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§ I. Introduction 

In his paper [4]<1>, L. Redei has made a systematfo study of the skew 
products in the theory of groups. There, chiefly he ha~ discussed two types 
of the skew products which were defined by the following: 

Hi I': (a, a)(b, (3)=(ah, abab/3), 

and 

H2I': (a, a)(b, (3)=(ab'\ ab(3), 

respectively. 
Furthermore, he has treated the skew product which was defined by the 

following: 

H0I': (a, a)(b, (3)=(a~b'", a 6(3°), 

but without sufficient results. After that, L. Redei and A. Stohr have studied ' 
a special case of this product in [6], also F. Rubs has studied this skew prod
uct H0I' in [7]. 

In this paper, we shall generalize this skew product H0I' and study the 
properties of the group which is defined by this skew product. The results 
we get in this paper are comprehensive of the results obtained by L. Redei, 
A. Stohr and F. Ruhs. 

Let Hand I' be two groups which have the elements a, b, c, . .. ; a, (3, 'Y,· .. 

respectively, and e and c be the unit elements of H and r respectively. The 
skew product of the groups Hand I' is the set of all ordered pairs (a, a) with 
a f H, a f I', and between those pairs (a, a) the following product is defined: 

(1.1) H";f:;_I': (a, a)(b, (3)=(aR((3) • L(a)b, aO<.(b) • Sc(a)/3), 

where Rand Lare two mappings of I' into a group of the permutations on 
the elements of H, and similarly O<. and .£7 are two mappings of H into a 
permutation group on the elements of I'. And they satisfy the conditions 
aR(c)=L(E)a=a and aO<.(e)=Sc(e)a=a. 

More generally, in (1.1) we may regard aR(/3), L(a)b; aO<.(b), Sc(a)(:3 as the 
functions of two variables. So, in this definition, if we add the the conditions 

(!) Numbers in brackets refer to the references at the end of the paper. 
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aR(a)=L(a)a and aO!.(a)= .se'(a)a, a EH, a EI', we may obtain the definition of 
the skew prouct H©I' defined by L. Redei in [4] (cf. p. 479 Remark 1). 

In § 2, we inquire the necessary and sufficient condition in order that 
the skew product may be a group. In § 3 by obtaining the group G1 which is 
isomorphic to the group H'~- I', we show that essentially the group H;f;. I' is a 
special case of Redei's ske~ product Hz I'. In § 4, we first seek for the neces
sary and sufficient condition for the skew product H;f;. I' to be a semi-direct 
product of the groups Hand I', and then for the skew product to be the direct 
product of Hand I'. In § §5 and 6, we investigate a special case of the group 
H;f;. I', that is, the case in which all the permutations R(/3), L(a); O!.(b ), Sf'(a) 
that appear in the definition (1.1) of the skew product H;f;. I' are the automo-

-rphisms of Hand I' respectively. In this case we use the notation H® I' in
stead of H;f;.. I'. First, we inquire the necessary and sufficient condition for 
the skew product H® I' to be a group, next we show that the group H® I' is 
the extension of a fixed subgroup (Ho, I'o). Furthermore, the product of the 
group G1 which is defined in § 3 becomes as follows: 

(1.2) (a, a) (b, (3)=(a • F(a)b • l(b, a-1, b), a-(a, b- 1, a)• a&l(b) • /3), 

where F(a) and :JX(b) are the automorphisms of Hand I' respectively, and 
l(a, a,b) and a-(a, a, (3) are fixed functions having their values in Ho and I'0 res
pectively. In § 7, we study the properties of the two functions l(a, a, b) and 
a-(a, a, (3). - And conversely, by the use of such functions, we define the new 
skew product ff* I' of the groups Hand I' the product of which is defined by 
(1.2). Next, we inquire the necessary and sufficient condition for this skew 
product to be a group, and investigate the structure of this group. And by 
the examples of the group H* I' and by the example of the group which be
longs to the type Hz I' but not to the type H* I', we show the existence of the 
group H* I' and that the set of the group H* I' is a proper subset of the 
set of the group Hz I'. Furthermore in § 8, we get some properties of the 
group H*I'· Finally, in § 9, we clarify in the form of final remarks the 
relation between the results of this paper and those of L. Redei and A. Stohr. 

§ 2. Necessary and sufficient condition for skew 

product to he a group. 

In this section, we inquire the necessary and sufficient condition in order 
that the skew product H;f;. I' which is defined by (1.1) may be a group. As we 
mentioned in § 1, the skew product H;f;. I' is defined by the following (cf. p. 4 77): 

(2.1) (a, a)(b, /3)=(aR((3) • L(a)b, aO!.(b) • Sf'(a)f3), 

where the permutations R(/3), O!.(b) are right hand operators, and L(a) and 
.se'(a) are left hand operators. And the "dots" in the notations aR(/3) • L(a)b 
and aO<..(b) • 5e'(a)f3 represent the product of the elements aR((3) and L (a)b in 
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H, and that of aO<..(b) and Y(a)/3 in I' respectively. 

REMARK 1. If we use the functions M (a, /3), N(a, b); ..£(a, b), .ff (a, (3), 

which have two variables and have their values in Hand I' respectively, in
stead of aR(/3), L(a)b; aO<..(b), .2?(a)f3, we can still make the following argu
ments. 

Now, we investigate the conditions in order that the skew product may 
be a group with the unit element (e, E). 

First, from the fact that the element (e, E) is the unit element of the group 
H:l:!.-I', the following conditions must hold, 

(2.2)1 

(2.2)2 

eR(a)=L(a)e=e, 

E0<..(a) = .5:?(a)E = E. 

Conversely, if the conditions (2.2)1 and (2.2)2 are satisfied, the element 
(e, E) is the unit element of the group H'}j;.I'. 

Next, we inquire the conditions in order that the product which is defined 
by (2.1) may be associative. If the product is associative, we have 

(aR(/3) • L(a)b, aO<..(b) • .2?(a)/3)(c, "f)=(a, a)(bR("!) • L(/3)c, (30<..(c) • .2?(b)"!), 

that is, 

((aR(/3) • L(a)b)R("!)·L(aOi_(b) • .2?(a)f3)c, (aOi_(b) • .5:?(a)/3)0<..(c) • .5:?(aR(/3) • L(a)b)"I) 

=(aR((3{/(_(c) • .5:?(b h) · L(a)(bR( "I)· L(/3)c), aO<..(bR("!) • L(/3)c) • .5:?(a)(/30<..(c) • .5:?(b )"!)). 

Therefore, it must hold that 

(2•3)1 (aR(/3) • L(a)b)R("!) • L(aR(b) • .2?(a)(3)c 

=aR(/30<..(c) • .5:?(b)"I) • L(a)(bR("!) • L(/3)c), 

(2.3)2 (aO<..(b) • .2?(a)f3)0i_(c) • .5:?(aR(/3) • L(a)bh 

=aO<..(bR("!) • L(/3)c) • .!f'(a)(/30<..(c) • .!f'(b)"!). 

In the condition (2.3)1, if we exchange the letters a, b, c for a, (3, "I and R, 
L for {/(_, St? we obtain the condition (2.3)2. In like manner, if we can obtain 
a condition from the other by the exchange aHa, bH/3, cH"f, RHO<., LH.£7, we 
call those two conditions dual. 

From the formal symmetry of the definition (2.1), if a condition holds in 
H, then its dual condition holds in I' necessarily. So, hereafter, we write only 
the calculation of the conditions which hold in H. 

First, if we consider the cases where (i) a=c=e, (ii) a=b=e, (iii) b=c=e, 
(iv) a=e f3="f=E, (v) c=e, a=/3=8 respectively in the condition (2.3)1, then 
corresponding to each case, we have the following conditions. 

(L(a)b)R("f)=L(a)(bR("!)), 
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(2.5)1 

(2.6)1 

(2.7)1 

(2.8)1 

Noboru N1smooR1 

L(a • fJ)c=L(a)(L({3)c), 

(aR({3))R(ry)=aR({3 • 'Y), 

. L(a)b • L(aO!.(b))c=L(a)(b • c), 

(a• b)R(ry)=aR(Sf?(b)'Y),- bR(ry). 

By the duality, we have 

(2.4)2 

(2.5)2 

(2.6)2 

(2.7)2 

(2.8)2 

( Y'7(a)(3)0!.(c)= C/"'(a)(/30!.(c)), 

Se'(a • b )'Y= Sf'(a)(Sf'(b )'Y), 

(aO!.(b))O!.(c)=aO!.(b • c), 

Se'(a)/3 • Se'(aR({3))ry= Se'(a)(/3 • ry), 

(a • {3)0!.(c)= a0!.(L({3)c) • {30!.(c). 

Next, for a=e, {3=c, the condition (2.3)1 is written as follows: 

(L(a)b)R(ry) •L(aO!.(b))c=L(a)(bR(ry) • c). 

Applying (2.7)1 to the right side of the above condition, it must hold that 

(L(a)b)R(ry) • L(aO!.(b))c=L(a)(bR(ry)) • L(aO!.(bR(ry)))c. 

So, by (2.4)1, we have the condition 

(2.9)1 

By the duality, follows 

(2.9)2 

L(aO!.(b ))c = L(aO!.(bR( ry)))c. 

Se'(aR(/3))"1= Se'(aR(/30!.(c)))ry. 

Similarly, if we consider the case c=e, {3=c in (2.3)1 and apply (2.4)1 and 
(2.8)1, we have the following condition: 

(2.10)1 

By the duality, we obtain 

(2.10)2 

aR(Sf'(L( a )b )ry) = aR(Sf?(b )'Y). 

a0!.(L(Sf?(a){3)c) = a0!.(L({3)c). 

For the case c=b-1, the condition (2.7)1 becomes 

(2.11)1 

and from (2.7)2, we obtain 

(2.11)2 

(L(a)b)- 1 =L(aO!.(b ))b- 1, 

(Se'(a)/3)- 1 = Se'(aR({3))W 1• 

In the same way, from (2.8)1 and (2.8)2, follow 
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Again, from the condition (2.3)1 we obtain the following condition, for 
b=e and a=ry=c, 

aR((3) • L(~(a)(3)c=aR((3<R.(c)) • L((3)c. 

By (2.11)1 and (2.12)1, we obtain the condition 

(2.13)1 L(Sf7(a)(3)c • L((3<R.(c))c-1=a-1R(.5!7(a)(3) • aR(fl<R.(c)). 

By the duality, we obtain 

(2.13)2 £!7(L(a)b)ry. £!7(bR(ry))ry-1=a-1<R.(L(a)b). a<R.(bR(ry)). 

Further, for the case a=ry=c in (2.3)1, we obtain 

aR((3) • b • L(.5!7(a)(3)c=aR((3<R.(c)) • b • L((3)c. 

So, it follows that 

(2.14) b • (L(Sf7(a)(3)c • L((3<R.(c))c-1)=(a-1R(Sf7(a)(3) • aR((3<R.(c))) • b. 

Therefore, by (2.13)1 and (2.14), we obtain 

(2.15) L(Sf7(a)(3)c • L((3<R.(c))c- 1 E Z(H), 

where Z(H) is the center of the group H. 
Furthermore, if we consider the cases where (i) b=e, a=c (ii) b=e, ry=c, 

corresponding to each case, the condition (2.3)1 becomes as follows: 

(2.16) aR((3 • ry) • L(.5!7(a)(3)c=aR((3<R.(c) • ry) • L((3)c, 

(2.17) aR((3) • L(a • £!7(a)(3)c= aR((3<R.(c)) • L(a • (3)c. 

From (2.16), it holds that 

L(Sf7(a)(3)c • L((3<R.(c))c- 1=a-1R(.5!7(a)((3 • ry)) • aR((3<R.(c) • ry). 

So, it follows that · 

(2.18) L(.5!7(a)(3)c • L((3<R.(c))c- 1=(a-1R(Sf7(a)(3) • aR((3<R.(c)))R(ry). 

For, 

(a- 1R(Sf7(a)(3) • aR((3<R.(c)))R(ry) 

=a- 1R(Sf7(a)(3)R(Sf7(aR((3<R.(c)))ry) • aR((3<R.(c) • ry) 

=a- 1R(Sf7(a)(3 • £!7(aR((3))ry) • aR((3<R.(c) • ry) 
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=a- 1R(St?(a)(f3 • ry)) • aR(f30<.(c) • ry). 

Therefore, from (2.13)1 and (2.18), we have 

(2.19) L(St?(a)/3)c • L(f30<.(c))c- 1 E KR, 

where KR={a; aR(a)=a, Va EI'}. 
Just as we obtain (2.19) from (2.16), we have the following condition from 
(2.17): 

(2.20) L(St?(a)/3)c • L(f30<.(c))c- 1 E KL, 

where KL={a; L(a)a =a, Va EI'}. 
Thus, from (2.15), (2.19) and (2.20), we have 

(2.21)1 L(St?(a)f3)c • L(f30<.(c))c- 1 E Z(H)nKunKv 

Further, we prove the following condition: 

(2.22) L(.27(a)f3)c • L(f30<.(c))c- 1 E kem 0<.nkern St?, 

where kernCR={a; a<R(a)=a, Va EI'}, kem.27={a; .27(a)a=a, Va EI'}. 

For, 

.27(L(.27(a)f3)c • L(f30<.(c))c- 1)a=if'(a-1R(!f'(a)f3) • aR(f30<.(c)))a 
=2'7(a- 1R(.27(a)f3) • aR(f3))a=a. 

Similarly, we have 

a0<.(L(.27(a)/3)c • L(f30<.(c))c- 1) = a. 

Therefore, it holds that 

(2.23)1 

By the duality, we have 

(2.23)2 .27(L(a)b)ry • .27(bR(ry))ry-1 E Z(I')nK9,1nKyr\kernRnkernL, 

where Z(I') is the center of I', 

K..w={a; a<R(a)=a, Va EH}, Ky={a; St?(a)a=a, Va EH}, 

kemR={a; aR(a)=a, Va EH}, kern L={a; L(a)a=a, Va EH}, 

Thus, we have the system of the necessary conditions, that is, (2.2)1, (2.4)1, 
(2.5)1, (2.6)1, (2.7)1, (2.8)1, (2.13)1, (2.23)1 and their duals. 

REMARK 2. The conditions (2.9)1 and (2.10)1 follow from the conditions 
(2.5)1, (2.6)1 and the duals of (2.7)1, (2.8)1, (2.13)1, and (2.23)1, 

For, 

L(_aO<.(bR(ry)))c=L(aO<.(b) • (aO<.(b))- 1 • aO<.(bR(ry)))c=L(aO<.(b)). 
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Similarly, the condition (2.10)1 follows from (2.6)1, (2.7)2 and (2.23)2. 

REMARK 3. The following two systems of the conditions are equivalent. 
CD: (2.2)1, (2.4)1, (2.5)1, (2.6)1, (2,7)1, (2.8)1, (2.13)1, (2.23)1 and their duals. 
®: (2.2)1, (2.4)1, (2.5)1, (2.6)1, (2.7)1, (2.8)1, (2.9)1, (2.10)1, (2.13)1, (2.21)1 

and their duals. 
For, the system® follows from the system CD according to Remark 2, 

(2.23)1 and (2.23)2. Conversely,the system CD follows from the system (g) ac
cording to (2.22). 

Conversely, we prove that the system CD of the conditions is sufficient for 
the product to be associative. 

From (2.13)1, for a, c EH and (3 c r, we have 

L(St"'(a)(3)c • L(/30?.(c))c- 1 =a- 1R(St"'(a)/3) • aR(f30?.(c)). 

So, from (2.23)1, for b E H it holds that 

b • (L(St"'(a)/3)c•L(f30?.(c))c- 1)=(a- 1R(St"'(a)f3) • aR(/30?.(c))) • b. 

Applying L(a), a Er to both sides of the above condition, and by (2.7)1, (2.13)1 
and (2.23)2 it follows that 

L(a)b • (L(St"'(a)/3)c•L(/30?.(c))c- 1)=(a- 1R(St"'(a)/3)•aR(/30?.(c))) • L(a)b. 

Similarly, applying R(ry), 'YE I' to both sides of the above condition, and by 
(2.8)1, (2.13)1 and (2.23)1, we obtain 

(L(a)b)R( ry) • (L(St"'(a)/3)c • L(/30?.(c))c- 1) = (a- 1 R(St"'(a)f3) • aR(/30?.(c))) •( L(a)b)R(ry). 

Further, by (2.13)1 and (2.23)1, it holds that 

(L(a)b)R(ry) • L(a0?.(b))(L(St"'(a)/3)c • L(/30?.(c))c- 1) 

=(a- 1R(St"'(a)f3) • aR(/30?.(c)))R(St"'(b)ry) • (L(a)b)R(ry). 

Therefore, by (2.5)1, (2.6)1, (2.7)1 and (2.8)1, it follows that 

(L(a)b)R( ry) • L(aO?.(b) • St"'(a)(:3}c•L(a0?.(b )0?.(L(St"'(a)/:3)c))L((30?.(c))c- 1 

=a- 1R(St"'(a)(3)R(St"'(aR((30?.(c)))St"'(b)ry) • aR(/30?.(c)•St"'(b)ry) • (L(a)b)R(ry). 

Further, by (2.4)1, (2.9)2, (2.10)2 and (2.11)1, the last of which follows from 
(2.7)1, and (2.12)1 which follows from (2.8)1, the above condition becomes as 
follows: 

(L(a)b)R(ry) • L(aO?.(b) • St"'(a)/3)c • (L(a0?.(b))L(/3)c)t 1 

=(aR((3)R(St"'(b)'Y)t 1 • aR((30!.(c) • St"'(b)ry) • L(a)(bR(ry)). 

So, it holds that 

(2.24) aR(/3)R(St"'(b)ry) • (L(a)b)R( 'Y) • L(aO!.(b) • St"'(a)/3)c 
=aR(/30!.(c) • St"'(b)ry) • L(a)(bR('Y)) • L(a0?.(b))L((3)c. 
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By (2.10)1 and (2.8)1, the first two factors of the left side of (2.24) becomes as 
follows: 

(2.25) aR((3)R(2?(b)'y) • (L(a)b)R(ry)= (aR(/3) • L(a)b}R(ry). 

Similarly, the last two factors of the right side of (2.24) becomes as follows: 

(2.26) L(a)(bR(ry)) • L(a{}2_(b))L(/3)c=L(a)(bR(ry) • L((3)c}. 

By (2.25) and (2.26), the condition (2.4) becomes as follows: 

(aR(/3)·L(a)b}R(ry) • L(a{}2_(b) • 2?(a)(3}c=aR((3{}2_(c) • 2?(b)ry) • L(a)(bR(ry) • L(/3)c}. 

Consequently, we have proved that the condition (2.3)1 follows from the sys
tem CD. In the similar way, we can prove that the condition (2.3)2 follows 
from the system CD. Thus, we have proved that the product is associative. 

Finally, we prove the existence of the inverse element when the system 
CD is satisfied. For ari arbitrary element (a, a) of the skew product H'';f{. I', 
we set (a, a)=(x, E)(e, y). Then we have (a, a)- 1 =(e, y- 1)(x-1, E). And from 
(a, a)=(xR(y), 2?(x)y), we have a=xR(y), a=S:?(x)y. So, by (2.11)2 and (2.12)1, 
it follows that a- 1=x- 1R(a), a- 1 =2?(a)y- 1 By (2.6)1 and (2.5)2 we have x- 1 = 
a-1R(a-1), y-1=2?(a- 1)a- 1• Therefore, we have the inverse element of 
(a, a), that is, 

(2.27) 

Thus, we have the following theorem: 

THEOREM 1. The skew product H';f{. I' which is defined by the following: 

(a, a)(b, (3)=(aR((3) • L(a)b, a{}2_(b) • S:?(a)/3), 

(aR(E)=L(E)a=a, a{}2_(e)=2?(e)a=a), 

is a group with the unit element (e,E) if and only if the following system of the 
conditions is satisfied: 

CD1 eR(a)=L(a)e=e, CD 2 s{}2_(a)=2?(a)E=E, 

® 1 (L(a)b}R(/3)=L(a)(bR((3)}, ®2 (2?(a)f3){}2_(b)=2?(a)((3{}2_(b)}, 

® 1 bR(a•/3)= (bR(a))R(/3), ®2 (3{}2_(a•b )= ((3{}2_(a)){}2_(b ), 

G\ L(a•f3)b=L(a)(L((3)b}, CV 2 2?(a•b)(3=2?(a)(2?(b)(3}, 

(2.28) 
® 1 (b•c)R(a)= bR(S:?(c)a)•cR(a), ®2 (f3•ry){}2_(a)= f3{}2_(L(ry)a)•ry{}2_(a), 

® 1 L(a)(b•c)=L(a)b•L(a{}2_(b)}c, (0 2 2?(a)(f3•ry)=2?(a)(3•2?(aR(/3))ry, 

® 1 L(2?(a)/3}c•L((3{}2_(c)}c- 1 ®2 2?(L(a)b}'Y•2?(bR(ry))ry- 1 

= a- 1 R(2?(a)/3} •aR((3{}2_(c)}, = a- 1{}2_(L(a)b)•a{}2_(bR( ry)), 

® 1 L(2?(a)/3)c•L((3{}2_(c)}c- 1 E Z(H) ®2 2?(L(a)b}ry•2?(bR(ry))ry- 1 E Z(I') 

n K.'A' nK.'A' n kemRn kemL. 
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REMARK 4. When the above system of the conditions is satisfied, that is, 
the skew product H* I' is a group, R and L which are two mappings of I' into 
the permutation group on the elements of Hare homomorphisms, because of 
®1, © 1 and aR(c)=L(c)a=a. That is, it holds that I'-{R(a)} and r-{L(a)}. 
Similarly, it holds that H-{Oc(a)} and H-{2"'(a)}. 

§ 3. A group which is isomorphic to group H* I'. 

In this section, we show that the group H*I' obtained in § 2 is, in 
fact, isomorphic to a special case of the group H2I' defined by L. Redei in 
[4]. 

The group H2I' is the set of all ordered pairs (a, a) with a EH and a EI', 
and its product is defined by the following: 

(3.1) (a, a)(b, (3)=(ab°', a 6(3), 

where b°' and a 6 are fixed functions having their values in Hand I' respectively. 
Then we have the following result: 

THEOREM 2. The group H* I' whose product is defined by 

(3.2) (a, a)(b, f3)=(aR((3) • L(a)b, aCR(b) • 2"'(a)fl), 
(aR(E)=L(E)a=a, a0c(e)=2"'(e)a=a), 

is isomorphic to a special case of the group H2I'. And the isomorphism is 
given by 

PROOF. We prove the theorem by the method of the transformation 
(cf. [4]). 

The correspondence (3.3) on the group H*I' is a permutaion. For, if we 
define the correspondence 11 by 11 (a, a)=(aR(a), S!"(a)a), then 11 • n (a, a)= 
(a, a), that is, 11 is the inverse of n. So, if (a, a)-4=-(b, fl), then it follows 
n (a, a)-4=-ll (b, fl). 

In order to prove that H*r~H2I', it is sufficient to show that (a,a) 0 (b,fl) 
=ll (n- 1(a, a)n- 1 (b, (3)) have the form (3.1). For the arbitrary two ele
ments (a, a) and (b, f3) of the group, it holds that n- 1 (a, a)=(aR(a), S!"(a)a), 
n- 1(b, fJ)=(bR(/3), .27(b)f3). So, we have 

n- 1(a, a)n- 1(b, f3) 
=(aR(a)R(S!"(b)/3) • L(S!"(a)a)bR(fl), S!"(a)aCR(bR(/3)) • 2"(aR(a)).27(b)f3). 

Now, if we set 

a=aR(a)R(S!"(b )fl), b = L(S!"(a)a)bR(fl), a= 2"(a)a0cf.bR(f3)), B= .27(aR(a))2"(b )fl, 

the above product has the form: 
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1r1(a, a) 1r1(b, /3)=(ii • b, a• /3). 

Consequently, we have the following new product 

(3.4) (a, a)0 (b, /3)= Il(ii • b, a· S) 
=(((b-l•ii-l)R(S-1. a-1))-1, (Sf"("/j-1. ii-1xs-1. a-1))-1). 

We calculate ((b-1 • ii-1)R(/J-1. a-1))-1. First, we have 

(b-1. ii-l)R(s-1. a-l)=b-lR(Sf"(ii-1)(13-1. a-1)). ii-lR(s-1. a-1) 
=b-1R(Sf"(a-1)13-1. Sf"(a-1R(s-1))a-1). ii-1R(13-1. a-1). 

Next, it holds that 

(ii-lR(s-1. a-1))-l=iiR(Sf"(ii-l)(S-1. a-1)) 
=iiR(Sf"(a-1)13-1. Sf"(a-1R(s-1))a-1). 

Consequently, we have 

(3.5) ((b-1 • a-1)R(p-1 • a-1))-1 

=iiR(Sf"(ii-1)13-1 • Sf"(a-1R(s-1))a-1) • 
• (b-1R(Sf"(a-1)13-1. Sf"(a-1R(s-1))a-1))-1. 

In order to calculate this, we begin with the calculation of Sf" (a- 1)13- 1 

and Sf"(a-1R(s-1))a-1. 

Sf"(a-1)13-1 = Sf"((aR(a • Sf"(b )(3))-1)(£f"(aR(a))Sf"(b )/3)-1 

=Sf"((aR(a • Sf"(b)/3))-1)£f"(aR(a. Sf"(b)/3))(£f"(b)(3}-1 

=(Sf"(b)/3)-1. 

Sf"(a-1 R(s-1))a-1 

(by (2.11)2) 

= Sf"((aR(a))-1 R(Sf"(aR(a) • b )/3)R((Sf"(aR(a )·b )/3t 1))(Sf"(a)a)-1(R(L(a)bR(/3)) 

= Sf"((aR( a) )-1 )Sf"(aR( a) )a-1{R(L( a )bR(/3)) 

=a-1{R(L(a)bR(/3)) 

=(a{R(bR(/3))),-1. 

Now, we calculate the first factor of the right side of (3.5). 

aR(Sf"(a-1)s-1 • Sf"(a-1R(s-1))a-1) 

=aR(a)R(Sf"(b)/3)R((Sf"(b)/3t1 • (a{R(bR(/3))t1) 

=aR(a • a-1{R(L(a)bR(/3))) 

=aR(a • (a{R(b))-1). 

The last of the above is obtained from the following: 

(by (2.11)2) 

(by (2.12)2) 

(3.6) cR(a{R(bR(,y)))=cR(a{R(b) • (a{R(b)t 1 • a{R(bR(,y)))=cR(a{R(b)). 



On Skew Products of Groups 

Next, we proceed to calculate the second factor of the right side of (3.5). 

,i-1R(.st7(a-1)p-1. St7(a-1R(t3-1))a-1) 

=L(St7(a)a0?.(b))(bR(f3)t 1 R((E'(b)/3)-1 • (aO?.(bR(/3)))- 1) 

= L(St7(a)a0?.(b ))b- 1 R((a0?.(bR((3))t 1). 

Therefore, we have the following inverse element of the above: 

{b-1R(.st7(a-1)s-1. St7(a-1R(s-1))a-1))-1 

= (L(if'(a)aO?.(b ))b-1 R((a0?.(bR((3))t 1)t11 

= (L(Sf"(a)aO?.(b ))b- 1t 1 R(St7(L(Sf"(a)a0?.(b ))b-1 )(aO?.(bR(/3)))-1) 

= L(Sf"(a )a)bR(if' (b- 1 )a-10?.(L( a )bR(/3))) 
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=L(St7(a)a)bR(.:f'(b-1)a-10?.(L(a)b)). (by (3.6)) 

Consequently from (3.5), we have 

(3.7) ((/j-1. ii,-l)R(s-1. a-l)tl 

=aR(a • (aO?.(b))-1) • L(St7(a)a)bR(St7(b- 1)a- 10?.(L(a)b)). 

Similarly, we have 

(3.8) (St7(li-1. ii,-lxs-1. ii,-l)tl 

=Se(L(aO?.(b))b-1R(a-1))aO?.(bR((3)) • Sf"((L(a)b)-1 • b)/3. 

Therefore, by (3.7) and (3.8), we obtain the form of the product (3.4), that is, 

(3.9) (a, a) 0 (b, (3) 

=(aR(a • (aO?.(b))- 1) • L(Se(a)a)bR(Se(b- 1)(aO?.(b))- 1), 

St7((L(a)b)- 1R(a- 1))a0?.(bR((3)) • E'((L(a)b)- 1 • b)/3). 

Thus, the group H~ r is isomorphic to the group G1 the product of which 
is defined by (3.9). This group G1 has the unit element (e, 8). Further, in the 
group G1, the associativity of the product holds. So, for the three elements 
(a, 8), (b, (3), and (c, ry) of Gi, it holds that 

((a, 8)(b, /3)) (c, ry)=(a, c) ((b, (3)(c, ry)). 

From this it follows that 

(a• b)R(fJ • (/30?.(c))- 1) • L(Se(a • b)/3)cR(Se(c-1)((30?.(c))-1) 

=a· bR(/3 • ((30?.(c))- 1) • L(St7(b)(3)cR(E'(c-1)((3{R_(c)t1). 

Here, a and bare the two arbitrary elements of H, so for a=b- 1 we have: 

bR(/3 • ((30?.(c))-1) • L(Se(b)/3)cR(Se(c-1)((30?.(c))-1) 

=b • L(fJ)cR(St7(c-1)((30?.(c)t1). 
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In the group I', in the similar way, we have: 

!£'((L(a)b)- 1R(a- 1))aO?.(bR((3)) • Sf'((L(a)b)- 1 • b)(3 

=£f'((L(a)b)-1R(a- 1))a0?.(b) • (3. 

Therefore, the product (3.9) has the following form: 

(3.10) (a, a) 0 (b, (3) 

= (a • L(a)bR(:2"'(b- 1)a-10?.(L(a)b )), Sf'(L(aO!.(b ))b- 1 R(a- 1))a0?.(b )•(3). 

Thus, the product of the group G1 is defined by (3.10). In this definition, if 
we set 

F(a, b)=L(a)bR(Sf'(b-1)a-10!.(L(a)b)), 

sr(a, b )= Sf?(L(aO!.(b))b- 1 R(a- 1))a0!.(b ), 

F(a, b) and Si'(a, b) are the functions of two variables having their values in 
Hand I' respectively, and the definition (3.10) has the following form: 

(a, a)o(b, (3)=(a • F(a, b), Sf(a, b) • (3). 

Therefore, the group G1 is a special case of the group H2 I' which is defined 
by L. Redei, and is isomorphic to the group H* I'. Thus, we have proved 
Theorem 2. 

REMARK 5. In the above proof, the conditions (2.l0)i, (2.11) and (2.12) fol
low from the system of the conditions (2.28) (cf. (2.11), (2.12) and Remark 2). 

§ 4. Relation of group H*I' to group Hx I' and H®I'. 

In this section, we inquire the necessary and sufficient condition for the · 
group "* I' to be a semi-direct product, and then for the group H"}f(,. I' to be 
the direct product of the groups H and I'. 

The semi-direct product H®I' of the groups Hand I' is constituted of all 
ordered pairs (a, a) with a E H and a E I', the product of which is defined by 
(a, a)(b, (3)=(a • F(a)b, a• (3), where Fis a homomorphism of I' into the sub
group of the group of all automorphisms of H. This product is restated 
as follows: the semi-direct product H®I' is HI' where His a normal subgroup 
of H®I' and I' is a subgroup of H®I' with trivial intersection with H. (We 
may take I' as a normal subgroup and H as a subgroup, and in this case, 
the definition of the product is (a, a)(b, (3)=(a. b, aSf(b). (3)). 

Now, if we express the set of all the elements (a, E) by (H, E), (H, E) is a 
subgroup of the group H*I'. Similarly, (e, I') is a subgroup of H*I'. And 
it holds that H ~(H, E), r~(e, I') and (H, E)n(e, I')= {(e, c)}. 

We proceed to inquire the condition in order that the group H* I' may 
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be isomorphic to the semi-direct product of the groups H and I'. For that 
purpose it is sufficient to get the condition for H;J€ I' to be (H, c)®(e, I'). As 
we mentioned above, the group H<;fr,.I' is (H, c)®(e, I') if and only if (H, c) or 
(e, I') is a normal subgroup of H;J€I', so we inquire the condition that the 
subgroup (H, E) is normal in H;J€I'. 

For the arbitrary elements (a, a) E H;J€I' and (b, E) E (H, E), we have 

(a, a)(b, E)(a, a)- 1 

=(aR(Y(b • a- 1)a- 1) • L(a)bR(Y(a- 1)a- 1}•L(a02.(b)•Y(a•L(a)b•a- 1)a- 1}a- 1R(a- 1), 

(a02.(b) • Y(a • L(a)b•a- 1)a-1}02.(a- 1R(a- 1))). 

Therefore, in order that (H, E) may be a normal subgroup of H;J€I', the fol
lowing condition must hold; 

(4.1) (a02.(b) • Y(a•L(a)b • a- 1)a-1)02.(a- 1R(a- 1))=E. 

So, it must hold that 

Y(L(a)b}a- 1 = a- 102.(L(a)b}. 

As the elements b E Hand a E I' are arbitrary, so the above condition may be 
written as follows: 

(4.2) Y(c)fl=: f]02.(c), VcEH,Vf]EI'. 

Conversely, we assume that .27(c)f] =f]02.(c), c EH, fl EI'. By this as
sumption, from the condition ®2 of (2.2S), we have the condition 

(4.3) 2'7(a • b)f]=Y(b • a)f]. 

Now, by the assumption, it holds that 

Y(L(a)b}a- 1 = a- 102.(L(a)b}, 

for b EH and a EI'. So, by (4.3), it holds that 

Y(a • L(a)b • a- 1)a- 1=a- 102..(L(a)b}, 

that is, 

So, we have 

Therefore, the subgroup (H, E) is a normal subgroup of H;J€ I'. 
That is, the necessary and sufficient condition in order that (H, E) may 

be a normal subgroup of H;J€I' is Y(c)fl= f]02.(c) for c EH, fl E I'. 
In the similar way, we can show that the condition for (e, J ') to be a 
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normal subgroup of H* I' is 

(4.4) L(fJ)c=cR((3), \:/cE H, \:/f]E I'. 

Next, we inquire the condition that the group may be isomorphic to the 
direct product of the groups Hand I'. The group is isomorphic to the direct 
product of Hand I' if and only if (H, c) and (e, r) are normal subgroups of 
H* I'. So, by the above results, the necessary and sufficient condition in order 
that H*I' is isomorphic to Hx I' (direct product) is that the conditions (4.2) 
and (4.4) hold. Thus, we have the proposition: 

PROPOSITION 1. If and only if the condition L(a)a=aR(a) or 2?(a)a=a02.(a), 
a E H, a E I' holds, the group H* I' is isomorphic to the semi-direct product 
of the groups Hand I'. 

Further, if and only if the conditions L(a)a=aR(a) and 2?(a)a=a02.(a), 
a EH, a EI' hold simultaneously, the group H>,f;. l' is isomorphic to the direct 
product of the groups Hand I'. 

RE'.1:ARK 6. As we mentioned in § 1, the definition of the group H0[' 
follows from the definition of the group H*I' under the conditions 
L(a)a=aR(a) and 2?(a)a=a02.(a). Therefore, by the proposition 1, the group 
H0I' is isomorphic to the direct product Hx I'. This is the results obtained 
by F. Rubs in his paper [7]. 

REMARK 7. When the condition 2?(c)'y=702.(c) holds, the definition (3.10) 
of the product of the group G1 is reduced to the form: 

(4.5) (a, a)(b, (3)=(a • L(a)bR(a- 1), a. f3)< 2). 

For, by the condition 2?(c)'y=702.(c) the definition (3.10), viz., 

(a, a)(b, (3) 

=(a· L(a)bR(2?(b- 1)a- 102.(L(a)b)), 2?(L(a02.(b))b- 1R(a- 1))a02.(b) • (3) 

is reduced to the form: 

(a, a)(b, fJ)=(a•L(a)R(a- 1), 2?(L(a)b- 1R(a- 1) • b)a • (3). 

Further, it holds that 2?(L(a)b- 1R(a- 1) • b)a=a. 
For, 

2?(L(a)b- 1R(a- 1) • b)a 

= 2?(b- 1R(a- 1))2?(b)a • (2?(b- 1R(a- 1))2?(b)a}- 1 • 2?(L(a)b- 1 R(a- 1))2?(b)a 

=!f'(b- 1R(a- 1))2?(b)a • (a02.(b- 1R(a- 1)))- 1 • a02.(b- 1R(a- 1)R(2?(b)a)) 

=2?(b- 1R(a- 1))2?(b)a • (2?(b- 1R(a- 1))a)- 1 • 2?(b- 1)a 

(2) Hereafter, in the definition of the product of the group G1, we use the notation (a, a) (b, f3) in
stead of (a, a)o(b, f3). 
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=S:f'(b- 1R(a- 1))!£'(b)a • S:f'(b- 1)a- 1 • Sc7(b- 1)a 

=Sc7(b)a0!..(b- 1) • (Sc7(b)a0!..(b- 1))- 1 • S:f'(b)a0!..(b- 1R(a- 1)) • Sc7(b- 1)a- 1 • Sc7(b- 1)a 

=a· Sc7(L(S!?(b)a)b- 1)a- 1 • (!£'(b- 1)a- 1)- 1 • Sc7(b- 1)a- 1 • !£'(b- 1)a 

=a· Sc7(L(a)b- 1)a- 1 • S!?(b- 1)a 

=a. 

Therefore, we have the product (4.5) 

(a, a)(b, /3)= (a•L(a)bR(a- 1), a• /3) =(a• F(a)b, a• /3). 

Further, if the group is defined by the above product, we can show that the 
permutation F(a) is an automorphism of H (cf. §9). 

Moreover, Sc7(c)ry="f0!..(c) and L("f)c=cR("!) hold simultaneously, the defini
tion of the product (4.5) is reduced to the form: 

(a, a)(b, /3)=(a•b, a• /3). 

§ 5. Skew product H~ r defined by automorphisms. 

In this section, we consider the special case of the skew product, that is, 
the case where in the definition of the product of H~I': 

(a, a)(b, (3)=(aR(/3) • L(a)b, aO!..(b) .~ S!?(a)/3), 

R(/3) and L(a) are the automorphisms of H, and O!..(b) and Sc7(a) are the auto
morphisms of I'. 

In this case, if the skew product H~ I' is a group, by Remark 4 R(I') and 
L(I') are the subgroups of the group "l!.(H) of all automorphisms of H, and it 
holds that I'~R(I'), I'~L(I'). Similarly, O!..(H) and Sc7(H) are the subgroups 
of "l!.(I'), and it holds that H~O!..(H) and H~Sc7(H). 

Here, we redefine the skew product in this case. Let R and L be two 
homomorphisms of I' into the subgroups of "l!.(H) and O!.. and Sc7 be two homo
morphisms of H into the subgroups of ~l(I'). We define the skew product 
H@ I' by the following: 

(5.1) (a, a)(b, f3)=(aR((3) • L(a)b, aO!..(b) • Sc7(a)/3). 

Then, by Theorem 1 and Remark 3, we have the proposition: 

PROPOSITION 2. The skew product H@ I' the product of which is defined by 

(a, a)(b, /3)=(aR(/3) • L(a)b, a0!..(b)•.27(a)(3), 

where R(/3), L(a); O!..(b), Sc7(a) are the automorphisms of Hand I' respectively, 

is a group if and only if the following system of the conditions is satisfied: 
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(5.2) 
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CD1 (L(a)b)R((3)=L(a)(bR((3)), 
®1 bR(Sf"(a)a)=bR(a), 
®1 L(a{R(a))b=L(a)b, 
©1 L(.£7(b)a)a • L(a)q,- 1 

=b- 1R(a) • bR(a{R(a)), 
®1 L(Sf"(b)a)a • L(a)a- 1 

E Z(ll)nKRnKL, 

CD2 (.27(a)f3){R(b)= Sf"(a)(f3{R(b)), 
®2 f3{R(L(a)a)=:= (3{R(a), 
®2 .27(aR(a))f3= .27(a)(3, 
©2 Sf"(L((3)a,)a • Sf"(a)a- 1 

=(3- 1{R(a) • f3{R(aR(a)), 
®2 .27(L((3)a)a•.27(a)a- 1 

E Z(I')nK,g;r\Kz. 

where Z(H) = center of H, Z(I')=center of I', 

KR= {a; aR(a)=a, Va EI'}, 

KL= {a; L(a)a=a, Va EI'}, 

Kg;= {a; a{R(a)=a, Va EH}, 

K!Z'= {a; .27(a)a=a, Va EH}. 

Further, in this case we have the following condition by ®2, ®2 and ©1 
of (5.2), 

(5.3) L(Sf"(b)a)a•L(a)a- 1 E kern (Rn kern .£7, 

where kern (R and kern .£7 are the kernels of the homomorphisms (R and Sf" 
respectively. 

By the duality, we have 

(5.4) Sf"(L((3)a)a • Sf"(a)a- 1 E kern Rnkern L. 

In this case, the product (3.10) of the group G1 which is isomorphic to the 
group H;f{__ I' is reduced to the form: 

(5.5) (a, a)(b, (3)=(a • L(a)bR(a-1{R(b)), .£7(L(a)b-1)a{R(b)•f3). 

For, using the. conditions ®1, ® 2, ®1, ® 2, from the definition (3.10), we 
obtain easily (5.5). 

Hereafter, we use the notation G@ which represents the group G1 that is 
isomorphic to the group H®I' and belongs to the type H2I'. So, the product 
of the group G@ is defined by (5.5). 

Finally, we show the example of the group H®I' . . , 

EXAMPLE 1. Let Hand I' be two cyclic groups of the order 8, and a and 
a be the generators of Hand I' respectively. The automorphism of H (and I') 
is uniquely determined by determing the corresponding element to its gen
erator. So, we define two automorphisms <p1 and <p2 of H, and two automor
phisms ,t1 and ,t2 of I' as follows: 

Now, we define two homomorphisms L and R of I' into 'Jl(ll), and two 
homomorphisms Sf" and (R of H into 'Jl(I') as follows: 

L: r-{I, <p1}, R: r-{I, <p2} i .£7: H-{I, ,t2}, (R: H-{I, -ti}, 
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where I is the identity automorphism. 
Then we have kern L=kern R= {a2} and kern 2'7 =kern 0<.= {a2}. And, we 

can easily see that the automorphisms L(a'), R(a'); 2'7(am), 0<.(an),' (s, t, m, n= 
0, 1, 2, 3, 4, 5, 6, 7), which are determined by those homomorphisms, satisfy 
the system of the conditions (5.2). Therefore, the skew product defined by 

(am, a')(an, a')=(amR(a') • L(a')an, a'O<.(an) • 2'7(am)a') 

is a group of the type H® I'. 

§ 6. Structure of group H@I'. 

In this section, we investigate the structure of the group H® I' defined 
by the automorphisms. 

Now, let Ho be a subgroup of H which is generated by all the elements 
aR(aO<.(b))•a- 1R(a), a, b EH, a E I'. Ho is contained in the center of H, so it is 
a normal subgroup of H. Similarly, the subgroup I'0 generated by all the 
elements 2'7(L(a)a)f3 • 2'7(a)f3-1, a EH, a, f3 E I' is a normal subgroup of I'. Di
viding into two cases, that is, (i) H0 = {e} and I'0 = {c} and (ii) the case other 
than (i), we investigate the structure of the group H® I'. 

Case 1. Ho= {e} . .and I'o= {c}. 
In this case, the system of the conditions (5.2) is reduced to the following 

form: 

(6.1) 

CD 1 (L(a)b)R(f3) = L(a)(bR(f3)), 
, ® 1 bR(2'7(a)a)=bR(a), 

® 1 L(aO<.(a))b=L(a)b, 
I W1 bR(aO<.(a))=bR(a), 
i. @1 L(2'7(a)a)b=L(a)b, 

CD2 (2'7(a)f3)0<.(b )= 2'7(a)(f30<.(b )), 
®2 f30<.(L(a)a)=f30<.(a), 
®2 2'7(aR(a))f3= 2'7(a)f3, 
©2 f30<.(aR(a))=f30<.(a), 
CS\ 2'7(L(a)a)f3= 2'7(a)f3. 

REMARK 8. From the system of the conditions (6.1), by adding the con
ditions L(a)a=aR(a), 2'7(a)a=a0<.(a), we can obtain the sufficient conditions 
in order that the skew product H0I' may be a group, which is obtained by L. 
Redei in [ 4]. 

In this case 1, the definition of the product of the group Gm defined in § 5 
is given by the following: 

(6"2) (a, a)(b, f3)=(a • L(a)bR(a- 1), 2'7(b- 1)aO<.(b) • f3) 

In this definition, if we set F(a)b=L(a)bR(a- 1) and a3X(b)=2'7(b- 1)a0<.(b), from 
(6.2) we have 

(6.3) (a, a)(b, f3)=(a • F(a)b, a::SX(b) • f3), 

where F(a) and SX(b) are the automorphisms of Hand I' respectively. 
By the notation H®I', we represent the group the product of which is 
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defined by (6.3). It is clear that the group H@I' is a special case of the group 
Hz!'. 

Then, in the case 1, the group H® I' is isomorphic to the group H®f'. So, 
by Szep's Theorem (cf. [10]), we have the theorem: 

THEOREM 3. If {aR(alR(b))•a- 1R(a)} = {e} and {2"(L(a)a)f3·2"(a)/3- 1} ~ {c}, 
it holds that 

H® I' /(Hi, f'1)~ H/H1 x I'/ I'1 (direct product) 

(H1, I\)~ H1 x f'1 (direct product) 

where H1 = {a; 2"(a-1)alR(af=a, Va f I'} and I'1 = {a; L(a)aR(a-1)=a, Va ( H} 
and (H 1, I\) is a subgroup of H® I' which is generated by all the elements 
(a, a) with a E Hi, a E f'1. 

Case 2. The case where at least one of Ho and f'0 is not the group 
constituted of only one element. 

Now, let be 

(6.4) 
l(a, a, b)=aR(alR(b)) • a- 1R(a), 

a-(a, a, /3)=2"(L(a)a)/3·2"(a)f3- 1. 

Then, the definition of the product of the group G© which is defined in § 5 
becomes as follows: 

(6.5) (a, a)(b, (3)=(a • F(a)b·l(b, a- 1, b), a-(a, b- 1, a)• a5(b)·/3), 

where F(a)b=L(a)bR(a- 1) and a5(b)=St?(b- 1)alR(b) are the automorphisms 
of the group Hand r respectively. And the group H® I' is isomorphic to the 
group G© whose product is defined by (6.5). 

Now, in the case 2, we investigate the structure of the group H® I'. 
First, we show that (Ho, I'o) which is constituted of all the pairs (a, a) with 
a E Ho, a E f'o is a normal subgroup of the group H® I'. 

For, it is clear that (Ho, I'o) is a subgroup of H® I'. And for (a, a) 
c H@l', (bo, /3o) E (Ho, I'o), it holds that 

(6.6) (a, a)(bo, /3o)=(a · bo, a•f3o)=(bo•a, /3o · a)=(bo, /30)(a, a). 

So, (bo, f3o) belongs to the center of H® I', that is, (H0, I'0) is contained in the 
center of H® r. Therefore, the subgroup (Ho, I'0) is normal. 

(6.7) 

Further, from (6.6) we can see that 

(Ho, I'o)~ Ho x ro (direct product) 

Moreover, it holds that 
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For, as the group H® I' is isomorphic to G® and the subgroups Ho and 
1'0 :are invariant under the automorphisms R(a) and £(a) respectively, we 
can regard (Ho, I'0) as a subgro~p 9f Gw. So, in order to prove (6.7) it is suf
ficient to prove that 

GCD/(Ho, I'o)~ H/Ho®i'/ I'o. 

If we define the mapping t of Gm into H/Ho®I' / I'o by t(a, a)=(aHo, al 'o), then 
t is a homomorphism of G© onto H/Ho®I' / l'o. 

For, it is clear that ,[I' is onto. And F(al'o) and 3X (bHo) are considered as 
the automorphisms of H/H0 and l'/ I'o respectively, so it holds 

t(a, a)(b, f])=t(a • F(a)b • l(b, a-1, b), a-(a, b-1, a)• a.'JX(b) • fl) 

=(a•F(a)bH0, a.'JX(b) • f3I'o) 

=(aHo, al'o)(bHo, f3I'o) 

Further, (ci, a) f kern 'V if and only if a f Ho and a f i'o, that is, (a, a) f (Ho, I'o), 
Thus, we have the theorem: 

THEOREM 4. If, in the groups Hand I', at least one of the subgroups H0 

and I'0 is not constituted of only one element, then it holds that 

H® I' /(Ho, I'o)~H/Ho®I'/ I'o, 

(Ho, I'o),..._, H0 x I'0 (direct product) 

where Ho= {aR(a0c(b))•a- 1R(a)} and I'0 = {!£'(L(a)a)f3 • !£'(a)f3-1}. 

§ 7. A special type of group H2I'. 

In § 6, we have shown that the group H® I' is isomorphic to a special 
type of the group H2r, that is, the group Gm which is defined by 

(7.1) (a, a)(b, f])=(a • F(a)b • l(b, a-1, b), a-(a, b- 1, a)• a.'JX(b) • f3), 

where F(a)b=L(a)bR(a- 1) and a.'JX(b)=!£'(b- 1)aOc(b) are the automorphisms 
of Hand I' respectively. And we have defined 

(7.2) 

(7.3) 

l(a, a, b)=aR(aOc(b)) • a- 1R(a), 

a-(a, a, f3)=!£'(L(a)a)f3 • Sf7(a)f3- 1• 

In this section, we investigate the properties of the functions l(a, a, b) 

and a-(a, a, f3). Next, using those functions, conversely we define a new skew 
product H* I' of the groups Hand I' which is the same type as G®, And we 
inquire the necessary and sufficient condition in order that the skew product 
H':,'1,. I' may be a group, and investigate the structure of this group. Finally 
we show the example of the group which belongs to the type H2 I' but not to 
the type H* I', and the examples of the type H* I'. 
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First, we investigate the properties of the function l(a, a, b) and a-(a, a, (3). 
For the automorphisms R(a) and Y(a) which define the functions l(a, a, b) 
and a-(a, a, /3), the system of the conditions (5.2) holds. So, from G\ and @2 

of (5.2) it follows that 

(7.4) 

(7.5) 

l(a, a, b)=L(.!/'(a)a)b • L(a)b- 1, 

a-(a, a, /3)=aO<(aR(/3)) • a- 10<.(a). 

Further the function l(a, a, b) has the following properties: 

(7.6) l(a • c, a, b)=l(a, a, b) • l(c, a, b), 

(7.7) l(a, a· /3, b)=l(a, a, b) • l(a, f3, b), 

(7.8) l(a, a, b • c)=l(a, a, b) • l(a, a, c), 

(7.9) l(l(a, /3, c), a, b)=l(a, a-(a, c, /3), b)=l(a, a, l(c, /3, b))=e, 

(7.10) l(F(/3)a, a, b)=l(a, a&r(c), b)=l(a, a, F(/3)b)= l(a, a, b). 

PROOF of (7.6) 

l(a • c, a, b)=(a • c)R(aO<(b)) •(a• c)- 1R(a) 

=aR(aO<(b)) • cR(aO<(b)) • c- 1R(a) • a- 1R(a) 

=l(a, a, b)·l(c, a, b). 

PROOF of (7. 7) 

l(a, a• /3, b)=aR((a • (3)0<.(b)) • a- 1R(a • /3) 

=aR(aO<(b) • /30<.(b)) • a- 1R(a • /3) 

=(aR(aO<(b)))R(/30<.(b)) • a- 1R(a • /3) 

=(aR(a) • l(a, a, b))R(/30<.(b) • a- 1R(a • /3) 

=(aR(a))R(/3) • l(aR(a), /3, b) • a- 1R(a • /3) • l(a, a, b) 

=l(aR(a), /3, b) • l(a, a, b) 

=L(Y(aR(a))/3)b • L(/3)b- 1 • l(a, a, b) 

=L(.£7(a)f3)b • L(/3)b- 1 • l(a, a, b) 

=l(a, a, b) • l(a /3, b) 

The property (7.8) can be proved in the same way as (7.6). 

PROOF of (7.9) 

l(l(a, (3, c), a,b) =l(a, /3, c)R(aO<(b)) • (l(a, /3, c)t 1R(a)=e. 

Similarly, we have l(a, <T(a, c, /3), b)=l(a, a, l(c, (3, b))=e. 

PROOF of (7.10) 
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l(F(fJ)a, a, b)=L(2'7(F((3)a)a)b • L(a)b- 1 

=U.2'7(L(f3)a)a)b • L(a)b- 1 

=L(.27(a)a • u-((3, a, a))b • L(a)b- 1 

=L(.27(a)a)b • L(a)b- 1 

=l(a, a, b). 

In the similar way, we have l(a, a, F((3)b)=l(a, a, b). Moreover, 

l(a, aST(c), b}=aR((aST(c))O!.(b))•a- 1 R(aST(c)) 

=aR(aO!.(c • b )) • a- 1 R(aO!.(c)) 

=aR(a) ~ l(a, a, c • b) • a- 1R(a) • l(a-1, a, c) 

=l(a, a, b)•l(e, a, c) 

=l(a, a, b). 

Further the function has the following property: 

(7.11) l(am, a, b)=l(a, am, b)=l(a, a, bm)=(l(a, a, b)t, 

(for an integer m). 

PROOF. Case 1. m=O: 
By the definition l(a, a, b) we have 

(7.12) l(e, a, b)=l(a, E, b)=l(a, a, e)=e. 

Case 2. m= -1: 
By (7.6), (7.7), (7.8) and (7.12), we have 

(7.13) l(a-1, a, b)=l(a, d-1, b)=l(a, a, b- 1)=(l(a) a, b)t 1• 

Case 3. m=,=0,-1: 
By (7.6), (7.7), (7.8) and (7.13), we have 

l(am, a, b)=l(a, am, b)=l(a, a, bm)=(l(a, a, b)r. 
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Similarly, we can prove the following properties of the function a-(a, a, (3). 

(7.14) a-(a • 'Y, a, (3)=u-(a, a, (3) • a-(ry, a, (3), 

(7.15) a-(a, a• b, (3)=u-(a, a, (3) • a-(a, b, (3), 

(7.16) a-(a, a, (3 • ry)=a-(a, a, (3) • a-(a, a, ry), 

(7.17) a-(a-(a, b, ry), a, fJ)=a-(a, l(a, 'Y, b), /3}=a-(a, a, a-(ry, b, fJ))=c, 

(7.18) a-(aST(b), a, (3)=a-(a, F(ry)a, /3}=a-(a, a, (33J(b))=u(a, a, (3), 

(7.19) a-(am, a, (3)=a-(a, am, (3f=a-(a, a, 13m)=(a-(a, a, fl)r. 

Now, we proceed to define the new skew product by using the functions 
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which have the above properties. 
Let F be a homomorphism of I' into the group W.(H) of all automorphisms 

of H, and 3X be a homomorphism of H into W.(I'). Then we define: 

Z(H)=center of H, Z(I')=center of r, 
KF= {a; F(a)a=a, \/a En, K,,-= {a; a3X(a)=a, Va EH}, 

kern ,5l = {a; a3X(a)=a, Va EI'}, kernF= {a; F(a)a=a, Va EH}, 

I'o=Z(I')nKy-nkern F. 

Further, let l(a, a, b) be a function which has the properties (7.6), (7.7) (7.8), 
(7.9) and (7.10), having its value in Jfo. Similarly, let a-(a, a, {':]) be a func
tion which has the properties (7.14), (7.15), (7.16), (7.17) and (7.18), having its 
value in I'o. 

Then, we define the new skew product H* I' by the following: 

(7.20) (a, a) (b, l3)=(a • F(a)b • l(b, a- 1, b), a-(a, b-1, a)•a3X(b) • /3). 

We inquire the conditions in order that the skew product H'¾,.. r may be 
a group. From the associativity of the product, for three elements (a, a), (b,13) 

and (c, 7) of H* I', we have 

(a• F(a)b • l(b, a- 1, b) • a-(a, b-1, a)• a3X(b) • l3)(c, ,y) 

=(a, a)(b • F(/3)c • l(c, 13-1, c), a-((3, c- 1, {':]) • l33X(c) • 7). 

Consequently, it holds that 

(7.21) a• F(a)b • l(b, a- 1, b)•F(a-(a, b-1, a)· a3X(b) • f:J)c • 

• l(c, 13-1 -a- 1 3X(b) • a-(a-1, b- 1, a), c) 

=a• F(a)(b • F(l3)c • l(c, W1, c)} 

• l(b • F (l3)c • l(c, 13-1, c), a-1, b • F(l3)c • l(c, 13-1, c)). 

By (7.6), (7.7), (7.8), (7.9) and (7.10), we have 

F(a3X(b) • l3}c=F(a • l3)c • l(b, a-1, c). • l(c, a-1, b). 

For (3=c, it holds that 

(7.22) F(a3X(b)}c=F(a)c • l(b, a-1, c) • l(c, a-1, b). 

Conversely, suppose that (7.22) holds. Then we can easily prove that 
(7 .21) holds. 

Similarly, in the group I' it holds that 

(7.23) 
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And (e, E) is the unit element of ff%. I', and the inverse element of (a, a) 
is given by 

(F(a-1)a- 1 • l(a- 1, a, a-1), a-(a-1, a, a-1) • a-\sr(a-1)). 

Thus, we have the theorem: 

THEOREM 5. Let H'%. I' be a skew product defined by 

(a, a) (b, (3)=(a • F(a)b • l(b, a-1, b), a-(a, b- 1, a)• a3X(b) • (3), 

where F(a) and 3X(b) are the automorphisms of Hand I' respectively, and l(a,a,b) 
and o-(a, a, (3) are the functions having their values in H0 =Z(H)nKFnkern3X 
and I' 0 =Z(I')nKynkernF respectively, and further l(a, a, b) and o-(a, a, (3) 
have the fallowing properties: 

l(a•c, a, b)=l(a, a, b) • l(c, a, b), 

l(a, a• (3, b)=l(a, a, b) • l(a,(3, b), 

l(a, a, b • c)=l(a, a, b)•l(a, a, c), 

l(l(a, (3, c), a, b)=l(a, o-(a, c, (3), b) 

=l(a, a, l(c, (3, b))=e, 

l(F((3)a, a, b)=l(a, a3X(c), b) 

=l(a, a, F((3)b)=l(a, a, b), 

o-(a•ry, a, (3)=o-(a, a, (3) • o-(ry, a, (3), 

o-( a, a • b, (3) = o-( a, a, (3) • o-( a, b, (3), 

o-(a, a, (3 • ry)=o-(a, a, (3) • o-(a, a, ry), 

o-(o-(a, b, ry), a, (3)=o-(a, l(a, 'Y, b), /3) 

=o-(a, a, o-(ry, b, (3))=E, 

o-(a3X(b), a, (3}=o-(a, F(ry)a, (3) 

=o-(a, a, (33X(b)}=o-(a, a, {3). 

Then the skew product H'%. I' is a group if and only if the following con
ditions are satisfied: 

F(a3X(b))a=F(a)a • l(a, a- 1, b) • l(b, a- 1, a), 

a3X(F(_{3)a)=a3X(a) • o-(a, a- 1, (3) • o-(/3, a- 1, a). 

In the same way as § 6, we can see that group H3x I' has the following 
structure: 

If Ho is the subgroup of H generated by all l(a, a, b) and I'0 is the sub
group of r generated by all o-(a, a, {3), then (Ho, I'o) is a normal subgroup of 
fl;r,_ r. And it holds that 

(Ho, I'o)~ Ho X Fo (direct product) 

H%. r /(Ho, I'o)~ H/Ho®I' I I'o 

where H/H0®I' / I'o is a group the product of which is defined by 

(ai, a1) (bi, /31 )=(a1 • F(a1)b1, a13X(b1) • /31), ai, b1 f. H/Ho, a1, /31 f. I'/ I'o, 

and F(a1) and 3X(b1) are the automorphisms of H/Ho and I'/ I'o respectively. 
Finally we show the example of the group which belongs to the type 

HzI', but not to the type H*I', and the examples of the group H'3xF. By 
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those examples we can show that the existence of the sequence of the product 
of the groups: 

Hx I'~H®I'~H'%_I'~HzI'. 

EXAMPLE 2. Let G be a non~abelian group of order 24 (cf. [1] p. 160), that 
is 

If we set H= {a, b} and I'= {c}, then we have G=HzI'. But this group G does 
not belong to the type H* I'. 

For, His a non-abelian group of order 8 and I' is a cyclic group of order 
3. So the group llr(I') of the automorphisms of I' has order 2, that is, llf(I')= 
{l,<p}, where I is the identity automorphism and <p transforms e, c, c2 to e,c2, c 
respectively. Therefore, there are only two homomorphisms Sl of H into 
~l:(I'), that is Sl1: H--+{I}, Sl2: H--+{I, ,p}. 

Case 1. 5f=Sl1 and kern F= {e}: 
In this case, we have f' 0 = {e}. If G ,belongs to the type H:xI', then it 

must hold that (e, c) (a, e)=(F(c)a • l(a, c- 1, a), c). But in the group G, it holds 
that ca=a3c2• It is a contradiction. 

Case 2. 5f=Sl1 and kern F= I': 
In this case, we have .H0 ={a2} and f' 0 =I'. If G belongs to the type H:-xI', 

then it must hold that (e, c) (b, e)=(b •l(b, c-1, b), <T(c, b- 1, c)•c). So, b·l(b,c-1, b) 
must be b or ba2• But in Git holds that cb=a2c. It is a contradiction. 

Case 3. Sl=Sl2: 
As Sl2 is the homomrphism of H onto {I, <p}, the kernel of Sl2 is {a}. And 

as K:r,={e}, f'o={e}. If the group G belongs to the type H*I', then it must 
hold that (e, c)(a, e)=(F(c)a•l(a, c-1, a), c). But in G it holds that ca=a3c2• It is 
a contradiction. · 

Thus, the group G does not belonglo the type H* I'. 

ExAMPLE 3. Let R be the ring of the integers, and R(22) be the ring of 
the residue classes mod 22• And let H =I'= R(22), and consider them as the 
additive groups. Then the skew product of Hand I' is defined by 

(a, a)(b, (:J)=(a+b-2b2a, -2ba2 +a+f]). 

Then we define F(a)b=b, aSl(b)=a, l(a, a, b)=2aba and <T(a, a, /3)=2a/3a. Then 
we have H0 -=fc{e} and I'0 -=fc{E}. And we can easily show that l(a, a, b), <T(a, a, /3), 
F(a) and Sl(b) satisfy the conditions (7.6), (7.7), (7.8), (7.9), (7.10); (7.14), (7.15), 
(7.16), (7.17), (1.18); (7.22) and (7.23). Therefore, G belongs to the type H'~x I'. 

EXAMPLE 4. We show another group of type H*I'· Let Hand I' be two 
cyclic groups, and the order of H be infinite and the order of I' be 4. And 
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let P and Il be the generators of Hand I' respectively. Then we define the 
skew product G of Hand I' as follows: 

(7.24) (Pi, Jlk)(Pi, Ill)=(Pi. piHl\ nk-2ik. Ill), 

where 

_ { O; 2 / k., 
k= 

1; 2,r k, 

here, 2 / k means that k is divisible by 2, and 2 ,r k means that k is not divis
ible by 2. 
(This is a special case of the skew product obtained by L. Redei in[5]). 

Now, we define 

F(Ilk)Pi=pi<- 1Jk, Ilk3l(Pi)=Ilk, 

l(P\ Ilk, Pi)=e, a{II\ Pi, JI1)=Jii"«-1J1-ll. 

Then, F(Ilk) is the automorphism of H and it holds that I'~ F(I'). And, as 
KF={e}, H0 ={e}. As all Sf (P') are the identity automorphisms, it is clear that 
H~Sf(H) and K.r=I'. 

The function a{Il\ Pi, Il1) has the following properties: 

(7.25) 

(7.26) 

For; 

(7.27) 

And, 

a{Il\ pi, II1)=Jlil((-1)k-1), 

a{Il\ p-i, Ilk) =JI-2ik, 

! c : 2 / k, 

c;(Il\ pi, Il1)= E : 2,r k, 2 / l, 

n-2i: 2 ,r k, 2 ,r l, 
=JiiH(-l)Ll)_ 

{ c · 2 / k c;( Ilk p-i Ilk)= . ' 
, ' JI2i: 2,r k. 

Further; it holds that c;(Il\ P', Il1) E f' 0• 

For, as Z(I')=K7 =I', we show that c;(Il\ P\· Il1) E kern F. 

(by (7.27)) 
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And from (7.27), it follows that {a{II\ P', Il1)H={e}. 
Next, we show that the function a-(II\ P', Il1) satisfies the conditions 

(7.14), (7.15), (7.16), (7.17) and (7.18). 

l c : 2 I k, 2 j m, 

a-(Ilk·Ilm, P', II1)= IJi((-I)1- 1): 2 I k, 2--rm, or 2--rk, 2 j m, 

E : 2 --r k, 2 --r m. 

l c : 2 / k, 2 j m, 

a-(Ilk pi II1) • a-(Ilm pi II1) = IJiCC- 1)1- 1) · 2 I k 2--rm or 2--r k 2 j m 
' ' ' ' . ' ' ' 

IJ2i((-l) 1- 1)=c: 2--r k, 2--rm. 

Therefore, (7.14) holds. 
Similarly, we can show that (7.16) holds. 

So, (7.15) holds. 

{ 
a-(E pi Il1)=E 

a-(a-(II" pi II"') P' II:)= ' ' ' 
' ' ' ' a-(IJ- 2i, P', II')=E. 

(by (7.27)) 

Similarly, we have a-(II\ P', a-(Ilm, Pi, II1))=E. 
And a-(II\ l(P', nm, Pi), Il1)=a-(II\ e, Il1)=E. Therefore (7.17) holds. 

Further, we can easily see that a-(II\3l(Pi), P', II1) =a-(II\ P', II13l(Pi)) 
=a-(II\ P', Il1). Also, 

c : 2 I k, le :2--rk2jl 
a-(IJ\ F(IJm)P', IJ1)= 2 ' ' 

n- ' : 2 --r k, 2--r l, 2 j m, 

II2' = n-2,: 2 --r k, 2 --r Z,2 --rm, 

and 

k i i - f C '. 2 I k, 
a-(n , P , n )-

1 
s . 2 ,r k, 2 1 z, 

~ n-2i: 2--r k, 2--r l. 

So, (7.18) holds. 
Furthermore F(Ilk3l(P))Pi=F(Ilk)Pi. And Ilk3l(F(II1)Pi)=II\ and 

II'3l(Pi) • a-(II\ p-', II1) • a-(II1, p-i, Ilk)=Ilk. So, (7.22) and (7.23) hold. 
Therefore the group G defined by (7.24) is a group of the type H':,'f,_I'. 

§ 8. Some properties of group H* I'. 

In this section, we investigate the properties of the group H* I' which 
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is defined in § 7. 
In§ 7, we have shown that: 

(8,1) H':,'{,J'/(Ho, I'o)~ H/Ho@I' / I'o, 

where H0 ={l(a, a, b)} and I'0 ={a-(a, a, /3)}, and H/Ho®I'/ I'0 is a group the pro
duct of which is defined by 

(ai, a1)(br, /31)=(a1•F(a1)b1, a1Sl(b1)·/31), ar, b1 EH/Ho, ai, f/1 E I'/I'o. 

From the above results, we have the properties: 
(1) If the group Hand I' are solvable, then the group is also solvable. 
(2) The group H* r is not simple. 

PROOF of (1). 
We prove this, dividing into the two cases: 
Case 1. Ho={e} and I'o={c}. In this case, by (8.1) we have H;,,;.I'~H®I'. 

So, by Szep's Theorem, it holds that 

(8.2) { (Hi, /\)~ H1 X I\ 
H@I' /(Hi, I'1)~ H/H1 x I'/ I'1 

(direct product) 

(direct product) 

where Hi =kern 5l and I'1 =kem F. 
As the subgroup and factor group of the solvable group are solvable, and 

as the direct product of two solvable groups is also solvable, Hi, I\, Hix r 1, 

H/Hi, I'/ I'i and H/Hi x I'/ I'i are all solvable groups. Therefore the group 
H~'>i. I' is solvable, because the extension of a solvable group by a solvable 
group is solvable. 

Case 2. The case where at least one of H0 and I'0 is not constituted of 
only one element. 

By case 1, the group H/Ho@I' / I'o is solvable. So, by (8.1) we can show 
that the group H':,'>i.l' is solvable. 

PROOF of (2). 
It follows easily from (8.1) and (8.2), so we omit it. 
Further the group H':,'>i. r has the following property: 
(3) If the groups H and I' are a torsion group, then the group H* r is 

also a torsion group. 

PROOF. For (a, a) EH':,'{,_ I' and a positive integer i, it holds that 

(a, aY=(a • F(a)a · ... • F(a•-i)a • (l(a, a-1, a))1'+2'+·--+(i-l)', 

(o-(a, a-i, a)) l2+Z'+---+(i-l)' • aSX(a•-1) • · · · • a5l(a)•a). 

Let m, n, p and q be the orders of elements a, a, a • F(a)a • • • • • F(an-1) a and 
aSl(am- 1) • · · · • &r(a) • a respectively. Then follows 

(a, a)mnpq=((l(a, a-1, a))1'+2 2 + ... +(mnpq-iJ 2, (a-(a, -1, a))12+2'+ .. ·+<mnpq-1)'). 
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Further, let s and t be the orders of the elements (l(a, a-1, a))12 + 22 +···+Cmnpq-l) 2 

and ((o-(a, a- 1, a))12 + 22 +···+Cm,.pq-ll 2 respectively. Then we have (a, a)N =(e, c) 
where N=mnpqst. Therefore, H*I' is a torsion group. 

Let Hs be the subgroup of H generated by r0(a, a, b fl), where ro(a, a, b, fl) 
=a• F(a)b • F(a • fl • a- 1)a- 1 • F(a •fl• a-1 • fl- 1)b-1 • l(a, fl-1, a)• l(b, a, b) • 
l(a, a• fl-1, b) • l(b, a• fl-1, a). The subgroup Hs contains the commutator 
subgroup of H, so it is a normal subgroup of H. Similary let I's be a subgroup 
of I' generated by p0(a, a, b, fl), where p0(a, a, b,fl)=u(a, a• b- 1,f)) • u(fl, a•b- 1, a)• 
o-(fl, a, /3) • u(a, b- 1, a)• fl- 18X(b-1 • a- 1 • b •a)• a-1s;rca-1 • b•a) • fl3X(a) •a.Then 
I'. is a normal subgroup of I'. Thus, we have the property: 

( 4) (Hs, I's) is a normal subgroup of the group H* I', and it holds that 

(8.3) H*I'/(Hs, I's)~H/Hs(BI'/I's (direct sum). 

PROOF. First, we show that (Hs, I's) is a subgroup of H*I'. (Hs, I's) has 
(e, c) as the unit ebment. And it holds that 

(8.4) (r0(a, a, b, fl))- 1=r0(F([a, f:?])b, [a, fl]• fl• ([a, f:?J)-1, 
F([a, fl])a, [a, fl] •a• ([a, f:?J)- 1), 

(8.5) r0(a, c, e, fl)=a•F(fl)a- 1 • l(a, fl-1, a), 

where [a, fl]=a •fl• a-1 • fl- 1• For r, EH., p. Er., we have 

(r •. p.)-1~(F(p.- 1)r.- 1 • l(r., p., r,), u(p,, r., p,) • p,- 18X(r,-1)). 

And from (8.5), follows F(p.- 1)r,-1 • l(r., p., r,)=r.- 1 • r0(r., c, e, p.- 1). From this 
and (8.4), F(p.- 1)r.- 1 • l(r., p., r.) EH •. Similarly, u(p,, r,, p.)·p.- 13X(r,-1) EI',. Con
sequently, we have (r,, p.)- 1 E (H., I',). For (r., p.), ('r,, 'p.) E'en., I',), we have 
(r,, p,)('r,, 'p.)=(r, • F(p.)'r, • l('r,, p,-1, 'r,), u(p., 'r,-1, p.) • p,3X('r,) • 'p.). By (8.5), 
F(p.)'r, • l('r,, p,-1, 'r,)='r, • r.('r,-1, c, e, p,), so follows r,•F(p.)'r,•l('r,, p,- 1, 'r,) EH,. 
Similarly u(p., 'r,- 1, p.) • p.3X('r.) • 'p. EI',. Consequently, we have(r., p.)('r., 'p.) 
E (H., I',). Therefore (H., I'.) is a subgroup of H* I'. 

Next, we show that (H., I'.) is a normal subgroup of H* I'. In order to 
prove this, it is sufficient to prove that (H., I'.) contains the commutator sub
group of H* I'. For (a, a), (b, fl) EH* I', (a,a)(b, fl)(a, a)- 1(b, m-1=(r.(a, a, b, fl), 
p.(F(fl- 1)b-1, fl- 1 8X(b-1), F(a-1)a-1, a- 18X(a-1))), so [(a, a), (b, fl)] f (H,, I',). The
refore, (H,, I',) contains the commutator subgroup of H* I'. So it is a nor
mal subgroup. 

We proceed to prove (8.3). First, we have F(ry)r0(a, a, b, f))=r0 (F(ry)a, 
ry •a• ry-1, F(ry)b, ry •fl• ry- 1), that is, F(ry)H. CH. for every ry E I'. Similarly, it 
holds I'.3X(c) Cr., for every c EH. Next, we define a mapping t of H* I' into 
H/H.(BI'/I',by t(a,a)=(aH,, aI'.). Then tis ahomomorphismof H*I' onto 
H/H.(BI' / r.. For, it is clear that t is onto. And from the definition of 

. po (a, a, b, fl), it holds 

(8.6) p.(e, a, b, c)=o-(a, b- 1, a)• a- 1s;r(b) • a. 



Further, 
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y(a, a)(b, /3)=y(a•F(a)b · l(b, a- 1, b), a-(a, b- 1, a)· aSl(b) • /3) 

=(a· F(a)b • l(b, a-1, b)H., a-(a, b- 1a) • a3J'(b) • (3I',) 
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=(a• bH,, a· (3I',) 

=(aH,+bH,, af',+(31',) 

(by (8.5), (8.6)) 

,And, 

Therefore, 

y(a, a)y(b, f])=(aH,, aI'.)+(bH,, (3I\) 

=(aHs+bHs, aI's+f3I's) 

y(a, a)(b, /3)=,[r(a, a)✓i{b, (3)=(aHs+bHs, aI's+f3I's). 

Moreover, (a, a) E kernt if and only if a E Hs and a E I's, Thus, we have (8.3). 
Finally, we prove the property: 
(5) Let H and I' be two abelian groups. Then the group ff% I' is abelian if 

and only if H'% I'= H x I' (direct product). 

PROOF. Suppose that for (a, a), (b, (3) EH'% I', (a, a)(b, (3)=(b, f])(a, a). 
Then we have a • F(a)b • l(b, a-1, b) = b • F((3)a • l(a, 13-1, a) and· 

a-(a, b- 1, a)• aSX(b) • (3=a-((3, a- 1, (3) • (33J'(a) • a. From the former for a=e it 
follows that F(a)b • l(b, a- 1, b)=b, and from the latter for /3=8 follows 
a-(a, b-1, a)• aSX(b)=a. Therefore, in this case the product of H*I'must be 
(a, a)(b, (3) =(a• b, a• /3). And the sufficiency of this condition is obvious. 

§ 9. Final remarks. 

In this section, we study the special cases of the skew product H':¥; I' the 
product of which is defined by 

(9.1) (a, a)(b, (3)=(aR((3) • L(a)b, aO<.(b) • .5:?(a)/3), 

(aR(c)=L(c)a=a, aO<.(e)=.sc"(e)a=a). 

And further we clarify the relation between the results which we have ob
tained in § 2 and § 3 and those obtained by L. Redei and A. Stohr. 

We call H:¥; I', k-fach degenerated, when just k of the following four con
ditions 

aR((3)=a, L(a)b=b, aO<.(b)=a, .sc"(a)/3=(3 

is identically satisfied. 

For the sake of the symmetry of (9.1), there are two different types of 
the 1-fach degenerated case of H~ I', that is, 
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1-1 type: (a, a)(b, /3)=(a • L(a)b, aO<.(b) • .2f'(a)/3), 

1-2 type: (a, a)(b, /3)=(aR(/3) • b, aO<.(b) • Se'(a)/3). 

There are four different types of the 2-fach degenerated case, that is, 

2-1 type: (a, a)(b, /3)=(a • b, aO<(b) • Se'(a)/3), 

2-2 type: (a, a)(b, /3)=(a • L(a)b, aO<.(b) • /3), 

2-3 type: (a, a)(b, /3)=(aR(/3) • b, aO<.(b) • (3), 

2-4 type: (a, a)(b, (3)=(aR(/3) • b, a• Se'(a)/3). 

There are two different types of the 3-fach degenerated case, that is, 

3--1 type: (a, a)(b, /3)=(a • b, a• Se'(a)/3), 

3-2 type: (a, a )(b, /3) = (a • b, aO<.(b) • /3). 

And the 4-fach degenerated case of H* I' is the direct product of H and r. 
Here, we restrict ourselves to the types 2-1, 2-2, and 2-3. In each case, 

by Theorem 1 we investigate the condition in order that the skew product 
may be a group, and inquire the form of the product of G1 which is isomorphic 
to the above groups, by using (3.10). About the other special types of H*I', 

we can obtain the results similar to the above types, by using Theorem 1 and 
(3.10). 

(1) 2-1 type: 
The skew product of 2-1 type is a group with the unit element (e, c) if 

and only if the following conditions are satisfied: 

(9.2) 
f CD EO<.(a)=Y(a)E=c, 

l ® (Sf'(a)/3)0<.(b) = Stf'(a)(/30<.(b )), 

® (30<.(a • b)=(/30<.(a))O<.(b), 

CV Stf'(a • b)(3=Stf'(a)(Se'(b)/3), 

(/3 • 'Y )0<.( a)= (30<.( a) • 'YO<.( a), 

([) .2f'(a)(/3 • ~;)= Stf'(a)/3 • Stf'(a)'Y. 

From the conditions ® and of (9.2), 0<.(a) and Sf'(a) are the automo-
rphisms of I'. Consequently, the product of the group G1 which is isomorphic 
to 2-1 type of group H* I', is as follows: 

(9.3) (a, a)(b, /3)=(a•b, a::;J;(b) • (3), 

where aSf(b)=Stf'(b- 1)aO<.(b) is an automorphism of I'. 
Therefore, from (9.3), the group of 2-1 type is isomorphic to the semi

direct product of the groups H and r. 
NoTE 1. The groups of 3-1 type are the special cases of the group of 2-1 

type. So, from the above results we can see that the groups of 3-1 type are 
isomorphic to the semi-direct product of H and I'. 

(2) 2-2 type: 
The skew product of this type is H2I' defined by L. Redei in [41 (cf. 

Remark 1). From Theorem 1, we can obtain the condition in order that the 
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skew product of 2-2 type may be a group with the unit element (e, c), that is, 

CD1 L(a)e=e, CD2 cO?.(a) = c, 

(9.4) ®1 L(a • /3)b=L(a)(L((3)b), ®2 (30?.(a • b)= (/30?.(a))O?.(b), 

®1 L(a)(b • c)=L(a)b·L(aO?.(b))c, ® 2 (f3•ry)O?.(a) = (30?.(L( ry)a)•ryO?.(a). 

NoTE 2. In this type, the assumptions L(c)a=a and aO?.(e)=a written in 
(9.1) are contained in the necessary conditions. 

This system (9.4) of the conditions coincides with the results of L. Redei 
(cf. [4] Theorem 6). 

(3) 2-3 type: 
The skew product of this type is H2T defined by L. Redei and A. Stohr 

in [6] (cf. Remark 1). 
The condition in order that the skew product of 2-3 type may be a group 

with the unit element (e, c) is as follows: 

CD1 eR(a)=e, CD2 cO?.(a)=E, 

(9.5) 
®1 bR(a • /3)= (bR(a))R(/3), ®2 (3R(a • b)=(/30?.(a))O?.(b), 

®1 (b • c)R(a)=bR(a) • cR(a), ®2 (/3 • ry)O?.(a)=/30?.(a) • ryO?.(a), 
i 
\ (4)1 aR(/30?.(c )) = aR(/3), @ 2 aO?.(bR( ry)) = aO?.(b ). 

NoTE 3. In this type, the assumptions aR(c)=a and aO?.(e)=a written in 
(9.1) are contained in the necessary conditions. 

By ®1 and ®2, R(a), 0?.(a) in (9.5) are the automorphisms of Hand r re
spectively. And the group G1 which is isomorphic to the group of 2--3 type 
is as follows: 

(9.6) (a, a)(b, /3)=(a • bR(a- 1), aO?.(b) • /3). 

(9.5) and (9.6) are the results obtained by L. Redei and A. Stohr in [6]. 

In conclusion, I wish to express my hearty thanks to Prof. K. Morinaga 
for his encouragemet and kind guidance in the course of the present work. 
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