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Introduction. This paper contains some contributions to the theory
of prime operations. As is well-known, Priifer and Krull introduced two
important prime operations, namely the so-called a- and b-operations, in an
integrally closed integral domain, and Krull proved that these two operations
coincide on finitely generated ideals. But- his proof seems to be neither
simple nor straightforward. And the question, whether they coincide or
not on arbitrary ideals, has been left open.

The main purpose 6f this paper is to prove that the a-operation is
nothing but the b-operation. Our proof depends entirely on the existence
theorem of valuations and is very simple.

In this paper, we always denote by o an integral domain, and by K its
field of quotients. By an o-ideal, we mean a fractional ideal of o.

1. Axioms and examples of prime operations. In his book [2, p. 118],
Krull gave a system of axioms of prime operations. But, as we shall see
below, his axioms are not independent. Therefore we shall begin with
modifying his axioms.

Let a be an o-ideal. A mapping a—a’ (a’ is also an o-ideal) is a prime
operation if it satisfies the following conditions.

P.. aca,

P2. (al)/ - a/.

P.. ach implies a b,
P, p=r,

@ P.. (a)a) =(a)a’ for any ac K.

From these axioms, we deduce the following relations.

1) @+06Y=(@+by, 2) @Y=(@bY, 38) (@Nb)Y=a'N0.

In fact, 1) and 3) are immediate consequences of P, P, and P,. As
for 2), we have ab S ab for any a€q, hence ab’=((a)b) < (ab)’ by P, and P,
therefore ab’ < (ab)’. From this, in the same way, a'b’ < (ab’) < (ab)”’=(ab)".
Therefore (2'6") < (ab)”=(ab)’ by P, and P,. The converse inclusion is obvious.

Next we shall give some examples of prime operations.
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v-operation. The most familiar prime operation is the mapping a—a,
=(@"1"! and is termed v-operation. From the definition of a, z¢ K belongs
to a, if and only if z is divisible (with respect to o) by any common divisor
of all elements of a. Hence

a,= ﬂ an
an2a

where av runs over all principal ideals which contain a.

This remark enables us to see that the v-operation has the special
position among prime operations, namely

(=) icadca,
for any prime operation: a—a’.

In fact, a S ao implies o’ < (av)’ =ao by P,, P, and P;, consequently a' Ca,.

From (%) follow the equations:

al=@")Y =@ and (),=a,.

d- and b-operations. Consider a family of rings {R,;:cM} such that

0&C R, CK and o= ()R, Let a be an v-ideal, then, as is easily seen, the
teEM
mapping '

a—>a,= []ak,
teEM

is a prime operation. A prime operation of this kind shall be called d-
operation. As for {R,;:cM} we can take various kinds of families of rings
(3, §71].

In the case when o is integrally closed, it is known that o can be re-
presented as the intersection of valuation rings of K, therefore the mapping

a—>a,= []aR,
el

where R,(.cI) runs over all valuation rings of K containing o, is one of
d-operations. This prime operation is called b-operation.

a-operation. We say that ze K is integral over an o-ideal a, if it
satisfies an equation of the form

2 +o " 4.+ - +a,=0, with a,ea® (1=1,---, n).
For this, it is necessary and sufficient that there exists a finitely generated
o-ideal b such that a0 <ab. If o is integrally closed, the set a, of all elements
e K which are integral over a forms an p-ideal and the mapping: a—a,
is also a prime operation. This mapping was considered first by Priifer in
[6] and is known as a-operation.

"2. Main theorem. In the preceding section, a- and b-operations were
introduced in an integrally closed integral domain. For these operations,
as was mentioned in the introduction, Krull proved that a,=a, for any
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finitely generated ideal a.
But we can prove further the following

THEOREM. a- and b-operations are the same.

Proor. Suppose first xca,, then z satisfies an equation
a2 +ax" 4o+ a,=0, with a,ea® (1=1,---, n).
Then, for any valuation v of K whose valuation ring contains o,
v@)=v(a@" - Fay) = min {o(a)+o(@" )]

We assume the minimum value is taken at, say, 1=1,. Then 4,v(x) > v(a;).
Since a; ea’, we have v(a;)=1,v(a) for some aca, therefore v(x)=v(a),
which shows xzecaR, where R is the valuation ring of v. Hence z¢a,.
Conversely, suppose ¢ ¢a,. Let {8,; 2¢ A} be a system of generators of
a. Form a ring A:o[- . -,&,- . ] and consider an ideal M:(- . -,&,- . -)A.
x x
We first assert that 1¢ M. In fact, if, 1€ M, then there exists a relation

of the form
1=S ﬁf,(ﬁl,,... ﬁ)
= < z ’ o ’
where f’s are polynomials with coefficients in 0. Rearranging the terms,
this relation may be written in the following form:

@

where g, is a form of degree 7. By multiplying this equation by =z, we
have '

xs:gl(Blr' * "B:)xs_l_l" ce +gs(61" N "Bt)'
This shows xea,, which is a contradiction.

Now we know that M=A, then by virtue of the existence theorem
of valuations [5, Lemma 3, p. 95], there exists a valuation v of K such
that R,DA and M,DOM where R, and M, mean the valuation ring and
the valuation ideal of v respectively. Hence v(8,/x)>0 for any 2. Whence
follows, as we shall see below, x¢aR,, consequently xzé¢a,, If xecaR,, x
can be written in the form

r=0x~+ -+ +8,x, with x,cR,,
for suitable 3,,- - -, 8,. Therefore v(¥) = min {v(8;)+v(x,)}, hence v(x) = v(8;,)

for some i, (1 <1%,<mn), which is a contradiction, g.e.d.

Notice that, in the case when o is Noetherian, we can take a discrete
valuation ring of rank 1 [1, Lemma 1, p. 85], in place of R, in the proof
of the theorem. Therefore

a,= R,

ter
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where R,(.€I) runs over all discrete valuation rings of rank 1 which con-
tain o.

On the other hand, in an ‘ Endliche diskrete Hauptordnung A7, it is
known that

av__" n a-R)s

rES
where R, runs over all discrete rank 1 wvaluation rings which can be
obtained by forming a quotient ring of A with respect to a minimal prime
ideal [2, p. 119].
Combining these two facts, we have the following

PROPOSITION. Let v be an integrally closed Noetherian domain, then
Jor any o-ideal a, :

a,=0,=aR Ca,=[]aR,
ter reJ

where the former intersection s taken over all discrete rank 1 valuation
rings of K containing o, and the latter ome is over all discrete rank 1
valuation rings which are quotient rings of o.

Now, let f(X) be a polynomial of a variable X over K. By the coefficient
ideal of f(X), we mean the p-ideal generated by the coefficients of f(X).
With the aid of the preceding theorem, we can prove the following Gauss’
theorem for prime operations.

PROPOSITION. Suppose o is integrally closed, and let a,b and ¢ be coef-
ficient ideals of f(X), g(X) and WMX)=f(X)g{(X) respectively. Then we have
(ab)’ =¢" for amy prime operation: a—a’ which satisfies the following condi-
tion

b, Ch
Jor any o-ideal d.

PROOF. As is easily seen, it is sufficient to show that (ab),=c,. Set
JFX)=e X"+ +a, gX)=bX"+-.--+b, and
MX)=f(X)gX)=cu X" "+ + +Cpim-
Since (ab),=(abR, and c¢,=()cR, it is enough to show that abR,=cR, for
any « Put R=R, and v=v. And let a, be the first ¢, whose value is
equal to min v(a,) and define b, in the same way. Then

i=0-:2m
min v(ab;) =v(a;b,)="v(c;,. ;) =min v(c,, ),

hence abR=cR, which proves our assertion.

Remark: In the section 1, a- and b-operations were introduced only
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in an integrally closed integral domain. However, if we restrict our con-
siderations to integral ideals, similar operations may be considered even in
the case when o is not integrally closed. Namely, we define the mappings
a—>a, and a—>aqa, for integral ideals as follows: ; .
a,= {the set of all elements z in » which are integral over a}
a,,:(t(;llaRl)ﬂn, where R, runs over all valuation rings of K containing o.

Even in this case, the proof of our theorem shows that a,=q,, and
consequently (an),(Jo=a,, where 1 is the integral closure of o in K.

Next, we shall consider a relationship between these operations and
the asymptotic closure operation. For this, we must recall some definitions.

A pseudo-valuation v of o is a mapping: z— v(x) of o into (R, =) satis-
fying )
i) v(0)=-o0, w(1)=0,

il) v(z—y) = min {v(z), 2(¥)},

iii)  v(zy) = v(@)+o(y),
where R is the ordered additive group of real numbers.

A pseudo-valuation v is called homogeneous if it satisfies the further
condition

iv) v(@")=mnv(x) for any positive integer n.

Next, we shall define a pseudo-valuation v, of v by defining v, (x)=n
if xzea” and z¢a™*', and v (wr)=c if xe()5.;0" Then, we see that 7,(x)
=lim v,(z")/n is a homogeneous pseudo-valuation [7, Theorem 1.3, p. 109]

n>o0

and we shall denote by a, the set consisting of all elements z in o such
that 7,(x)>=1 and call it the asymptotic closure of a in o.

In the case when » is Noetherian, this definition of the asymptotic
closure is equivalent to the one given by Samuel [9] and in this case
Muhly proved that a,=a, [4]. But, even in the case when o is not Noetherian,
we can also prove this fact for finitely generated ideals.

In fact, if xea,, then by a computation similar to the one, which we
gave in the first part of the proof of our theorem, we have zea,.

Conversely, for an element z of a,, suppose that there exists a valuation
w of K such that whose valuation ring R, contains o and z ¢ aR,. Since a is
finitely generated, aR,=aR, for some element aca, hence w(x)<w(a). On
the other hand, by the definition of 7, (x), for every real number ¢>0, we
have v,(x")/n>1—¢ for sufficiently large n, hence v,(x")>n(l1—¢), whence
nw(x)=w(x") >n(l—e)w(a). Therefore, these relations show that the sub-
group, generated by w(x) and w(a), of the value group of w is archimedian.
Hence w(x)>(1—e)w(a), which is a contradiction.

In conclusion, the writer wishes to express here his deepest appreciation
to Messrs. M. Yoshida and H. Sato for their kind criticisms and suggestions.
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