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The group My of unitary operators in a ring M of operators in a
Hilbert space is viewed as a uniform space in the uniform structure
induced by the weak topology of M. Recently it was shown by H. A.
Dye ([1], Theorem 2) that if M and N are finite non-atomic rings of
operators and ¢ is a group isomorphism of My and N, which is unimorphic
in the relative weak uniform structures on M, and NN, then ¢ has a
unique extension to the sum of a linear and a conjugate linear *-isomorphism
of M and N. We shall show that the statement is also true without the
condition ¢ finite’’. The proof will be carried out, basing on his preliminary
results, by two steps; the first for abelian rings and the second for the
general case.

1. Let M be a ring of operators on a Hilbert space. M, stands for
the set of projections in M, and My the set of unitary operators in M. M
is said to be non-atomic if for every mnon-zero Pe¢ M, there exists a
non-zero Q ¢ M, with Q< P. TUnless otherwise stated, the rings considered
will be non-atomic. For any normal state ¢ of M it will be non-atomie
in the sense that ¢(P)>0(P e M,) implies {(P)>t(Q)>0 for some Qe M
with Q<P. For if we define ¢, by the equation ¢-(A)=t(PAP) for every
A € M, then t, is also a normal state with carrier projection P,<<P. Since
M is non-atomic, we can select a @ € M, with 0<Q<P,. Then {(Q)=t:(Q)
and 0<#(Q)<t(P), as desired. The following lemma is a generalization of
a theorem of Liapounov [2] and is a direct consequence of a result of
Dye ([1], Lemma 2.8).

Lemma 1. Let t,,---, 1, be ultraweakly continuous linear forms of a
non-atomic ring M. Then the span in the unitary space of the n-tuples
E(P), -, t(P)), Pe M;, is a convex closed set and coincides with the span
of (t(A),--+,t.(A), where A ranges over the set of positive semi-definite
operators in the unit sphere Xy of M.

Since, for any self-adjoint A with norm <1, é»(I~A) is positive semi-

definite with norm <1, the lemma shows us (Cf. the proof of Lemma 2.4
of [I]) that the span of the =-tuples (¢,(A),---,t,(4)), where A ranges
over the set of self-adjoint operators in the unit sphere of M, is a convex
closed set and coincides with the span of (¢(U),---, t,(U)), where U
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ranges over the set of self-adjoint unitary operatorsin M. For any Ae M
with norm <1, let VH be its polar decomposition, V being partially
isometric and H self-adjoint. From the preceding discussion we have
t,(A)=t,(VU), t=1,---n, for some Ue M,. As VU is partially isometrie,
so the span of (¢,(A),---, t,(4)), A € Iu, coincides with that of(¢,(V),---,
t.(V)), where V ranges over the set of partially isometric operators
in M (the set of unitary operators if M is finite). Dye ([1], Theorem
1) proved the following theorem:

In any non-atomic ring M, the weak closure of M, is the entire unit
sphere X'y of M.

But in his demonstration of this theorem some careless arguments are
found ([1], p. 59), so that an amendement will be given here. It will
suffice to show that any partially isometric operator V ¢ M lies in the weak
closure of My. Since the carrier projection of any normal state is o-
finite and the theorem is true for any finite ring, it follows from the
dimension theory that we may assume that M, E=V*V, F=VV* are o-finite
and properly infinite. In the present case it is sufficient to show that V
is a strong limit of a sequence of partially isometric operators V,e M
such that the restriction of V, on its initial domain has a unitary extension
U,eM. For V, is of the form U,P,, P,<¢ M, and therefore lies in the
weak closure of M,. Now we may write E=3VE;, F=237F; where E;~E,
F;~F and F,=VE;V*. Put E"=3{E;and F"=237F;, Then E®™ ~F®,
Clearly E™, F™ contains no non-zero central projections in M, so that
1—E™, 1—F™ have the same central support in M. In any ring of
operators two o-finite properly infinite projections in the ring are equivalent
if they have the same central support (Cf. the arguments of the proof
of [3], Lemma 5). Therefore 1—E™ ~1—F", and there exist unitary
operators U, in M such that VE™=U,E™ for all n. It is easy to see that
V,=VE™ meet all the requirements just mentioned. The proof is
complete. '

2. Let M and N be non-atomic rings of operators, and ¢ be a group
isomorphism of M, and N, which is unimorphic in the relative weak uniform
struetures on M, and N,. 3, and X, are the weak closures of M, and
N, respectively as indicated in 1, so that ¢ has a unique extension to a
weak homeomorphism between 3, and X, which will also be denoted by
the same symbol ¢. Dye ([1], Lemma 38.8) showed that thus extended ¢
has the following properties: .

(i) PpA)y*=¢(4*) for all AeXy;

(ii) ¢AB)=¢p(A)p(B) for all A,BeXy;

(ili) ¢ is a completely additive mapping of M, on Np;

(iv) ¢lal)=al for each o, 0<a<1;

(v) there exists a central projection B in N such that ¢(11)=2R

+E(I—R) for each complex number 4 of absolute value <<1.
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Now we define a further extension of ¢ on M which is also denoted
by the same symbol ¢. Let A be any operator in M. We choose a

positive number « such that {|aA[| <1, and we define ¢(A)= lqu(aA)
o

which is determined uniquely independent of the manner of taking «.
Clearly ¢ is a one-to-one mapping of M on-N. It is a simple matter to
verify that (i), (ii) hold for all operators in M, (iv) for each real «, (v) for
each complex number 4, and ¢ is a norm preserving mapping. We shall
show that ¢ is the direct sum of a linear and a conjugate linear
*-isomorphism of M and N. To this end first we show the following

Lemma 2. If M and N are abelitan and non-atomic, then any group
isomorphism ¢ mentioned above has a unique extension to the direct sum
of a linear and a conjugate linear *-isomorphism of M and N.

Proof. ‘Let ©x and 2~ be the spectres of M and N respectively. M
and N are viewed as the sets of complex-valued continuous functions on
2u and Qn respectively. It follows from the property (iii) that Qs and
©Qn are homeomorphic in such a way that the representing continuous
functions of M, and N, correspond to each other, since two stonean
spaces are homeomorphic if the lattices of their open closed sets are
isomorphic. Then the property (v) implies that there exists a unique
mapping ¢ of M on N which is the direct sum of a linear and a conjugate
linear *-isomorphism of M and N and Y (AP)=¢(AP) for each Pe M,. Let
us define ¢,=vy"'¢. Then ¢, is a group automorphism of M, which is
unimorphic in the relative weak uniform structure of M,. If we can
show that ¢,(U)=U for each Ue My, then ¢, will be identical since My
is weakly dense in the unit sphere 3y of M and ¢, is weakly continuous in
Zy. From the fact that the set of products of a finite number of unitary
operators of the form AP+(1—P), Pe M,, is weakly dense in My, it is
sufficient to show that ¢,AP+(1—P))=iP+(1—P). Now ¢AP+(1—P))
= (2P + (1 —P))p(P) + $(AP + (1~ P))y(1— P) = $,(AP) + ; (1 — P)=2P + 1~
P. The proof is complete.

We are now in the position to show the following

Theorem. Let M and N be non-atomic rings of operators. If ¢ is a
group isomorphism of My on N, which is unimorphic in the relative weak
uniform structures on My and Ny, then ¢ has a unique extension to the
direct sum of a linear and a conjugate linear *-isomorphism of M and N.

Proof. From the properties (ii), (v) the uniqueness is evident if the
extension in the theorem exists. As to the extension we may assume by
the properties just mentioned that R=1 or R=0."

Case R=1. Let C be any given self-adjoint operator in M. Let A
be a maximal abelian *-subalgebra of M which contains C. A is clearly
a ring of operators and so is also ¢(4) by the property (ii). Then by the
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preceding lemma we obtain that ¢(¢“)=¢"> and ¢(-%»(e‘c——1)>———%(e’¢(0)—1)

—>¢(C) uniformly as ¢—0. Now let A, B be any self-adjoint operators
in M.
Then

(1) ¢(-1A(e%““e”*e"~“‘4—1))_—:%(ei"““’e”‘(”)ei"?‘w—1).

Now passing to the limit as ¢—0, we obtain from the equation (1) that
P(A+B)=¢p(A)+¢(B). We put @(A+iB)=¢(A)+ip(B). It is easy to
verify that @ is a linear one-to-one mapping such that @(U)=¢(U) on
M;. Then from the equations

¢( nA zl}?):¢(eit;leit])‘):¢(ei£A)¢(itR):¢(eitA)¢<ei¢A)

we have
(2) 0= L{0(e"e")~ 0 )D(6"")) =0 A)P(B)— DAB)+£] -},

Then passing to the limit as t—0, we obtain from the equation (2) that
P(AB)=0(A)P(B) for self-adjoint A, B and in turn for all A, B in M.
Thus @ is a linear *-isomorphism and therefore weakly continuous in 3.
Since @(U)=¢(U) on My, it follows that @(4)=¢(A) for each A in M.

Case R=0. We can show that ¢ is a conjugate linear *-isomorphism
of M on N. The proof is carried out by the same way as above with
obvious modlﬁcatlons The details are omitted.
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