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Introduction

A 8-manifold M is a connected, separable metric space each of whose
points has a closed neighbourhood homeomorphic to a 3-cell. It is well known
that each 3-manifold is triangulable. M is said to be closed if it is compact
and® Bd M is empty. In the following every thing will be considered from
the semi-linear point of view.

A solid torus V of genus h (= 0) means a 3-cell with # solid handles (i. e.
Henkelkoerper vom Geschlechts 2[10] p. 219), that is a compact orientable 3-
manifold, whose boundary is a torus of genus % or equally an orientable closed
surface of genus A, constructed by a 3-cell C, 22 mutually execlusive dises Dy,
Di;--; Dy, Dy, on Bd C and h homeomorphisms, f;: D,—D;, of identification.
The fundamental group =,(V) of V is a free group with 4 free generators. m;
=Bd D; and D; are called a meridian and a meridian disc of V, respectively.
Furthermore the set {mi, --, m,} is called a system of meridians of V. We
note that m,’s are mutually exclusive and are homologously independent on
Bd V. A system of longitudes, conjugate to a system of meridians {my, --,ms}
of V, consists of a point p on Bd ¥ and 4 simple closed curves /; on Bd V" such
that I, l;=p, l; - m;= & for i+j and I; intersects m; at only one point.

In this paper we are concerned with several problems of situation of tori
of genus one in 3-sphere S°(§§ 1-3). Theorem 1 gives a topological character-
ization of S® by the situation of tori of genus one and Theorem 2 shows a n. a.
s. condition that a polyhedral torus of genus A>2 bounds a solid torus in S°.
There is a question as follows: [ 7] (16.4) p. 330: Let T and T’ be two tori of
the same genus 4 in S°, such that the closure of each one of the components of
S$3—T and S$*—17" is a solid torus. Does there exist an isotopy of S® onto itself
carrying 7 onto 7’? If =0 the answer is affirmative [5]. In §3 we show that
it is also affirmative for 2=1. In the last section a characterization of systems
of longitudes of solid tori is shown.

1. A topological characterization of S°

In 1924, J. W. Alexander proved that each polyhedral torus of genus one
in $* bounds a solid torus [17] and afterward H. Schubert gave a detailed
proof of the same proposition [9], §4, pp. 151-155. Conversely we show that

(1) Bd M means the boundary of M.
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each closed 3-manifold with the property is topologically S3.

Turorem 1. A closed 3-manifold M is topologically S® if and only if each
polyhedral torus of genus one in M bounds a solid torus in M.

Proor. We may assume that M has a fixed triangulation. It is sufficient
to show that there exists a polyhedral 2-sphere in M which is the common
boundary of two 3-cells. Let s be a 3-simplex in M with a face:. Let a, b be
two points in‘® Int z and let K be a polygonal arc joining « to b in s such that
K—(a+b) Int s and K+ab is a clover leaf (Kleeblattschlinge, [10] p. 2,
Fg. 2), where ab is the segment in ¢ from ¢ to b. Pierce a small polyhedral
tubular hole along K in s. Then we have a 3-cell Cs with a knotted hole in
it (ef. [2] p. 33, Fig, 6). Bd C is a polyhedral torus of genus one and by our
assumption it bounds a solid torus ¥ in M. Since =,(C) is not free, C is not a

solid torus and hence V=M —C. So M—sis a 3-cell and Bd s is the common

boundary of s and M —s.
Q. E. D.

2. Solid tori in S$°

The analogous proposition to Theorem 1, for the case where genera of
tori = 2, is untrue as shown in the following

ExampLe. Let V be a closed polyhedral tubular neighbourhood of a clover
leaf in S® and s 2 3-simplex in ¥ such that s- Bd V is a 2-simplex:. From s
we construct a 3-cell € with a knotted hole in it in the same way as in Proof
-of Theorem 1. Though Bd (()'—s)+C) is a polyhedral torus of genus 2, neither
(V' —s)+C nor S*—((V —s)+C) is a solid torus.

In this section we are concerned with a condition that a polyhedral torus
in S® bounds a solid torus.

The definition of normality of a system of closed curves on a surface is
due to [6]§ 2, Nr. 1, p. 3. On the other hand we refer to [6] pp. 3-6, [11]
pp. 206-208 and [12] § 1 for the definitions of double curves, triple points,
‘branch points on singular dises, mutiplicity of a branch point, the diagram of
a singular disc and cuts along double curves. Let 4, 4’ be normal systems
-of closed curves on a surface. We shall say that 4 is simpler than 4’ if 4 has
fewer crossing points than A4'.

TueoreM 2. In order that a polyhedral torus TCS® of genus h may bound
a solid torus in S® it 1s necessary and sufficient that there ewist a component K
of $*—T and h closed curves C; on T with Property (P):® C,~0 in K and Ci,...,
C,, are homologously independent on T.

(2) Int¢ means the interior of .
(3) ~ means homotopic to.
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Proor. Necessity. A system of meridians of the solid torus bounded by
T has Property (P).

Sufficiency. We divide the proof into three steps.

(i) In this step we show that there exist » simple closed curves €7 on
T with Property (P). The details are as follows. We may suppose the
system {C,...,C;} is normal. If it is not already so, we obtain such a sys-
tem by small deformations of C; on 7. Since C;~0 in K, there exists a singular
disc D, in K such that Bd D,=C;, =D, T and its singularities are at most
crossing points in C;, double curves, triple points and branch points (ef. [6]
p. 3 and [11] pp. 206-207). We first reduce the multiplicity of each branch

point to 1 (cf. [6] p. 5 or [11] (iii) p. 208). The resulted singular disc is
denoted by the same notation D;.

Let b be a branch point of D; and v the double curve issuing from 5. The
cut of D, along v ends at either (a) a branch point »’+b or (b) a crossing point
cof C,. For Case (a) we cut off the component of D, —v not containing C;
from D; and have a simpler singular disc bounded by C;. For Case (b), the
cut of D, along v divides it into two singular dises D;, D} such that BdD; + Bd Dj
=(,. For let (Di, fi) be the diagram of D;. Then fi'(c) consists of two points.
on Bd D;. fi'(v)is a cross cut of the disc D,, containing the point fi'(b) and
joining two points of f~'(c), and divides D, into dises Dg, Dj. Di=fi(Ds), Dj=
fi(D?) are singular discs in K. Let us denote Bd D, Bd D by 4, B respectively.
Since A=£.(Bd D;—1Int fi'(y)) and B=£,(Bd D§—Int fi'(v)), we have 4+B=C,.
We note here that 4(B)=0 in K and A(B) is simpler than C,. Either {4, C,, ---,C;}
or {B, Cy,---, C;} has Property (P) (say the former). For if not,® A~£‘,7u,-C,-

i=2
on T and B~i;mc,~ on T, where \,, ;1; are integers. Thus Cl~i‘§(hi+,w,-) C;on
T, contrary to the fact that C,,..., C, are homologously independent on 7.

Applying this process to {4, Cs,..., C,} and the singular dise D;, we have
a system {4, C,,.-., C,} with Property (P) such that 4’ is simpler than 4 or
bounds a singular disc in K simpler than D;. Repeating this manner, we get.
a system {Ci, C,,.--, C,} of closed curves on T with Property (P) such that C;
is simple or bounds a singular dise D; without a branch point.

In the latter case, let ¢ be a crossing point on C; and v the double curve
issuing from ¢. Then v ends at a crossing point ¢’==c on C;. Let (D}, f7) be the
diagram of D; and let fi ' (o)=¢+¢y; f17(¢)=¢ +¢1 and fi7'(yv)=7+7 where
#(71) is a cross cut of D} from &(¢,) to &' (¢}) (see Fig. 1). 7and 7; are mutually
exclusive. Bd D} is divided into four ares ¢ ¢y, &, 3,61 ¢ and & ¢. Let oy, 03, 03
be discs in D] bounded by & &7, &, & +57+¢ & +71, & &, + 71, respectively. We:
denot the closed curves £3(6; &) f1(@ &), (f1@ &)™ f1(¢1 &) f1(@& &)f1(c &) by au,
«, respectively. Then Ci~a,a; on Tand Ci~a;+ay; on T. We construct a.
singular disc D] in K as follows: By cutting D; along # and 7,, it is divided

(4) ~ means homologous to.
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into three pieces v, ws, ws. Next we glue again w;, w3 to », along 7;, 7 re-
spectively. Thus we have a disc w;+w; +; and define a mapping of the disc
into K by f; in a natural way. Since a, is homotopic to (fi(@ &)™ f1(&:¢)(f1
(@1 &))" f1(€ &) in K and the latter bounds the singular disc fi(w;+ w2+ ;) in
K, it results a,~0 in K. Moreover a;~ 0 in K, because it bounds the singular
disc f; (01 +w3) in K. Since Ci, C,,. .., C, are homologously independent on 7,
either {«ay, C,..., C,} or {ay, C,..., C,} has Property (P). «, is simpler than C;
and «a, is slightly adjusted to get a closed curve on T simpler than C;.

Repeating the same manner, we get the desired system of simple closed
curves on 7. We denote it by {Ci, Cs,..., C;}.

(ii) In this step we shall show that there exists a system of mutually
exclusive simple closed curves on T with Property (P). Since C;’s are simple
and C;,~0 in K, we can find dises D, such that D; - T=C;=Bd D; and such that
D, D; are in general position in the sense that D; - D; consists of a finite num-
ber of double curves along which D; and D; cross (1<i#j<h). Therefore
each double curve in 33D, - D; is a simple closed curve or an arc. By using
induction on the number of the simple closed curves in 33D;- D;, from {Dy,...,D;}
we have A discs, denoted by the same notations D;, such that >3D; - D; consists
of mutually exclusive ares. The details are as follows: Let ¢ be a simple closed
curve in D; - D; such that the interior of the disc D, in D; bounded by ¢ contains
no curve in D; - D;. We note here : C Int D, - Int D;. Let D; be the dise in
D; bounded by :. If the disc D;—D;+ D, is pushed away from D, in a neigh-
bourhood of D, there results a disc D bounded by C; such that D; - D; are in
general position and D; - D; has fewer simple closed curves than D;-D;, We
denote also the set of the discs thus obtained by Dy, D,..., D,.

By using induction on the number of arcs in 3D, - D;, we finish the work
of the step. If C, - C; contains a crossing point ¢, the double curve v issuing
from ¢ ends at the other crossing point ¢’ on C; - C;. Let a3, ax(a}, ) be arcs
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into which C; (C)) is divided, and let us denote the closed curves a; a3, az a7 ~' by

1, C] respectively. Then either C3, C,,..., C, or Ci, C,,..., C, are homologously
h 3

independent on T (say the former). For if not, C;~>W; C; and C{~>; C; on
i=2 i=2

h
T. Thus we have C=C;+C{=>\;+u)C; on T, contrary to the fact that C,, -
i=2

C,---, C, are homologously independent on 7. Obviously C;~0 in K. Though
€ may not be simple, by a slight adjustment of C; we have a system {Ci, C.,
..+, C;} of closed curves on T' with Property (P) which is simpler than {C,, C,
...,C;}. By repeating the process (i), (ii) there results the desired system.
(iii) In this step we finish the proof of the theorem. Let ¥, (i=1,..., k)
be mutually exclusive 3-cells in K such that for each i, V;- T is an annulus,
one component of whose boundary is C; and Bd ¥, D>D,. Since C,,..., C, are

h
homologously independent on T, Bd (K—3W,) is a 2-sphere in $%. Thus
i=1

B _ % 13
K->V, is a 3-cell and K=K->W,+>V; is a solid torus of genus ».
i=1 i=1

i=1

3. Tori of genus one in S°

Lemma. Let M be a closed 3-manifold which is the sum of two compact
3-manifolds V and V', such that V -V'=Bd V=Bd V' is a polyhedral closed
surface and = (V,Bd V)= 1 == V', Bd V’). Then in order that M may be
simply connected, it is necessary and sufficient that for each closed curve C in V
there exists a closed curve Cy on Bd V such that® CoC in V and C,>=0 in V'.

Proor. Sufficiency is obvious.
To prove necessity it is enough to show that there exists a singular disc D,
bounded by C, such that £~'(¥ - D) is an annulus, one of whose boundary curves
is Bd D, where (D, f) is the diagram of D. We divide the proof into two steps.

(i) In this step it is shown that there exists a singular dise D,, bounded
by C, such that f;'(V - Do) is connected, where (D, f,) is the diagram of D,.
Let D be a singular disc in M bounded by C and (D, f) the diagram of D. If
DCV, it is trivial to find such a C, on Bd V. Since f is semi-linear (see Intro-
duction), f~}(¥ « D) consists of a finite number of simplexes of D. A slight
adjustment of D in a small neighbourhood of Bd ¥ is enough to cause the
adjusted D to be such a polyhedron as follows: Each component of f~'(V - D)
is a perforated disc (i. e. a set homeomorphic to a 2-sphere minus the sum of
a finite number of mutually exclusive open dises). Let K be the component
of f~(V « D) containing Bd D and let K,..., K, be the components of Bd K ex-
cept for Bd D. Let D, be the component of D—f~'(V - D) with K;, Ki1,---, Kimy
as boundary curves. Then there exist mutually exclusive® cross cuts C;; of D,

(5) & means free homotopy.
(6) A cross cut C of a perforated disc D is an arc joining two points on Bd D such that Int CC Int D.
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joining a point 4, on K; to &;; on K;;(j=1,..., m(@). Now f(C,)) is a (not neces-
sarily simple) curve in M—V¥ joining f(§,) to f(;;) on Bd V. Since =,(M—V,
Bd ¥)=1, f(C.)) is homotopic in ¥’ to a curve C;; on Bd V joining f(5,) to f(&:))-
Let (D}, g;) be the diagram of the homotopy, that is the diagram of the singular
disc bounded by f(C;) and C;;. Bd D; is divided into arcs a, a’ with com-
mon end points such that g,(a)=f(C;;) and gi(a")=C; ;- 1t may be supposed
without loss of generality a=C;; and g;(p)=f(p) for every point p on «. We
have a diagram of a singular disc from f, g; and D +D; as follows: We first
consider the duplication of D} and pull D+Dj along Dj—a’. Thus we have
a diagram (D', f') of a singular disc bounded by C such that f'~'(V - f/(D')=
V- D)+ f-YV - f(D") has fewer components than f~'(V - f(D)).
By using induction we obtain a singular disc f,(D,) in M, with boundary
C, such that f5(V - fo(D,)) is connected, where (D, f;) is the diagram of fy(Do).
(i) Our method in (i) may be applied to (D, f;) and the components of
Do—f5'(V « fo(Do)), because =:(V, Bd 7)=1. Therefore, we have a singular disc
f(D) in M, with boundary C, such that f~'(V - (D)) is an annulus 4 in D with
boundary Bd D+C,. LetCoy=f(C,). Then since C, C,are the boundary curves
of the singular annulus f(4), we have CX(, in V.
Q. E. D.

CoroLLARY. Let M be a simply connected, closed 3-manifold which is the
sum of two tori of genus h, V, V' such that V «- V'=Bd V=Bd V' is a polyhedral
torus. Then to each closed curve C in V there exists a closed curve C' on Bd V
such that CAC' in V and C'=0 in V.

Let X be a topological space and let 7, 7" be two subsets of X. Suppose
that 7 and 7° are homeomorphic and that there exists a mapping % of [the
topological product of X and the unit interval I onto X, such that 2 (px0)=p
for every p in X, (T x 1)=T" and such that for each ¢ in / the mapping p x:—
h(p xt) is a homeomorphism of X x¢ onto X. Then we call ~2 an isotopy of X
onto itself taking T onto 7.

Tueorem 3. Let T, T' be polyhedral tori of genus one in S* and V, V' solid

tori in S° with boundary T, T' respectively. If =1 (S —V, T)=1=m(S*— V’, ™,
there exists an 1sotopy of S° onto itself taking T onto T'.

Proor. we divide the proof into two parts.

(i) Let S, S’ be polyhedral 2-spheres in S* Q, Q' 8-cells in S* bounded by
S, S’ respectively. Let Q, (Q5) be a 3-cell in Q (Q') such that Q, - Bd Q(Q; - Bd
Q") consists of mutually exclusive 2-cells D, D.(D;, D3) and Qo(Qo) is a straight
hole of Q(Q"), that is, Q —Q, (Q'—Qy) is a solid torus of genus one. Then there
exists an isotopy A of $° taking Q, D, D, Q, onto Q', D7, D, Q; respectively.

This is proved as follows: There is an isotopy A; of S° which deforms Q
onto Q’, and takes D,, D, onto D}, D; respectively (by [8], Theorem 5). Since
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both 4:(Qyx 1) and Qg are straight holes in Q;, we can find an isotopy of Q’
which deforms %;(Q, x 1) onto Q; and leaves S'= Bd Q' fixed.

(ii) Let L be a longitude of ¥ (see Introduction). By the above lemma
there exists a closed curve L’ on T such that LXL in ¥ and L’ ~ 0 in S*— V.
Since T is of genus one, we can find a simple closed curve L” on 7, which is

homotopic to L' on T, and a disc D in S°— 7 such as D+ T= L”. Now let Q, be

a 3-cell in S*—V such that Q, contains D, Q,- ¥V DL” and T-Q, is an annulus
A. Let Dy, D, be the components of Bd Q,— Int 4. Q,+V is a 3-cell Q. Q’, Dy,
D3, Q; and A’ are also defined for ¥’ in the same way. By (i) there exists an
isotopy % of S* onto itself taking Q, Dy, D,, Q, onto Q’, D, D5, Q;, respectively.
Hence T is deformed onto 7’ under 4.

Q. E. D.

4. A system of longitudes
The purpose of this section is to prove the following

Tueorem 4. Let V be a solid torus of genus b and W.,-.., W, stmple closed
curves on Bd V such that W, - W; =x, (i=5j). In order that {W.,..., W} be a
system of longitudes of V, it is mecessary and sufficient that it represents a
system of gemerators of =, (V).

By the theorem we see that if a 3-manifold M is the sum of two solid tori
V, V' such that V- V'= Bd V= Bd ¥’ and” a system of meridians of 7’ re-
presents a system of generators of =,(¥), M is topologically S3.

Proor. Necessity is obvious.
The proof of sufficiency will be given in the form of a series of lemmas. Let
G be a free group. The cardinal number of free generators of G is called the
rank of G (4], 1 p. 127.

LemMma 1 (A corollary of Grusko’s theorem [47, II p. 59). Let G be a free
group of rank 4. A system of generators of G consisting of % elements is a
system of free generators.

LemMma 2. Let G be a free group of rank # with & free generators ay,---, as,
and let I" be the group of automorphisms of G. Then /" is generated by the
automorphisms of G as the following types (using Nielsen’s symbols), [5] § 1,

[3] p. 89:
Pz[aZ’ @1, A3y -y ah]
Q=[a2, agy- - - 5Qhy al:]
O=[a{1, (24 7SEEEER 5 ah]

U=[aaz,az, - ,an |

(7) Strictly speaking, each meridian of the system should be joined by a curve to the base point of
T (Bd V)
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Lemma 8. Let V be a solid torus of genus % and let m™* be a simple closed
curve on BdV such that m*~0 in ¥ and m* not ~ 0 on Bd V. Then m* is a
meridian of V.

Proor. Let {mi, ..., ms} be a system of meridians of 7. By the same me-
thod as in the proof of Theorem 2, we find a system of meridians {m3,..., m},
each of whose elements does not intersect m*, from the system {m,,. ., ms}.
Next it can be seen that #—1 elements in {m, .., m;} are homologouslly in-
dependent on Bd V together with m™*.

Q. E. D.

Lemma 4. Let ¥V be a solid torus of genus &, {I,---, 1.} a set of closed curves
in V representing a system of generators of = (V). Then there exists a system
of longitudes, {l1, -, Is}, such that [,~I; in V (i=1,..., h).

Proor. We denote the element of =,(¥), represented by an oriented closed
curve [ which contains the base point x, of = (¥), by I. By lemma 1l {;,...,
1.} is a system of free generators. Let {lI%,..., I} be a system of longitudes
of V. By virtue of Lemma 2 {I,, .., I} is obtained from {I%,..., 7} by a finite
series of the operations of type P,Q,0,U, To each operation is associated a
geometric operation as follows: To P and Q corresponds the change of order
of elements of {I,..., If} and to O the inversion of the orientation of I;. The
result is still a system of longitudes. For the operation of type U, we first
consider a system {I{l%, 15,.--, ;} and next we find a simple closed curve /¥ on
Bd 7 so that If~I7l% in ¥V and {I%, I5,..-, I;} is a system of longitudes. Such an
If is obtained as follows: Let {my, .., m;} be a system of meridians conjugate
to {li,---, I}, D; meridian discs bounded by m; and p; the points at which 7, m;
meet. If we cut V along D, there results a 3-cell on whose boundary there
exist mutually exclusive 2 dises D; and D7, two copies of D;, and 24 arcs xop’
and xop? joining x, to p; and p7 respectively, where pi, p/ are two copies

Fig. 2

of p; and xop’, xep7 compose I7 in V. Then /¥ will be found on Bd 7 so that it
is divided into xop?, xops and the dotted arc, as shown in Fig. 2, whose interior

h
does not meet 33 (D, + D’ + xop’; + x0p?)-
i=1
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Hence, by a finite series of these operations we get the desired system of

longitudes.
Q. E. D.

Lemma 5. Let I be a longitude of a solid torus ¥ of genus % and C a simple
closed curve on Bd ¥ such that [£Cin V. Then there exists a meridian m*
of V interjecting C at only one point.

Proor. Let m be a meridian of 7 conjugate to [ and D a meridian disc
bounded by m. [ and D meet at only one point p by definition. We may sup-
pose that {C, m} is normal.

To prove the lemma it is enough to show that there exists a simple closed
curve m' on Bd ¥ such that m’-C has fewer points than m-C, m'~0 in V
and® s(m’ €)= +1. Since I2C in V, there exist an annulus 4 with I, C as
boundary curves, and a mapping f: A—V such that f takes I, C homeomor-
phically onto /, C respectively and such that f(Int 4) C Int V. Let us denote
the set of crossing points of {m, C} by F. By a slight modification of f (4) in
the vicinity of D, it results that D and the adjusted f(4) are in general posi-
tion, in the sense that f(4)- D consists of a finite number of double curves
along which f(4) and D actually cross. And we may suppose that f~'(D- f(4))
consists of mutually exclusive simple curves, such as an arc from f~'(p)
to a'point ¢ of f~'(F), closed curves contained in Int 4 and cross cuts, called
to be of type T, joining two points of f~'(¥). Let K be a cross cut of type T
such that the disc on 4, bounded by K and one of the arecs K’ on € with K-C
as end points, does not contain the other cross cuts of type 7. Now let'J be
the subarc of m, having f(K- C) as end points and not containing f(g). By a
slight deformation on Bd ¥V of the simple closed curve, m+ f(K')— Int J we
get the desired m'.

ProoF oF THEOREM. {W,..., W)} is a system of free generators of =, (V)
(Lemma 1). Hence by Lemma 4 W, is a simple closad curve homotepic in V
to a logitude of . Therefore we find a meridian m? meeting W; at only one
point (Lemma 5). From the system {m},..., mj} we can easily get a system of
meridians of V so that {W,..., W,} is a conjugate system of longitudes.

Q. E. D.

The following example shows a transformation of a system of longitudes
of a solid torus of genus 2 in S°.

ExamprLe. A clover leaf L, in S* is a simple closed curve on the boundary
of an unknotted polyhedral torus W of genus one. Let L, be a meridian of
W and p a point of L, - L;. Moreover let L, be a simple closed curve containing
p and obtained by slightly pushing L; —p into S*— W (Fig. 8). Let ¥ be a small
polyhedral tubular neighbourhood of L;+L,. Then an adjusted {L,, L,} is a

(8) s (m’, C) means the interjection number of m and C.
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Fig. 3

system of longitudes of ¥. We note that even though L, is knotted, S*—V is
also a solid torus, and that by a transformation of type U in Lemma 2 there
is obtained a system of longitudes of 7 whose elements are unknotted.

Blbhography
1. Alexander, J. W, On the subdunslon of3 -space by a polyhedron, Proc. Nat. Acad. Sci. U.S. A,
10 (1924), 6-8.
2. Bing, R. H., Necessary and sufficient conditions that a 3-manifold be S}, Ann. of Math., 68 (1958),
17-37.

3. Coxeter, H. S. M. and W.O. ]J. Mosers, Generators and relations for discrete groups, Ergeb.
Math. ihr. Grenz. Heft 14 (1957).

4. Kurosh, A. G., The theory of groups, I, II, Chelsea Publishing Co., New York, 1955.

5. Nielsen, J., Die Isomorphismengruppe der freien Gruppen, Math. Ann. 91 (1924), 169-209.

6. Papakyriakopoulos, C. D., On Dehn’s lemma and the asphericity of knots, Ann. of Math. 66

© (1957), 1-26.:

7.. ——4———, Some problems on 3-dimensional manifolds, Bull. Amer. Math. Soc. 64 (1958), 317-
335,

8. Sandcrson, D. E, Isotopy in 3-manifolds, I. Isotopic deformauons of 2-cells and 3- cells, Proc.
Amer. Math. Soc. 8 (1957), 912-922. :

9. Schubert, H., Knoten und Vollringe; Acta Math. 90 (1955), 131-286.

10. Seifert, H. and W. Threlfall, Lehrbuch der Topologie (Teubner, Leipzig-Berlin, 1934).

11. Tominaga, A., A condition under which simple closed curves bound discs, Jour. Sci. Hiroshima
Univ. Ser. A, 22 (1958), 205-214.

12 — —, Note on a simple closed curve bounding a pseudo-projective plane, loc. cit., 24
(1960), 163-172.

College of General Education,
Hiroshima University.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


