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Abstract. A cubic Châtelet surface X over a p-adic field K is a typical surface whose

Chow group A0ðXÞ of degree-zero zero-cycles varies depending on fine conditions of

the defining equation. Many researchers have computed A0ðXÞ by a number-theoric

method in many cases. We extend their computation and determine the structure of

A0ðXÞ in some new cases. It turns out that A0ðXÞ behaves rather unexpectedly when

X is defined by y2 � dz2 ¼ xðx2 � eÞ for some d; e A K �nK �2 and its splitting field is

wildly ramified.

1. Introduction

Let K be a perfect field. Let X be a smooth projective model of the

surface

y2 � dz2 ¼ f ðxÞ ð1:1Þ

in A3
K , where d A K � and f ðxÞ A K ½x� is a monic cubic separable polynomial.

This is called a cubic Châtelet surface. Denote by A0ðX Þ the degree-zero part

of the Chow group of zero-cycles on X modulo rational equivalence.

Denote by K �2 the group of squares in K �. If d A K �2, then X is

birational to P2
K , and therefore A0ðX ÞGA0ðP2

KÞG f0g since A0ðXÞ is a

birational invariant of a smooth projective and geometrically integral surface

over a perfect field ([2, Proposition 6.3]). In particular, if K is algebraically

closed, then A0ðXÞG f0g. In general, A0ðX Þ is a 2-torsion group ([2, Prop-

osition 6.6]).

Suppose that K is a local field of characteristic 0. Then A0ðX Þ is finite

([1, Corollary 3.5]). It depends on arithmetical and geometrical properties of

X whether A0ðXÞ vanishes or not. It is known that A0ðXÞ is equinumerous

to the set of R-equivalence classes of K-rational points on X ([2, Remarques

6.7 (iv)]).
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The subject of this article is determination of the group A0ðX Þ under the

assumptions that d B K �2 and K is a finite extension of the field Qp of p-adic

numbers, where p is a prime number. The computation of A0ðXÞ is reduced

to a number-theoric problem by Colliot-Thélène and Sansuc in [3], [10]. All

of the following results rely on their method. We shall recall it in Section 2.

When f ðxÞ is irreducible, it is shown by Pisolkar in [9, Theorem 1.4] that

A0ðXÞ is trivial. When f ðxÞ splits into three linear factors, the group A0ðX Þ is
completely determined by Colliot-Thélène and Dalawat in [5, Proposition 4.7],

[6, Section 4 and Proposition 2], [7, Proposition 3].

Henceforce, we consider the remaining case:

f ðxÞ ¼ xðx2 � eÞ with e A K �nK �2:

Put L ¼ Kð
ffiffiffi
d

p
Þ and E ¼ Kð

ffiffiffi
e

p
Þ. We call L the splitting field of X , since L is

a unique minimal extension of K such that X �K L is birational to P2
L. Let

vK : K � ! Z be the normalized valuation of K . The following theorem is

proven by Pisolkar.

Theorem 1 ([9, Theorems 1.1–1.3]). (1) If LGE, then A0ðXÞG f0g.
Henceforward, suppose LZE.

(2) If p0 2, then A0ðXÞGZ=2Z.

(3) If p ¼ 2 and L=K is unramified, then

A0ðXÞG f0g if vKðeÞ1 0 ðmod 4Þ;
Z=2Z if vKðeÞ1 1; 3 ðmod 4Þ:

�

(4) Suppose K ¼ Q2. If L=K is unramified and vKðeÞ1 2 ðmod 4Þ, or if

L=K is ramified, then A0ðX ÞGZ=2Z.

Theorem 1 (3) is stated for K ¼ Q2 in [9], but her proof works under the

assumption p ¼ 2. Our first result extends Theorem 1 (4) to K 0Q2.

Theorem 2. Suppose LZE.

(1) If L=K is unramified and vKðeÞ1 2 ðmod 4Þ, then A0ðXÞGZ=2Z.

(2) Assume p ¼ 2. If L=Q2 is totally ramified and the conductor of L=K

(Definition 1) has the di¤erent parity from vKðeÞ, then A0ðXÞGZ=2Z.

Our second result touches on the case when the conductor of L=K has the

same parity as vKðeÞ.

Theorem 3. Suppose that K ¼ Q2ð
ffiffiffi
2

p
Þ, LZE, L=K is ramified and

vKðdÞ is even. Put m ¼ vKðeÞ and take e1 A 1þ 2Z2 and e2 A Z2 such that

e ¼
ffiffiffi
2

p mðe1 þ e2
ffiffiffi
2

p
Þ. Then A0ðX ÞG f0g only in the cases in the following

table, and otherwise A0ðX ÞGZ=2Z.
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d mod K �2 m mod 4 e1 mod 8 e2 mod 4

(i) �1 or 3 0 1 2

(ii) �1 or 3 0 5 2

(iii) 3 2 1 2

(iv) �1 2 3 0

(v) �1 or 3 2 5 2

Each case in this table depends on the residues of d, m, e1 and e2 modulo K �2,

4Z, 8Z2 and 4Z2 respectively. We can find d, e A K �nK �2 such that LZE

under each condition of (i)–(v). For instance, d ¼ 3, e ¼ 1þ 2
ffiffiffi
2

p
A K � satisfy

d, e B K �2, LZE and (i). For such d and e, although LZE and L=K is

ramified, A0ðXÞ is trivial.

Theorems 2 and 3 are proven in Sections 3 through 6. Theorems 1 (4)

and 3 show that the structure of A0ðXÞ depends on the base field K of X when

L=K is wildly ramified, in contrast to the case where f ðxÞ is irreducible or splits

into three linear factors.

From now on, we use the following notation: for a local field k, denote

by vk its normalized valuation, by pk its maximal ideal, by Uk its unit group,

by U
ðiÞ
k its i-th unit group for each integer i > 0, by kk its residue field,

and define the quadratic Hilbert symbol ða; bÞk A fG1g by ða; bÞk ¼ 1 , a A
Nkð

ffiffi
b

p
Þ=kkð

ffiffiffi
b

p
Þ� for each a; b A k �.

2. Computational method

Let X be a Châtelet surface defined as above. Theorems 1 through 3 are

proven based on the following method.

Theorem 4 ([3], [10]). The group A0ðX Þ is isomorphic to the image of the

map

M :¼ fx A K j xðx2 � eÞ A NL=KLg ! ðK �=NL=KL
�Þ2

x 7! ð½x�; ½x2 � e�Þ if x0 0;

ð½�e�; ½�e�Þ if x ¼ 0;

�

where ½a� is the class of a in K �=NL=KL
� for any a A K �.

This is proven by Colliot-Thélène and Sansuc in [3], [10]. Because of its

importance, we shall briefly recall the outline of the proof.

Proof (outline). Let XðKÞ be the set of K-rational points on X . Define

the map w : X ðKÞ ! ðK �=NL=KL
�Þ2 by compositing the following maps.
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� The natural surjective map ([2, Théorème C, Remarques 6.7 (iv)])

XðKÞ ! A0ðXÞ; P 7! P�O;

where O is a singular point on the fiber above y with respect to the

morphism j : X ! P1
K associated with the function ðx; y; zÞ 7! x on the

surface (1.1).
� The canonical injective homomorphism ([1], [4, Theorem 2])

A0ðX Þ ! H1ðK ;HomðPic X ;K �ÞÞ;

where K is an algebraic closure of K and Pic X is the Picard group of

X �K K .
� The canonical isomorphism ([3, Théorème 5])

H1ðK ;HomðPic X ;K �ÞÞ ! ðK �=NL=KL
�Þ � ðE �=NLE=ELE

�Þ:

� The isomorphism E �=NLE=ELE
� ! K �=NL=KL

� induced by NE=K .

The map w factors through M, since NL=Kðyþ
ffiffiffi
d

p
zÞ ¼ y2 � dz2 holds for any

y; z A K and all the points on each fiber of j are mutually rationally equivalent.

Computing the explicit description of the induced map M ! ðK �=NL=KL
�Þ2,

we obtain the desired result. r

The following conditions (A) and (B) are used repeatedly later as criterions

for determining the structure of A0ðXÞ.

Corollary 1 ([9, Lemma 2.1, Corollary 2.2]). We have

A0ðXÞG f0g; if both ðAÞ and ðBÞ hold;

Z=2Z; otherwise;

�

where the conditions (A) and (B) are given as follows.

(A) x A NL=KL
� or x2 � e A NL=KL

� for any x A K �.

(B) �e A NL=KL
�.

Proof ([9]). Supposing x A K � and xðx2 � eÞ A NL=KL
�, then x A NL=KL

�

if and only if x2 � e A NL=KL
�. This implies the desired result. r

Remark 1. Let p be a uniformizer of K. The group A0ðX Þ is invariant

up to isomophism under replacing d and e with d 0 ¼ dl2 and e 0 ¼ p4me for any

l A K � and m A Z, since the a‰ne surface y2 � dz2 ¼ xðx2 � eÞ is isomorphic to

y 02 � d 0z 02 ¼ x 0ðx 02 � e 0Þ by the change of variables x 0 ¼ p2mx, y 0 ¼ p3my and

z 0 ¼ l�1p3mz.
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3. Unramified case

In this section, we prove Theorem 2 (1). Assume vKðeÞ1 2 ðmod 4Þ and

A0ðXÞG f0g. We will show LGE. We can write e ¼ p4mþ2e for some

uniformizer p of K , m A Z and e A UK . It su‰ces to show de A K �2. By

the perfectness of the Hilbert symbol, it is reduced to showing ðde; pÞK ¼
ðde; xÞK ¼ 1 for any x A UK .

By the assumption that L=K is unramified and the local class field theory,

we have NL=KUL ¼ UK . This means

ðd; xÞK ¼ 1 ð2:1Þ

for any x A UK . By the assumption d B K �2, this implies

ðd; pÞK ¼ �1: ð2:2Þ

By the assumption A0ðXÞG f0g, the condition (A) in Corollary 1 holds.

This means that

vKðxÞ A 2Z or vKðx2 � eÞ A 2Z for any x A K �; ð2:3Þ

since vK : K � ! Z induces the isomorphism K �=NL=KL
� ! Z=2Z by the

assumption. We find

vKðu2 � eÞ A 2Z for any u A UK ð2:4Þ

by applying (2.3) to x ¼ p2mþ1u.

We claim that

a2 � eb2 0 c for any a; b; c A K � such that vKðcÞ is odd: ð2:5Þ

To prove (2.5), assume the existence of a; b; c A K � such that vKðcÞ is odd

and a2 � eb2 ¼ c. Then u :¼ ab�1 satisfies

vKðu2 � eÞ ¼ vK
c

b2

� �
¼ vKðcÞ � 2vKðbÞ B 2Z;

2vKðuÞ ¼ vKðu2Þ ¼ vK
c

b2
þ e

� �
¼ min vK

c

b2

� �
; 0

� �
¼ 0;

and therefore u A UK . This contradicts to (2.4).

For any x A UK , we have

ðe; pÞK ¼ ðe; p�1xÞK ¼ �1; ð2:6Þ

by applying (2.5) to c ¼ p, p�1x, and therefore
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ðde; pÞK ¼ ðd; pÞKðe; pÞK ¼ ð�1Þ2 ¼ 1;

ðde; xÞK ¼ ðd; xÞKðe; pÞKðe; p�1xÞK ¼ 1 � ð�1Þ2 ¼ 1

by (2.1), (2.2) and (2.6). This concludes the proof of Theorem 2 (1).

4. Lemmas

4.1. In this subsection, let L=K be a cyclic totally ramified extension of local

fields such that the characteristic of the residue field k :¼ kL ¼ kK is p :¼
½L : K �. Let s be a generator of the Galois group of L=K . Let pL be a

uniformizer of L.

Definition 1. The conductor of L=K is the integer vLðps�1
L � 1Þ þ 1.

Remark 2. It does not depend on the choices of s and pL. Furthermore,

it coincides with the minimal integer i > 0 such that U
ðiÞ
K HNL=KL

�.

We quote the following proposition from the discrete valuation field theory.

Proposition 1 ([8, (1.5), Chapter 3]). Under the assumption as above, let t

be the conductor of L=K. Take h AUL such that ps�1
L ¼ 1þ p t�1

L h. Put pK ¼
NL=KðpLÞ and h ¼ h mod pL. For any integer ib 1, consider the map NL=K :

U
ðiÞ
L =U

ðiþ1Þ
L ! U

ðiÞ
K =U

ðiþ1Þ
K induced by NL=K : U

ðiÞ
L ! U

ðiÞ
K and isomorphisms

U
ðiÞ
L =U

ðiþ1Þ
L ! k; 1þ ap i

L 7! a mod pL; Frobp : k ! k; y 7! yp;

U
ðiÞ
K =U

ðiþ1Þ
K ! k; 1þ ap i

K 7! a mod pK ; c : k ! k; y 7! yp � hp�1y:

Suppose 1a i < t� 1. Then the following diagrams commute.

U
ðiÞ
L =U

ðiþ1Þ
L ���!G

k

NL=K

???y
???yFrobp

U
ðiÞ
K =U

ðiþ1Þ
K ���!

G
k

U
ðt�1Þ
L =U

ðtÞ
L ���!G

k

NL=K

???y
???yc

U
ðt�1Þ
K =U

ðtÞ
K ���!

G
k

ð3:1Þ

The following lemma plays an important role in Sections 5 and 6.

Lemma 1. Suppose that K is a totally ramified extension of Q2. If L=K is

a quadratic ramified extension of the conductor t, then NL=KL
� VU

ðt�1Þ
K HU

ðtÞ
K .

Proof. Since L=K and K=Q2 are totally ramified, we have

kL ¼ kK ¼ kQ2
¼ F2: ð3:2Þ
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This implies UL ¼ U
ð1Þ
L , UK ¼ U

ð1Þ
K and NL=KL

� VU
ðt�1Þ
K ¼ NL=KU

ð1Þ
L VU

ðt�1Þ
K .

Thus, it su‰ces to show for any integer 1a ia t� 1 that

NL=KU
ðiÞ
L VU

ðt�1Þ
K HNL=KU

ðiþ1Þ
L : ð3:3Þ

(1) Case: i < t� 1. The left diagram of (3.1) yields (3.3).

(2) Case: i ¼ t� 1. The map c in (3.1) is the zero map by (3.2), since

h ¼ 1 by (3.2). Therefore, NL=K : U
ðt�1Þ
L =U

ðtÞ
L ! U

ðt�1Þ
K =U

ðtÞ
K is also

the zero map, since the horizontal maps in the right diagram of (3.1)

are isomorphisms. This implies (3.3). r

4.2. To prove Theorem 3, we also use the following lemma due to Pisolkar.

Her proof works without assuming that K ¼ Q2.

Lemma 2 ([9, Lemma 6.2]). Suppose LZE. If �1 B NL=KL
�, or if e B

NL=KL
�, then A0ðX ÞGZ=2Z.

5. Certain ramified case

In this section, we give a proof of Theorem 2 (2) based on the idea due

to Pisolkar [9]. Let t be the conductor of L=K and put m ¼ vKðeÞ. To prove

A0ðXÞGZ=2Z, it is su‰cient to show the existence of x A K � such that x,

x2 � e B NL=KL
� by Corollary 1. Take a unit u A U

ðt�1Þ
K nU ðtÞ

K and a uniformizer

p of K such that p A NL=KL
�. By the assumption, n :¼ m� tþ 1 is even.

Put x ¼ pn=2u. Since pn=2 A NL=KL
� and u B NL=KL

� by Lemma 1, we have

x B NL=KL
�. Writing u ¼ 1þ p t�1u 0 for some u 0 A UK , we have

vK u2 � e

pn
� 1

� �
¼ vK 2p t�1u 0 þ p2ðt�1Þu 02 � e

pn

� �

¼ minf½K : Q2� þ t� 1; 2ðt� 1Þ; t� 1g ¼ t� 1;

and therefore u2 � ep�n A U
ðt�1Þ
K nU ðtÞ

K . By using Lemma 1 again, we have

u2 � ep�n B NL=KL
� and therefore x2 � e ¼ pnðu2 � ep�nÞ B NL=KL

�. This

proves Theorem 2 (2).

6. Another example

In this section, we prove Theorem 3. The base field K ¼ Q2ð
ffiffiffi
2

p
Þ of X is

a quadratic ramified extension of Q2 with a uniformizer
ffiffiffi
2

p
and unit group

UK ¼ U
ð1Þ
K ¼ faþ b

ffiffiffi
2

p
j a A 1þ 2Z2; b A Z2g: ð6:1Þ

Nontrivial elements of K �=K �2 are in one-to-one correspondence with qua-

dratic extensions of K by the map xK �2 7! Kð
ffiffiffi
x

p
Þ. Elementary arguments
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yield that K=K �2 is isomorphic to ðZ=2ZÞ4, and generated by residue classes offfiffiffi
2

p
, �1, 3 and 1�

ffiffiffi
2

p
. By the assumption that vKðdÞ is even and L=K is

ramified, we have

d1�1; 3;Gð1�
ffiffiffi
2

p
Þ;G3ð1�

ffiffiffi
2

p
Þ ðmod K �2Þ;

since Kð
ffiffiffiffiffiffiffi
�3

p
Þ=K is unramified. By Remark 1, it su‰ces to consider these six

values for d.

Case 1: d ¼Gð1�
ffiffiffi
2

p
Þ orG3ð1�

ffiffiffi
2

p
Þ. In this case, by the projection formula

and the explicit formula over Q2 for the Hilbert symbols, we have

ð�1; dÞK ¼ ð�1;NK=Q2
ðdÞÞQ2

¼ ð�1;�1ÞQ2
¼ �1: ð6:2Þ

This implies A0ðX ÞGZ=2Z by Lemma 2.

Case 2: d ¼ �1 or 3. In this case, since ð1þ
ffiffiffi
2

p
þ

ffiffiffi
d

p
Þ

ffiffiffi
2

p �1
is a uniformizer

of L, we can directly show that the conductor of L=K is 2. Therefore we have

NL=KL
� VUK ¼ U

ð2Þ
K ¼ faþ b

ffiffiffi
2

p
j a A 1þ 2Z2; b A 2Z2g ð6:3Þ

by (6.1) and Lemma 1. By a similar calculation as (6.2), we haveffiffiffi
2

p
B NL=KL

� if d ¼ �1 and
ffiffiffi
2

p
A NL=KL

� if d ¼ 3: ð6:4Þ

Note that the following cases are excluded.

(vi) e1 1 1 ðmod 8Þ, e2 1 0 ðmod 4Þ.
(vii) e1 1 3 ðmod 8Þ, e2 1 0 ðmod 4Þ and d ¼ 3.

(viii) e1 1 7 ðmod 8Þ, e2 1 0 ðmod 4Þ and d ¼ �1.

Indeed, by the assumptions that e B K �2, LZE, m is even and d A f�1; 3g, the
units e, �e and 3e do not belong to K �2 and therefore to

U
ð5Þ
K ¼ faþ b

ffiffiffi
2

p
j a A 1þ 8Z2; b A 4Z2g ¼ expðp5

KÞ ¼ expð2p3
KÞ ¼ U

ð3Þ
K VK �2:

Case 2.1: m is odd. In this case, we have A0ðXÞGZ=2Z by Theorem 2 (2).

Case 2.2: m is even. Put r ¼
ffiffiffi
2

p m=2
and e ¼ e1 þ e2

ffiffiffi
2

p
. Then we have e ¼ r2e,

e1 A 1þ 2Z2 and e2 A Z2.

Case 2.2.1: e2 1 1 ðmod 2Þ. In this case, we have e A UKnU ð2Þ
K . This implies

e B NL=KL
� by (6.3) and therefore e ¼ r2e B NL=KL

�. Thus, A0ðX ÞGZ=2Z by

Lemma 2.

Case 2.2.2: e2 1 0 ðmod 2Þ. In this case, we have �e A U
ð2Þ
K . Therefore, the

condition (B) in Corollary 1 holds by (6.3). We consider whether (A) holds

or not. Take x A K � and write x ¼ r
ffiffiffi
2

p n
u, u ¼ aþ b

ffiffiffi
2

p
for some n A Z,

u A UK , a A 1þ 2Z2 and b A Z2.
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� Supposing n0 0, then

r�2ðx2 � eÞ ¼ ð2na2 þ 2nþ1b2 � e1Þ þ ð2nþ1ab� e2Þ
ffiffiffi
2

p
A U

ð2Þ
K if n > 0;

2jnjr�2ðx2 � eÞ ¼ ða2 þ 2b2 � 2jnje1Þ þ ð2ab� 2jnje2Þ
ffiffiffi
2

p
A U

ð2Þ
K if n < 0;

and therefore x2 � e A NL=KL
� by (6.3) since 2 A K �2.

� Supposing n ¼ 0, then x2 � e A NL=KL
� if and only if u2 � e A NL=KL

�,

since x2 � e ¼ r2ðu2 � eÞ.
Therefore, A0ðX ÞG f0g if and only if either ru or u2 � e belongs to NL=KL

� for

any u A UK . Set

U � ¼ UKnU ð2Þ
K if d ¼ �1 and m1 0 ðmod 4Þ; or if d ¼ 3;

U
ð2Þ
K if d ¼ �1 and m1 2 ðmod 4Þ:

(
ð6:5Þ

Then A0ðXÞG f0g if and only if

u2 � e A NL=KL
� for any u A U �: ð6:6Þ

Indeed, ru A NL=KL
� for any u A UKnU �, since r A NL=KL

� if and only if d ¼
�1 and m1 0 ðmod 4Þ, or if d ¼ 3 by (6.4). For each u ¼ aþ b

ffiffiffi
2

p
A U �

(a A 1þ 2Z2; b A Z2), put

iðuÞ ¼ ord2ða2 þ 2b2 � e1Þ; jðuÞ ¼ ord2ð2ab� e2Þ:

Then a unit part of u2 � e is written by

u2 � e

2 i
¼ a2 þ 2b2 � e1

2 i
þ 2ab� e2

2 i

ffiffiffi
2

p
if i ¼ iðuÞa jðuÞ;

u2 � e

2 j
ffiffiffi
2

p ¼ 2ab� e2

2 j
þ a2 þ 2b2 � e1

2 jþ1

ffiffiffi
2

p
if iðuÞ > jðuÞ ¼ j:

Therefore, by (6.3) and (6.4), we obtain the following criterions:

iðuÞ < jðuÞ ) u2 � e A NL=KL
�;

iðuÞ ¼ jðuÞ ) u2 � e B NL=KL
�;

iðuÞ ¼ jðuÞ þ 1 and d ¼ �1 ) u2 � e A NL=KL
�;

iðuÞ ¼ jðuÞ þ 1 and d ¼ 3 ) u2 � e B NL=KL
�;

iðuÞ > jðuÞ þ 1 and d ¼ �1 ) u2 � e B NL=KL
�;

iðuÞ > jðuÞ þ 1 and d ¼ 3 ) u2 � e A NL=KL
�:

9>>>>>>>>>=
>>>>>>>>>;

ð6:7Þ

The relation among functions i, j and j þ 1 is compiled in the following table.
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U � e1 mod 8 e2 1 0 ð4Þ e2 1 2 ð4Þ

UKnU ð2Þ
K 1 (excluded) i < j (i), (iii)

3 i > j þ 1 iðuÞ ¼ jðuÞ for some u

5 i ¼ j i < j (ii), (v)

7 i ¼ j þ 1 iðuÞ ¼ jðuÞ for some u

U
ð2Þ
K 1 (excluded) i > j þ 1

3 i < j (iv) i ¼ j

5 iðuÞ ¼ jðuÞ for some u i ¼ j þ 1 (v)

7 (excluded) i ¼ j

Indeed, the relation in each case can be shown by a similar way as follows.
� If U � ¼ UKnU ð2Þ

K , e1 1 1; 5 ðmod 8Þ and e2 1 2 ðmod 4Þ, then

a2 þ 2b2 � e1 1 2 ðmod 4Þ; 2ab� e2 1 0 ðmod 4Þ

for any u ¼ aþ b
ffiffiffi
2

p
A U � (a; b A 1þ 2Z2), and therefore iðuÞ < jðuÞ.

� Suppose U � ¼ UKnU ð2Þ
K , e1 1 3 ðmod 8Þ and e2 1 2 ðmod 4Þ. Then

the equations

a2 þ 2b2 � e1 1 2ab� e2 1 8 ðmod 16Þ

have a common solution ða; bÞ A ð1þ 2Z2Þ2. Indeed, one of the solu-

tions is given by the following table which depends on the residues of

e1 and e2 modulo 16.

e1 e2 a b e1 e2 a b

3 2 3 7 11 2 1 5

3 6 3 5 11 6 1 7

3 10 3 3 11 10 1 1

3 14 3 1 11 14 1 3

For such a and b, the unit u :¼ aþ b
ffiffiffi
2

p
A U � satisfies iðuÞ ¼ jðuÞ.

� If U � ¼ U
ð2Þ
K , e1 1 1 ðmod 8Þ and e2 1 2 ðmod 4Þ, then

a2 þ 2b2 � e1 1 0 ðmod 8Þ; 2ab� e2 1 2 ðmod 4Þ;

for any u ¼ aþ b
ffiffiffi
2

p
A U � (a A 1þ 2Z2; b A 2Z2), and therefore iðuÞ >

jðuÞ þ 1.
� Suppose U � ¼ U

ð2Þ
K , e1 1 5 ðmod 8Þ and e2 1 0 ðmod 4Þ. Then the

equations

a2 þ 2b2 � e1 1 2ab� e2 1 4 ðmod 8Þ

have a common solution ða; bÞ A ð1þ 2Z2Þ � 2Z2, for example,
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ða; bÞ ¼ ð1; 2Þ if e2 1 0 ðmod 8Þ;
ð1; 4Þ if e2 1 4 ðmod 8Þ:

�
For such a and b, the unit u :¼ aþ b

ffiffiffi
2

p
A U � satisfies iðuÞ ¼ jðuÞ.

Thus, only in the cases (i)–(v) in the statement, the condition (6.6) holds by

(6.5) and (6.7), and therefore A0ðXÞG f0g. Recall that the cases (vi)–(viii) are

excluded by the assumption LZE.

Under each condition of (i)–(v), we can find d, e A K �nK �2 such that

LZE by elementary arguments. This completes the proof of Theorem 3.
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