/'=X(p+pf%)  (G=1,2---,m)

and &% denote &% {p(t)}. Multiplying &P on both sides of (2.1.5) and adding
on %, on account of (2.1.2), we obtain: :

@2.17) zX' dT o ipa< >y dgifé;”) B=1,2,--,n—1).
Jj=1

=1
Then, since

n—1
Siepgr=s,— 2% G, G=1,2,++,m)

n

PG
k=1

because of orthogonality of &* and X,, substituting (2.1.7) into (2.1.5), we
have:

EX/ dr (8 __VXQQ;,) é("i oy dg(@% (% XX, )

AT d X/ = ZX,c
k
_I_gjpa ii‘gi):X’ dr —X.

&S odt fodt ¢

from which follows

EXg+jPa(2’"dEi/ lc)
(2.1.8) dr _#=1 " @ \En db
at SIX{-X,
k=1

because at least one of X, X,,--+, X, does not vanish. Then substitution
of (2.1.8) into (2.1.7) entails

(2.1.9) d;;— (ot)  (a=12--,n—1),

where
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(2.1.10)  Ry(p, t)

n—1 n 1
. ng+§Pﬂ(§d§: ch) 1 0 JE® S
=S X, (p+ D) T PN A5, (51950 )
:czﬂ X, X, (¢ + Epj pﬁ“”) = ¥ ;

(=1, 2,+-+, n—1).

2.2 Interation process for computing a periodic solution

For ®w=w, the characteristic C, crosses again the normal hyperplane
mof C, at A{p,(—w,/2)} at the time &/2 in B. Here » is a root of the
equation

wan  ro=go(E)n (-3 )la(- 7)o

Consequently, following Newton’s method, the value of @ can be found
numerically by computing successively corrections 8&”=g?*"—&? (@ =w,)

as follows:
IUR S Rt vl oDl

Sxfe(- ()

As is remarked at the end of 1.1, the denominator of the right-hand side

can be replaced by
Sxfe(-3)lx{=(5)}

or further by

because

Ko %l ()l (- 2}

Since @ is a root of (2.2.1), @,(&/2)—@,(—w,/2) are expressed as follows:

2.23) i 2)—p( -2 )=Set(—2) =Lz 00

where

@24  w=3{o( ';’)—@(—“;)}ég@( —-f;) (@=1,2,- -, n—1).

\

In order to seek for a periodic solution, putting

1) &9(t) denote £{p(t)}.
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—shew( 8 ) ewm( _ @0 =1,2,-+-,n—1),

(2.2.5) L= 36 (z)el ( 2 ) @e n—1)

let us consider the characteristic C satisfying the condition as follows:

2.2.6) p (§)=§l {p (—29«)-—%} (@=1,2,-++, n—1).
\2 =L 2

This condition expresses that the point Q
of C corresponding to the point B by .(2.1.3)
is an orthogonal projection of the point P
of C corresponding to the point A by (2.1.8)
on the normal hyperplane =’ of C, at B.

Let p,(t,¢) (@=1,2,--+,2—1) be a solu-
tion of (2.1.9) such that p,(0,c)=c,. Since
R,(p, t)’s are analytic with respect to p, for
lps] €1 and R,(0, t)=0, p,(t, ¢)’s are expanded
with respect to ¢’s as follows:

n—1
(2.2-7) Pd(t7 C) = 521 Paﬁ(t)cﬁ + [C] 9 D,
where
(2.2.8) Pu(0) = 85«

Substituting (2.2.7) into (2.1.9) and comparing the coefficients of ¢, we see
that

(2.2.9) dgds ——2 ch‘(t>PTB ’
t i
where
(2.2.10) Rult)= 3 6P X ()0~ 3 0 47,

X, (x) being 0X,/ox,.
If we substitute (2.2.7) into (2.2.6), the condition (2.2.6) is written as
follows:

(22.11) 0.0=p.( . 0 ) =S tafor( — 2 ¢) =}
= glab"ﬂ +:§ {Paa( @ > 2 larP-rs( )}ca'l‘ [els
=0.

1) [ Jn denotes the sum of the terms of the m-th and higher orders with respect to
the arguments in the crotchets.
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Since l,=8,; and ®=w, instead of (2.2.11), let us consider the simpler
condition

(2.2.12) SHou(2)—pu( =2 o= —r  @=L20, 01
If
(2.2.13) det. | pug (-2 )=pa(~ i"zi)i +0,

then (2.2.12) can be easily solved with respect to c,.
' If ¢’s are so determined, we repeat the above process replacing the
characteristic C, by the characteristic

C’1: T, = ¢El>(t) ’

where @{P(t) is a solution of (2.1.1) such that

PO =p(0)+ 3 et p0)}

Again, starting from C,, we obtain C, and so on. In this iteration process,

the quantities
w0 \_, (@0
Paa( 2 ) Paﬁ< 2 )

change their values at each step, but their differences are so small that,
at every step, we can make use of their values at the first step constantly.
This modification facilitates actual computation in great deal.

If the above process converges, then, in the limit ¢,=0, namely «,=0,
consequently, (2.2.3) follows

(8=, ( — @0 i=1,2,-+-, ).
991( 2) fpt( 2 ) ( )
This is to say that the limit solution ¢ (t) is periodic with period (&/2)
+(w0/2).

Summarizing the above discussions, we get the following method of
computation for a periodic solution:

From approximately periodic solution o[t), we

1°  compute & by (2.2.2),

2°  find ps(0o/2)—pus(—w0/2) by mumerical integration of (2.2.9),

3° compute «, by (2.2.4),

4°  compute c, by (2.2.12),

5° find the solution @{°(t) for above ¢, by nmumerical integration of
2.1.1),

6° compute » for pP(t) by (2.2.2),

7°  compute x, for pP(t) by (2.2.4),
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8° compute c, for above x, by (2.2.12),
9° find the solution @) for above ¢, by mumerical integration of
(2.2.1),

The solution @{™(t) for which x,=0 is a periodic solution whose period
18 (@/2)+(w0/2).

Remark. The reason why we considered the normal hyperplane = of
C, at A{p,(—w,/2)} lies in making the errors caused by numerical integra-
tion of differential equations as small as possible as in 1.1.

2.3 Convergence of the iteration process
In this paragraph, we consider convergence of the iteration process
found in the preceding paragraph.

Let us take C, in the neighborhood UC £ of the characteristic C cor-
responding to the periodic solution with period »>0.

Since p,(t)’s are bounded for |t|< T (T >w) in U, there exists a positive
number K, such that, for any characteristic in U,

lps(®) | <K,  for |t|<T.

Put max |«,|=8 and assume that, for », such that |w,—| is sufficiently small,

(5 ) o0

then, from (2.2.12) follows
(2.3.1) le,| <5 (M=DI2K;
7

consequently, from (2.2.7), there exists a positive number K, such that
(23.2) et )| <8K,  (t|<T),

provided that 8§ is sufficiently small, namely C, lies sufficiently near C. Also,
from (2.2.3) follows

2:33) | P@/2)—p(—wol2) | < (n—1)8,
consequently there exists a positive number L such that
| €(@/2) —&*(—wy/2) | < 8L,
so that, from (2.2.5) follows
’ [lp—84 | <SnL.
If |6—w,| <&, there exists a positive number M such that
| Pos(@/2) — pa@o/2) | < &'M,
consequently, for ¢, satisfying (2.2.12) approximately in such a way that
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n—1 )
pgl {paﬁ(w0/2)—pap(—m0/2)+aag}c,= Ky (¢=1,2,---, n—1)

where
|oe | <8 (8": sufficiently small),

it is valid that
|0.()| < m(n—1)LE + (M8 +8"+n(n—1)LK,5)-5 (”‘13!21‘1 (n—1)+0(),
therefore there exist positive numbers N;, N, and N such that
10.(0)| < (N, + N3+ N&)s.
Then, from the geometrical meaning of @,(c), it is valid that
(2.3.4) PQ<BPsin0+1V'n—1(N,8'+N"+N&)S

where # is an angle between the hyperplanes
7« and ='. Now, from (2.3.3) follows

|sin@| <S8

for a certain positive constant S and, from
(2.3.2) follows

BP<Vn—18K,+1).

- Therefore, from (2.3.4), we see that Fig. 2
(2.3.5) PQ<8Vn—1{8S(K,+1)+(N,8+N,8"+N§)} .

- Let PR be the distance measured from P in a normal hyperplane of
C at P to R of C lying near Q. Then, when § is sufficiently small neglecting
the terms of higher orders, it 1s valid that

(2.3.6) PQ*=PR'+RQ* ®,

consequently, because § < AB, from (2.3.5) follows
PR PQ

2.3.7 . <K

( ) AB = AB =

1) Let x;=¢i(f) be the equations of C and assume that {¢;(0)} represents P. Then, in
terms of the same notations as in (2.1.3), C is represented by

~1
m=Gt)+ D b (=1,2,000m)

in the neighborhood of R. In the neighborhood of R, putting p.(0)=c,, x;’s are expanded as
follows:

n—1
2i=¢i(0)+t X+ Zlcafl(")(o)'*'[c; t]s,
&=
consequently, neglecting the terms of the second and higher orders, we have:
n n n
2D (OF =03 X + 3 o,
. =1 =1 a=1
which proves (2.3.6).
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where
(2.3.8) K=V'n—1{S(K,+1)8+(N,8+N,8" +N8)} .
The relation (2.3.7) expresses that

n—1 n—1
S PSS @),

where «{™’s are k, obtained at m-th step and «®=«, Thus we see that,
if C, is taken sufficiently near C and &, 8" are taken sufficiently small, then
K <1, consequently, since the characteristic obtained at each step of our
process lies always in U as is seen from (2.3. 2), our iteration process can
be continued indefinitely, and the sequences {«{™} (a=1,2,---,n—1) all
converge to zero, namely our iteration process converges.

Since PQ is nearly perpendicular to the hyperplane =" when &', 8" < 0(8),
the distance PR is equal to PQ sin ' neglecting the terms of the higher
orders, where 6’ is an angle between the hyperplane =’ and the normal
hyperplane of C at P. Consequently, since sin# =0(8), it becomes that
PR=0(8%. Then, since AB>(8), we have

PR = O(AB?Y),
namely our iteration process is of the third order [2], in other words, con-

vergence of the process is more rapid by one order than that of Newton’s
iteration process”®.

Chapter III One-parameter family of autonomous systems

In this chapter, as in Chap. I, we consider a one-parameter family of
the systems. When the dimension of the systems is two, the discussions
have already been carried on almost completely by the present writer [1].
Here we are going to develop the parallel theory for the case of # dimen-
sions as far as possible. But our present aim is to compute periodic solutions
minutely, consequently the discussions are carried on in connection with the
iteration process of the preceding chapter.

3.1 Variation of a periodic solution
Given a family of autonomous systems

3.L1) %’;_X(w, 2 (i=1,2,--,m)
like (2.1.1) depending analytically on a parameter i for a<<2<b. Assuming
that a periodic solution is known for i=a, (a<a,<b), let us seek for a
periodic solution of (3.1.1) for 2=a,+¢, |¢| being sufficiently small.

Let the periodic solution of (8.1.1) for i=a, be @,(t) and its period
and characteristic be w,>0 and C, respectively. Then, as in Chap. II, the

1) Newton’s iteration process is of the second order.
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characteristic C for i=a,+¢ lying in the neighborhodd of C, is represented
by (2.1.8) and, from (2.1.8) and (2.1.9), we have:

0 x4+ 53 dj; x,)
(3.1.2) : ,

B S X XS

(3.1.3) ‘GZ’%—R (o, , 2)
=31 X (p+ 2, 057 U5 (5 88 )
(=1, 2,+-+,n—1),
where

X, = X (p, ay) (k=1,2,---, m).

Since R,(p,t,4)’s are analytic with respect to p; and ¢ (=1—a,) for |p;],
|e|<L1, the solution p,=p.(t ¢, 2) (a=1,2,---,2—1) of (8.1.8) such that
p«(0, ¢, )=c, is expanded with respect to ¢, and ¢ as follows:

3.1 4) ps(t, ¢, )=pP (@R, ¢, &)+ pP(E, ¢, &)+ pF(E, ¢, €)+ - -

where P, ¢, e)s (k=0,1,2,---) are the sums of the terms of %-th order
with respeet to ¢, and e. From p,(0, ¢, ))=¢,, it is evident that

(0, ¢, &)=p>(0, ¢, &)=+ =0,
(3.1.5)
psP(0, ¢, &) =e¢,
(a=1,2,---,n—1).
If we put
(3.1.6) POt e, 8) = E pas(t)Cs P ()e s

then, as in Chap. II, substitution of (3.1.4) into (3.1.3) entails
p(t, ¢, ) =0

d n—1
(8.L.7) =3 RO,
(3.1.8) ‘%;a — 2 R,.(®) P(l) + _él Xog®

where R, (t)’s are the same as in (2.2.10) and X, °=0X,(p, a,)/0a,, From
(3.1.5) and (3.1.6), it must be that

Pap(o) = Saﬁ ’ Pt(tn(o) = O
Consequently {|ps®)||} (B=1,2,---,n—1) is a fundamental system of
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. solutions of

n-1

=SR.@®r.,  (a=1,2,---,n—1),
=1

therefore, from (8.1.8), it follows that

\i=1

3.1.9 pP(t)= EPaB(t)f zn} (T/X(l))

where || po||=| pes ||~
Then, in order that the characteristic C may be closed with a period

near e, namely that the solution corresponding to ¢, may be periodic with
a period near w,, it is necessary and sufficient that

(3.1.10) p¢<%, ¢ l)=p,(—%°—, ¢, x) (@=1,2,-+, n—1),

namely, from (3.1.4) and (3.1.6), that

o110 Sl )on( e ()t

(@=1,2,---,n—1).

Consequently, if N
o (@ (o)
(3.1.12) det. pup< 2 pa,,( 2 )l*o,

the values of ¢, are computed approximately by solving the linear equations

010 S ool Jore( ) (- )
(@=1,2,---,n—1).
The condition (3.1.10) may also be written as
(3.1.10% pa(@gs €, ) =04 (a=1,2,-++,n—1),
for which, corresponding to (8.1.12), the condition
(38.1.12") det. | pus(wo) —8us | 0

suffices. Equivalence of this condition to (8.1.12) is easily seen as in Remark
2 of 1.1. .

From the the condition (3.1.11), we see also that the condition (3.1.12)
or (3.1.12") assures the unique existence of a periodic solution for 2=a,+te.
In this case, from (8.1.2), it is readily seen that the period o of this
periodic solution becomes
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= oae g,

(3.1.14) o= e 7
P B Kl Ziedh e 50D

n n—1 n (a)
[~ BB )

from which, evidently, w(a,)=w, and »(4) is expanded with respect to e.

When once ¢,’s are computed approximately by (3.1.13), the periodic
solution for 1=a,+¢ and its period are computed starting from the solution
corresponding to these c¢,’s by the method of the preceding chapter.
In this computation, as is seen from 2.2, we can make use of p,; and w,
of the periodic solution for i=a, for those of the approximately periodic
solution of the preceding chapter provided that |e| is sufficiently small.

So long as the condition (3.1.12) or (8.1.12) holds, we can continue the
above process, consequently we can find the periodiec solution of (3.1.1) for
any value of 4 to which continuation of the above process is possible starting
from 2=a,.

When =0, from (8.1.4) and (8.1.6) follows

Pa((l-’o» ¢, ao)= E Paﬂ(mo)cﬁ-l- [c]2 (a= 1,2,---, n_l)'

Consequently we see that
_ 1° When the absolute values of the characteristic roots of ||pss(es)l|
are all less than unity, the periodic solution x,=q@(t) is orbitally stable;

2° When at least one of the absolute values of the characteristic roots
of ||pwwo)|| s greater tham wunity, the periodic solution x,=¢,(t) is not
orbitally stable;

3° When the absolute values of the characteristic roots of ||pus(wo)]]
are all equal or less than unity and at least one of them is equal to unity,
the stability of the periodic solution. x,=@(t) depends upon the terms of the
higher orders in the expansions of pywe, ¢, @).

Since the functions p,(w,) are continuous with the corresponding periodic
solution as is seen from the above discussions, the orbital stability of the
periodic solution is unaltered when A varies continuously, so long as the
stability can be discriminated according to the above criteria 1° or 2°.

3.2 Deformation of continuum of periodic solutions

Let us consider the case where the system (8.1.1) for i=a, admits of
a continuum of periodic solutions with continuous periods in the neighborhood
of the periodic solution z,=g,(t).

Then, from (3.1.10"), the relations

3.2.1) _ Pol@g, €, By) =Cq (a=1,2,---,n—1)

hold for any ¢, such that |c,|<<1. Consequently, writing ¢, as u,, any
periodic solution belonging to the continuum is expressed as

3.2.2) T, =Pt Uy Ugy* =+ Up_1) (@=1,2,--+,n)
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and, from (8.1.14), its period w=w(w) is analytic with respect to u,. Let
the closed characteristic corresponding to the periodic solution (3.2.2) be
C,. Then, if there exists a closed characteristic C for A1=a,+¢ lying in
the neighborhood of C, with a period near o, there exists a characteristic
C, passing through the intersection of C and the normal hyperplane of C,
at 2,=¢,(0). For such characteristic C,, from (3.1.10"), it is valid that

pa{w(w), 0, @y+¢c} =0 (a=1,2,+++,n—1).

From (3.1.4) and (8.1.6), these conditions are written as follows:

(3.2.3) PS> {w(uw)} +0() =0 (@=1,2,--+,n—1).
Now, since (8.2.1) hold also for C,, it is valid that
Paﬁ{("(u)} =84 (a’ 8=12,---, n—l)’

therefore, from (8.1.9), it becomes that
w(®) n-1

B24) P lew)= pg;,sa,,( 3 egmxgv)dt (@=1,2,+-, n—1).
=1 1
0

i=

From (8.2.8), there exists a periodic solution for i=a,+¢ only when
there exists a solution 4 of the equations

(3.2.5) PP ()} =0 (@=1,2,-++,n—1).

Conversely, if there exists a solution #{® of the above equations and more-
over

(3.2.6) ' det.|9p° {w(u )} foug” | 0,

then, evidently, there exists a unique solution %, of the equations (3.2.3),

namely, there exists a unique periodic solution for A=a,+c. The period
of this periodic solution is calculated from (8.1.2) as follows:

G217 = f ""“’%

O kz: Xk{XrF:ﬁ Pa( ]an} ij5§°"> +eX P+ - }

=1

n n—1 n )
@ SS9 x,)
I t=1 a=1 =1 dt dt

- w() n—1 n () n
=o@t [TL LSe35 xx.ee)
; g a= k=1 dt K=t
, 2x

k=1

k

k=1
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where p,=p.(,0,2) is a solution of (3.1.3) representing a periodic solution
for i=a,+e.

When the condition (8.2.6) is satisfied, the values u{” are evidently
computed by Newton’s method if the approximate values of % are known.

3.3 Stability of a periodic solution produced by deformation of con-
tinuum of periodic solutions

In this paragraph, let us investigate the stability of a periodic solution
for 2=a,+¢ obtained in the preceding paragraph. Putting u,=%u,+v, we
denote C, by C,, consequently C; by C,. Let the equation of C, be

X; = ¢i<t) (’L:l, 27' ‘“ n)

and C; be the characteristic for 1=a,+¢ through the intersection of C,
and the normal hyperplane

n—1
KO xi = ai—l— 21 Ega)wa
d=

of C, at A{a,=¢,(0)}, where w,’s are the parameters.

Now, if the characteristic
C!©> crossing the normal hy-
~ perplane 7 in P crosses the
~ normal hyperplane

' w,.zai—}—;{;‘: € w,
of C/ in a point

Q: wi=a,-+§:’§§“’c§°%
then it is valid that
8.8.1) P=vl+e[v"],

+0() ,

provided that '§*=&-0(e)
are suitably chosen. For, let
the equation of Cj» be x,= Fig. 3
P(t) and suppose that P

corresponds to a point for t=0. Then, in Q, it holds that

.: W) —a} (X, +eX;P+--)=0,

from which follows

n

S VO~ U XA X4 ) (K eX O )=0,

j=
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namely follows
E3 X/ Xite 3] (PO —a} X+ =0,

where ‘X, ‘X, --- denote the values at P. From this follows that
the time ¢ required to reach Q@ from P is e[v®],. Now, from the assump-
tion that '§®=£®40(c), we can write '§{® in the forms:

(3.3.2) =g 4 ; AP eAX, .
=1

Substitution of these into the relations

SVEN X, +eX Pt )=0, D1EPEP=5,,
i=1 =1

entails

2 X SEOX P +0(9=0,

n—1 n
Top Byt 3 Ay +Ehaly 23 X =0.
= =

Consequently, if we choose A,; so that 2,=4, (this is evidently possible),
we see that

:éi e?ﬂ;z}ﬂ)
== oG,
(3.3.3) v ST X2
i=1
2.,3 = O(e) .

Then
=3 ()0} &

are calculated as follows:
c;°’=§ ¥0)—a,+t( X+ X P4« - )+ - -} {60+t X, +O()}

=é {n—l e;”v§°>+e[v‘°’]1 - X, +e[v‘°’]2+0(ez)} (& +53aX1+0(€2)}

i=1p=1
=P +e[0],+0(E),
namely we have (3.3.1).

If we choose |v”| sufficiently small, C/» crosses again the hyperplane
7 after the time nearly equal to w(v*®) (:=w(0)==®) in a point

n—1
P x,=a,+ > 0P

a=1
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near P, consequently, in the neighborhood of P’, it crosses again the
hyperplane 7’ in a point

Q' xizai+§’5§°’c§”.
a=1
Then, by (8.3.1), it is also valid that
(3.3.4) P =vP+e[vP],+0(E).

Now, with respect to C;, from (3.1.4), it holds that
=5 pu@0i+ [:,

consequently, from (3.3.1) and (8.3.4), we have:

(3.3.5) v5° =§ P @0+ [v‘°’Je+e[v‘5’]z+0(82) .

Now, when |v®|’s are sufficiently small, analogously to ', we can
choose the direction cosines £ of the mutually orthogonal normals of
C,» at P so that they may be written as follows:

llegu) — Ega)_l_laXi_'_ [?)(0)]2

where 4,=[v”];. Then, in the same manner as (3.3.1) was proved, it is
easily proved that, in the neighborhood of P’, Cj® crosses the normal hyper-
plane ="’ of C,» at P in a point

P: my=a,t 33 EPuP 4 ) e,
a=1 a=1
for which it holds that
(3.3.6) VP =P —v@+[v],.
~ Then, with respect to C,», from (3.1.4), it holds that
WP =ep (o(0®)} +0(E).

Since p{’{w(0)} =0(¢) from (3.2.3), for sufficiently small |v’|, the above
relations are written as follows:

(33.7) 0= 5 0P+ 00+ 0,
where
(3.3.8) Tap= opi” {w(v)} .

a’l)p 01.:0

Then, substituting (3.3.5) and (3.3.7) inta (8.3.6), we get:
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S @0 — 0P+ [0 Ty e[0T, + O =6 S, v+ [ 02 1, +O(E),
p=1 B=1

consequently, for sufficiently small |[v®| and |e¢], neglecting the terms of
the higher orders, we have:

n-1
E {pdﬁ(a’)"‘Saﬂ_waﬁ}ng):O .

Here v are arbitary values such that their absolute values are sufficiently
small, consequently, within the first order of ¢, we have:

(3.3.9) Pop(@) =8 +E00s
or
(3.3.10) Il pus(@) | = exp (]| aes]]) -

Thus, when |¢| is sufficiently small, from the end of 3.1, we obtain the
criteria on the orbital stability of the periodic solution corresponding to
C) as follows:

1° When the real parts of the characteristic roots of el|ay|| are all
negative, the absolute values of the characteristic roots of ||pus(®@)|| are all
less than unity and the periodic solution is orbitally stable;

~ 2°  When at least one of the characteristic roots of €||a,|| has a positive

real part, the absolute value of at least ome of the characteristic roots of
[l pus(@) || ts greater than unity and the periodic solution is not orbitally stable.

Since, from (3.2.3), there holds

%y = UL +0(e) (a=1,2,---,n—-1),
from (3.3.8) follows
(1> 0
o =000,

consequently, when [sl‘ is sufficiently small, the above criteria on the stability
holds good also when o,'s are replaced by 9pi°{w(u”)}/ou™.

Remark. When det.|p.(®@)—8s|=F0, namely when det.|eo,|30 for
sufficiently small |e|, the method of the present chapter, combined with
that of 2.2, is used in a following way:

1° we compute the solution u{® of (3.2.5) by Newton’s method;

2° Dby the method of 2.2, we compute the periodic solution for i=a,+¢
starting from the periodic solution for i=a, corresponding to u® obtained
in 1°;

3° by the method of 3.1, we proceed to compute the periodie solution
for further values of A
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Appendix

Two dimensional autonomous system

If the normal of the characteristic of (2.1.1) is oriented so that its
direction cosines may be

- X - X
1 Ei=m— ot . = 0L
(D YovXiXxy U VXt X}
~ then, the equation (2.2.9) becomes
dp, _ { 20X, , oX d 5 2}
2 2P — L 2 1 X 4+X72 tpy,
(2) dt (8w1+ax2> g gV XX o
therefore we have:
(3) o NT X
| VX X;
where )%,-=Xi{q)(0)} and
troX, , 9X,
4 h(t)= SO 2 g,
(4) . ® [(aleraxg)
Put
Ti=p(—w/2), X/=X'),
then, since

1/Xl2+XI2
from (8), the equation (2.2.12) is solved as follows:

() NE- TS

(5) o= ¢1(w/2)ﬁg7X’ ¢2(w/2) o} X!

provided that
® T B

—wo/2

When the direction cosines of the normal of the characteristic of (3.1.1)
for A=a, are assumed to be (1), the equations (38.1.7) and (3.1.8) become

dp, _ { oX, , oX.\ d S 2}
7 =R ) ) Xi+X; ’
() dt (8x1+8w2) dt gV Xi+Xi 1y
dp® { oX, , 39X, }
8 et D § etunint S0 Eihebatet 3 el | Xz Xz
(8) dt (8x1+8x2> g gV X+
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therefore, from (3) and (3.1.9), we have:

\/X1+X2 h(t)

=

VXI+ X
(9)

A {/Xz}_{:Xz e"“’I(t) ,
1 2
where
t

(10) 1= [ e (XX~ XXt

0
Then, when (6) is valid”, the equation (3.1.13) is solved as follows:
(1) I (. el (G LN
\/)2'12_|_ )0(22 (g”(wo/z’_eh<'w/2)>

When the system (3.1.1) for i=a, admits of a continuum of periodic
solutions®, the equation (8.2.5) becomes

(12) IHo(w)} =

and the periodic solution for A=a,+¢ is determined uniquely corrésponding
to a root 4 of (12) provided that

(13) dl{o()} | g

du lu=u®

When |¢| is sufficiently small, the relation (3.3.10) expresses that

: “(oX, | 9X,° € Al {o(u®)}
14 = A dt= . - T2 -
(14) »([ ( o, + oz, ) \/X2+ X; Cdu®

where the left-hand side expresses the integral taken along the periodic
solution with period & for i=gq,-}e<.

The formulas (9), (11) and (12) are those already obtained in the pre-
vious paper [1], but the relation (14) is a relation newly found in this
paper.
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1) Inthe two dimensional case, the condition of continuity of periods is evidently unnecessary.
2) In the two dimensional case, the condition of continuity of periods is unnecessary,
because (3.2.1) hold without it.
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