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Abstract. In this paper we study the LCM-stability property and other related

concepts, and their universality in the case of polynomial and formal power series

extensions.

1. Introduction

Let A � B be an extension of integral domains, X an indeterminate over

B, A½X �, B½X � polynomial rings and A½½X ��, B½½X �� the formal power series rings.

As in [16] we say that A � B is LCM-stable if for any couple ða; bÞ A A2,

ðaA \ bAÞB ¼ aB \ bB equivalently ða :A bÞB ¼ ða :B bÞ. This concept was first

introduced by R. Gilmer in [16] and well studied in [22, 23, 10, 21], it was

recently generalized in [7]. Flatness implies LCM-stability but in general the

converse is false ([22], Example 4.8). Except in the case where B is an overring

of A, that is A � B � qf ðAÞ, ([22], Proposition 1.7). This implies that

A � A½X � is always LCM-stable. In this paper, we show that it is not true

for power series rings giving an example of extension A � A½½X �� that is not

LCM-stable even for the Krull case. The LCM-stability is shown to be

equivalent to another concept in this case and the relation between LCM-

stability, D-stability, and t-linkedness in the PvMD case highlighted. It is

natural to ask whether the LCM-Stability of an extension A � B entails the

LCM-stability of A½X � � B½X � or the LCM-stability of A½½X �� � B½½X ��. These

questions were studied and proved true in the polynomial case when A is a

locally GCD or a Krull domain ([22, 23]), and in the power series case when A

is a Dedekind domain [10]. A domain A is said to satisfy the universality of

LCM-stability if for any domain B such that A � B is LCM-stable this implies

that the polynomial extensions and power series extensions remain LCM-

stable. We prove that the LCM-stableness of A � B entails the LCM-stability

of a particular polynomial extensions for the case where A is a GCD domain.
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Some conditions in particular cases for the non-universality in power series ring

are given then the PvMD case investigated generalizing the result of Condo

[10]. Finally, the result of Uda about the universality of t-linkedness ([22],

Theorem 3.5) is shown not to hold for power series extension and necessary

and su‰cient conditions are given in the case of Krull extension rings for the

t-linkedness in formal power series extensions.

As some of our work involves star operations, it seems useful to give

the reader an overview of some known facts. Let A be an integral

domain with quotient field K , and let FðAÞ (resp. f ðAÞ) be the set of

nonzero fractional ideals (resp. nonzero finitely generated fractional ideals)

of A.

A star operation on A is a function � : F ðAÞ ! FðAÞ that satisfies the

following properties for every J;L A FðAÞ and 00 u A K :

( i ) ðuÞ� ¼ ðuÞ and ðuJÞ� ¼ uJ �.

( ii ) J � J � and ðJ � L ) J � � L�Þ.
(iii) ðJ �Þ� ¼ J �.

An I A FðAÞ is called �-ideal if I � ¼ I and a �-ideal of finite type if I ¼ J � for

some J A f ðAÞ. An I A FðAÞ is called integral �-ideal if I � ¼ I and I � A. A

prime ideal of A which is a �-ideal is called �-prime. A maximal proper

integral �-ideal, under inclusion, is prime. Let �-Max(A) denote the set of

maximal proper integral �-ideals of A. �-Max(A) can be empty. For

I A F ðAÞ, I�1 ¼ ðA :K IÞ ¼ fu A K j uI � Ag, Iv ¼ ðI�1Þ�1, It ¼
S
fJv j J � I

and J A f ðAÞg. I ! Iv and I ! It are examples of star operations. Height

one prime ideals are t-ideals. A v-ideal is also called divisorial ideal; for all

I A F ðAÞ, I�1 is always a v-ideal. A domain satisfying the ascending chain

condition on integral divisorial ideals is called Mori domain. Noetherian

domains and Krull domains are both examples of Mori domains. If A is a

Mori domain then the t-operation and the v-operation on A are the same. In

general for I A FðAÞ we have I � It � Iv and the inclusions may be strict.

While v-Max(A) can be empty (for example if A is a rank one non-discrete

valuation domain), t-Max(A) is never empty (except for the case where A is a

field). Every nonunit element in a domain A is included in a t-maximal ideal

of A. We say that the domain A is of finite t-character if every nonzero

nonunit element of A is contained in only finitely many maximal t-ideals of

A. A Mori domain has the finite t-character property. A domain A is called

PvMD if AP is a valuation domain for every t-prime ideal P of A ([20],

Corollary 4.3). The t-dimension of a domain A is the supremum of the lengths

of the chains of t-prime ideals. For example the t-dimension of a Krull

domain is equal to 1. The reader in need of more introduction on star

operations is referred to ([17], sections 32 and 34). For Mori domains the

reader is referred to [5].
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2. Results

Definition 1. Let A � B be an extension of integral domains, we say that

A � B is LCM-stable if for any couple ða; bÞ A A2, ðaA \ bAÞB ¼ aB \ bB

equivalently ða :A bÞB ¼ ða :B bÞ.
We say that A � B is R2-stable if for any couple ða; bÞ A A2, ða :A bÞ ¼ aA

implies ða :B bÞ ¼ aB equivalently ða; bÞ�1 ¼ A implies ðða; bÞBÞ�1 ¼ B.

If ða; bÞ�1 ¼ A we say that a, b are v-coprime elements of A.

Remark 1. It is clear that LCM-stableness implies R2-stableness. The

converse is true when A is a GCD domain ([22], remark before Lemma 3.1).

Example 1. Let K be a field, X an indeterminate, A ¼ K ½X 2;X 3� and

B ¼ K ½X �, then the extension A � B is not LCM-stable, ðX 2A \ X 3AÞB ¼ X 5B

but X 2B \ X 3B ¼ X 3B so ðX 2A \ X 3AÞB0X 2B \ X 3B.

Definition 2. Let A � B be an extension of integral domains. As in

[21], where the concept was first introduced, we say that the extension is

D-stable if for any divisorial ideal I of A we have I�1B ¼ ðIBÞ�1.

Example 2. If A is a factorial domain then for any domain B that contains

A, A � B is D-stable since all divisorial ideals in a factorial domain are principal.

Definition 3. Let A � B be an extension of integral domains. We say

that the extension is F-stable if for any fractional ideal I of A we have

I�1B ¼ ðIBÞ�1.

Proposition 1. Let A � B be an extension of integral domains. If A � B

is F-stable then A � B is LCM-stable. If A is a Krull domain then the converse

is true.

Proof. Note that 1
a
; 1
b

� �
A

� ��1 ¼ aA \ bA for all 00 a; b A A. So if

A � B is F-stable then ðaA \ bAÞB ¼ 1
a
; 1
b

� �
A

� ��1
B ¼ 1

a
; 1
b

� �
B

� ��1 ¼ aB \ bB.

So ðaA \ bAÞB ¼ aB \ bB and A � B is LCM-stable.

Conversely, suppose that A � B is LCM-stable and A is a Krull domain.

Let I be a fractional ideal, we can suppose that I is an integral ideal. Since

A is a Mori domain, there is a finitely generated ideal J � I such that

I�1 ¼ J�1. Note that I�1B � ðIBÞ�1: Indeed, I � A � B, then I�1 � qf ðBÞ.
Let x A I�1B, then there is n A N� and two countable families ðkiÞ1aian A I�1

and ðbiÞ1aian A B such that x ¼
Pn

i¼1 kibi. Let u A IB, u ¼
Pm

i¼0 qib
0
i with

qi A I and b 0
i A B, so xu ¼

Pn
i¼0

Pm
j¼0ðkiqjÞðbiÞðb 0

j Þ, kiqj A I . And so ux A IB.

Then x A ðIBÞ�1. It is su‰cient to show the opposite inclusion. By the

above, I�1B ¼ J�1B. By ([23], Proposition 10), J�1B ¼ ðJBÞ�1. Since

J � I , this implies JB � IB and so ðIBÞ�1 � ðJBÞ�1. Then ðIBÞ�1 � I�1B.

Finally ðIBÞ�1 ¼ I�1B. r
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Definition 4. Let A � B be an extension of integral domains, an ideal I

of the domain A is said to be a G.V. ideal if I is finitely generated and

I�1 ¼ A. As in [13], where the term first appeared, we say that the extension

is t-linked, if for any G.V. ideal I of A we have ðIBÞ�1 ¼ B.

Remark 2.

– In his paper [22], Professor Uda introduced the concept of G2-Stability. Let

A � B be an extension of integral domains, we say that A � B is G2-stable if

for any finitely generated ideal I of A, GrðIÞb 2 implies that GrðIBÞb 2,

where Gr stands for the polynomial grade, but as pointed out by Professor

Uda in the remark before Lemma 3.1 in [22], if the ideal I is finitely

generated then GrðIÞb 2 if and only if I�1 ¼ A. So the G2-stableness is in

fact the t-linkedness.

– It is clear that if A � B is t-linked then A � B is R2-stable. The converse

is true for the case A is a GCD domain ([22], Theorem 3.6). But it is not

the only case where the converse holds. Recall that an integral domain A is

said to be of finite t-character if each nonzero nonunit element of A is

contained in only finitely many maximal t-ideals of A, we recall this known

result:

Lemma 1 (cf Corollary 2.8 in [7]). Let A � B be an extension of integral

domains. If A is of finite t-character, then A � B R2-stable implies A � B

t-linked.

Remark 3. In Theorem 4 in their article [21], Sato et al. claim that if

A � B is an extension of Noetherian domains such that A is a Krull domain, then

D-stability implies LCM-stability. This result seems to be incorrect. Indeed,

note that if A is a factorial domain, then for any domain B that contains A,

A � B is D-stable since divisorial ideals of A are principal. Let A be a

Noetherian factorial domain with Krull dimensionb 2 (for example take

A ¼ K½X ;Y �, where K is a field). Let P be a prime ideal of A such that

htðPÞb 2, then P�1 ¼ A. Let V be a DVR overring of A centred in P (that is

if M is the maximal ideal of V, P ¼ M \ A) ([9]). Then A � V is D-stable

but not LCM-stable. Indeed, note that since A is of finite t-character and

P�1 ¼ A, we can find a nonunit nonzero x; y A P, such that ðx; yÞ�1 ¼ A or

equivalently xA \ yA ¼ xyA. On the other hand in the valuation domain V,

xjy or yjx and both are nonunit, say xjy, then xV \ yV ¼ yV and so

ðxA \ yAÞV 0 xV \ yV thus the extension is not LCM-stable.

Nevertheless the D-stability, along with the t-linkedness, plays an impor-

tant role in the LCM-stability in the case of PvMD, as shown in the following

proposition:
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Proposition 2. Let A � B be an extension of integral domains, which

satisfies the following assertions:

1- A is a PvMD.

2- A � B is t-linked.

3- A � B is D-stable.

Then A � B is LCM-stable.

Proof. Let I be a divisorial ideal in A, J ¼ I�1 is also divisorial. Since

A � B is D-stable then IB ¼ J�1B ¼ ðJBÞ�1 is a divisorial ideal in B. By

Proposition 8 (2) in [23], since A � B is t-linked then for each a; b A Anf0g
ða :B bÞ ¼ ðða :A bÞBÞv, by the above, ða :A bÞB is a divisorial ideal of B, so

ðða :A bÞBÞv ¼ ða :A bÞB. This implies that ða :B bÞ ¼ ða :A bÞB and the exten-

sion A � B is LCM-stable. r

In the following theorem, we improve the result of Sato et al. about

D-stability in polynomial extensions ([21], Theorem 5):

Theorem 1. Let A � B be an extension of integral domains. If A is

integrally closed, then the following assertions are equivalent:

(1)- A � B is D-stable.

(2)- A½X � � B½X � is D-stable.

Proof. Let I be a divisorial ideal of A½X �. Then there are two

possibilities:

(1)- I \ A ¼ J0 0, with J a divisorial of A, then I ¼ J½X � and we have:

I�1B½X � ¼ ðJ:A½X �Þ�1:B½X �

¼ ðJ�1:A½X �Þ:B½X �

¼ J�1:B½X �

¼ J�1:B:B½X �

¼ ðJBÞ�1
B½X �

¼ ððJBÞ:B½X �Þ�1

¼ ðJ:B½X �Þ�1

¼ ðJ:A½X �:B½X �Þ�1

¼ ðI :B½X �Þ�1

(2)- I \ A ¼ 0, then by ([19], Lemme 2), there is f A A½X � and a divisorial

ideal J of A such that I ¼ f :J½X �. The same method is applied as in the

first case.
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Conversely suppose that A½X � � B½X � is D-stable, take I a divisorial ideal of

A, then I ½X � is a divisorial ideal of A½X �. ðI ½X �B½X �Þ�1 ¼ ðI :A½X �B½X �Þ�1 ¼
ððIBÞ:B½X �Þ�1 ¼ ððIBÞ½X �Þ�1 ¼ ðIBÞ�1½X �.

By the D-stability, ðI ½X �B½X �Þ�1 ¼ ðI ½X �Þ�1
B½X � ¼ I�1½X �B½X � ¼ ðI�1BÞ½X �

and so ðIBÞ�1 ¼ I�1B. r

Let S be a multiplicative set in the domain A and X an indeterminate.

Then the subset of AS½X � defined by f f A AS½X � j f ð0Þ A Ag is a subring of

AS½X � denoted by Aþ XAS½X �. This construction was studied in [11]. Now

the t-linkedness and the LCM-stability of polynomial extensions of the form

Aþ XAS½X � � Bþ XBT ½X � will be investigated:

Lemma 2. Let A � B be an extension of integral domains, S (resp. T) be

a multiplicative set of A (resp. B), such that S � T then if Aþ XAS½X � �
Bþ XBT ½X � is LCM-stable, so is the extension A � B.

Proof. The extension A � Aþ XAS½X � is always LCM-stable, in fact

Aþ XAS½X � is a faithfully-flat A-module. Now, since A � Aþ XAS½X � and

Aþ XAS½X � � Bþ XBT ½X � is LCM-stable then by ([22], Proposition 1.2, (1)),

A � Bþ XBT ½X � is LCM-stable. Now, since Bþ XBT ½X � is a faithfully flat

B-module then for any ideal I of B, IðBþ XBT ½X �Þ \ B ¼ I again by ([22],

Proposition 1.2, (2)), A � B is LCM-stable. r

Remark 4. While the extension A � Aþ XAS½X � is always LCM-stable,

the extension A½X � � Aþ XAS½X � is never LCM-stable (except the trivial case

S � UðAÞ, where UðAÞ stands for the units in A). More generally, the

extension A½X � � Aþ XB½X � where B is a domain that contains A, fails to

be LCM-stable (in fact it fails to be R2-stable) once UðBÞ \ A0UðAÞ.
Indeed, take d A UðBÞ \ AnUðAÞ, then ðd;XÞ�1 ¼ A½X � by ([22], Lemma 3.1).

But since d A UðBÞ then X ¼ d 1
d
X in Aþ XB½X � and so ðd;XÞðAþ XB½X �Þ ¼

dðAþ XB½X �Þ then ððd;XÞðAþ XB½X �ÞÞ�1 0Aþ XB½X � so the extension is not

R2-stable and consequently not LCM-stable.

In the next lemma we give a necessary and su‰cient condition to have

ðd;X ÞðAþ XAS½X �Þ a G.V. ideal of Aþ XAS½X �:

Lemma 3. Let A be a domain, S a multiplicative set in A, d A A then

ðd;X Þ is a G.V. ideal of Aþ XAS½X � if and only if ðd; sÞ are v-coprime for all

s A S.

Proof. ððd;XÞðAþ XAS½X �ÞÞ�1 ¼ 1
d
A \ AS þ XAS½X � so ððd;X ÞðAþ

XAS½X �ÞÞ�1 ¼ Aþ XAS½X � if and only if 1
d
A \ AS ¼ A if and only if

A \ dAS ¼ dA.
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If A \ dAS ¼ dA, take s A S, let a A ðd; sÞ�1, a ¼ a
b
A K ¼ qf ðAÞ, ad A A

and as A A so there is e; f A A such that ad ¼ bf and as ¼ be so ade ¼
bef ¼ asf and so de ¼ sf so d e

s
¼ f and f A A \ dAS ¼ dA so f ¼ f1d and

a ¼ bf1 finally a ¼ f1 A A.

Conversely if for all s A S, ðd; sÞ�1 ¼ A take f A A \ dAS so f ¼ d e
s
and

fs ¼ ed so f A ðd :A sÞ ¼ dA. r

Lemma 4. Let I be a G.V. ideal of Aþ XAS½X � then I \ A0 0, if

I \ S0q then I ¼ JðAþ XAS½X �Þ with J a G.V. ideal of A.

Proof. Suppose that I \ A ¼ 0, I ¼ ð f1; . . . ; fnÞ, fi A Aþ XAS½X �, i ¼
1; . . . ; n. Let K ¼ qf ðAÞ. Then IK ½X �0K ½X �, say IK ½X � ¼ f ðxÞK ½X �,
f ðxÞ A K ½X � with degð f ðxÞÞb 1. So for all i ¼ 1; . . . ; n there exists

hiðxÞ A K ½X � such that fiðxÞ ¼ f ðxÞhiðxÞ. So I
f ðxÞ ¼ ðh1ðxÞ; . . . ; hnðxÞÞ is a

fractional ideal of Aþ XAS½X �. Thus we can find a A Anf0g such that

ahiðxÞ A A½X � � Aþ XAS½X �. So a
f ðxÞ I � Aþ XAS½X � and a

f ðxÞ A I�1nAþ
XAS½X �, since a A A and degð f ðxÞÞb 1, contradiction.

The second part follows from ([4], Lemma 3.7 and its proof ). r

Proposition 3. Let A � B be an extension of integral domains, K (resp.

L) the field of fractions of A (resp. B) then the following statements are

equivalent:

(1) A � B is t-linked.

(2) Aþ XK ½X � � Bþ XL½X � is t-linked.

Proof. (1) ) (2) Let I be a G.V. ideal of Aþ XK ½X � ¼ Aþ XAA� ½X �,
then by the previous lemma I \ A0 0. Now I \ S0q so I ¼ JðAþ XK ½X �Þ
with J is a G.V. ideal of A. Now since A � B is t-linked then JB is a G.V.

ideal of B, B � Bþ XL½X � is flat implies that ðJBÞðBþ XL½X �Þ is a G.V.

ideal of Bþ XL½X � since ððJBÞðBþ XL½X �ÞÞ ¼ IðBþ XL½X �Þ then IðBþ XL½X �Þ
is a G.V. ideal of Bþ XL½X � and the extension Aþ XK ½X � � Bþ XL½X � is

t-linked.

(2) ) (1) Let J be GV ideal of A. Then, by ([4], Lemma 3.7),

J þ XK ½X � ¼ JðAþ XK ½X �Þ is a GV-ideal of Aþ XK ½X �. Since Aþ XK ½X �
� Bþ XL½X � is t-linked we can conclude that JðAþ XK ½X �ÞðBþ XL½X �Þ is a

GV-ideal of Bþ XL½X �. But JðAþ XK ½X �ÞðBþ XL½X �Þ ¼ JBþ XL½X � is a

GV-ideal of Bþ XL½X � and so is JB, by ([4], Lemma 3.7). Thus the extension

A � B is t-linked. r

Corollary 1. Let A � B be an extension of integral domains, A a GCD

domain, K (resp. L) the field of fractions of A (resp. B) then the following

statements are equivalent:
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(1) A � B is t-linked.

(2) A � B is R2-Stable.

(3) A � B is LCM-stable.

(4) Aþ XK ½X � � Bþ XL½X � is t-linked.

(5) Aþ XK ½X � � Bþ XL½X � is R2-Stable.

(6) Aþ XK ½X � � Bþ XL½X � is LCM-stable.

Proof. By ([11], Corollary 1.3), if A is a GCD domain then Aþ XK ½X �
is a GCD domain. r

Now the formal power series cases are investigated, beginning by studying

the LCM-stability of the extension A � A½½X ��:

Definition 5. Let A be an integral domain. A is an almost-finite

conductor domain, if for any two elements a; b A A the ideal I ¼ aA \ bA

verifies the following property: for any countable family ðajÞj AN of I , there is an

ideal of finite type F � I that contains this family.

Proposition 4. For an integral domain A, the extension A � A½½X �� is

LCM-stable if and only if A is an almost-finite conductor domain.

Proof. It is easy to establish that A has the almost finite conductor

property if and only if for all a, b in Anf0g we have ðaA \ bAÞ½½X �� ¼
ðaA \ bAÞ:A½½X ��. Suppose that A � A½½X �� is LCM-stable, let I ¼ aA \ bA,

a; b A A then I :A½½X �� ¼ ðaA \ bAÞ:A½½X �� ¼ aA½½X �� \ bA½½X �� and so I :A½½X �� is

a divisorial ideal of A½½X ��. Since ðI :A½½X ��Þv ¼ Iv½½X �� ([12], Proposition 2.1),

I :A½½X �� ¼ Iv½½X �� ¼ I ½½X �� since Iv ¼ I .

Conversely, let f A aA½½X �� \ bA½½X ��, a; b A A2 then there exist g; h A A½½X ��
such that f ðxÞ ¼ agðxÞ and f ðxÞ ¼ bhðxÞ. By identifying the coe‰cients for

all ib 0, fi ¼ agi ¼ bhi then fi A aA \ bA and so f A ðaA \ bAÞ½½X ��. Since

ðaA \ bAÞ½½X �� ¼ ðaA \ bAÞ:A½½X ��, aA½½X �� \ bA½½X �� ¼ ðaA \ bAÞ:A½½X ��. r

Example 3. All finite conductor domains such as Prüfer domains, GCD

domains, Noetherian domains are almost-finite conductor domains.

Corollary 2. Let A be a Krull domain. The extension A � A½½X �� is

LCM-stable if and only if for all divisorial ideal I of A, I :A½½X �� ¼ I ½½X ��.

Proof. Let I be a divisorial ideal of A, since A is a Krull domain, by

([17], Corollary 44.6), there are x; y A K ¼ qf ðAÞ such that I ¼ xA \ yA.

There are a; b; c A A such that x ¼ a
c
, y ¼ b

c
and so I ¼ 1

c
ðaA \ bAÞ. r

Remark 5. There is an integral domain A such that A � A½½X �� is not

LCM-stable and consequently the extension is not flat:
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1- Let K be a field, A ¼ K ½x; xy; yw; y2w; y3w; . . .�, where x, y are indetermi-

nates over K and w ¼ xyþ 1. Let Q ¼ qf ðAÞ, the ideal I ¼ ðxy :A xÞ ¼
ðxy; yw; y2w; y3w; . . .Þ is not a finitely generated ideal of A (cf [18], page

2835), it is of the form uA \ vA with u; v A Q. Let f ¼ xyþ
Py

i¼1 y
iwZi.

Then f A I ½½Z��nI :A½½Z��. Suppose by contradiction that we have the equality,

then there are l1; l2; . . . ; ln A I and h1; . . . hn A A½½Z�� such that f ðZÞ ¼Pn
i¼1 lihiðZÞ. By identifying the coe‰cients, I � ðl1; . . . lnÞ � I then I ¼

ðl1; . . . lnÞ. This is a contradiction.

2- Let K be a field, T ¼ K ½X1;X2; . . .� where Xi are indeterminates over K.

T is a Krull domain. Let R ¼ K ½X 2
1 ;X1X2; . . . ;XiXj ; . . .� a subring of T,

then R ¼ T \Q with Q ¼ qf ðRÞ, thus R is a Krull domain. The extension

R � T is an integral extension since for all j A N, Xj is a root of the monic

polynomial QjðZÞ ¼ Z2 � X 2
j . Let P ¼ TX1 \ R, since X1T is a divisorial

prime ideal in the Krull domain T, htðX1TÞ ¼ 1. Since R is a Krull domain,

R is a completely integrally closed domain, so by the Going-Down theorem,

htðPÞ ¼ 1. So P is a divisorial ideal. P ¼ ðX1Xi; i A N�Þ and hence is not

a finitely generated ideal of R. Then P:R½½Z��0P½½Z��. Indeed, let g ¼P
ib1 X1XiZ

i A P½½Z��. If g A P:R½½Z��, then there is m A N, pi A P, fi A R½½Z��
such that g ¼

Pm
i¼1 pi fi. By identifying the coe‰cients, P is a finitely

generated ideal, contradiction.

Corollary 3. Let A be a PvMD, if A � A½½X �� is D-stable, then it is

LCM-stable. If A is Krull the converse is true.

Proof. The extension A � A½½X �� is always t-linked: If I is a finitely

generated ideal of A, I�1 ¼ A then by ([12], Proposition 2.1), ðI :A½½X ��Þ�1 ¼
I ½½X ���1 ¼ I�1½½X �� ¼ A½½X ��. If A is Krull and A � A½½X �� is LCM-stable, then

by Proposition 1, A � A½½X �� is F-stable, and so D-stable. r

Now we prove the universality of D-stability for the formal power series

but in a much smaller setting than the polynomial case:

Theorem 2. Let A � B be an extension of integral domains. If A is a

regular ring then the following assertions are equivalent:

(1)- A � B is D-stable.

(2)- A½½X �� � B½½X �� is D-stable.

Proof. Let J be a divisorial ideal of A½½X ��.
� if J \ A0 0:

By ([6], Chapitre 13, Proposition 6.19), there is a divisorial ideal I of A such

that J ¼ I ½½X ��.
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J�1B½½X �� ¼ ðI ½½X ��Þ�1:B½½X ��

¼ ðI :A½½X ��Þ�1:B½½X �� by ð½12�; Proposition 2:1Þ:

Since A � A½½X �� is LCM-stable, and A is Krull, the extension is D-stable,

then:

ðI :A½½X ��Þ�1:B½½X �� ¼ ðI�1:A½½X ��Þ:B½½X ��

ðI�1:A½½X ��Þ:B½½X �� ¼ I�1:B½½X ��

¼ I�1:B:B½½X ��

¼ ðIBÞ�1
B½½X ��

I�1 is finitely generated ideal because A is a Noetherian domain. Then

I�1B is a finitely generated ideal, and since I�1B ¼ ðIBÞ�1 by the D-stability

of the extension A � B, ðIBÞ�1 is finitely generated.

ðIBÞ�1
B½½X �� ¼ ððIBÞ�1½½X ��Þ

¼ ðI :B½½X ��Þ�1

¼ ðI :A½½X ��:B½½X ��Þ�1

¼ ðI ½½X ��:B½½X ��Þ�1

� if J \ A ¼ 0:

By ([15], Corollary 18.23), there exist f A A½½X ��nA and a divisorial ideal I of

A, such that J ¼ fI ½½X ��. Note that J�1 ¼ f �1ðI ½½X ��Þ�1 using the first case

in the theorem the wanted result is proved.

Conversely take I a divisorial of A. Since A is a Noetherian domain, I and

I�1 are finitely generated. I ½½X �� is a divisorial ideal of A½½X �� ([12], Proposi-
tion 2.1). ðI ½½X ��B½½X ��Þ�1 ¼ ðI :A½½X ��B½½X ��Þ�1 ¼ ðI :B½½X ��Þ�1 ¼ ððIBÞ:B½½X ��Þ�1

¼ ððIBÞ½½X ��Þ�1 ¼ ðIBÞ�1½½X ��. On the other hand using the D-stability of

A½½X �� � B½½X �� we have ðI ½½X ��B½½X ��Þ�1 ¼ ðI ½½X ��Þ�1
B½½X �� ¼ ðI :A½½X ��Þ�1

B½½X ��.
Since A is regular domain, then it is a Noetherian Krull domain. Thus the

LCM-stability of A � A½½X �� entails its D-stability. And so ðI :A½½X ��Þ�1 ¼
I�1:A½½X ��. So ðI :A½½X ��Þ�1

B½½X �� ¼ I�1A½½X ��B½½X �� ¼ I�1B:B½½X �� ¼ ðI�1BÞ½½X ��.
Thus we have ðIBÞ�1½½X �� ¼ ðI�1BÞ½½X �� and ðIBÞ�1 ¼ ðI�1BÞ. r

Theorem 3. Let A be an integral domain, if A contains an infinite sequence

of v-coprime nonunit elements ðpiÞi AN such that
T

p1 . . . piA0 0 then there is

an overring B such that A � B is LCM-stable but A½½X �� � B½½X �� is not LCM-

stable.
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Proof. Note that since ðpiÞi AN is an infinite sequence of v-coprime

nonunit elements, no t-maximal ideal contains more than one element of

this sequence. So for each pi there is a maximal t-ideal Mi, such that pi A Mi

and for all j A N, j0 i we have pj B Mi. Let S be the multiplicative set

composed by the finite product of ðpiÞi AN. Clearly A � AS is LCM-stable

(in fact it is a flat extension). Since
T

p1 . . . piA0 0, a non-zero element a AT
p1 . . . piA0 0 can be chosen. Let f ðXÞ ¼ aþ

Py
i¼1

a
p1...p2 i

X i. It is clear

that a
p1...p2 i

A A so f A A½½X ��. Moreover f A AS½½X ��, fa�1 ¼ 1þ
Py

i¼1
1

p1...p2 i
X i

A UðAS½½X ��Þ so a ¼ f :ð fa�1Þ�1
A f :AS½½X �� whence a A a:AS½½X �� \ f :AS½½X ��. To

conclude, we will show that a B ða:A½½X �� \ f :A½½X ��Þ:AS½½X ��. Let r; s A A½½X ��
such that rf ¼ as. The equality in the nth coe‰cient gives:

r0
a

p1 . . . p2 n

þ r1
a

p1 . . . p2 n�1

þ � � � þ rna ¼ sna

r0

p2 n�1þ1 . . . p2n

¼ ðsn p1 . . . p2 n�1Þ � r1 � � � � �rnðp1 . . . p2 n�1Þ A A

So for all n A N, r0 A p2n�1þ1 . . . p2 nA. Suppose by contradiction that there

is m A N, hi A a:A½½X �� \ f :A½½X �� and yi A AS½½X �� such that a ¼
Pm

i¼1 hi yi by

the above hi;0 ¼ ari;0 with ri;0 A
T

n AN � p2n�1þ1 . . . p2 nA. The constant term

of the equation gives a ¼
Pm

i¼1 hi;0 yi;0 ¼
Pm

i¼1 ari;0 yi;0. Whence 1 ¼Pm
i¼1 ri;0 yi;0 every yi;0 A AS, there exist j; k; l A N such that for all i

ðpj . . . pkÞ l :yi;0 A A. Whence ðpj . . . pkÞ l ¼
Pm

i¼1 ri;0ðpj . . . pkÞ
l :yi;0 therefore

ðpj . . . pkÞ l A
T

n AN � p2 n�1þ1 . . . p2 nA for any n > k we have that ðpj . . . pkÞ l A
pnA and so there is ja ia k, i0 n such that pi A Mn contradiction. Whence

a B ða:A½½X �� \ f :A½½X ��ÞAS½½X ��. So A½½X �� � AS½½X �� is not LCM-stable whereas

A � AS is LCM-stable. r

Example 4. Recall that in an integral domain A, a non-zero non-unit

element r is said to be rigid if for all x, y if xjr and yjr then yjx or xjy. Let

A be a GCD domain that is not of Krull type (for example take A ¼
Zþ YQ½Y �, where Z, Q are rings of integers and rational numbers respec-

tively. A is a Bezout domain ([11], Corollary 4.13) and it is not of Krull

type by ([24], Theorem D)). Then by ([24], Theorem A), there is a non-

rigid non-unit element a A A such that either a is not divisible by any rigid

element or a is divisible by an infinity of mutually coprime rigid elements.

In both cases, there is an infinity of mutually coprime elements ðpiÞi AN that

divide a. Moreover a A
T

i AN piA ¼
T

i AN p0 . . . piA because they are mutually

coprime in a GCD-domain. Take S the multiplicative set defined as in the

proof of theorem 3, then A � AS is LCM-stable but A½½X �� � AS½½X �� is not LCM-

stable.
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A GCD domain is a special case of PvMD. There is a much stronger

result given by the following theorem that summarizes and generalizes the work

of Condo by placing it in a broader scope, but first we need this technical

lemma:

Lemma 5. Let A be an integral domain, P a prime ideal of A, if

A½½X �� � AP½½X �� is LCM-stable then AP½½X �� \ qf ðA½½X ��Þ � A½½X ��P½½X ��.

Proof. AP½½X �� is a local domain with maximal ideal M ¼ PAP þ
XAP½½X ��. Let Q ¼ M \ A½½X �� then Q ¼ Pþ XA½½X ��, define B ¼ A½½X ��PþXA½½X ��,

then ðB;NÞ is a local domain and N ¼ ðPþ XA½½X ��ÞA½½X ��PþXA½½X �� � PAP þ
XAP½½X ��. Now since A½½X �� � AP½½X �� is LCM-stable and A½½X ��PþXA½½X �� is an

overring of A½½X �� and A½½X �� � A½½X ��PþXA½½X �� � AP½½X �� then by ([22], Proposi-

tion 1.4), A½½X ��PþXA½½X �� � AP½½X �� is LCM-stable, since N � M we have

NAP½½X ��0AP½½X �� then by ([22], Proposition 1.11), AP½½X �� \ qf ðA½½X ��Þ ¼
A½½X ��PþXA½½X �� � A½½X ��P½½X ��. r

Theorem 4. Let A be a PvMD. If A verifies the universality of the

LCM-stability for power series extensions, then A is a Krull domain.

Proof. Since A is a PvMD then for every t-prime ideal P of A, AP is a

valuation domain. Now Theorems 2.6–2.9 in [10] show that AP is a DVR,

and thus t-dimension A ¼ 1. Whence by ([8], Lemma 2), it is su‰cient to

show that P is the radical of a finitely generated ideal for each maximal t-ideal

P of A. Suppose that there is a maximal t-ideal P of A that is not the radical

of a finitely generated ideal. Then by ([8], Lemma 3), there exists a maximal

t-ideal Q of A with ht Q½½X ��b 2. Thus A½½X ��Q½½X �� is not a DVR, whence by

[3], AQ½½X �� \ qf ðA½½X ��Þ 6� A½½X ��Q½½X �� by the previous lemma A½½X �� � AQ½½X �� is

not LCM-stable. r

One can ask what happens in the case of Krull domain. Condo has

shown that in the case of one dimensional Krull domain, Dedekind domain, it

is true. We have shown that one of the components of the LCM-stability, the

D-stability is universal in a particular case of Krull domain (regular domain).

But what about the t-linkedness?

Lemma 6. Let A be an integral domain and f A A½½X �� such that f ð0Þ0 0.

Then ð f ;X nÞ�1 ¼ A½½X �� for all n A N �.

Proof. Since f ð0Þ0 0 then f is invertible in K ½½X �� where K ¼ qf ðAÞ.
Let u A ð f ;X nÞ�1 then uf A A½½X ��, whence u A f �1A½½X �� � K ½½X ��, so u A K ½½X ��
and since uX n A A½½X �� we have that u A A½½X ��. r
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Proposition 5. Let A be an integral domain such that the Krull dimension

of A½½X �� is equal to 2, let B be an integral domain that contains A. Then the

extension A½½X �� � B½½X �� is t-linked.

Proof. Let I be a finitely generated ideal of A½½X �� such that I�1 ¼ A½½X ��.
Whence I is not included in any ideal of height 1 of A½½X ��. Thus

ffiffiffi
I

p
¼T

Pi þ XA½½X ��, and so there is n A N such that X n A I . Since I�1 ¼ A½½X ��
we have that I 6� XA½½X �� there is f A I such that f ð0Þ0 0. ð f ;X nÞ � I then

ð f ;X nÞB½½X �� � IB½½X �� then ðIB½½X ��Þ�1 � ðð f ;X nÞB½½X ��Þ�1 ¼ B½½X ��, indeed, if

f ð0Þ A UðBÞ then ðð f ;X nÞB½½X ��Þ ¼ B½½X ��, if not, let L ¼ qf ðBÞ then f is

invertible in L½½X ��, the proof of the previous lemma shows that ðð f ;X nÞBÞ
is a G.V. ideal of B½½X ��. Whence ðIB½½X ��Þ�1 ¼ B½½X ��. r

Now we give an example of the non-universality of t-linkedness in the

formal power series extensions:

Example 5. Let ðA;MÞ be a non-discrete rank one valuation domain, let

ðtiÞi AN � A M, a sequence such that ðvðtiÞÞi AN � is a strictly decreasing sequence

and limi!þy vðtiÞ ¼ 0, let f ðX Þ ¼
Py

i¼0 tiþ1X
i then f A M½½X ��nM:A½½X ��, since

t1 A Mn0, by ([6], Chapitre 13, Lemme 2.2), we have ðt1; f Þ�1 ¼ A½½X ��. Now

define B ¼ A½Y ; ðt�1
j Y Þ

jb2
; ðtjt�1

1 YÞ
jb2�. A � B is t-linked, but A½½X �� � B½½X �� is

not t-linked. t�1
1 Y A qf ðBÞnB and t�1

1 Y A ððt1; f ÞB½½X ��Þ�1
so ððt1; f ÞB½½X ��Þ�1 0

B½½X ��. Note that this example shows that the A½½X ��-regular sequence ðt1; f Þ is

not a B½½X ��-regular sequence, thus the extension A½½X �� � B½½X �� is not R2-Stable.

Remark 6. Since Dedekind domain is a regular domain, then Propositions

1-2-5 with Theorem 2 give another demonstration to ([10], Theorem 2.5).

Now since a Krull domain is of finite t-character, it is su‰cient to study

the R2-stableness in order to study the t-linkedness.

Theorem 5. Let A be a domain, K the field of fraction of A, if A verifies

for all nonzero f ; g A A½½X ��, ðAfgÞv ¼ ðAf AgÞv then the following assertions are

equivalent:

(1)- ð f ðxÞ :A½½X �� gðxÞÞ ¼ f ðxÞA½½X ��.

(2)-
ðiÞ- ð f ðxÞ :A½½X ��A� gðxÞÞ ¼ f ðxÞA½½X ��A �

ðiiÞ- ðA :K Af þ AgÞ ¼ A

�

Proof. (1) ) (2) Since A½½X �� � A½½X ��A � is LCM-stable then

ð f ðxÞ :A½½X ��A� gðxÞÞ ¼ f ðxÞA½½X ��A � , next, take a A ðA :K Af þ AgÞ, a ¼ a
b
A K

then af ðxÞ ¼ hðxÞ A A½½X �� and agðxÞ ¼ kðxÞ A A½½X ��, this implies af ðxÞ ¼ bhðxÞ
and agðxÞ ¼ bkðxÞ. So af ðxÞgðxÞ ¼ bkðxÞ f ðxÞ ¼ bhðxÞgðxÞ so kðxÞ f ðxÞ ¼
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hðxÞgðxÞ, hðxÞ A ð f ðxÞ :A ½½X ��gðxÞÞ ¼ f ðxÞA½½X ��, so there is a h1ðxÞ A A½½X �� such
that hðxÞ ¼ h1ðxÞ f ðxÞ, since af ðxÞgðxÞ ¼ bhðxÞgðxÞ ¼ bh1ðxÞ f ðxÞgðxÞ we have

a ¼ bh1ð0Þ and a ¼ h1ð0Þ A A.

(2) ) (1) Let hðxÞ A ð f ðxÞ :A½½X �� gðxÞÞ. There exists FðxÞ A A½½X �� such

that hðxÞgðxÞ ¼ f ðxÞFðxÞ, since ð f ðxÞ :A½½X ��A� gðxÞÞ ¼ f ðxÞA½½X ��A � then there

exist a A Anf0g and CðxÞ A A½½X �� such that ahðxÞ ¼ f ðxÞCðxÞ so aFðxÞ ¼
CðxÞgðxÞ. Let F ðXÞ ¼ f ðX 2Þ þ XgðX 2Þ then AF ¼ Af þ Ag and so

ðAF Þ�1 ¼ A. According to the above ahðX 2Þ ¼ f ðX 2ÞCðX 2Þ and aFðX 2Þ ¼
gðX 2ÞCðX 2Þ and so aðhðX 2Þ þ XFðX 2ÞÞ ¼ FðXÞCðX 2Þ. Then ðhðX 2Þ þ
XFðX 2ÞÞ A FðXÞA½½X ��A � \ A½½X �� but since A verifies that for all f ; g A A½½X ��,
ðAfgÞv ¼ ðAf AgÞv then by ([1], Theorem 2.3), FðX ÞA½½X ��A� \ A½½X �� ¼
FðXÞA�1

F ½½X �� ¼ FðX ÞA½½X ��. So there exists lðX Þ A A½½X �� such that

ðhðX 2Þ þ XFðX 2ÞÞ ¼ F ðXÞlðX Þ and so CðX 2Þ ¼ alðXÞ. This implies that

all the powers in lðXÞ are even and the formal power series l1ðX Þ ¼
lðX 1=2Þ is well defined. Since ahðX Þ ¼ f ðXÞCðXÞ then hðX 2Þ ¼ f ðX 2ÞlðX Þ.
And so hðX Þ ¼ f ðXÞl1ðXÞ. r

If we replace (A verifies for all nonzero f ; g A A½½X ��, ðAfgÞv ¼ ðAf AgÞv) by
(A is a Noetherian domain), the theorem remains true. First, it is necessary to

prove the following lemma:

Lemma 7. Let A be a Noetherian domain, K ¼ qf ðAÞ and f A A½½X ��, then
the following assertions are equivalent:

(1)- ða :A½½X �� f Þ ¼ aA½½X �� for all a A Af .

(2)- ða :A½½X �� f Þ ¼ aA½½X �� for all a A A.

(3)- ða :A Af Þ ¼ aA for all a A A.

(4)- ðA :K Af Þ ¼ A.

Proof. (1) ) (2) Let b A Af , then for all a A A, ab A Af , ðab :A½½X �� f Þ ¼
abA½½X ��, but ðab :A½½X �� f Þ ¼ bða :A½½X �� f Þ and so ða :A½½X �� f Þ ¼ aA½½X ��.

(2) ) (1) Trivial.

(2) ) (3) Let b A ða :A Af Þ then b A ða :A½½X �� f Þ ¼ aA½½X �� and so b A aA.

(3) ) (2) Suppose that there is g A ða :A½½X �� f ÞnaA½½X ��. Take B ¼ A=aA,

then B is a Noetherian ring with identity. Since B is Noetherian, every ideal

of B has a primary decomposition, thus every ideal of B has a minimal primary

decomposition. So the zero ideal (0) has a minimal primary decomposition

(also called shortest primary representation). Now, set f the image of f in

B½½X ��. Since gf A aA½½X �� and g B aA½½X ��, then g0 0 and f is a zero divisor in

B½½X ��. By ([14], Theorem 5, (c)) there exists a nonzero element b A B such that

bf ¼ 0. So b A ða :A Af Þ ¼ aA. Thus b ¼ 0. Contradiction.

(3) ) (4) Let u ¼ x
y
A ðAf Þ�1. Then xAf � yA. So x A ðy :A Af Þ ¼ yA.

Thus x ¼ ye for some e A A. Then u ¼ e A A.
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(4) ) (3) Let b A ða :A Af Þ for some a A A, then bAf � aA and b
a
Af � A.

So b
a
A A and b A aA. r

Theorem 6. Let A be a domain, K the field of fraction of A, if A is a

Noetherian domain, then the following assertions are equivalent:

(1)- ð f ðxÞ :A½½X �� gðxÞÞ ¼ f ðxÞA½½X ��.

(2)-
ðiÞ- ð f ðxÞ :A½½X ��A� gðxÞÞ ¼ f ðxÞA½½X ��A �

ðiiÞ- ðA :K Af þ AgÞ ¼ A

�

Proof. (1) ) (2) Exactly as in the proof of the previous theorem.

(2) ) (1) Let hðxÞ A ð f ðxÞ :A½½X �� gðxÞÞ. There exists FðxÞ A A½½X �� such

that hðxÞgðxÞ ¼ f ðxÞFðxÞ, since ð f ðxÞ :A½½X ��A� gðxÞÞ ¼ f ðxÞA½½X ��A � then there

exist a A Anf0g and CðxÞ A A½½X �� such that ahðxÞ ¼ f ðxÞCðxÞ so aFðxÞ ¼
CðxÞgðxÞ. Let F ðXÞ ¼ f ðX 2Þ þ XgðX 2Þ then AF ¼ Af þ Ag and so

ðAF Þ�1 ¼ A. According to the above ahðX 2Þ ¼ f ðX 2ÞCðX 2Þ and aFðX 2Þ ¼
gðX 2ÞCðX 2Þ and so aðhðX 2Þ þ XFðX 2ÞÞ ¼ FðX ÞCðX 2Þ. By the previous

lemma and since CðX 2Þ A ða :A½½X �� FðXÞÞ, then CðX 2Þ A aA½½X ��. So there

exists lðX Þ A A½½X �� such that CðX 2Þ ¼ alðX Þ. This implies that all the powers

in lðXÞ are even and the formal power series l1ðXÞ ¼ lðX 1=2Þ is well defined.

Since ahðXÞ ¼ f ðX ÞCðXÞ then hðX 2Þ ¼ f ðX 2ÞlðXÞ. And so hðXÞ ¼
f ðXÞl1ðXÞ. r

Corollary 4. Let A � B be an extension of Krull domains, the following

assertions are equivalent:

(1)- A½½X �� � B½½X �� is t-linked.

(2)-
ðiÞ- A½½X ��A � � B½½X ��B � is t-linked:

ðiiÞ- A � B is t-linked:

�

Proof. (2) ) (1) The Theorem 5.

(1) ) (2) Let I be a G.V. ideal of A, then I ½½X �� is a G.V. ideal of

A½½X ��. Since A½½X �� � B½½X �� is t-linked, then I ½½X ��B½½X �� ¼ IB½½X �� is a G.V. ideal

of B½½X �� and so ðIB½½X ��Þ�1 ¼ ðIBÞ�1½½X �� ¼ B½½X �� so ðIBÞ�1 ¼ B. This proves

that A � B is t-linked.

Next we will use the result of ([2], proposition 2.1). Take P a t-prime

ideal of the krull domain B½½X ��B� then there is P1 A specðB½½X ��Þ such that

P ¼ P1B½½X ��B� and P1 \ B ¼ 0 since htðPÞ ¼ 1 we have htðP1Þ ¼ 1 and P1 is a

prime t-ideal. Indeed ðB½½X ��B � ÞP ¼ ðB½½X ��B � ÞP1B½½X ��B �
¼ B½½X ��P1

and ðB½½X ��B� ÞP
is a DVR. Suppose that Q ¼ P \ A½½X ��A � 0 0, take u A P \ A½½X ��A � 0 0 then

u ¼ f ðxÞ
a

and f ðxÞ A P1 \ A½½X ��, set Q1 ¼ P1 \ A½½X �� then Q � Q1:A½½X ��A � ,

note that Q1 \ A ¼ 0 since A½½X �� � B½½X �� is t-linked then htðQ1Þ ¼ 1, now

ðA½½X ��A� ÞQ1:A½½X ��A�
¼ A½½X ��Q1

and A½½X ��Q1
is a DVR, so htðQ1:A½½X ��A � Þ ¼ 1, and

Q ¼ Q1:A½½X ��A� so Q is a t-prime ideal. We have shown that if P is a t-ideal
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of B½½X ��B� such that Q ¼ P \ A½½X ��A � 0 f0g, then Q is a t-ideal of A½½X ��A � . By

([2], Proposition 2.1) A½½X ��A� � B½½X ��B � is t-linked. r
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