
J. Sm. HIROSHIMA UN1v. SER. A 
VoL. 24, No. 3, DECEMBER, 1960 

On m-adic Differentials 

Yoshikazu NAKAI and Satoshi SuzuKI 
(Received September 20, 1960). 

Introduction 

In our previous paper one of the authors developed the theory of differ­
entials in commutative rings. In that paper he started with the de:fin£tions 
given in [l]1l and applied the theory of differentials to the characterization 
of geometric regular local rings, and other problems. But when he was going 

4 

to apply the theory to a larger class of local rings he encountered serious em-
barrassment. The situation may be well described if we take up the follow­
ing example. Let A be the ring of the analytic functions in n complex vari­
ations Z1, ... Zn, which are regular -in some neighborhood of the origin. Accord­
ing to the definition given in [1], the module of differentials in A·Gover the 
constant field) contains infinitely many linearly independent differentials. On 
the other hand if f is an element of A, the differential df can be written uni-

quely in the form df = '};Ldz1 + ... + iLdzn, i.e. there exist only n-analytic-
uz1 uz,. 

ally independent differentials dzi,• .. ,dzm in A. This example means that the 
former theory is not adequate as a theory of differentials since it cannot cover 
the analytic case. Now it may be natural to ask whether there exists a good 
algebraic theory available for such a case. This is the motivation of the pre­
sent work and the affirmative answer will be presented here. To develop the 
theory we must begin with m-adic rings and then the notion of m-adic differ­
entials will be introduced. Naturally the newly introduced notion contains 
the old one as a special case. Moreover it will be seen that when we deal with 
the local rings of points on an algebraic variety, the new theory coincides 
with the former one. This is the reason why the former theory is useful to 
the problems in algebraic geometry. In the last paragraph we shall give the 
characterizations of regular local rings as an application. We hope that this 
theory will find good applications in the theory of algebroid varieties. 

§ 1. Preliminaries. 

We shall retain all the notations and terminologies used in [ 4 ]. All 
rings considered in this paper will be commutative containing the unity 1. 
Let S be an R-algebra with a ring homomorphism/: R-+S such that J(l)=l. 
We shall denote by DR(S), the module of R-differentials in S, and R-differential 

I) The number in the bracket refer to the bibliography at the end of the paper. 
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of an element x of S will be denoted by d;x. DR(S) is characterized by the 
universal mapping property with respect to the R-derivations of S into an 
arbitrary S-module2l, i.e. if D is an R-derivations of S into an S-module E, then 
there exists an S-homomorphism h of DR(S) into E such that Dx=h(df,x). Let 
S be a ring and let m be an-ideal of S. We shall say that S is an m-adic ring 
if S is topologized by taking m' (r= 1, 2, ... ) as a fundamental system of 
neighborhoods of zero. Let S be an m-adic ring and let E be an S-module. 
We shall say that E is an m-adic S-module if E is endowed with the topology 
in which mnE(n= 1, 2, ... ) form a fundamental system of neighborhoods. An m­
adic S-module is not necessarily a Hausdorff space. An m-adic S-module Eis 

= 
a Hausdorff space if, and only if, (\ mnE=O. In this case we shall say that 

n-0 

E is a separated (m-adic) S-module, or simply a SH-module. Let S be a no­
etherian ring and let m be an ideal of S. We shall say that the pair (S, m) is 
a Zariski ring if m is contained in the J-radical3) of S. Then S is a Hausdorff 
space as an m-adic ring. A Zariski ring (S, m) is characterized as an m-adic 
Hausdorff ring in which all the ideals are closed ( [lJ ). The following 
lemmas are well known. 

LEMMA 1. Let (S, m) be a Zariski ring and let Ebe a finite S-module. Then 
Eis an S,rmodule and any submodule F of Eis a closed set. Moreover the 
m-adic topology of P coincides with the induced m-adic topology of E (cf. [lJ, Th. 
1 of Expose 18). 

LEMMA 2. Let S be an m-adic ring and let E be an Swmodule. Then any 
derivation D of S into Eis a continuous map (cf. [lJ, Th. 2 in Expose 18). 

In the present monograph we shall treat exclusively the m-adic ring 
which is at the same time a Haudorff space. Hence all m-adic rings S in this 

-paper are assumed to satisfy the conditions (\ m' = 0 unless otherwise stated. 
r= 1 

§ 2. m-adic differentials. 

Let S be an R-algebra and let m be an ideal of S. We shall assume that 
Sis an m-adic ring. We define the module of m-adic R-differentials in S, de­
noted by f>R(S), as the S-module satisfying the following conditions. 

(1) There exists an R-derivation JJ from S into f>R(S), (Jfi will be called 
an m-adic dijf erential operator over R) 

(2) f>R(S) is generated over S by Jfix, x ES 
(3) f>R(S) is a separated m-adic S-module 
(4) Let Ebe an arbitrary separated m-adic S-module and let D be an R­

derivation of S into E. Then there exists an S-linear map h from f>R(S) into E 

(2) All modules in this paper are assumed to be unitary. 
(3) We mean by the ]-radical the intersection of all maximal ideals of S. 
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such that 

Dx=h(dli.x) for all x ES. 

In particular (O)-adic R-differentials are no other than the differentials in­
troduced in the previous papers. ( [1]. [ 4] ). 

PROPOSITION 1. Let S be an R-algebra and let m be an ideal of Sand assume 
that S is an m-adic ring. Then the module of m•adic R-dijferentias liR(S) 
exists and is determined uniquely up to S-isomorphism.4) Moreover liR(S) is 
given by 

PRooF. The uniqueness is seen by the standard arguement and Lemma 
2. Hence to complete the proof it will be sufficient to show the quotient mod-

-ule DR(S)/ (\ m'DR(S) satisfies the four requirements. Let p be a natural hom-
, - 0 

omorphism 

-p : DR(S)-:-~DR(S)/ (\ m' DR(S) 
r= 0 

and let us put J, lix = p( d lx ). Then we can easily verify (1 ), (2) and (3). The 
property (4) follows from the assumption that Eis a separated S-module. 

CoRoLLARY 1. If DR(S) is a separated m-adic S-module, we have 

/jR(S)=DR(S). 

CoROLLARY 2. If Sis afield, DR(S)=liR(S). 

· PPoPoSITION 2. Assume that the ring S is noetherian and DR(S) is of finite 
rank over S. We have liR(S)=DR(S) if one of the following conditions holds: 

(a) (S, m) is a Zariski ring. 
(b) Any element of Sis not a zero diviS-Or of DR(S). 

PROOF. (a) follows from Lemma 1 and Cor.1 of Prop. 1. 
(b) is a consequence of the Theorem of Artin-Rees (cf. Th. 2, 

Expose 2 in [1] ). 

PROPOSITION 3. Let A be an affine ring over a noetherian ring R. Let a be 
an ideal of A, and let U be a multiplicatively closed set consisting of elements 
1 +a, a€ a. Let us put S=Au and m=aAu, Then we have 

PRooF. Let A=R[ui,- .. u,,,J and let A be a polynomial ring inn-variables 

(4) Not only "algebraic"but also" topological". 
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Xi,-. -Xn, over R. Then there exists a natural homomorphism <pR;X,A from 
DR(A) onto DR(A) (Prop. 9 of [ 4J ). Since DR(A) is a free module of rank n over 
A (Prop. 15 of (4J) we see that DR(A) is a finite A module. Since DR(Au)= 
Au®DR(A) by Prop. 10 in (4J, DR(S) is also a finite module. Hence the as­
sertion follows from (a) of Prop. 2, since (S, m) is a Zariski-ring. 

Let S be a local ring with the maximal ideal m. Then the module of 
m-adic R-differentials will be called simply the module of analytic differentials 
in S. By the similar reasoning as above, we have the 

PROPOSITION 4. Let A and R be as in Prop. 3. Let µ be a prime ideal of A. 
Then the module of analytic differentials in the local ring S=Au is isomorphic 

. to the module of R-differentials DR(S). 

From this proposition we see that when we are treating local rings which 
are quotient rings of points of algebraic variety, the theory of analytic dif­
erentials offers no new results. 

§ 3. The properties of m-adic differentials. 

In this paragraph we shall give generalizations of the results of §2 in 
( 4J to m-adic differentials. Let S be an m-adic R-algebra with a ring hom­
omorphism J : R - S and let T be an 11-adic S-algebra with a ring homomo­
rphism g: s-T. In this case Tis naturally an R-algebra with the ring homo­
morphism h=g 0 f: R-T. Under these circumstances assume moreover that 

(1) g(m)Cn. 

DR(T) is, by definition, a separated 11-adic T-module. At the same time DR(T) 
is an S-module and we can endow to DiT) with m-adic topology. Since m'DR(T) 
=g(m)'DR(T), DR(T) is also an m-adic separated S-module under the condition 
(1). Let us now define a map D from S into DR(T) by 

Dx=d~(x). 

This is clearly an R-derivation of S into DR(T), hence there exi~ts an S-homo­
morphism a: DR(S)-DR(T) such that 

Dx = d~(x) = a(d J(x )) 

From this we can define a T-homomorphism 

(2) 

where <p' R;s,r is defined by the rule 

<p' R;s, r(L,ti®d ixi) = L,tid~xi 
i i 

for X f S. 

for t; E T, xi E S. 

In general, the T-module T®sDR(S) is not a T;;.-module. But since DR(T) is a 
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Tn-module we can define the homomorphism 'PR;s,r-

Let us us denote by N R;s,r and bs,r the kernel and cokernel of 'PR;s,r• Then 
we have the following exact sequence 

~ 'PR;S,T 
(3) o-NR,s,r-T®DR(S)/(\ n'(T®bR(S))--DR(T)-Ds,r-O 

r-0 

which is the natural generalization of the exact sequence (A) in [4]. 

PROPOSITION 5. Retaining the rwtations as above, assume that g(m) C n. 

Then bs(T) is isomorphic to Ds,r/((\ n'Ds,r). Let TD(S) be the submodule of 
r=O 

DR(T) generated over T by the elements d~x, x ES. Then Ds(T) is isomorphic to 
the residue module of DR(T) modulo the closure of Tfi(S) in bR(T). 

PROOF. The first assertion can be proved in a similar way as in the proof 
of Prop. 1 in [ 4]. It will be sufficient to remark that Ds, r itself is easily seen to 
satisfy the conditions (1), (2) and ( 4) in §2. On the contrary bs, r is not neces­
sarily a Hausforff-space as n-adic T-module. Hence it is necessary to form the 

~ 

residue module modulo (\ n'Ds,r in order to get the module of n-adic 
r=O 

differentials. The last assertion follows immediately from the fact that 
Ds,r~bR(T)/Tb(S) and the first one. 

CoRoLLARY 1. Assume that (T, n) is a Zariski ring and bR(T) is a finite 
T-module. Then we have 

fis(T)=DR(T)/TD(S) 

PRooF. Under these assumptions T!J(S) is a closed set by Lemma 1. 

CoRoLLARY 2. Retaining the rwtations and assumptions as in Prop. 5, 
if bR(S)=0, then DR(T)=Ds(T). 

PROOF. From the exact sequence (3), we have DR(T)=Ds,r, hence bs,r is 
a separated n-adic T-module. Then /Js(T)=Ds,r follows from Prop. 5. 

The following theorem can be proved in a similar way as Th. 1 in [ 4J. 
Hence the proof will be omitted. 

THEOREM 1. Retaining the rwtations and assumptions in Prop. 5 we have 
the following: Any R-derivation of S into a separated n-adic T-module V can be 
extended to an R-deriviation of Tinto V if, and only if, (i) 'PR;s, r _is injective, 

and (ii) (T®sDR(S))/((\ n'(T®DR(S))) is the direct summand of DR(T). Moreover 
r=O 
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if f>R(S) is known to be a finite S-module we shall have (i) and (ii) if every R­
derivation of S into a finite T-module can be extended to a derivation of T. 

CoROLLARY. Let (T, n) be a Zariski ring and assume that f>R(T) is a finite 
T-module. Then 'PR;s,T is an isomorphism if and only if any derivation of 
S into a TH-module V can be extended uniquely to a derivation of T into V. 

PROOF. By our assumption we see that f>s,T is a fiinite module, hence 
f>s(T)=f>s,T by Prop. 5. Since f>,;(T) is n-adic separated, the uniquenees of the 
extension implies f>s(T)=O. Then the first assertion is an immediate con­
sequence of the Theorem. The converse is easy. 

PROPOSITION 6. Let S be an R-algebra, let m be an ideal of S and let U be a 
-multiplicatively closed set in S. If Su is an (mSu)-adic ring, i.e. (\ (mSu)'=O, 

r=O 

then we have 

PRooF. Let T=Su, then Tis, in a natural way, an S-algebra with a hom­
omorphism g: s-r. Let us put n=mSu. By our assumption Tis an n-adic 
ring and g, m, and n satisfy the condition (1). Hence in order to prove the 
Theorem it is sufficient to show the following: Let D be a derivation of S 
into a T H""module E. Then D can be extended in a unique way to a derivation 
of T into E. This is proved in [ 4] . 5> 

CoRoLLARY. Let S be a noetherian m-adic R-algebra and assume that f>R(S) 
is a finite module. Let U be a multiplicatively closed set in S such that 
U+mCU. Then we have 

PRooF. Under these assumptions the ideal n=mSu is contained in the 
]-radical of Su, since any element of 1 +n is invertible in Su. Hence (Su, n) is a 
Zariski ring. Scr®f>R(S) is a finite module over a Zariski ring (Su, n), hence 

separated 11-adic Su-module i.e. (\ n'(Su®f>R(S)=O. Thus the proof is com-
r-o 

plete. q.e.d. 

THEOREM 2. Let S be an R-algebra and assnme that (S,m) is a Zariski ring. 
Let a be an arbitrary ideal of S. Then if f>R(S) is a finite module the following 
sequence is exact, 

(5) The possibility of the extension of a derivation D of S to a derivation of T can be proved directly 
in the following way. Let a=v/u=v' /u' be an element of Twhere u, u' are elements ofU. Then 
there exists an element u" in Usuch that u"(vu'-v'u)=O. Applying D to this relation and mul­
tiplying u", we get the relation u"2 (vDu' +u'Dv-v' D'u-uDv')=O. From this we see that D"'(a)= 
(uDv-vDu)/u1 is a well defined unique extension of D to T. • 
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(4) 
i <p' R;S, S/a 

a/02-(S/a)®sDR(S)-DR(S/a)-o 

where i is defined by i (a)= l®dla. 

PRooF. The "onto-ness" of <p~;R,(sra) is trivial. As is easily seen we have 

and 

where SD(a) is the submodule of DR(S) generated by elements d8a, a Ea (cf. 
Prop. 9 in ( 4J ). Then we have 

DR(S/a)=DR(S/a)/(\ m'DR(S/a) 
r=O 

~ 

=DR(S)/ (\(m'DR(S) +SD(a) + aDR(S)) 
r=O 

=DR(S)/ (\(m'DR(S) +SD(a) + aDR(S)) 
T=O 

where SD(a) is the submodule of DR(S) generated by the elements d8a, a Ea. 

By our assumption DR(S) is a finite module over a Zariski ring (S, m), hence 
by Lemma 1 all the submodules of DR(S) are closed. Hence we get the iso­
morphism 

From this we get the desired exact sequence. 

In the course of the proof, the assumption that DR(S) is a finite module 

is used only to prove that[\ (m'DR(S)+SD(a)+aDR(S))=SD(a)+aDR(S). Hence 
r=O 

if a) m, then we get the exact sequence ( 4), without using any other assum­
ptions. Thus we get 

SuPPLEMENT. Let S be an R-algebra and assume that Sis an m-adic ring. 
Let a be an ideal of S containing m. Then the sequence ( 4) is always exact. 

§ 4. Complete m-adic rings. 

In this paragraph we shall deal exclusively with the noetherian rings. 
Let S be an n-adic ring and let S* be its completion with respect to the 

n-adic topology. We shall denote by n* the extended ideal nS*. Then as is 
well known the topology of S* as the limit space of S coincides with the 
n* -adic topology and S* is a Hausdorff n* -adic ring (Th. 2, Expose 18 in (lJ ). 
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PROPOSITION 7. D5(S*)=O. 

PROOF. Let D be a derivation of S into a St-module E. Then by Lemma 
2, D is continuos and D can be extended to a derivation of S*. into E. More­
over this extension is done in a unique way. From this we have Ds(S*)=0, 
otherwise the differential operator Jf will give a :rion-trivial S-derivation of 
S* into a Sl!-module DsGS*). 

Let R be an m-adic ring a.pd let S be an R-algebra with a ring homomo­
rphism J: R-S, such that J (1) = 1. We shall assume that J satisfies the con­
dition 

(5) J(m)Cn. 

Then the homomorphism J can be extended in a unique way to a ring hom­
omorphism J* of R* into S*. When we treat R-algera S in these situations 
we always consider S* as an R*-algebra with this extended homomorphism. 

THEOREM 3. Let S be an R-algebra satisfying the condition (5). Assume 
that (S, n) is a Zariski ring and DR(S) is a finite S-module. Then we have 

DR.(S*)=DR(S*)=S*®sDR(S) 

PRooF. Let E be an arbitrary finite S* -module. Then E is a complete 
Hausdorff space with respect to n*-adic topology. Hence any R-derviation D 
of S into E can be extended in a unique way to an R-derviation of S* into E. 
Moreover by our assumption S*®sDR(S) is a finite S* -module, hence it is an 
S'1,-module, and we have an injective map 

'PR;s,s• : S*®sDR(S)-➔DR(S*) 

by virtue of Theorem 1. Hence to prove the theorem it is sufficient to prove 
the "ontoness" of 'P='PR;s,s•• 

Let a* be an arbitrary element of S*, and {a;} be a Cauchy sequence in S 
such that a*=lim a;. By lemma 2 we have d*a*=lim d*a;, where cl* stands 

i-cc, i-oo 

for Jy/ and lim is taken with respect to the n*-adic topology in DR(S*). On 
the other hand {cia;} is a Cauchy sequence in DR(S), where J means dfi, since 
{a;} is a Cauchy sequence and J is a continuous map in Sn-module (Lemma 2). 
Hence l<'Z)da; is also a Cauchy sequence in S*®sDR(S). Since DR(S) is a finite 
module, S*®sDR(S) is a complete n*-module, and there exists an element a* 
in S*®sDR(S) such that a*=lim (l®da;). Since<$ is a continuous map we have 

i-oo 

<$(a*)=lim ,p(l®da;)=lim d*a;=d*a*. 
i-oo · 

Since DR(S*) is generated by d*a*, a* c S*, the above consideration shows the 
ontoness of /p. 

The assertion DR(S*)=DR.(S*) follows from Prop. 7 and Cor. of Prop. 5. 
q.e.d. 
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CoROLLARY. Let Sand R be local rings such that R is contained in S. Then 
if DR(S) is a finite module we have bR.(S*)=S*0sDR(S). 

THEOREM 4. Let S be a complete local ring with the the maximal ideal n, 
and let R be a local ring with the maximal ideal m. Assume that S dominates 
R, i.e. nnR=m and that the residue field S/n is a finitely generated extension 
of R/m. Then bR(S) is a finite module. 

PROOF. By the supplement to the Theorem 2, we have an exact sequence 

Since DiS/tt)=D<RtmiCS/n) and S/n is a finitely generated field extension of 
R/m, we see that DR(S/n)=D(Rtm,CS/n) is a finite module. From this we see 
that 

bR(S/n)=DR(S/n)=DcR1n1,(S/n)=DcR1m,CS/n). 

The above exact sequence implies that (S/n)0sDR(S) is a finite dimen­
sional vector space over the fielff S/n. The Theorem will follow from the 
following lemma which is proved implicitly in [2]. 

LEMMA 3. Let S be a complete n-adic ring and let E be a separated n-adic 
S-module. Assume that (S/n)0sE is a finite (S/n)-module with a system of gen­
erators 10e;(i=l, ... , n), then ei,·· ., en form a system of generators of E over S. 

PRooF. Since (S/n)0sE=E/nE, 1 ®e, can be identified with the class of 
e, modulo nE. Then by our assumptions we have 

in general we have 

n 

E= ~Se; +nE 
i=l 

n'E= :Sn'e; +n'+ 1 

i-=l 

(r=O, 1, 2, ... ... ). 

Let a be an arbitrary element of E. By a standard technic we can find a 
sequence {a,} satisfying the following conditions 

with a<;> f. S. By our assumption S is complete with respect to the n-adic 
topology in S. Let b'=lim a,<il, then it is easy to see that a=~b;e;, and the 

proof is complete. 

PROPOSITION 10. Let S be formal power series ring inn-variables Xi,- .. , Xn 
over a ring R, and let m be the ideal of S .generated by (xi, ... , Xn)• Then the 
module of m-adic differentials bR(S) is a free module of rank n. 
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PRooF. By the supplement to Th. 2, we have the exact sequence 

m/m2-RQ!)Dn(S)-Dn(S/m)-0. 

Since S/m=R, we see that Dn(S/m)=0. On the other hand S is a complete 
m-adic ring, hence we see by Lemma 3 that Dn(S)=Sdx1 + ... +Sdxn. The proof 
will be complete if we show that dxi,- .. , Jx,. are linearly independent. For 

this purpose it is sufficinet to point out that the formal derivations D,=-O1 ox, 
satisfy the conditions D,xj=o,j and D,r=0 for r ER. 

REMARK. Let f be a formal power series with coefficients in R. Then it 
is not difficult to see that we have 

where . ?!.f stands for the formal derivative of/. ox, 
Now it is easy to give the answer to the problem raised in the introduc­

tion. 

PRoP0s1noN 11. Let K be the complex number field and let A be the ring 
composed of power series in n indeterminates over K which are convergent in 
some neighborhood of the origin. Then the module of analytic differentials 
DK(A) is a free module of rank n. 

PROOF. Let A* be the formal power series ring in indeterminates X1,· .. , 

X,. over K. Then A* is the completion of the local ring A. Since JA• X1, ... , 

JA•x,. are independent differentials in DK(A*), then-differentials JAX1, .. . , dAX,. 
are also independent in DK(A) (cf. the exact sequence (3)). Hence to prove 
the assertion it is sufficient to show that JAXi, . .. , JAX,. generate entire DK(A). 

Let f be an element of A and let ;{ be formal derivative of f with 

respect to X;. Then as is well known °Xi is also contained in A. Let j<"'l be o , 
the sum of the terms of degrees 2m inf. Then from J = Iim J<ml, we have 

m-~ 

proving the assertion. 

§ 5. A generalization of a lemma of Godement. 

Let R be a local ring and let m be the maximal ideal of R. Assume that 
R contains a field K such that R/m is a separable extension of K. Then the 
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sequence 

(6) 

is known to be exact (Th. 5. Expose 17 in (lJ ). On the other hand 

b1.(R)®R(R/m)=Dx(R)®R(R/m) 

469 

and bx(R/m)=Dx(R/m) since R/m is a field (Cor. 2 of Prop. 1). Hence we 
can write the exact sequence (6) in the from 

(7) 

We shall give a generalization of the sequence (7) in the 

THEOREM 5. Let R be a local ring and let m be the maximal ideal of R. Let 
I be the ring contained in R which is either a field or else a discrete valuation 
ring such that the prime element u of I is contained in m2• Assume that the 
residue field of R.is a separable extension of the residue field K of I. Then the 
sequence 

is exact. 

PROOF. When I is a field, it is proved above, hence we assume that/ is a 
discrete valuation ring. Let us put S=R/m2• By the assumption that u E m2, 

K is naturally considered as a subfield of S. Let n=m/m2• Applying the exact 
sequence (7) to the local ring S with the maximal ideal n, we see that the 
sequence 

is exact, where n2 =0. By definition we have S/n=R/m and n=m/m2• Hence 
in order to prove the assertion it is sufficient to show that 

(S/n)®sbx(S)~(R/m)®RfJI(R). 

Let D be a derivation of R into bx(S) defined by 

where xis the class of x mod m2• Since Dis trivial on/ and bx(S) is a SEr 

module, we can find an R-homomorphism a: b1(R)-+bx(S) such that 

di(?i;=a(d1x), x ER 

a induces in a natural way an (R/m)-homomorphism 
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On the other hand the map <p: R---+(R/m)®fh(R) defined by <p(x)=l(g)Jfx, x ER 
is a derivation which is trivial on I. Moreover if x E m2; then J?x is contained 
in mfh(R), hence <p(x)=O. This means that <pis a derivation of S=R/m2, which 
is trivial on K=I/(u). Since R/m is an S-algebra with the natural homo­
morphism S---+R/m, and (R/m)(g)Ri)i(R) is an S8 -module, we can find an S-homo­
morphism /3: f)K(S)---+(R/m)(g)Ri)i(R) such that 

<p(x)=l®J?x=f3(dlx) 

where x ER and x denote the class of x modulo m2• f3 induces the natural 
homorphism 

and we have 

(l®/3)(l(g)a)(l®Jfx)=(l®/3)(l®Jlx)=(l®/3)(Jlx)=l®J?x, XE R 

and by the similar calculus we get 

(l®a)(l(g)/3)(l®J}x)= (l®a)(l®Jfx)= l(g)J}x for X E R 

which proves that l(g)a gives the isomorphism of (R/m)(g)Rf)1(R) and 
(S/n)®sf)K(S). 

REMARK. In this theorem, the assumption u E m2 is essential. In fact let 
' I be a discrete valuation ring with the prime element u, and let R be the 

formal power series ring I[[Xi,· .. , x,.JJ over I. Then m=(u, Xi, ... , x,.) and m/m2 

is an (n+l)-dimensional vector space over R/m=I/(u)=K, i)i(R) is a free 
module of rank n, and hence (R/m)(g)i)i(R) is an n-dimensional vector space 
over K. 

§ 6. Characterizations of regular local rings. 

(equal characteristic case) 

Let R be a local ring and let m be the maximal ideal of R. We shall say 
that a field K is a· Cohen field of R if K is contained in R and R/m~ K. 

THEOREM 6. Let R be a complete regular local ring of rank n and let m be 
its ma.ximal ideal. Let k be a field contained in R such that R/m is a finitely 
generated separable extension of dimension r over k. Then i)k(R) is a free mod­
ule of rank n+r. Moreover let (xi, ... , x,.) be a regular system of parameters of 
R and let ai, ... , a, be elements of R such that the residue classes. of a' s modulo 
m form a separating transcendent base of R/m over k. Then Jxi,, .. , Jx,., Jai, 
... , Ja,form a free base of i)j<(R), where J stand for Jf, 

PROOF. Let K'=k (ai,-··, a,). Then K' is a subfield of Rand R/m is a se­
parable extension of K'. Hence there exists a Cohen field K containing K' 
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((lJ, (3J Expose 18). Then R=K[[Xz,-··, XnJJ and Dx(R) is a free module of rank 
n with the base dxxi,- .. , dxxn. Let Ebe a finite R-module. Then Eis a complete 
and any derivation of K into E can be extended to a derivation of R into E. 
Since Dk(R) is a finite wodule (Th. 4) We can apply Theorem 1 to our case 
and we get the exact sequence 

0--+ R® xDk{K)--+ Dk(R)--+ D x(R)--+0. 

Since D,.(K) is a free module with the base Jlfai,- .. , d1ar, the assertion follows 
immediately from this. 

CoROLLARY, In Theorem 6 let us take off the assumption that R is complete 
and instead assume that D/R) is a finite module. Then we have the same con­
clusion as in Theorem 6. 

PROOF. Let R* be the completion of R. From the exact sequence 

0--+m/m2--+(R/m)®RDiR)--+DiR/m)--+0. 

We see that (R/m)@D,.(R) is generated by l@dxi,-··, l@dxn, l@dai,-· ., l@dar. 
Since Dk(R) is a finite module, DiR) is generated by dxi,-· ., dxn, da1,· .. , Jar, 
The same assumption also implies that Dk(R*)=R*®RDlR) by Theorem 3. 
By Theorem 6 DiR*) is a free module with the base d*x,, d*ai (i=l, . .. n, j= 
1, ... , r) and the above isomorphism is given by corresponding d*x;, d*ai to 
l®dx;, l@dai. The assertion follows from this. 

THEORREM 7. Let R be a complete local ring and let m be its maximal ideal. 
Let k be a field contained in R such that R/m is a finitely generated extension of 
k. Assume that one of the following conditions is satisfied: 

(1) Characteristic of R is >0, R is an integral domain, k is perfect and 
R/m is algebraic over k. 

(2) Characteristic of R is zero. 
Under these conditions, if DiR) is a free module of finite rank, then R is a 
regular local ring. 

PROOF. Let K be a Cohen field of R containing k and let ai,- .. , ar be a 
transcendent base of Kover k (in the case (1), this is an empty set). Let ui,- . . , 
un be a minimal set of generators of m. By Theorem 5 we have the following 
exact sequence 

From this we see that Ja1 ... , Ja" Jui,-·., Ju,. are a minimal base, hence also a 
free base of DiR) over R where J stands for Jf Let A be a formal power 
series ring in n-variables Xi, X2, ... , X,. over Kand let <p be a K-homomor­
phism of A onto R such that 

ip(X)=u; (i=l, 2, ... , n). 
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Let~ be the kernel of <p. Then~ has the following property. 

(*) "Let f be an element of~. then the formal derivatives :~ ' s are still 

contained in ~-" 
In fact let f be a formal power series and let f m be the sum of the terms 

of degree L m in f. Then "J is contained in ~ " is equivalent to saying that 
{Jm(n)} is a zero sequence in R. Since Jm(U)== 0 (mod mm+ 1), we have 

Since !Jk(R) is a free module with the base du,, and dai> we see that ofm/ou,=0 
(mod. mm) for all i's. This proves that of /oX, are contained in ~-

From this we see immediately ~=0 in the case (2). The proof of the 
theorem will be complete, if we show the following 

LEMMA 5. Let K be a perfect field of characteristic p(>0) and~ be a prime 
ideal of the formal power series ring over Kinn-variables Xi,- .. , Xn• Assume 
that~ has the property(*). Then~ must be a zero ideal. 

PROOF. Let J be an element of ~ different from zero. Then we can 
express f in the form 

where f,,···•n 's are elements in k[[Xf, ... , X~JJ and 0Lia,Lp. Arranging n­
tuples (ii,- .. , in) in lexicographical order and applying the operations 

step by step from the highest order of n-tuples, we see easily that all the 
coefficients J,, ... •n's are contained in ~- The above considerations show that. ~ 
is generated by the elements in ~nK[[Xf, ...... , X~JJ =~0• Moreover the 
coefficient field K is perfect and ~ is a prime ideal, hence if J is in ~o, J1 1P is 
also in ~- Let us now assume that ~ is not the zero ideal and let J be an 
element of ~o which has the lowest initial term. Then j1 1P is in ~- But this 
is impossible·since ~ is generated by the elements in ~o and the initial term 
of J1'P has the degree less than that of J. Thus the proof is complete. 

COROLLARY. Let R be a local ring and let m be its maximal ideal and let 
R* be its completfon. Let k be a field contained in R such that R/m is a finitely 
generated extension of k. Assume that one of the following conditions is sat­
isfied: 

(1) Characteristic of k is >0, R is analytically irreducible, k is perfect 
and R/m is algebraic over k, 

(2) Characteristic of k is zero. 
Then if !J/R) is a free module of finite rank, R is a regular local ring. 
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PROOF. It holds that fh(R*)=R*@R!JiR) by Theorem 3 since !Jk(P-.) is of 
finite rank by the assumption. Hence !JiR*) is a free module. Then by 
the above Theorem R* is a regular local ring. Hence R is also a regular local 
ring. q. e. d. 

In Theorem 7, (1), we have assumed that R/m is algebraic over k. We 
don't know whether this assumption can be replaced or not by "R/m is a 
finitely generated separable extension of k". On the other hand the remaining 
two assumptions are inevitable as is shown in the following example. 

ExAMPLE. Let R. = k C (X, Y] J be a formal power series ring in two var­
iables over a field k. First assume that k is not perfect. Then there exists 
an element a ink such that a11 P is not ink. The principal ideal ~=(XP+aP) 
is a prime ideal of R. Hence the quotient ring R=R/~ is a complete local 
domain which is not regular. Let x and y be the classes of X and Yin R. 
Then as is easily seen, !JiR) is a free module with the base Jx and Jy. 

If k is not perfect, the above defined principal ideal is not prime, hence 
the local ring R contains a zero divisor. But the similar considerations show 
that DlR) is a free module of rank 2 with the base Jx and Jy. 

§ 7. Characterizations of regular local rings. 

(unequal characteristic case) 

In this paragraph we shall treat exclusively the local rings of character­
istic O with the residue field of prime characteristic p. 

LEMMA. 6. Let (R, m) be a complete local ring and let I be a discrete valua­
tion ring with the prime element u. Assume that R dominates I and the residue 
field of R is separably algebraic over I/ul. Then we have the following: 

(1) There exists a complete discrete valvation ring I' containing I such 
that I' has the same prime element u as I and I'/ul'=R/m. 

(2) For the valuation ring I' satisfying (1) we have 

PRooF. Let ® be a set of discrete valuation rings in R containing I such 
that they have the common prime element u as I. As we can see easily,® is 
the indu~tive set and there exists a maximal element I' in ®. I' is subspace 
of R (Th. 6 in (3J ), hence I' must be complete, because otserwise the com­
pletion of I' will be contained in ® and it will contradict the fact that /' is a 
maximal element in ®. 

We shall show that 1' has the same residue field asR. Assume the con­
trary. Then there exists an element a in R/m which is separably algebraic 
over I'/ul'. Let /(X) be a monic polynomial in I' (XJ such that the polynomial 
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](X) obtained from J(X) by reducing the coefficients modulo ul' is an irre­
ducible equation over I'/ul' such that ](a)=O. Since ](X) is separable, we 
see, by Hensel's lemma, that J(X) has a linear factor X-a such that a is an 
element of the class a. Then, by Lemma 4 in (3J, I' [aJ is also a discrete val­
uation ring with the same prime elemnt u as I' and this is a contradiction. 

To prove the ass~rtion (2) it is sufficient to show that DI(I')=O by Corol­
lary 2 of Prop. 5. Since /' is complete, I' contains the completion I* of I and 
DI(I')=D1.(I') by the same Cor. 2. Hence it is without restriction to assume 
that/ is complete. Let k and k' be the quotient field of I and I' respectively, 
and let L be the algebraic closure of kink'. Then the integral closure B of 
/ in I' is given by B=1' nL hence B is also a discrete valuation ring with the 
prime element u. Moreover we can see that the residue fields of B and /' co­
incide by Hensel's lemma. Then I' must be the completion of Band .Da(I')=O 
by Theorem 3. Hence our problem is reduced to prove DJ(B)=O. Now let L' 
be any subfield of L such that CL': kJ <=,and let B' =BnL'. Then if DI(B)=!=-0, 
we have DJ(B')=!=-0 for some B'. But B' is, by its construction, an unramified 
extension of I', hence DJ(B')=DI(B')=O by Cor. 1 of Th. 10 in (4J. Thus the 
proof is complete. 

THEOREM 8. Let R be a regular local ring of rank n and let m be its maximal 
ideal. Let I be a discrete valuation ring dominated by R and let u be a prime 
element of I. Assume that R/m is a finitely generated separable extension of 
dimension rover the field I/ul and uEJ=m2• Then if DJ(R) is a finite module, 
DJ(R) is a free module of rank n+r-1. 

PROOF. Let ai, a 2, . .. , a, be elements of R such that their residue classes 
ai, a 2, .. . , a, modulo mare a separating transcendent base of R/m over I/ul. • 
Then it is easy to see that there exists a discrete valuation ring /1, dominated 
by R such that u is a prime element of /1 and Ii/uli =(I/ul)(ai,- .. , a,). Let R* b.e 
the completion of R and let I' be a complete discrete valuation ring construc­
ted for R* and / 1 as in lemma 6. Since uEJ=m2, R* is a formal power series ring 
I' ((Xi,· .. , Xn-iJJ. Hence Dl'(R*) is a free R*-module and hence D1iCR*) is also a 
free R*-module and dxi,- .. , dxn-1 are a free base, where J stands for Jf. On 
the other hand 11 is a quotient ring of /(ai,- .. , a,J and DJ(I(ai,- .. , a,J) is a free 
I(ai,-··, a,J-module. Hence DJ(Ii) is a free Ii-module with the base d'ai,-··,d'a, 
where we denote df1 by d'. The remaining reasoning is the same as that of 
Theorem 6 and its Corollary, as we may take x';s in R such that u, xi;· .. , Xn-i 
form a regular system of parameters. 

REMARK. In Th. 8 the assumption uEJ=m2 is essential. Let I be a Cohen 
ring6l of R such that u E m2• Then applying Th. 5 to this case, we see that 
DJ(R) is not a free module. (cf. Th. 9). 

(6) We mean by a Cohen ring a coefficient ring in the sense of (3J. 



On m-adic differentials. 475 

THEOREM 9. Let R be a local ring with the maximal ideal m. Let I be a dis­
crete valuation ring dominated by R and let u be a prime element of I. Assume 
that R/m is a finitely generated separable extension of 1/ul. Then if fh(R) is a 
free module of finite rank, Risa regular local ring and uEl:m2• 

PROOF. Let R* be the completion of R. And take a/s, / 1 and I' as in the 
proof of Th. 8. 

First we shall assume that u c 1n2• Then by Th. 5 the following exact se­
quence holds: 

Hence by the same reasoning as in Th. 7, we see that R* is a formal power . 
series ring with coefficients in I, But in such a case u cannot be contained in 
m2, contradicting our assumption. 

Henceforth we shall assume that uEt:m2• Let u=ui, u2, ... , Un be a minimal 
set of generators of m. Then from the exact sequence 

and the fact that du1 =0, we see that DJ(R) is generated over R by du2,· .. , du,. 
and Ja1, ... , Ja,. On the other hand if we put R'=R/(u1) and m'=m/(u1), the 
assumption in Th. 5 are satisfied by R', m' and /' =//(u1) and we have the 
exact sequence 

o-m'/m'2-(R'/m')®wD1,(R')-f>1,(R'/m')-0. 

Let us denote by u: the class of u; and by a: the class of a, mod. m2 Then u;, 
' . . l b f ' h d~' ' d~' ' d~' ' . . l t ... , un are a m1n1ma ase o 111, ence u 2 , . .. , un,· . . , a, are a m1n1ma se 

of generator~s for f>1,(R') where d' stands for Jf. On the other hand we 
have a natural homomorphism (cf. the proof of Th. 5) 

such that cp(du,)=J·u:(i=2, ... , n) and q;(da,)=d'a:(i=l, 2, ... r). Hence we see 
that Ju2, ... , Jun and da1,· .. , Ja, are a minimal set of generators of DJ(R), hence 
the free base of f> J(R) by the assumption in the Theorem. The remaining 
reasoning is the same as that of Th. 7 and its corollary. 
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