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§ 1. Introduction 

Let G be a Lie group, @ its Lie algebra, then there exists the exponential 
mapping from @ into G: x- exp X, and this mapping is locally homeo
morphic at the · zero element O of @. When the exponential mapping: 
x- exp X is not locally homeomorphic at X0 E @, X0 is called a singular 
point of @. And a set {exp tX; t real} is called a path through the unit 
element E of G. 

In this paper we shall investigate the path-structure and its singularity 
of exp@, where exp(~ means the image of the exponential mapping: 
exp @ = { exp X; Xe@} . Let R and C be the fields of real numbers and 
complex numbers respectively. In §2, we have a general consideration 
concerning the singularity of Lie groups, and in §§3 and 4, from our stand
point we shall consider the path-structure and its singularity of the complex 
general linear group GL(n, C) and the real general linear group GL(n, R) 
respectively. 

§ 2. The singularity of Lie groups 

Let G be a Lie group, @ its Lie algebra, and Xh=l,2,· · ·, r) be a base 
of@. Then any element x0 of exp@ is expressed by x0 =exp ~ x~Xi, and any 
element x of @ in a sufficiently small neighborhood of x0 is expressed by 
x=exp ~ vi Xi exp~ x~X0 where I vi I (i= 1,2, • • •, r) are sufficiently small. The 
exponential mapping: ~xiXi-exp~xiXi is locally homeomorphic at 
X0 = ~ x~X0 if and only if there exist two neighborhoods U and m of O in 
@ which are homeomorphic by the correspondence ~ uiXi e U ~ ~ viXi e m 
such that 

(2.1) 

(2.1) is written as 

(2.2) exp~ (xt+ui)X; exp (-~ x~X;)=exp ~ vi Xi. 

From (2.2) we have ([l], p. 156)1> 

(2.3) Vi=~J(xo)J'ui ~((expC(xo)-E)/C(xo))jui, 

1) Numbers in brack~ts refer to the references at the end of the paper. 
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where C(x)= II~ xict II, the ct are the constants of structure of 0.l such that 

[X;,X1]=~ctXk, and by (expA-E)/A we denote ~~-1 Arn-i for any 
m! 

matrix A. Thus, from (2.3) we have 
THEOREM 1. The exponential mapping: ~ xi X; - exp ~ xi Xt is locally 

homeomorphic at X 0=~xtXt dB, if and only if the matrix C(x0) has no 
characteristic root such as -<=2l,rV -l (l is a non-zero integer). 

X 0 = ~ x~X; is said to be regular, if the matrix C(x0) has no charac
teristic root such as -< = 2l,rV -1 (l is non-zero integer); and X0 is said to 
be singular, if X 0 is not regular. 

We assume that G is a linear Lie group, and 0.l is its linear Lie algebra. 
Let (l(M) be the commutator set of M, ~@(M)=~(M)n@, and p(M) the rank 
of M. Then we have 

THEOREM 2. X 0 is singular, if and only if (l@(expX0)~(l@(X0). 

PROOF. It is clear that (l@(exp X0)::::)Gfo1(X0). Assume that Ye(l@(exp X0), 

i.e., (expX0)Y(expX0)- 1=Y, where Y=~yiX;; since (expX0)Y(expX0)- 1 

~(~(expC(x0))Jy1)Xt, then we have ~(expC(x0)-E)Jy1=0, where E 1s 
i j 

the unit matrix of degree r. Hence, YE (l@ (exp X0), if and only if 
~ (exp C(x0)-E);y1=0. And also it is clear that Z E (l@(X0), if and only if 
~ C(x0)}z1 =0, where Z = ~ ziX;, If and only if X 0 is singular, C(x0) has a 
characteristic root -<=2l,rV -1 (l is a non-zero integer). By considering the 
canonical form of C(x0), we have 

p (exp C(x0)-E)=p(C(x0))-p, 

where p is the number of blocks belonging to the characteristic roots 
such as 2l,rV -1 in the canonical form of C(x0). Therefore, X 0 is singular, 
if and only if Cfo1 ( exp X0) ~ (l@ (X0). 

REMARK 1. dim "5:@ (exp X0)=dim ~m(X0)+P, where p is the number of 
blocks belonging to the characteristic roots such as -<=2,rlv -f (l is a non
zero integer) in the canonical form of C(x0). 

§ 3. The complex general linear group 

Let GL(n, C) be the complex general linear group, @f(n, C) its Lie 
algebra, then it is well know that GL(n, C)=exp@f (n, C). In this section 
we shall consider the singular points of @f(n, C). From the consideration 
in §2, we see that 

(3.1) exp Vexp A=exp (A+ U), 

where U and V are infinitesimal matrices, if and only if 

(3.2) 

where 

V=((exp A-I)/A)U=~r' l Am- 1 u, 
ml 

A 0 U=U, AU=[A, UJ=AU-UA, AkU=A(Ak-lU). 
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Here if, in place of u = I I U ij 11 we take U = 1( Uu, Uw • • • , Uni, Um• • •, Un 2, • • • , Unn), 

then U'=AU is placed by u'=Au-==(ExA- 1AxE)u, where A=EXA-tAxE, 
X means the Kronecker's product and tA means the transposed matrix of A. 
And then (3.2) is written as 

(3.3) v=J(A)u-==((exp A-E)/A)u, 

where E is the unit matrix of degree n2• Since 

(3.4) det J(A)= Tii'.H (exp (..ti-,lj)-1)/().,;-..tj), 

where ,l; are the characteristic roots of A, if we denote by @fo(n, C) the set 
of all the matrices whose characteristic roots do not satisfy the condition: 
,li-,lj=2l7ri/ -f (l is a non-zero integer). Then we have 

THEOREM 3. The mapping: A- exp A from (13f(n, C) into GL(n, C) is 
locally homeomorphic at A 0 , if and only if A0 e @f0 (n, C). 

0 

REMARK 2. Let A be the canonical form of A: 

A-A= 2J+[0nio). ,li 1 

.. 1 
0 ,li 

where A-B means that A is similar to B, then we can calculate the rank 
of J(A): 

p(J(A))=n2 - 2Ji,j) min (n;, nj), 

where 2Jt,j) means the summation over the pairs (i, j) such that ..t.-,lj 
=2m;17rV~-l*0 (mi,: integers). If UA is a neighborhood of A in @f(n, C), 
then we have 

dim (exp UA)=p(J(A))=n2-)), 

))=2J0,ji min (n;, n1). 

This v coincides with the )) in Theorem VI in the previous paper ([2]). 
Moreover, if A is singular, i.e., p(J(A))<n2, then p(J(A)) < n2 -2. 

By definition of the singular point in §2, A is singular, if and only if 
Ae@f*(n, C)=@f(n, C)-0f0 (n, C). A path: M(t)=exptA (M =exp A, O<t<l) 
is called to be singular, if Ae@f*(n, C), and the path is called to be regular, 
if Ae@f0 (n, C). In the previous paper ([2]) we have obtained that GL(n, C) 
=exp@f0 (n, C)=exp @fc_,,,,,,,,,)(n, C), where @fc_.,,,,,,,/n, C) is the set of all the 
matrices whose characteristic roots have their imaginary parts in a half 
closed interval ( - 71", 71" J. Hence, for any point Me G L ( n, C), there exists 
always a countable number of regular paths from E to M. 

THEOREM 4. There exists a singular path from E to M, if and only if 
dimG£(M)>n. 

PROOF. From the results concerning the logarithmic function of matrix 
in the previous paper ([2]), it follows that M=exp A and Ae@f* (n, C), if 
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and only if the canonical form of M contains at least two blocks belonging 
to the same . characteristic root, that is 

0 

This condition is satisfied, if and only if dim Q'.(M)=dim l:5:(M) >n. Thus, 
this theorem is proved. 

Moreover the condition in Theorem 4 is equivalent to the condition that 
the minimal polynomial of M is of degree less than n. 

THEOREM 5. A path: M(t)=exptA (M=expA, O<t<l) from E toM 
is singular, if and only if Q'.(A)*Q'.(M). 

PROOF. It is obvious from Theorem 2. 
REMARK 3. By Theorem 3, we set that @!o(n, C) is the maximal set for 

which the mapping: A➔ exp A from ®f(n, C) into GL(n, C) is locally 
homeomorphic. And ®Io(n, C) is open and dense in ®f(n, C), and is arc-wise 
connected, but is not simply connected. 

In fact, clearly, ®f0(n, C) is open and dense in ®I(n, C). For any AE@fo(n, C), 
we can take a sufficiently small positive number 00 such that ei8AE®fo(n, C) for 
all e: 0 <0 :S,0O, (i=V -1), and t(eiBoA)E®fO(n, C) for all t: 0 <t < 1. Then 
we can connect A and eiOoA in®fo(-n,C)byanarcA(0)=ei0A(0<0<0O), 

and ei00A and O. in ®fo(n, C) by an arc B(t)=t(ei00A), (0 < t < 1). Thus, 
@f0(n, C) is connected. But ®fo(n, C) is not simply connected. To show this, 
it is sufficient to consider the case n=2. In @fo(2, C), we consider a curve: 

A(0)=(~ ~oei0 ),(0<0<27r), where r O is a fixed real number such that 

2l'77"<r0 <(2l+l)7r. If the curve is deformable in @!0(2, C) to a point, then, 
corresponding to the deformation, the curve: z(0)=r0ew (0 < e < 277") in the 
complex plane must be deformable in the complex plane to a point. Since 
the curve: z( 0) = r Oei9 contains a point 2l'77"V - i as an inner point. In the 
process of deformation of the curve A(0), the corresponding curve z(0) 
passes through the point 2l'77"V~ -1. Then, the corresponding point is not 
contained in @fo(2, C). Therefore, @f0(2, C) is not simply connected. 

REMARK 4. A path M(t)=exp tA (0 < t < 1) is regular and closed, if 
and only if A=2m'77"v=--1 E, where m is an integer. 

In fact, if the path is closed, then A is given by 

A=2'77"V -l•S(m1E1+m2E2-i- ... -i-mPEP)S- 1, 

where m1, • • ·, mp are integers and S is an arbitrary regular matrix. Further
more, if and only if mi=mj (=m) for all i, j, then AE@fo(n, C). Thus, the 
assertion is proved. 
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§4. The real general linear group 

Let GL(n, R) be a real general linear group, GL+(n, R) the connected 
component of the unit element of GL(n, R), and @f(n, R) its Lie algebra. 
In this section we shall investigate the relation between GL +(n, R) and exp 
@f(n, R), and the path-structure and its singularity of exp @f(n, R). To do 
this, by using the real canonical form of a real matrix, we shall first 
determine the real matrices such that exp A=M for a given real matrix M. 

' 0 

Any real · matrix A is transformed to the real canonical form A by a real 
regular matrix P, that is, 

0 0 • • ,. 

(4.1) 
A=PAP-

1
, A=S+(-<} }·. ol+S+(L f2::- o), 

.. 1 .E2 
O ·.-< 0 L 

where the first summation does not contain the same blocks, -< is real, 
L=( µ v), E 2 =(1 0), and µ and v are real. 

-)) µ 0 1 
From (4.1) we have 

0 

(4.2) exp A=P (exp A)P- 1, 

0 • • • 

e'- · exp L · expA--S+(e'- 1. o)+S+(expL E 2 • Ol, 
. · ·1 . · 0 E. 

0 ·e,. 0 ·expL 

where exp L=( eµ. cos v eµ. sin v), M .-N means that M=PNP- 1 and P is 
-eµ sin v e·• cos v 

real. Hence the real matrix M such that M=exp A for a real matrix A has 
the real canonical form as follows: 

0 • • • 

(4.3) M-M-~l !·\Jm(: ~:::;)' 
where tt>0, K=( a (3), apd a and (3 are real. That is, if.the real matrix 

,-(3 a 
M=exp A has real negative characteristic roots, then the real canonical 
form of M must contain in the form of pairs the blocks belonging to the 

0 

real negative characteristic roots. For, then M must contain the blocks of 
type: 

(
K E2. 01• K=(a 0\, a<O, 

K. ·. 0 a) 
. . E2 

0 K 

and this block is similar to (by a real transformation) 
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Conversely, let M be a real matrix satisfying this condition, and write 
it in the canonical form (4.3), then a real matrix A such that exp A=M 
must be similar to A0 : 

(4.4) A0=~+ J tc- 1 -½K- 2 • +~+ L K- 1 -½K- 2 ,. •. , 

L K- 1 •• 

. . . . -½K-2 

• -1 
• IC 

... K-1 

0 0 ·L 

where tc=e" and K=exp L. Therefore J, µ and v are determined as follows: 

(4.5) J=log tc, µ=log Va2 +(,'2 and v=0+2m7r, 

where mis an integer and 0=arg(a+V-lp'), (-7r<0<7r). From(4.4)it 
follows that exp A0 =M0 • And moreover we have 

(4.6) exp A=M, A"'Ao and M"'M0 • 

Hence we can write M0 =P0 1MP0 and A0 =Q- 1AQ, where P 0 is a fixed matrix. 
From these conditions we have 

Pa 1MP0=exp (Q- 1AQ)=Q- 1 (exp A) Q=Q- 1MQ, 

from which QP01=S E f£(M), i.e., Q E f£(M)P0 • For another matrix P 1 such 
that P~ 1MP1 =M0, clearly we have f£(M)P0 =~(M)P1• Thus we obtain 

THEOREM 6. Mis an element of exp@f(n, R), if and only if the real 
canonical form of M contains in the form of pairs the blocks belonging to 
the real negative characteristic roots, whenever there exist the real negative 
characteristic roots of M. For such a matrix M, any matrix A such that 
exp A=M is given by A=QA0Q- 1, Q E C5.(M)P0 , where P0 is an arbitrarily 
chosen and fixed matrix such that P01MP0 =M0 , M0 is given by (4.3), and 
A 0 is given by (4.4) corresponding to M0 in (4.3). 

If MEGL+(n,R), then Mis expressed as ([6]) 

(4.7) M=exp A1 expA2 • ··exp Ak, 

where A1, A 2, • .. , Ak E @r ( n, R). Since det exp A= exp tr A> 0 for any 
A E @f (n, R), we have det M>O. Conversely, if ME GL(n, R) and det M>O, 

(4.8) M=exp B, BE@fc_,,,,,.J(n, C) 

Since M is real, exp B=exp B; hence we have exp B exp (-B)=exp (-B) 

exp B=E, and also B, -BE (Sjf(_,,,,,,,J (n, C). By the results of the previous 

paper ([2]), from these fact it follows that B and B are commutative. So 
we have 
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(4.9) M=exp ((B+H)/2) exp ((B-H)/2), 

where B1 =(B+B)/2 is real. If we put N=exp ((B-B)/2), then N is real 
and N 2 =E. By considering the real canonical form of N, we have 

N=P(-E, 1+E,)P-1, where E, is the unit matrix of degree r. Since 

detM>O and det exp((B+H)/2)>0, we have detN>O; hence r 1 must be 
even, so we have 

N=exp B2, B2=1rP{( -~ ~)+ · • · +( -~ ~)+o}P- 1• 

Therefore, we obtain 

(4.10) 

and hence Mand E are connected in GL(n, R) by a curve: M(t)=exp tB1 

exptB2, (O<t_:Sl); so that MeGL+(n,R). Thus, GL+(n,R) is the set of 
all the real matrices whose determinants are positive, and moreover 

(4.11) GL+(n, R)=exp@I(n, R) exp@I(n, R). 

On the other hand, by Theorem 6 we see that 

(4.12) exp @f(n, R)~GL+(n, R), 

where W means the closure of W with respect to the usual topology of 
GL(n, R). In fact, we shall consider ME GL +(n, R) such that M--M0 =diag 
{ai,a2,··•,anl, where 0>a1>··•>an, if n is even, a1>0>a2>··•>an if n 
is odd. By Theorem 6, M $ exp @f (n, R). And the set of all the matrices 

satisfying this condition is open in GL+(n,R), so that exp@f(n,R)~GL+(n,R). 

By Theorem 6, it is also clear that exp @f(n, R)=exp@I(n, R). 
Let GLo(n, R) be the set of all the real regular matrices without real 

negative characteristic roots, then from the results of the previous paper 
([3]), it follows that GLo(n, R)=exp ®lc.,_,.,,J(n, R) and in this correspondence, 
the exponential mapping is homeomorphic, where ®fc_,,,,,,,,in, R) is the set of 
all the real matrices whose characteristic roots have their imaginary parts 
in an open interval (-1r, 1r). From this fact it follows that GLo(n, R) is a 
simply connected domain. Moreover GL0(n, R) is a maximal simply connected 
domain of exp @f(n, R). In fact, if ME exp @f(n, R) -GL0(n, R), then we have 

(4.13) M=PM0P- 1
, Mo=2:Jo,<o)+ (~ ~) E2 _ o +H. 

(,{ 0) . 
O ..t E2 

0 (~ ~) 

Here we consider the curve: M(0), (0<0<21r) in exp@f(n,R), where M(0) 
is given by 
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(4.14) M(0)=PMo(0)P- 1, Mo(0)=~o,<oJ+ ( ). cos 0 ). sin 0) E 
- ). sin 0 Jc cos 0 2 

0 +H. 

0 

E2 

( ). cos 0 J sin 0) 
- J sin 0 Jc cos 0 

The locus of the characteristic root Jei0 (0 :s; 0 < 2rr) is a circle with center 
0 in the complex plane. This circle can not be deformable to a point with
out passing through 0. Hence, the curve: M(0), (0 < 0 < 2rr) is not deform
able in exp@f (n, R) to a point. Therefore, GLo(n, R) is a maximal simply 
connected domain of exp @r (n, R). 

Furthermore, G L;(n, R) = exp @f ( n, R). In fact, if ME exp (SJf ( n, R) 
-GLo(n, R), then M is written as (4.13). And if M(0) is given by (4.14), 
then M(0)--+M for 0--+0; and moreover M(0) E GL0(n, R) for 01=0, so that 
GL----;;(n, R)=exp@f(n, R). (By theorem 6, it is clear that GL0(n, R) ~ exp 
(SH(n, R)). 

Next, fqr ME exp ~\'Jf(n, R)-GLo(n, R), (Mis written as (4.13)), if we take 

(4.15) 
0 +H, 

.. E2 

0 ().te ~) 
then M1(e) e GL +(n, R)-exp@f(n, R) for sufficiently small e>0, and Mi(e)--+M 

for e--+0. And also GLo(n, R) is open in exp@I(n, R) and GL0(n,R)=exp 
@f(n, R). Hence Bdry (exp @f (n, R))=exp @I(n, R)-GLo(n, R). 

Summarizing these results we have 
THEOREM 7. GLo(n,R)~GLo(n,R)=exp@f(n,R)=exp®1(n,R)~GL+(n,R) 

=exp @I(n, R) exp @f(n, R). And GLo(n, R) is a maximal simply connected 
domain of exp (SH(n, R), and Bdry(exp @I(n, R))=exp @f(n, R)-GL0(n, R). 

REMARK 5. K. Schroder ([7]), by showing that G0 =explS.l for the 
connected component G0 of the unit element of a linear Lie group G and 
its Lie algebra @, has proved that G0 =exp@ exp@. But it does not seem 

to be true that G0 =exp @. For example, by Theorem 7, for G=GL(n, R) 

we have exp@I(n, R)~GL+(n, R)=G0• Moreover, a proof of that G0 =exp (13. 

exp@ for a semi-simple Lie group is obtained from the results of G. D. 
Mostow ([5]). 

Finally we shall consider the path-structure of GL +(n, R) (precisely, of 
exp@l(n, R)). By using Theorem 6 we obtain the following theorems. Here 
we denote by @3 the set of ME exp@f(n, R) such that 
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0 • 

M-M=~c1t>0)+[K !.~ .. OJ, 
... 0 

K 

where the blocks are all distict. 
THEOREM 8. There· exists one and only one path through E and M 

(ME exp Wf(n, R)), if and only if ME 15. If M $15, there exist at least a 
countable number of paths through E and M. And 15 is open in exp (Slf(n, R). 

THEOREM 9. If and only if ME Bdry (exp ®!(n, R)), the paths through 
E and M are always singular. 

In the other word, if and only if ME GL0(n, R), there exists a regular 
path from E to M. 

REMARK 6. By the similar argument as in the previous paper ([ 4]), 
we can prove the following propositions: 

For an element M of GLo(n, R), there exists one and only one path 
through E and M which is entirely contained in GLo(n, R). And for an 
element M of Bdry (exp (Slf(n, R)), there exist, at least, two paths from E 
to M which are contained in GL0(n, R) except for M. 

Any path from E to M intersects Bdry (exp ®f(n, R)), at most, m a 
finite number of points. 

I wish to express my hearty thanks to Prof. K. Morinaga for suggest
ing this investigation as well as for constant guidance in the course of the 
work. 
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