
Hiroshima Math. J.

45 (2015), 267–307

Nonautonomous di¤erential equations and Lipschitz evolution

operators in Banach spaces

Yoshikazu Kobayashi, Naoki Tanaka and Yukino Tomizawa

(Received February 9, 2015)

(Revised April 16, 2015)

Abstract. A new class of Lipschitz evolution operators is introduced and a charac-

terization of continuous infinitesimal generators of such evolution operators is given.

It is shown that a continuous mapping A from a subset W of ½a; bÞ � X into X , where

½a; bÞ is a real half-open interval and X is a real Banach space, is the infinitesimal

generator of a Lipschitz evolution operator if and only if it satisfies a sub-tangential

condition, a general type of quasi-dissipative condition with respect to a metric-like

functional and a connectedness condition. An application of the results to the initial

value problem for the quasilinear wave equation with dissipation is also given.

1. Introduction and main theorems

Throughout this paper, R denotes the set of all real numbers. Let X be a

real Banach space with norm k � k. For a subset Q of R� X , QðtÞ denotes the
section of Q at t A R; that is, QðtÞ ¼ fx A X ; ðt; xÞ A Qg.

Let ½a; bÞ be a subinterval of R and W a subset of ½a; bÞ � X such that

�y < a < bay and WðtÞ0q for t A ½a; bÞ. Let A be a continuous map-

ping from W to X . Given ðt; zÞ A W, we consider the following initial value

problem:

u 0ðtÞ ¼ Aðt; uðtÞÞ for ta t < b;

uðtÞ ¼ z:

�
ðIVP; t; zÞ

Suppose that the problem ðIVP; t; zÞ has a unique solution uð�Þ on ½t; bÞ for

every ðt; zÞ A W. Defining Uðt; tÞz ¼ uðtÞ, we have the following properties

from the uniqueness of solutions:

(E1) Uðt; tÞz ¼ z and Uðt; sÞUðs; tÞz ¼ Uðt; tÞz for z A WðtÞ and aa ta

sa t < b.
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Set D ¼ fðt; tÞ; aa ta t < bg. Usually, we have also the following prop-

erties from the continuous dependence of solutions on the initial data

ðt; zÞ A W:

(E2) Let ðt; tÞ A D, z A WðtÞ, ðtn; tnÞ A D and zn A WðtnÞ for n ¼ 1; 2; . . . .

If ðtn; tnÞ ! ðt; tÞ and zn ! z as n ! y, then Uðtn; tnÞzn ! Uðt; tÞz
as n ! y.

By an evolution operator on W, we mean a family fUðt; tÞgðt; tÞ AD of operators

Uðt; tÞ : WðtÞ ! WðtÞ satisfying (E1) and (E2). Such a family fUðt; tÞgðt; tÞ AD is

called a Lipschitz evolution operator on W, if the following additional condition

is satisfied:

(E3) There exist a number Lb 1 and a continuous function o : ½a; bÞ !
½0;yÞ such that

kUðt; tÞx�Uðt; tÞykaL exp

ð t
t

oðyÞdy
� �

kx� yk

for x; y A WðtÞ and ðt; tÞ A D.

The main purpose of this paper is to establish the conditions on the continuous

mapping A which are necessary and su‰cient to guarantee the existence of the

Lipschitz evolution operator associated with A. The obtained results extend

that of Kobayashi and Tanaka in [8] concerning the autonomous case where A

is independent of t. In particular, a type of generalized quasi-dissipativity

condition on A with respect to a metric-like functional is shown to be necessary

for the existence of the Lipschitz evolution operator. Su‰cient conditions on

A for the existence of evolution operators have been studied by many authors

and this paper is related with the works of Iwamiya [4], Kato [5], [6],

Kenmochi and Takahashi [7], Lakshmikantham, Mitchell and Mitchell [10],

Martin [11], [12], [13], Murakami [15], Pavel and Vrabie [19], Pavel [18] and

Cârjă, Necula and Vrabie [22]. Several types of generalized quasi-dissipativity

conditions on A are introduced and investigated in [15], [12], [10], [6], [20] and

[2]. Such a kind of generalized quasi-dissipativity conditions was first found

by Okamura [17] as a uniqueness criteria for ordinary di¤erential equations.

See [1] or [24]. Our results extend the most of them. As in [7], [6] and [4],

the domain W is allowed to be genuinely noncylindrical and the subtangential

condition, which was first found by Nagumo [16], is used to construct approx-

imate solutions to ðIVP; t; zÞ. The advantage of these assumptions is illus-

trated by an application of the results to the initial value problems for

nonlinear wave equations.

Let JH ½a; bÞ be a subinterval of the form ½t; c� or ½t; cÞ. An X -valued

continuous function u : J ! X is called a solution to ðIVP; t; zÞ on J, if

uðtÞ ¼ z, ðt; uðtÞÞ A W for t A J; u is di¤erentiable on J and u 0ðtÞ ¼ Aðt; uðtÞÞ
for t A J. A solution to ðIVP; t; zÞ on ½t; bÞ is called a global solution.
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Let dðx;DÞ denote the distance from x A X to DHX , i.e., dðx;DÞ ¼
inffkx� yk; y A Dg. We consider the following conditions.

ðW1Þ A is continuous on W.

ðW2Þ If ðtn; xnÞ A W, tn " t A ½a; bÞ in R and xn ! x in X as n ! y, then

ðt; xÞ A W.

ðW3Þ lim infh#0 h
�1dðxþ hAðt; xÞ;Wðtþ hÞÞ ¼ 0 for ðt; xÞ A W.

ðW4Þ There exists a functional V : ½a; bÞ � X � X ! ½0;yÞ satisfying

the following properties ðV1Þ–ðV4Þ and a continuous function

o : ½a; bÞ ! ½0;yÞ such that

DþVðt; x; yÞðAðt; xÞ;Aðt; yÞÞaoðtÞVðt; x; yÞ

for x; y A WðtÞ and t A ½a; bÞ. Here, for ðt; x; yÞ A ½a; bÞ � X � X

and ðx; hÞ A X � X ,

DþVðt; x; yÞðx; hÞ ¼ lim inf
h#0

1

h
ðVðtþ h; xþ hx; yþ hhÞ � Vðt; x; yÞÞ;

where the values y and �y are not excluded.

ðV1Þ There exists a number L > 0 such that jVðt; x; yÞ � Vðt; x̂x; ŷyÞj
aLðkx� x̂xk þ ky� ŷykÞ for ðx; yÞ; ðx̂x; ŷyÞ A X � X and

t A ½a; bÞ.
ðV2Þ Vðt; x; xÞ ¼ 0 for t A ½a; bÞ and x A WðtÞ.
ðV3Þ If ftng is a sequence in ½a; bÞ and fðxn; ynÞg is a sequence in

X � X such that ðxn; ynÞ A WðtnÞ �WðtnÞ for nb 1, tn !
t A ½a; bÞ and ðxn; ynÞ ! ðx; yÞ A WðtÞ �WðtÞ as n ! y, then

Vðt; x; yÞa lim infn!y Vðtn; xn; ynÞ.
ðV4Þ If ftng is a sequence in ½a; bÞ and fðxn; ynÞg is a sequence

in X � X such that ðxn; ynÞ A WðtnÞ �WðtnÞ for nb 1, tn !
t A ½a; bÞ and Vðtn; xn; ynÞ ! 0 as n ! y, then kxn � ynk !
0 as n ! y.

ðW5Þ For any ðt; zÞ A W, there exists a connected component C of W such

that ðt; zÞ A C and CðtÞ0q for t A ðt; bÞ.

Remark 1. Condition ðV1Þ with ðV2Þ implies the following:

jVðt; x; yÞjaLkx� yk for ðx; yÞ A WðtÞ �WðtÞ and t A ½a; bÞ:

The following are our main theorems.

Theorem 1. Let A be a mapping from W into X such that conditions

ðW1Þ–ðW4Þ are satisfied. Let C be a connected component of W and set d ¼
supft A ½a; bÞ;CðtÞ0qg. Then the following assertions hold true:

( i ) For ðt; zÞ A C, ðIVP; t; zÞ has a unique solution uðt; t; zÞ on ½t; dÞ and

the interval ½t; dÞ is the maximal interval of existence of solution.
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(ii) For z; ẑz A CðtÞ and t A ½t; dÞ,

Vðt; uðt; t; zÞ; uðt; t; ẑzÞÞa exp

ð t
t

oðyÞdy
� �

Vðt; z; ẑzÞ:

Theorem 2. Let A be a mapping from W into X such that ðW1Þ and ðW2Þ
are satisfied. Then there exists a Lipschitz evolution operator fUðt; tÞgðt; tÞ AD on

W such that uðtÞ :¼ Uðt; tÞz is a global solution to ðIVP; t; zÞ for any ðt; zÞ A W if

and only if conditions ðW3Þ–ðW5Þ are satisfied, where condition ðV4Þ is replaced

by the following condition:

ðV4Þ0 For any t A ½a; bÞ and x; y A WðtÞ, kx� ykaVðt; x; yÞ.

Theorem 1 consists of the uniqueness and local existence of solutions to

initial value problems ðIVP; t; zÞ and the global existence theorem as well as

the continuous dependence of solutions on initial data. They are discussed in

Sections 2 and 3 respectively. The proof of Theorem 2 is given in Section 4.

An application of our results to the initial value problem for quasi-linear wave

equations is given in Section 5.

2. Uniqueness and local existence of solutions

In this section, we construct the solutions to the initial value problem

ðIVP; t; zÞ. We assume that conditions ðW1Þ–ðW4Þ. The following proposi-

tion ensures the uniqueness of solutions.

Proposition 1. Let ½t; cÞH ½a; bÞ and zi A WðtÞ for i ¼ 1; 2. Let ui be

solutions to ðIVP; t; ziÞ on ½t; cÞ, for i ¼ 1; 2, respectively. Then

Vðt; u1ðtÞ; u2ðtÞÞa exp

ð t
t

oðsÞds
� �

Vðt; z1; z2Þ

for t A ½t; cÞ. In particular, if z1 ¼ z2, then u1ðtÞ ¼ u2ðtÞ for t A ½t; cÞ.

Proof. Set wðtÞ ¼ Vðt; u1ðtÞ; u2ðtÞÞ for t A ½t; cÞ. From ðV3Þ we see that

w is lower semi-continuous on ½t; cÞ. Let t A ½t; cÞ and h A ð0; c� tÞ. From

ðV1Þ it follows that

ðwðtþ hÞ � wðtÞÞ=h� ðVðtþ h; u1ðtÞ þ hAðt; u1ðtÞÞ; u2ðtÞ

þ hAðt; u2ðtÞÞÞ � Vðt; u1ðtÞ; u2ðtÞÞÞ=h

a jVðtþ h; u1ðtþ hÞ; u2ðtþ hÞÞ

� Vðtþ h; u1ðtÞ þ hAðt; u1ðtÞÞ; u2ðtÞ þ hAðt; u2ðtÞÞÞj=h
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aLðku1ðtþ hÞ � u1ðtÞ � hAðt; u1ðtÞÞk=h

þ ku2ðtþ hÞ � u2ðtÞ � hAðt; u2ðtÞÞk=hÞ:

Taking the inferior limit as h # 0 yields

lim inf
h#0

ðwðtþ hÞ � wðtÞÞ=haDþVðt; u1ðtÞ; u2ðtÞÞðAðt; u1ðtÞÞ;Aðt; u2ðtÞÞÞ:

From ðW4Þ we have DþwðtÞaoðtÞwðtÞ, where DþwðtÞ denotes the lower right

derivative of wðtÞ. Therefore, we see that the function

t ! exp �
ð t
t

oðsÞds
� �

wðtÞ

is lower semicontinuous on ½t; cÞ and Dþðexpð�
Ð t
t
oðsÞdsÞwðtÞÞa 0 for t A ½t; cÞ.

By [3, Lemma 6.3], we have wðtÞa expð
Ð t
t
oðsÞdsÞwðtÞ for t A ½t; cÞ. Refer to

[9] or [21] for the same kind of di¤erential inequalities. r

For each ðt; xÞ A R� X and r > 0, we define Srðt; xÞ ¼ fðs; yÞ A R� X ;

js� tj < r; ky� xk < rg. We need the following lemmas which are proved in

[7] without using condition ðW4Þ.

Lemma 1 ([7, Lemma 1]). Let ðt; xÞ A W and h > 0. Let r > 0 be a

number such that kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ. Let M > 0

be a number such that kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Set h0 ¼
minfr; r=M; b� tg. Then

dðxþ hAðt; xÞ;Wðtþ hÞÞa hh for h A ð0; h0Þ:

Lemma 2 ([7, Lemma 2]). Let ðt; xÞ A W and e A ð0; 1Þ. Let r > 0 and

M > 0 be numbers such that tþ r < b and such that kAðs; yÞ � Aðt; xÞka e=3

and kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Let h A ð0; r=ðM þ 1Þ�. Let

fskgn
k¼0 be a partition of ½t; tþ h� : t ¼ s0 < s1 < � � � < sn ¼ tþ h. Then there

exists a sequence fykgn
k¼0 of elements in X such that

( i ) y0 ¼ x and ðsk; ykÞ A W for 0a ka n;

( ii ) kyk � xka ðM þ eÞðsk � tÞ for 0a ka n;

(iii) kyk�1 þ ðsk � sk�1ÞAðsk�1; yk�1Þ � ykka eðsk � sk�1Þ for 1a ka n.

We also need the following lemma.

Lemma 3. Let ðt; xÞ A W and e A ð0; 1Þ. Let r > 0 and M > 0 be numbers

such that tþ r < b and kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Let s A
ð0; r=ðM þ 1Þ�. Then the following assertions hold true:
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( i ) If a sequence fðsi; yiÞgn
i¼0 in W satisfies

t ¼ s0 < s1 < � � � < sn a tþ s; ð2:1Þ

kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yika eðsi � si�1Þ

for 1a ia n; where y0 ¼ x; ð2:2Þ

then

kyi � yjka ðM þ eÞðsi � sjÞ for 0a ja ia n;

kAðsi; yiÞkaM for 0a ia n:

Moreover, if h > 0 and kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ,
then

kxþ ðsn � tÞAðt; xÞ � ynka ðeþ hÞðsn � tÞ: ð2:3Þ

(ii) Let h > 0 and kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ. If a

sequence fðsi; yiÞgyi¼0 in W satisfies

t ¼ s0 < s1 < � � � < si < � � � < tþ s and lim
i!y

si ¼ tþ s; ð2:4Þ

kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yika eðsi � si�1Þ

for ib 1; where y0 ¼ x; ð2:5Þ

then ŷy ¼ limi!y yi exists in X, ŷy A Wðtþ sÞ and

kxþ sAðt; xÞ � ŷyka ðeþ hÞs: ð2:6Þ

Proof. To prove (i), let fðsi; yiÞgn
i¼0 be a sequence in W satisfying (2.1)

and (2.2). We first show inductively that ðsi; yiÞ A Srðt; xÞ for 0a ia n. It is

obvious that ðs0; y0Þ A Srðt; xÞ. Let k be a nonnegative integer such that k < n

and assume that ðsi; yiÞ A Srðt; xÞ for 0a ia k. From (2.2) we obtain

kyi�1 � yika ðsi � si�1ÞkAðsi�1; yi�1Þk þ eðsi � si�1Þ

for 1a ia n. Since kAðsi; xiÞkaM for 0a ia k by assumption, we have

kyi � yi�1ka ðM þ eÞðsi � si�1Þ

for 1a ia k þ 1. Summing up this inequality from i ¼ 1 to i ¼ k þ 1, we find

that

kykþ1 � xka ðM þ eÞðskþ1 � tÞ < ðM þ 1Þsa r:

It is obvious that skþ1 � ta s < sðM þ 1Þa r. These mean that ðskþ1; ykþ1Þ A
Srðt; xÞ. Thus, we inductively prove that ðsi; yiÞ A Srðt; xÞ for 0a ia n.
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Since ðsk; ykÞ A Srðt; xÞ for 0a ka n, we have kAðsk; ykÞkaM for

0a ka n and kyk � yk�1ka ðM þ eÞðsk � sk�1Þ for 1a ka n. Therefore,

we find that

kyi � yjka ðM þ eÞðsi � sjÞ

for 0a ja ia n. To prove (2.3), let h > 0 and assume that

kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ. Since fðsi; yiÞ; 0a ia ngH
WVSrðt; xÞ, we have kAðsi; yiÞ � Aðt; xÞka h for 0a ia n. From (2.2) we

see that

kyi�1 þ ðsi � si�1ÞAðt; xÞ � yik

a kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yik

þ kðsi � si�1ÞðAðt; xÞ � Aðsi�1; yi�1ÞÞk

a eðsi � si�1Þ þ hðsi � si�1Þ ¼ ðeþ hÞðsi � si�1Þ

for 1a ia n. Hence

kxþ ðsn � tÞAðt; xÞ � ynka
Xn
i¼1

kyi�1 þ ðsi � si�1ÞAðt; xÞ � yik

a ðeþ hÞðsn � tÞ:

To prove (ii), let fðsi; yiÞgyi¼0 be a sequence in W satisfying (2.4) and (2.5).

From (i) we obtain kyi � yjka ðM þ eÞðsi � sjÞ for 0a ja i. This implies

that ŷy ¼ limi!y yi exists in X and is in Wðtþ sÞ by ðW2Þ. By (i) again, we

note that the inequality (2.3) holds for nb 0. Passing to the limit in (2.3) as

n ! y, we obtain

kxþ sAðt; xÞ � ŷyk ¼ lim
n!y

kxþ ðsn � tÞAðt; xÞ � ynk

a lim
n!y

ðeþ hÞðsn � tÞ ¼ ðeþ hÞs;

namely, the desired inequality (2.6) is proved. r

The local existence of approximation solutions to ðIVP; t; zÞ is given by the

following proposition, which is essentially shown in [7] and [4]. We give the

proof for completeness.

Proposition 2. Let ðt; xÞ A W and e A ð0; 1Þ. Let r > 0 and M > 0 be

numbers such that tþ r < b and kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Let

s A ð0; r=ðM þ 1Þ�. Then there exists a sequence fðsi; yiÞgyi¼0 in W such that

( i ) t ¼ s0 < s1 < � � � < si < � � � < tþ s and limi!y si ¼ tþ s;

( ii ) si � si�1 a e for ib 1;
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(iii) kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yika eðsi � si�1Þ=2 for ib 1, where

y0 ¼ x;

(iv) if ðs; yÞ A WVSðMþ1Þðsi�si�1Þðsi�1; yi�1Þ, then

kAðs; yÞ � Aðsi�1; yi�1Þka e=4 for ib 1:

Proof. Set ðs0; y0Þ ¼ ðt; xÞ. Let k be a positive integer and assume that

there exists a sequence fðsi; yiÞgk�1
i¼0 in W which satisfies the first half of (i) and

(ii)–(iv) for 1a ia k � 1. We consider a nonnegative number ĥhk defined by

the supremum of h A ½0; e� such that h < tþ s� sk�1 and

kAðs; yÞ � Aðsk�1; yk�1Þka e=4 for ðs; yÞ A WVShðMþ1Þðsk�1; yk�1Þ:

By the continuity of A, we have ĥhk > 0. Thus there exists a number hk A ð0; e�
such that ĥhk=2 < hk < tþ s� sk�1 and

kAðs; yÞ � Aðsk�1; yk�1Þka e=4 for ðs; yÞ A WVSrk ðsk�1; yk�1Þ; ð2:7Þ

where rk ¼ hkðM þ 1Þ. Set sk ¼ sk�1 þ hk. Then sk�1 < sk < tþ s and con-

ditions (ii) and (iv) with i ¼ k are satisfied. By Lemma 3, kAðsi; yiÞkaM

for 0a ia k � 1. The inequality (2.7) implies that kAðs; yÞkaM þ e=4 for

ðs; yÞ A WVSrk ðsk�1; yk�1Þ. Hence, Lemma 1, with ðt; xÞ, r, M and h replaced

by ðsk�1; yk�1Þ, rk, M þ e=4 and e=4 respectively, implies that

dðyk�1 þ hkAðsk�1; yk�1Þ;WðskÞÞa ehk=4:

Thus there exists an element yk A WðskÞ satisfying (iii) with i ¼ k.

We shall show that limi!y si ¼ tþ s. Assume to the contrary that ŝs ¼
limi!y si < tþ s. By Lemma 3 (i) we obtain kyi � yjka ðM þ e=2Þðsi � sjÞ
for 0a ja i. Hence, limi!y yi exists in X , and we denote its limit by ŷy.

Since ðŝs; ŷyÞ ¼ limi!yðsi; yiÞ in R� X and ðsi; yiÞ A W for ib 1, we have

ðŝs; ŷyÞ A W by ðW2Þ. The continuity of A enables us to choose h A ð0; e�
such that

ha tþ s� ŝs and kAðs; yÞ � Aðŝs; ŷyÞka e=8 for ðs; yÞ A WVSr̂rðŝs; ŷyÞ;

where r̂r ¼ 2ðM þ 1Þh. Choose an integer i0 b 1 so that ŝs� si�1 a h

and k ŷy� yi�1ka ðM þ 1Þh for ib i0. Then, for ib i0 and ðs; yÞ A
SðMþ1Þhðsi�1; yi�1Þ, we have

js� ŝsja js� si�1j þ jsi�1 � ŝsj < ðM þ 1Þhþ ha 2ðM þ 1Þh;

ky� ŷyka ky� yi�1k þ kyi�1 � ŷyk < 2ðM þ 1Þh:

Hence SðMþ1Þhðsi�1; yi�1ÞHSr̂rðŝs; ŷyÞ for ib i0. By the choice of h, we see that

if ib i0, then
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kAðs; yÞ � Aðsi�1; yi�1Þka kAðs; yÞ � Aðŝs; ŷyÞk þ kAðŝs; ŷyÞ � Aðsi�1; yi�1Þk

a e=8þ e=8 ¼ e=4

for ðs; yÞ A WVSðMþ1Þhðsi�1; yi�1Þ. Since h < tþ s� si�1 for ib 1, the defini-

tion of ĥhi implies that ha ĥhi < 2hi ¼ 2ðsi � si�1Þ for ib i0 and the right-hand

side tends to zero as i ! y. This contradicts the fact that h is positive.

r

In what follows, we write oð½âa; b̂b�Þ ¼ sups A ½âa; b̂b� oðsÞ for ½âa; b̂b�H ½a; bÞ. To

prove the convergence of the approximate solutions, we need the following

Propositions, which are the refinements of the results in [11], [10], [6] and [8].

Proposition 3. Let t A ½a; bÞ, ðx; x̂xÞ A WðtÞ �WðtÞ and h; ĥh A ð0; 1Þ. Let

r > 0 and M > 0 be numbers such that tþ r < b,

kAðs; zÞkaM and kAðs; zÞ � Aðt; xÞka h=4 for ðs; zÞ A WVSrðt; xÞ;

kAðs; ẑzÞkaM and kAðs; ẑzÞ � Aðt; x̂xÞka ĥh=4 for ðs; ẑzÞ A WVSrðt; x̂xÞ:

Let s A ð0; r=ðM þ 1Þ�. Then there exists a pair ðy; ŷyÞ A Wðtþ sÞ �Wðtþ sÞ
such that

kxþ sAðt; xÞ � yka hs; ð2:8Þ

kx̂xþ sAðt; x̂xÞ � ŷyka ĥhs; ð2:9Þ

Vðtþ s; y; ŷyÞa expðsoð½t; tþ s�ÞÞðVðt; x; x̂xÞ þ Lðhþ ĥhÞsÞ: ð2:10Þ

Proof. We shall show that there exist two sequences fðsj; zjÞgyj¼0 and

fðsj; ẑzjÞgyj¼0 in W such that

t ¼ s0 < s1 < � � � < sj < � � � < tþ s and lim
j!y

sj ¼ tþ s; ð2:11Þ

kzj�1 þ ðsj � sj�1ÞAðsj�1; zj�1Þ � zjka 3hðsj � sj�1Þ=4

for jb 1; where z0 ¼ x; ð2:12Þ

kẑzj�1 þ ðsj � sj�1ÞAðsj�1; ẑzj�1Þ � ẑzjka 3ĥhðsj � sj�1Þ=4

for jb 1; where ẑz0 ¼ x̂x; ð2:13Þ

ðVðsj; zj; ẑjzjÞ � Vðsj�1; zj�1; ẑzj�1ÞÞ=ðsj � sj�1Þ

aoðsj�1ÞVðsj�1; zj�1; ẑzj�1Þ þ Lðhþ ĥhÞ for jb 1: ð2:14Þ

Set ðs0; z0; ẑz0Þ ¼ ðt; x; x̂xÞ and assume that sequences fðsj; zjÞg i�1
j¼0 and fðsj; ẑzjÞg i�1

j¼0

in W with ib 1 satisfy the first half of (2.11) and (2.12)–(2.14) for 1a ja

i � 1. Then we need to show that there exist si A R, zi A WðsiÞ and ẑzi A WðsiÞ
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such that si�1 < si < tþ s and (2.12)–(2.14) with j ¼ i are satisfied. Let ĥhi
denote the supremum of all hb 0 such that h < tþ s� si�1 and

Vðsi�1 þ h; zi�1 þ hAðsi�1; zi�1Þ; ẑzi�1 þ hAðsi�1; ẑzi�1ÞÞ � Vðsi�1; zi�1; ẑzi�1Þ

a hðoðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4Þ:

Since ĥhi > 0 by ðW4Þ, there exists a number hi > 0 such that ĥhi=2 < hi <

tþ s� si�1 and

Vðsi�1 þ h; zi�1 þ hAðsi�1; zi�1Þ; ẑzi�1 þ hAðsi�1; ẑzi�1ÞÞ � Vðsi�1; zi�1; ẑzi�1Þ

a hðoðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4Þ: ð2:15Þ

Set si ¼ si�1 þ hi. It is obvious that si�1 < si < tþ s. To prove that

SðMþ1Þhiðsi�1; zi�1ÞHSrðt; xÞ, we note by Lemma 3 (i) with e ¼ 3h=4 that

kzi�1 � xka ðM þ 3h=4Þðsi�1 � tÞ < ðM þ 1Þðsi�1 � tÞ:

If ðs; zÞ A SðMþ1Þhiðsi�1; zi�1Þ, then

js� tja js� si�1j þ jsi�1 � tj < ðM þ 1Þðhi þ si�1 � tÞ

¼ ðM þ 1Þðsi � tÞa ðM þ 1Þsa r

and

kz� xka kz� zi�1k þ kzi�1 � xk < ðM þ 1Þðhi þ si�1 � tÞa r:

This means that SðMþ1Þhiðsi�1; zi�1ÞHSrðt; xÞ. By assumption, we have

kAðs; zÞkaM and kAðs; zÞ � Aðt; xÞka h=4 ð2:16Þ

for ðs; zÞ A WVSðMþ1Þhiðsi�1; zi�1Þ. From the second inequality of (2.16), we see

that if ðs; zÞ A WVSðMþ1Þhiðsi�1; zi�1Þ, then

kAðs; zÞ � Aðsi�1; zi�1Þka kAðs; zÞ � Aðt; xÞk þ kAðsi�1; zi�1Þ � Aðt; xÞk

a h=4þ h=4 ¼ h=2:

Hence, by Lemma 1 with r ¼ ðM þ 1Þhi, ðt; xÞ ¼ ðsi�1; zi�1Þ and h ¼ hi, we find

that

dðzi�1 þ hiAðsi�1; zi�1Þ;WðsiÞÞa hih=2 ¼ hðsi � si�1Þ=2:

This implies that there exists zi A WðsiÞ such that (2.12) holds true for j ¼ i.

Similarly, we can show that there exists ẑzi A WðsiÞ satisfying (2.13) with j ¼ i.

By ðV1Þ we obtain (2.14) with j ¼ i by the inequality (2.15) combined with

(2.12) and (2.13) with j ¼ i. Indeed, we have
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ðVðsi; zi; ẑiziÞ � Vðsi�1; zi�1; ẑzi�1ÞÞ=hi

¼ ðVðsi; zi; ẑiziÞ � Vðsi; zi�1 þ hiAðsi�1; zi�1Þ; ẑzi�1 þ hiAðsi�1; ẑzi�1ÞÞÞ=hi

þ ðVðsi; zi�1 þ hiAðsi�1; zi�1Þ; ẑzi�1 þ hiAðsi�1; ẑzi�1ÞÞ

� Vðsi�1; zi�1; ẑzi�1ÞÞ=hi

aLðkzi � ðzi�1 þ hiAðsi�1; zi�1ÞÞk þ kẑzi � ðẑzi�1 þ hiAðsi�1; ẑzi�1ÞÞkÞ=hi

þ oðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4

a 3ðhþ ĥhÞL=4þ oðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4

aoðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ Lðhþ ĥhÞ:

It remains to prove the second half of (2.11). Assume to the contrary that

sy ¼ limj!y sj < tþ s. Lemma 3 (i) asserts that fzjg and fẑzjg are Cauchy

sequences in X , since

lim sup
i; j!y

kzi � zjka lim sup
i; j!y

ðM þ 3h=4Þðsi � sjÞ ¼ 0;

lim sup
i; j!y

kẑzi � ẑzjka lim sup
i; j!y

ðM þ 3ĥh=4Þðsi � sjÞ ¼ 0:

This implies that zy ¼ limj!y zj and ẑzy ¼ limj!y ẑzj exist in X and are in

WðsyÞ by ðW2Þ. By ðW4Þ, we choose a number h > 0 so that h < tþ s� sy
and

fVðsy þ h; zy þ hAðsy; zyÞ; ẑzy þ hAðsy; ẑzyÞÞ � Vðsy; zy; ẑzyÞg=h

aoðsyÞVðsy; zy; ẑzyÞ þ ðhþ ĥhÞL=8: ð2:17Þ

Let rj ¼ sy þ h� sj�1 for jb 1. Then we have rj < tþ s� sj�1 for jb 1 and

rj ! h as j ! y. Since ĥhj < 2hj ¼ 2ðsj � sj�1Þ ! 0 as j ! y, there exists an

integer j0 b 1 such that ĥhj < rj for jb j0. By the definition of ĥhj , we have

fVðsj�1 þ rj; zj�1 þ rjAðsj�1; zj�1Þ; ẑzj�1 þ rjAðsj�1; ẑzj�1ÞÞ � Vðsj�1; zj�1; ẑzj�1Þg=rj

> oðsj�1ÞVðsj�1; zj�1; ẑzj�1Þ þ ðhþ ĥhÞL=4

for jb j0. Since sj�1 ! sy, zj�1 ! zy, ẑzj�1 ! ẑzy and rj ! h as j ! y and

sj�1 þ rj ¼ sy þ h for jb 1, from ðV1Þ and ðV3Þ we obtain

fVðsy þ h; zy þ hAðsy; zyÞ; ẑzy þ hAðsy; ẑzyÞÞ � Vðsy; zy; ẑzyÞg=h

boðsyÞVðsy; zy; ẑzyÞ þ ðhþ ĥhÞL=4;

which contradicts to (2.17).
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We now turn to the proof of the existence of pair ðy; ŷyÞ A WðtÞ �WðtÞ
satisfying (2.8)–(2.10). We apply Lemma 3 (ii) to show that y ¼ limj!y zj and

ŷy ¼ limj!y ẑzj exist in X and are in Wðtþ sÞ and that they satisfy (2.8) and

(2.9), that is,

kxþ sAðt; xÞ � yka ð3h=4þ h=4Þsa hs;

kx̂xþ sAðt; x̂xÞ � ŷyka ð3ĥh=4þ ĥh=4Þsa ĥhs:

We note here that 1þ ta e t for tb 0. We deduce from (2.14) that

Vðsj; zj; ẑzjÞa expðhjoð½t; tþ s�ÞÞðVðsj�1; zj�1; ẑzj�1Þ þ hjLðhþ ĥhÞÞ

for jb 1. Hence, we inductively show that

Vðsj; zj; ẑzjÞa expððsj � tÞoð½t; tþ s�ÞÞðVðt; x; x̂xÞ þ Lðhþ ĥhÞðsj � tÞÞ

for jb 0. Thus we obtain (2.10) by letting j ! y. r

Proposition 4. Let ðt; zÞ A W and l; m A ð0; 1=2Þ. Let R > 0 and M > 0

be numbers such that tþ R < b and kAðs; yÞkaM for ðs; yÞ A WVSRðt; zÞ.
Let s A ð0;R=ðM þ 1Þ�. For each e A fl; mg, let fðtei ; x e

i Þg
y
i¼0 be a sequence in W

satisfying the following conditions:

( i ) t ¼ te0 < te1 < � � � < tei < � � � < tþ s and limi!y tei ¼ tþ s;

( ii ) tei � tei�1 a e for ib 1;

(iii) kx e
i�1 þ ðtei � tei�1ÞAðtei�1; x

e
i�1Þ � x e

i ka eðtei � tei�1Þ=2 for ib 1, where

x e
0 ¼ z;

(iv) if ðs; yÞ A WVSðMþ1Þðt e
i
�t e

i�1
Þðtei�1; x

e
i�1Þ, then

kAðs; yÞ � Aðtei�1; x
e
i�1Þka e=4 for ib 1:

Let fskgyk¼0 be a sequence such that sk < skþ1 for kb 0 and

fsk; k ¼ 0; 1; 2; . . .g ¼ ftli ; i ¼ 0; 1; 2; . . .gU ftmj ; j ¼ 0; 1; 2; . . .g:

Then there exists a sequence fðzlk ; z
m
k Þg

y
k¼0 in X � X such that ðzlk ; z

m
k Þ A

WðskÞ �WðskÞ for each kb 0 and the following three properties are satisfied:

(a) if sk ¼ tli , then zlk ¼ xl
i ; if sk ¼ t

m
j , then z

m
k ¼ x

m
j ;

(b) for each e ¼ l; m, we have

Xk
j¼q

kzej�1 þ ðsj � sj�1ÞAðsj�1; z
e
j�1Þ � zej k

a 2eðsk � sq�1Þ þ 3e
X

t e
i
A fsq;...; skg

ðtei � tei�1Þ

for 1a qa k and kb 1;
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(c) for kb 0,

Vðsk; zlk ; z
m
k Þa expððsk � tÞoð½t; sk�ÞÞf2Lðlþ mÞðsk � tÞ þ hkðl; mÞg;

where

hkðl; mÞ ¼ 3L l
X

t l
i
A fs1;...; skg

ðtli � tli�1Þ þ m
X

t
m
j
A fs1;...; skg

ðtmj � t
m
j�1Þ

0
@

1
A:

Proof. Set ze0 ¼ z for each e ¼ l; m. Assume that sequences fðsk; zlkÞg
l�1
k¼0

and fðsk; zmk Þg
l�1
k¼0 in W with lb 1 satisfy properties (a)–(c) for 0a ka l � 1.

Let i and j be positive integers such that tli�1 < sl a tli and t
m
j�1 < sl a t

m
j ,

respectively. By Lemma 3 (i) with e ¼ l=2 we obtain kxl
i�1 � zka

ðM þ l=2Þðtli�1 � tÞ. If ðs; yÞ A SðMþ1Þðt l
i
�t l

i�1
Þðtli�1; x

l
i�1Þ, then we get

js� tja js� tli�1j þ jtli�1 � tj < ðM þ 1Þðtli � tli�1Þ þ ðtli�1 � tÞ

a ðM þ 1ÞsaR

and

ky� zka ky� xl
i�1k þ kxl

i�1 � zk

< ðM þ 1Þðtli � tli�1Þ þ ðM þ l=2Þðtli�1 � tÞ < ðM þ 1ÞsaR:

Hence SðMþ1Þðt l
i
�t l

i�1
Þðtli�1; x

l
i�1ÞHSRðt; zÞ. This implies that

kAðs; yÞkaM for ðs; yÞ A WVSðMþ1Þðt l
i
�t l

i�1
Þðtli�1; x

l
i�1Þ: ð2:18Þ

We shall show that for each e ¼ l; m,

kAðs; yÞkaM and kAðs; yÞ � Aðsl�1; z
e
l�1Þka e=2 ð2:19Þ

for ðs; yÞ A WVSðMþ1Þðsl�sl�1Þðsl�1; z
e
l�1Þ. By the definition of fskg we observe

that

tli�1 a sl�1 < sl a tli ; t
m
j�1 a sl�1 < sl a t

m
j ;

tli�1 ¼ sp for some 0a pa l � 1; and

t
m
j�1 ¼ sq for some 0a qa l � 1:

By the hypothesis (a) of induction, we have zlp ¼ xl
i�1 and zmq ¼ x

m
j�1. If

0a p < l � 1, then the set fspþ1; . . . ; sl�1g contains no points tli . By the

hypothesis (b) of induction, we have

kzlk�1 þ ðsk � sk�1ÞAðsk�1; z
l
k�1Þ � zlkka 2lðsk � sk�1Þ ð2:20Þ
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for k ¼ pþ 1; . . . ; l � 1. By (2.18) and (2.20), we use Lemma 3 (i) with

ðt; xÞ ¼ ðtli�1; x
l
i�1Þ ¼ ðsp; zlp Þ, e ¼ 2l and r ¼ ðM þ 1Þðtli � tli�1Þ to obtain

kzll�1 � zlpka ðM þ 2lÞðsl�1 � spÞ. This is valid for p ¼ l � 1. If ðs; yÞ A
SðMþ1Þðsl�sl�1Þðsl�1; z

l
l�1Þ, then we get

js� tli�1ja js� sl�1j þ jsl�1 � tli�1j

< ðM þ 1Þðsl � sl�1Þ þ ðsl�1 � tli�1Þa ðM þ 1Þðtli � tli�1Þ;

ky� xl
i�1ka ky� zll�1k þ kzll�1 � xl

i�1k

< ðM þ 1Þðsl � sl�1Þ þ ðM þ 2lÞðsl�1 � spÞa ðM þ 1Þðtli � tli�1Þ:

This means that

SðMþ1Þðsl�sl�1Þðsl�1; z
l
l�1ÞHSðMþ1Þðt l

i
�t l

i�1
Þðtli�1; x

l
i�1Þ: ð2:21Þ

Thus, the claim (2.19) with e ¼ l follows from (2.18) and condition (iv).

Indeed,

kAðs; yÞ � Aðsl�1; z
l
l�1Þk

a kAðs; yÞ � Aðtli�1; x
l
i�1Þk þ kAðtli�1; x

l
i�1Þ � Aðsl�1; z

l
l�1Þk

a l=4þ l=4 ¼ l=2

for ðs; yÞ A WVSðMþ1Þðsl�sl�1Þðsl�1; z
l
l�1Þ. We apply the above argument again,

with p and i replaced by q and j, to show that (2.19) holds true for e ¼ m.

By virtue of (2.19), we deduce from Proposition 3 with t ¼ sl�1, ðx; x̂xÞ ¼
ðzll�1; z

m
l�1Þ, h ¼ 2l, ĥh ¼ 2m and r ¼ ðM þ 1Þðsl � sl�1Þ that there exists a pair

ðyl
l ; y

m
l Þ A Wðsl�1 þ ðsl � sl�1ÞÞ �Wðsl�1 þ ðsl � sl�1ÞÞ ¼ WðslÞ �WðslÞ satisfying

kzel�1 þ ðsl � sl�1ÞAðsl�1; z
e
l�1Þ � ye

l ka 2eðsl � sl�1Þ for e ¼ l; m; ð2:22Þ

Vðsl ; yl
l ; y

m
l Þa expððsl � sl�1Þoð½sl�1; sl �ÞÞ

� ðVðsl�1; z
l
l�1; z

m
l�1Þ þ 2Lðlþ mÞðsl � sl�1ÞÞ: ð2:23Þ

We define ðzll ; z
m
l Þ A WðslÞ �WðslÞ by

zll ¼ yl
l for sl < tli ;

xl
i for sl ¼ tli

�
and z

m
l ¼

y
m
l for sl < t

m
j ;

x
m
j for sl ¼ t

m
j :

(

If sl ¼ tli , then by condition (iii) we have

kxl
i�1 þ ðsl � tli�1ÞAðtli�1; x

l
i�1Þ � zll ka ðsl � tli�1Þl=2;
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while in view of (2.18) and (iv) we find, by applying Lemma 3 (i), with e ¼ 2l,

h ¼ l=4, r ¼ ðM þ 1Þðtli � tli�1Þ and ðt; xÞ ¼ ðtli�1; x
l
i�1Þ, to (2.20) and (2.22),

that

kxl
i�1 þ ðsl � tli�1ÞAðtli�1; x

l
i�1Þ � yl

l ka ð2lþ l=4Þðsl � tli�1Þ:

These inequalities together yield

kzll � yl
l ka kxl

i�1 þ ðsl � tli�1ÞAðtli�1; x
l
i�1Þ � yl

l k

þ kxl
i�1 þ ðsl � tli�1ÞAðtli�1; x

l
i�1Þ � zll k

a ð9=4þ 1=2Þlðsl � tli�1Þa 3l
X
t l
i
¼sl

ðtli � tli�1Þ: ð2:24Þ

Similarly, we get

kzml � y
m
l ka 3m

X
t
m
j
¼sl

ðtmj � t
m
j�1Þ: ð2:25Þ

Combining (2.24) and (2.25) with (2.22), and adding the resulting inequality

to the inequality (b) with k ¼ l � 1, we conclude that the desired property (b)

holds true for k ¼ l.

Finally, we show that (c) is true for k ¼ l. Using (2.24), (2.25) and ðV1Þ
we have

jVðsl ; zll ; z
m
l Þ � Vðsl ; yl

l ; y
m
l ÞjaLðkzll � yl

l k þ kzml � y
m
l kÞ

a 3L l
X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A:

Combining this and (2.23), we obtain

Vðsl ; zll ; z
m
l ÞaVðsl ; yl

l ; y
m
l Þ þ 3L l

X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A

a expððsl � sl�1Þoð½sl�1; sl �ÞÞðVðsl�1; z
l
l�1; z

m
l�1Þ

þ 2Lðlþ mÞðsl � sl�1ÞÞ

þ 3L l
X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A
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a expððsl � tÞoð½t; sl �ÞÞð2Lðlþ mÞðsl � tÞ þ hl�1ðl; mÞÞ

þ 3L l
X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A

a expððsl � tÞoð½t; sl �ÞÞð2Lðlþ mÞðsl � tÞ þ hlðl; mÞÞ:

This means that (c) is true for k ¼ l, and the proof is completed. r

The following is a local existence theorem of solutions to ðIVP; t; zÞ.

Theorem 3. Let ðt; zÞ A W. Let R > 0 and M > 0 be numbers such that

tþ R < b and kAðs; yÞkaM for ðs; yÞ A WVSRðt; zÞ. Let s A ð0;R=ðM þ 1Þ�.
Then there exists a solution u to ðIVP; t; zÞ on ½t; tþ s� such that

kuðtÞ � uðsÞkaMjt� sj for t; s A ½t; tþ s�:

Proof. Let e A ð0; 1=2Þ. Then, by Proposition 2, there exists a sequence

fðtei ; xe
i Þg

y
i¼0 in W satisfying (i)–(iv) of Proposition 4. Let u e : ½t; tþ sÞ ! X be

the function defined by ueðtÞ ¼ x e
i for t A ½tei ; teiþ1Þ and ib 0. We want to prove

that the family fueg converges in X uniformly on ½t; tþ sÞ as e # 0.

Let l; m A ð0; 1=2Þ and let fskgyk¼0 be a sequence defined as in Proposition

4. Then there exists a sequence fðzlk ; z
m
k Þg in X � X satisfying ðzlk ; z

m
k Þ A

WðskÞ �WðskÞ for kb 0 and (a)–(c) of Proposition 4. We first prove that

sup
kb0

kzlk � z
m
kk ! 0 as l; m # 0: ð2:26Þ

Assume to the contrary that there exist e0 > 0, two null sequences flng and

fmng of positive numbers, and a sequence fkng of nonnegative integers such

that

kzlnkn � z
mn
kn
kb e0 for nb 1: ð2:27Þ

Since the sequence fskng is bounded as n ! y, it has a convergent subsequence

fsknl g. Since ðzlnlknl
; z

mnl
knl

Þ A Wðsknl Þ �Wðsknl Þ for lb 1, and since

Vðsknl ; z
lnl
knl
; z

mnl
knl

Þa 5L expðsoð½t; tþ s�ÞÞðlnl þ mnl Þs for lb 1

by Proposition 4 (c), we deduce from condition ðV4Þ that liml!ykzlnlknl
� z

mnl
knl

k
¼ 0. This is a contradiction to (2.27).

Let t A ½t; tþ sÞ. Let kb 1 be an integer such that t A ½sk�1; skÞ. Let

i and j be positive integers such that tli�1 a sk�1 < sk a tli and t
m
j�1 a
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sk�1 < sk a t
m
j , respectively. Then we have, in a similar way to the deriva-

tion of (2.21), kzlk�1 � xl
i�1ka ðM þ 1Þðtli � tli�1Þ and kzmk�1 � x

m
j�1ka

ðM þ 1Þðtmj � t
m
j�1Þ. Since

kulðtÞ � umðtÞka kxl
i�1 � zlk�1k þ kzlk�1 � z

m
k�1k þ kzmk�1 � x

m
j�1k

a ðM þ 1Þðlþ mÞ þ kzlk�1 � z
m
k�1k;

we observe from (2.26) that the family fu eðtÞg is uniformly Cauchy on

½t; tþ sÞ. By Lemma 3 (i) we obtain

kueðtÞ � ueðsÞka ðM þ e=2Þðjt� sj þ 2eÞ for t; s A ½t; tþ sÞ

and e A ð0; 1=2Þ. These facts imply that there exists a continuous function u

defined on ½t; tþ s� such that supt A ½t;tþsÞku eðtÞ � uðtÞk ! 0 as e # 0. It is clear

that uðtÞ ¼ z and kuðtÞ � uðsÞkaMjt� sj for t; s A ½t; tþ s�. Let te : ½t; tþ sÞ
! R be the function defined by teðtÞ ¼ tei for t A ½tei ; teiþ1Þ and ib 0. Then

ta teðtÞa t < tþ s and lime#0 t
eðtÞ ¼ t for t A ½t; tþ sÞ. From Proposition 4

(iii) we deduce that

ueðtei Þ � u eð0Þ �
ð t e

i

t

AðteðsÞ; ueðsÞÞds
����

����a eðtei � tÞ=2a es=2 ð2:28Þ

for ib 0. Since ðteðtÞ; ueðtÞÞ A W and kAðteðtÞ; ueðtÞÞkaM for t A ½t; tþ sÞ
and since ðteðtÞ; u eðtÞÞ ! ðt; uðtÞÞ, we have ðt; uðtÞÞ A W and AðteðtÞ; ueðtÞÞ !
Aðt; uðtÞÞ for t A ½t; tþ sÞ as e # 0, by ðW2Þ and ðW1Þ respectively. From (2.28)

we obtain

uðtÞ � uð0Þ ¼
ð t
t

Aðs; uðsÞÞds

for t A ½t; tþ sÞ. Since t ! Aðt; uðtÞÞ is continuous on ½t; tþ s�, u is a solution

to ðIVP; t; zÞ on ½t; tþ s�. Since the uniqueness follows from Proposition 1,

the proof is completed. r

3. Global existence of solutions

In this section we investigate the intervals where the solutions to ðIVP; t; zÞ
exist under assumptions ðW1Þ–ðW4Þ. We follow the arguments in [4], [6] and

[7].

Proposition 5. Let ðt; zÞ A W. Then there exists c0 A ðt; bÞ such that for

any c A ðt; c0Þ, the following properties are satisfied:

( i ) ðIVP; t; zÞ has a solution u on ½t; c�.
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(ii) For any e > 0, there exists a number r A ð0; c� tÞ which satisfies the

following:

(a) ðIVP; t; xÞ has a solution v on ½t; c� for any ðt; xÞ A WVSrðt; zÞ,
(b) if ðt; xÞ; ðt̂t; x̂xÞ A WVSrðt; zÞ, v and v̂v are solutions to ðIVP; t; xÞ on

½t; c� and ðIVP; t̂t; x̂xÞ on ½t̂t; c� respectively, then Vðs; vðsÞ; v̂vðsÞÞ < e

for s A ½t; c�V ½t̂t; c�.

Proof. Let R > 0 and M > 0 be numbers such that tþ R < b and

kAðt; xÞkaM for ðt; xÞ A WVSRðt; zÞ, and set c0 ¼ tþ R=ðM þ 1Þ. We shall

show that for any number c A ðt; c0Þ, the desired properties are satisfied. The

first property (i) follows from Theorem 3.

We shall show that such a number c has the second property (ii). Let

e > 0. We take d > 0 so that expð
Ð s
t
oðyÞdyÞd < e for any s A ½a; c�. Next, we

choose r > 0 so small that tþ r < ca tþ ðR� rÞ=ðM þ 1Þ � r and

2LðM þ 1Þra exp

ð s
t

oðyÞdy
� �

d ð3:1Þ

for s A ½t� r; tþ r�V ½a; bÞ. To prove (a), let ðt; xÞ A WVSrðt; zÞ. Set r̂r ¼
R� r. Since tþ r < c < tþ R=ðM þ 1Þ < tþ R, we have r̂r > 0. Moreover,

we have tþ r̂r ¼ ðt� tÞ þ tþ r̂ra rþ tþ r̂r ¼ tþ R < b. For ðs; yÞ A Sr̂rðt; xÞ,
we have

js� tja js� tj þ jt� tj < r̂rþ r ¼ R

and

ky� zka ky� xk þ kx� zk < r̂rþ r ¼ R:

Thus Sr̂rðt; xÞHSRðt; zÞ. Since kAðs; yÞkaM for ðs; yÞ A WVSr̂rðt; xÞ and

tþ r̂r < b, ðIVP; t; xÞ has a solution v on ½t; tþ r̂r=ðM þ 1Þ� by Theorem 3.

Since tþ r̂r=ðM þ 1Þ > t� rþ ðR� rÞ=ðM þ 1Þb c, we certainly infer that v is

defined on ½t; c�.
To prove (b), let v̂v be a solution to ðIVP; t̂t; x̂xÞ on ½t̂t; c� with ðt̂t; x̂xÞ A

WVSrðt; zÞ. Assume that t̂ta t without loss of generality. Then

kv̂vðtÞ � vðtÞk ¼ kv̂vðtÞ � xka kv̂vðtÞ � x̂xk þ kx̂x� zk þ kz� xk

a kv̂vðtÞ � v̂vðt̂tÞk þ 2raMðt� t̂tÞ þ 2r

¼ Mððt� tÞ þ ðt� t̂tÞÞ þ 2ra 2ðM þ 1Þr:

By Remark 1 and (3.1), we have

Vðt; vðtÞ; v̂vðtÞÞa 2LðM þ 1Þra exp

ð t
t

oðyÞdy
� �

d:
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Thus, by Proposition 1, we obtain

Vðs; vðsÞ; v̂vðsÞÞa exp

ð s
t

oðyÞdy
� �

Vðt; vðtÞ; v̂vðtÞÞa exp

ð s
t

oðyÞdy
� �

d < e

for s A ½t; c�. r

Let ðt; zÞ A W and let u be a solution to ðIVP; t; zÞ which is noncontinuable

to the right. We denote its final time by Tðt; zÞ. It is clear that t < Tðt; zÞa
b and u is a solution to ðIVP; t; zÞ on ½t;Tðt; zÞÞ. Since ðIVP; t; zÞ has a

unique solution, Tðt; zÞ A ðt; b� is well-defined for every ðt; zÞ A W. We con-

sider T as a function from the metric space W into the extended real line

RU fyg endowed with the usual topology.

Proposition 6. Let ðt; zÞ A W and let d be a number such that t < d <

Tðt; zÞ. Then there exists a number r > 0 with tþ r < b such that Tðt; xÞ > d

for any ðt; xÞ A WVSrðt; zÞ.

Proof. Let ðt; zÞ A W and let d be a number such that t < d < Tðt; zÞ.
Let u be a solution to ðIVP; t; zÞ on ½t; d �. Since the set fðs; uðsÞÞ; s A ½t; d �g is

compact in W and A is continuous on W, there exists a number M > 0 such

that kAðs; uðsÞÞk < M for s A ½t; d �.
We first prove that there exists a number R > 0 such that kAðs; xÞkaM

for any s A ½t; d � and x A WðsÞ satisfying Vðs; x; uðsÞÞ < R. Assume to the

contrary that for any nb 1 there exist sn A ½t; d � and xn A WðsnÞ such that

Vðsn; xn; uðsnÞÞ < 1=n and kAðsn; xnÞk > M. Since the sequence fsng is

bounded, there exists a convergent subsequence fsnkg converging to some

number s A ½t; d �. Since Vðsnk ; xnk ; uðsnk ÞÞ ! 0 as k ! y, we have

kxnk � uðsnk Þk ! 0 as k ! y by ðV4Þ. Since uðsnk Þ ! uðsÞ as k ! y, we

have ðsnk ; xnk Þ ! ðs; uðsÞÞ as k ! y. Thus, by ðW1Þ, we have kAðs; uðsÞÞkb
M. This contradicts to the definition of M.

By Proposition 5, we can choose a number c such that t < c < d and

properties (i) and (ii) in Proposition 5 are satisfied for ðt; zÞ. Let e > 0 be

a number such that e expð
Ð s
c
oðyÞdyÞaR for s A ½c; d �, and then choose r > 0

so that tþ r < c and Proposition 5 (ii) is satisfied for the number e.

Let ðt; xÞ A WVSrðt; zÞ. We want to show that d < Tðt; xÞ. To this end,

assume to the contrary that Tðt; xÞa d and let v be a noncontinuable solu-

tion to ðIVP; t; xÞ. Note by Proposition 5 (ii) that ½t; c�H ½t;Tðt; xÞÞ and

Vðc; vðcÞ; uðcÞÞ < e. By Proposition 1, we have

Vðs; vðsÞ; uðsÞÞaVðc; vðcÞ; uðcÞÞ exp
ð s
c

oðyÞdy
� �

< e exp

ð s
c

oðyÞdy
� �

aR

285Nonautonomous di¤erential equations



for s A ½c;Tðt; xÞÞ. From the fact proved first, we observe that kAðs; vðsÞÞka
M for s A ½c;Tðt; xÞÞ. Thus kvðtÞ � vðsÞkaMjt� sj for t; s A ½c;Tðt; xÞÞ.
Therefore, w ¼ lims"Tðt;xÞ vðsÞ exists in X and ðTðt; xÞ;wÞ A W by ðW2Þ. In

view of Theorem 3, this contradicts the fact that v is noncontinuable to the

right of Tðt; xÞ. Hence Tðt; xÞ > d. r

Proposition 7. Let ðt; zÞ A W and let fðtn; znÞgnb1 be a sequence in W

converging to ðt; zÞ as n ! y. For nb 1, let un be a noncontinuable solution

to ðIVP; tn; znÞ, and let u be a noncontinuable solution to ðIVP; t; zÞ. Assume

that d A ðt; bÞ satisfies d < Tðtn; znÞ for nb 1. Then the following assertions

hold:

( i ) d < Tðt; zÞ.
(ii) For any s A ðt; dÞ, the sequence fung converges to u uniformly on ½s; d �

as n ! y.

Proof. Let c A ðt; dÞ be a number with the properties (i) and (ii) in

Proposition 5, and let t < s < c. We may assume that tn < s < c < d <

Tðtn; znÞ for nb 1, because limn!y tn ¼ t < d. Let e > 0. Let r A ð0; c� tÞ
be a number with the property (ii) in Proposition 5 for the number e. Since

ðtn; znÞ ! ðt; zÞ as n ! y, there exists an integer n0 b 1 such that ðtn; znÞ A
WVSrðt; zÞ for nb n0. By Proposition 5 (ii-b) we observe that if n;mb n0,

then Vðs; umðsÞ; unðsÞÞa e for s A ½s; c� and

Vðt; umðtÞ; unðtÞÞa exp

ð t
c

oðyÞdy
� �

Vðc; umðcÞ; unðcÞÞ

a e expððd � cÞoð½c; d �ÞÞ

for t A ½c; d �. By ðV4Þ, the sequence fung is uniformly Cauchy on ½s; d �.
Define ûuðtÞ ¼ limn!y unðtÞ for t A ½s; d �. Then we observe that ûu 0ðtÞ ¼
Aðt; ûuðtÞÞ for t A ½s; d �. By Proposition 5, we observe that if nb n0, then

Vðs; unðsÞ; uðsÞÞa e for s A ½s; c�. Thus, we have ûuðsÞ ¼ limn!y unðsÞ ¼ uðsÞ.
Hence ûu is a solution to ðIVP; s; uðsÞÞ on ½s; d �. Note that u is a solution to

ðIVP; t; zÞ on ½t; s�. Since the function v : ½t; d � ! X defined by vðtÞ ¼ uðtÞ for

t A ½t; s� and vðtÞ ¼ ûuðtÞ for t A ½s; d � is a solution to ðIVP; t; zÞ on ½t; d �, we

have Tðt; zÞ > d. Since vðtÞ ¼ uðtÞ for t A ½t; d � by uniqueness, we observe that

the sequence fung converges to u uniformly on ½s; d � as n ! y. r

Proposition 8. T is a continuous function from W into RU fyg.

Proof. Let ðt; zÞ A W and let fðtn; xnÞgnb1 be a sequence in W con-

verging to ðt; zÞ. Let t < d < Tðt; zÞ. Since limn!yðtn; xnÞ ¼ ðt; zÞ, we de-

duce from Proposition 6 that d < Tðtn; xnÞ for su‰ciently large integers
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n. Thus da lim infn!y Tðtn; xnÞ. Since d is arbitrary, we obtain Tðt; zÞa
lim infn!y Tðtn; xnÞ. Note that

t < Tðt; zÞa lim inf
n!y

Tðtn; xnÞa lim sup
n!y

Tðtn; xnÞ;

and let d satisfy t < d < lim supn!y Tðtn; xnÞ. Then there exists a subsequence

fðtnk ; xnk Þgkb1 of fðtn; xnÞgnb1 such that d < Tðtnk ; xnk Þ for kb 1. Since

ðtnk ; xnk Þ ! ðt; zÞ as k ! y, it follows from Proposition 7 that d < Tðt; zÞ.
Since d is arbitrary chosen, we conclude that lim supn!y Tðtn; xnÞaTðt; zÞ.
Hence, we obtain limn!y Tðtn; xnÞ ¼ Tðt; zÞ. r

A global existence theorem is given as follows.

Theorem 4. Let C be a connected component of W and set d ¼
supft A ½a; bÞ;CðtÞ0qg. Then for each ðt; zÞ A C, ðIVP; t; zÞ has a unique

solution on ½t; dÞ and the interval ½t; dÞ is the maximal interval of existence of

solution. In particular, if W is connected, then for ðt; zÞ A W, ðIVP; t; zÞ has a

unique solution on ½t; bÞ.

Proof. We shall show that T : W ! RU fyg takes the constant value d

on C. To prove that TðCÞ is a singleton set, let c; ĉc A TðCÞ ¼ fTðt; xÞ;
ðt; xÞ A Cg. Without loss of generality, we assume that ca ĉc, and set

C1 ¼ fðt; xÞ A C;Tðt; xÞa cg and C2 ¼ fðt; xÞ A C;Tðt; xÞ > cg:

If C ¼ C1, then ĉca c, and so TðCÞ is a singleton set fcg. To prove that

C ¼ C1, we have only to prove that C2 ¼ q because C1 and C2 are disjoint.

To this end, assume to the contrary that C2 is nonempty. Since T is

continuous on C by Proposition 8, C2 is an open subset of C. Let

fðtn; xnÞgnb1 be a sequence in C2 converging to ðt; xÞ A C. By the definition

of C2, we have c < Tðtn; xnÞ for nb 1. Proposition 7 asserts that c < Tðt; xÞ.
This implies that C2 is a closed subset of C. It follows that C ¼ C1 UC2, and

C1 and C2 are disjoint, nonempty and open in C. This is impossible because

C is connected, and so we conclude that C2 ¼ q.

Since TðCÞ is a singleton set, we can write TðCÞ ¼ fcg for some c A
RU fyg. Since t < Tðt; xÞ ¼ c for ðt; xÞ A C, we obtain d ¼ supft;CðtÞ0qg
a c. On the other hand, let s < c. Note that c ¼ Tðt; xÞ for some ðt; xÞ A C.

If t < s then a noncontinuable solution u to ðIVP; t; xÞ satisfies ðs; uðsÞÞ A C,

and so CðsÞ0q. This implies that sa d. If sa t then sa ta d because

CðtÞ0q. Since s is arbitrarily chosen such that s < c, we have ca d. Con-

sequently, we get TðCÞ ¼ fdg. r

Theorem 1 is a consequence of Proposition 1 and Theorems 3 and 4.
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4. Proof of Theorem 2

Proof of the necessity part. Let ðt; zÞ A W and uðtÞ ¼ Uðt; tÞz for t A ½t; bÞ.
Let C be a connected component of W such that ðt; zÞ A C. Since fðt; uðtÞÞ;
t A ½t; bÞg is a connected set in W containing ðt; zÞ, we have ðt; uðtÞÞ A C for

t A ½t; bÞ by the maximality of C; hence CðtÞ0q for t A ½t; bÞ. This means

that ðW5Þ holds true. Since uðtþ hÞ A Wðtþ hÞ for h A ð0; b� tÞ, we have

h�1dðzþ hAðt; zÞ;Wðtþ hÞÞa h�1kzþ hAðt; zÞ � uðtþ hÞk

¼ kAðt; uðtÞÞ � h�1ðuðtþ hÞ � uðtÞÞk

! kAðt; uðtÞÞ � u 0ðtÞk ¼ 0

as h # 0. Thus, ðW3Þ also holds true. It remains to show that ðW4Þ holds

true. We set

V0ðt; x; yÞ ¼ sup
s A ½t;bÞ

exp �
ð s
t

oðyÞdy
� �

kUðs; tÞx�Uðs; tÞyk
� �

for t A ½a; bÞ and x; y A WðtÞ. From ðE1Þ and ðE3Þ we see that

kx� ykaV0ðt; x; yÞaLkx� yk for t A ½a; bÞ and x; y A WðtÞ: ð4:1Þ

For any x; y A X , t A ½a; bÞ and x 0; y 0 A WðtÞ, we have

V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞ

aLkx 0 � y 0k � Lðkx� x 0k þ ky� y 0kÞaLkx� yk:

Thus, we can define V : ½a; bÞ � X � X ! ½0;yÞ by

Vðt; x; yÞ ¼ sup
ðx 0;y 0Þ AWðtÞ�WðtÞ

fmaxð0;V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞÞg

for ðt; x; yÞ A ½a; bÞ � X � X . Since

V0ðt; x 0; y 0ÞaV0ðt; x 0; xÞ þ V0ðt; x; yÞ þ V0ðt; y; y 0Þ

aV0ðt; x; yÞ þ Lðkx� x 0k þ ky� y 0kÞ

for t A ½a; bÞ and ðx; yÞ; ðx 0; y 0Þ A WðtÞ �WðtÞ, we have Vðt; x; yÞaV0ðt; x; yÞ
for t A ½a; bÞ and ðx; yÞ A WðtÞ �WðtÞ. The converse inequality follows readily

from the definition of V . Thus Vðt; x; yÞ ¼ V0ðt; x; yÞ for t A ½a; bÞ and ðx; yÞ A
WðtÞ �WðtÞ. This combined with (4.1) implies that the functional V satisfies

ðV4Þ0 and ðV2Þ.
Let ðx; yÞ; ðx̂x; ŷyÞ A X � X and t A ½a; bÞ. For any ðx 0; y 0Þ A WðtÞ �WðtÞ, we

have
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V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞ

� ðV0ðt; x 0; y 0Þ � Lðkx̂x� x 0k þ k ŷy� y 0kÞÞ

¼ Lðkx̂x� x 0k þ k ŷy� y 0kÞ � Lðkx� x 0k þ ky� y 0kÞ

aLðkx̂x� xk þ k ŷy� ykÞ;

which implies that

V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞaVðt; x̂x; ŷyÞ þ Lðkx̂x� xk þ k ŷy� ykÞ

and

Vðt; x; yÞaVðt; x̂x; ŷyÞ þ Lðkx̂x� xk þ k ŷy� ykÞ:

Thus, we obtain ðV1Þ.
To prove ðV3Þ, let tn A ½a; bÞ with tn ! t A ½a; bÞ as n ! y and let

ðxn; ynÞ A WðtnÞ �WðtnÞ with ðxn; ynÞ ! ðx; yÞ A WðtÞ �WðtÞ as n ! y. Let

s A ðt; bÞ and N a number such that s > tn for nbN. Then we have

V0ðtn; xn; ynÞb exp �
ð s
tn

oðyÞdy
� �

kUðs; tnÞxn �Uðs; tnÞynk for nbN:

Taking the inferior limit as n ! y, we have

lim inf
n!y

V0ðtn; xn; ynÞb exp �
ð s
t

oðyÞdy
� �

kUðs; tÞx�Uðs; tÞyk:

By (4.1), we have V0ðtn; xn; ynÞb kxn � ynk for nb 1. Taking the inferior

limit as n ! y, we see that the above inequality is also valid for s ¼ t. Thus,

we have

lim inf
n!y

V0ðtn; xn; ynÞbV0ðt; x; yÞ:

Finally, we prove the dissipativity condition

DþVðt; x; yÞðAðt; xÞ;Aðt; yÞÞaoðtÞVðt; x; yÞ for x; y A WðtÞ and t A ½a; bÞ:

For this purpose, let t A ½a; bÞ and x; y A WðtÞ. Since

kUðs; tþ hÞUðtþ h; tÞx�Uðs; tþ hÞUðtþ h; tÞyk

¼ exp

ð s
t

oðyÞdy
� �

� exp �
ð s
t

oðyÞdy
� �

kUðs; tÞx�Uðs; tÞyk

a exp

ð s
t

oðyÞdy
� �

V0ðt; x; yÞ

¼ exp

ð tþh

t

oðyÞdy
� �

� exp
ð s
tþh

oðyÞdy
� �

V0ðt; x; yÞ
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for h A ð0; b� tÞ and s A ½tþ h; bÞ, we have

V0ðtþ h;Uðtþ h; tÞx;Uðtþ h; tÞyÞa exp

ð tþh

t

oðyÞdy
� �

V0ðt; x; yÞ ð4:2Þ

for h A ð0; b� tÞ. Since Vðt; x; yÞ ¼ V0ðt; x; yÞ for t A ½a; bÞ and x; y A WðtÞ and

since Vðt; � ; �Þ is Lipschitz continuous on X � X with Lipschitz constant L, by

(4.2) we have

ðVðtþ h; xþ hAðt; xÞ; yþ hAðt; yÞÞ � Vðt; x; yÞÞ=h

a ðVðtþ h;Uðtþ h; tÞx;Uðtþ h; tÞyÞ � Vðt; x; yÞÞ=h

þ Lðkxþ hAðt; xÞ �Uðtþ h; tÞxk þ kyþ hAðt; yÞ �Uðtþ h; tÞykÞ=h

a
1

h
exp

ð tþh

t

oðyÞdy
� �

� 1

� �
Vðt; x; yÞ

þ Lðkxþ hAðt; xÞ �Uðtþ h; tÞxk þ kyþ hAðt; yÞ �Uðtþ h; tÞykÞ=h

! oðtÞVðt; x; yÞ as h # 0:

This means that the desired dissipativity condition holds true. r

Proof of the su‰ciency part. By condition ðW5Þ, Theorem 4 asserts

that for any ðt; zÞ A W, there exists a unique global solution u ¼ uð�; t; zÞ to

ðIVP; t; zÞ on ½t; bÞ. Define fUðt; tÞgðt; tÞ AD by Uðt; tÞz ¼ uðt; t; zÞ for ðt; zÞ A W

and t A ½t; bÞ. Then we see that for each ðt; tÞ A D, Uðt; tÞ maps WðtÞ to WðtÞ.
We immediately obtain ðE1Þ from the uniqueness of solutions to initial value

problem ðIVP; t; zÞ. By Proposition 1, we find, noting ðV4Þ0, that

kUðt; tÞz�Uðt; tÞẑzkaVðt;Uðt; tÞz;Uðt; tÞẑzÞ

a exp

ð t
t

oðyÞdy
� �

Vðt; z; ẑzÞaL exp

ð t
t

oðyÞdy
� �

kz� ẑzk

for z; ẑz A WðtÞ and ðt; tÞ A D, namely, ðE3Þ holds true.

It remains to show that ðE2Þ holds true. Let ðtn; tnÞ; ðt; tÞ A D, zn A WðtnÞ
and z A WðtÞ and suppose that ðtn; tnÞ ! ðt; tÞ and zn ! z as n ! y. We have

to show that uðtn; tn; znÞ ¼ Uðtn; tnÞzn ! uðt; t; zÞ ¼ Uðt; tÞz as n ! y. First,

we assume that t > t. Let d A ðt; bÞ be a number such that t < d and take

s A ðt; tÞ. Since tn ! t as n ! y, we may assume that tn A ½s; d � for nb 1.

Then, we deduce from Proposition 7 that limn!y uð�; tn; znÞ ¼ uð�; t; zÞ uni-

formly on ½s; d �, and hence uðtn; tn; znÞ ! uðt; t; zÞ as n ! y. Next, we

assume that t ¼ t. Since uðt; t; zÞ ¼ Uðt; tÞz ¼ z, we need to show that

290 Yoshikazu Kobayashi, Naoki Tanaka and Yukino Tomizawa



uðtn; tn; znÞ ! z as n ! y. To this end, let M > 0 and R > 0 be numbers such

that tþ R < b and kAðs; yÞkaM for ðs; yÞ A WVSRðt; zÞ. Since

ðtn; znÞ ! ðt; zÞ as n ! y, there exists an integer Nb 1 such that tn þ R=2

< b and ðtn; znÞ A SR=2ðt; zÞ for nbN. Take r ¼ R=2. Thus, we observe

that if nbN, then Srðtn; znÞHSRðt; zÞ and kAðs; yÞkaM for ðs; yÞ A WV
Srðtn; znÞ. Let s A ð0; r=ðM þ 1ÞÞ. Thus, we deduce from Theorem 3 that if

nbN then

kuðs; tn; znÞ � uðŝs; tn; znÞkaMjs� ŝsj

for s; ŝs A ½tn; tn þ s�. Since tn ! t and tn ! t ¼ t as n ! y, we find that tn A
½tn; tn þ s� for su‰cient large n, and so the above inequality implies that

kuðtn; tn; znÞ � znkaMjtn � tnj

for su‰cient large n. Since zn ! z as n ! y, we conclude that uðtn; tn; znÞ !
z as n ! y. r

5. Application to wave equations

In this section, we apply Theorem 1 to the initial value problem for non-

linear wave equation with dissipation:

qtu ¼ qxv; qtv ¼ qxsðt; uÞ � gv;

uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ for x A R and t A ½0;yÞ:

�
ð5:1Þ

Here g is a positive constant and sð� ; �Þ a real-valued smooth function on

½0;yÞ � R satisfying sðt; 0Þ ¼ 0 for t A ½0;yÞ. We make the following assump-

tions on the function s.

( i ) There exists a positive constant d0 such that srðt; rÞb d0 for ðt; rÞ A
½0;yÞ � R.

( ii ) There exists a constant L0 > 0 such that

ksrðt; �ÞkLy aL0; ksrrðt; �ÞkLy aL0

and ksrrrðt; �ÞkLy aL0 for t A ½0;yÞ:

(iii) There exists a continuous integrable function h : ½0;yÞ ! ½0;yÞ such
that

kstrðt; �ÞkLy a hðtÞ for t A ½0;yÞ:

Let X ¼ L2ðRÞ � L2ðRÞ with the standard norm kðu; vÞk ¼
ðkuk2L2 þ kvk2L2Þ1=2, and define H : ½0;yÞ �H 2ðRÞ �H 2ðRÞ ! R by
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Hðt; u; vÞ ¼ H ð0Þðt; u; vÞ þH ð1Þðt; u; vÞ þH ð2Þðt; u; vÞ

¼
ðy
�y

ð u
0

sðt; rÞdrþ 1

2
v2

� �
dx

þ 1

2

ðy
�y

ðsrðt; uÞðqxuÞ2 þ ðguþ qxvÞ2Þdx

þ 1

2

ðy
�y

ðsrðt; uÞðq2xuÞ
2 þ ðgqxuþ q2xvÞ

2Þdx

for ðu; vÞ A H 2ðRÞ �H 2ðRÞ and t A ½0;yÞ. The assumptions imply that there

exist constants C0 b c0 > 0 such that

c0kðu; vÞk2H 2�H 2 aHðt; u; vÞaC0kðu; vÞk2H 2�H 2 ð5:2Þ

for ðu; vÞ A H 2ðRÞ �H 2ðRÞ and t A ½0;yÞ. The following proposition will be

used in order to convert the problem (5.1) into the initial value problem for a

continuous mapping A : W ðH ½0;yÞ � XÞ ! X .

Proposition 9. Let t A ½0;yÞ and ðu0; v0Þ A H 2ðRÞ �H 2ðRÞ. Then there

exists l0 > 0 such that for any l A ð0; l0�, the problem

ðul � u0Þ=l ¼ qxvl; ð5:3Þ

ðvl � v0Þ=l ¼ srðt; u0Þqxul � gvl ð5:4Þ

has a solution ðul; vlÞ A H 3ðRÞ �H 3ðRÞ satisfying the following properties:

( i ) The family fðul; vlÞg converges to ðu0; v0Þ in H 2ðRÞ �H 2ðRÞ as l # 0.

(ii) There exists a nondecreasing continuous function g : ½0;yÞ ! ½0;yÞ
with gð0Þ ¼ 0, depending only g and sð� ; �Þ, such that

1

l
ðHðtþ l; ul; vlÞ �Hðt; u0; v0ÞÞ

a
1

2l

ð tþl

t

hðsÞds
� �

kulk2H 2 � gd0kqxulk2H 1

þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2Þ

� ðkqxu0kH 14kqxulkH 1Þ2 ð5:5Þ

for l A ð0; l0�.
Here and subsequently, we use notation a4b ¼ maxfa; bg for a; b A R.

Proof. Let t A ½0;yÞ and ðu0; v0Þ A H 2ðRÞ �H 2ðRÞ. Define DðLðtÞÞ ¼
H 1ðRÞ �H 1ðRÞ and

LðtÞðu; vÞ ¼ ðqxv; srðt; u0Þqxu� gvÞ
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for ðu; vÞ A DðLðtÞÞ. Let b0 be a positive number such that b0 b

L0kqxu0kLy=ð2
ffiffiffiffiffi
d0

p
Þ. Since

kqxðsrðt; u0ÞÞkLy

2
ffiffiffiffiffi
d0

p ¼ ksrrðt; u0Þqxu0kLy

2
ffiffiffiffiffi
d0

p a b0;

we deduce from [8, Proposition 5.7] that LðtÞ � b0I is m-dissipative in X ¼
L2ðRÞ � L2ðRÞ with inner product ððu; vÞ; ðûu; v̂vÞÞ ¼ ð

Ðy
�y srðt; u0Þuûuþ vv̂v dxÞ1=2

for ðu; vÞ; ðûu; v̂vÞ A X . Choose l0 > 0 so that l0b0 < 1. Then, for l A ð0; l0�,
ðul; vlÞ :¼ ðI � lLðtÞÞ�1ðu0; v0Þ satisfies (5.3) and (5.4). Note that DðLðtÞkÞ ¼
HkðRÞ �HkðRÞ for k ¼ 2; 3. It follows from the proof of [8, Proposition

5.7] that ðul; vlÞ A DðLðtÞ3Þ and LðtÞkðul; vlÞ ¼ ðI � lLðtÞÞ�1
LðtÞkðu0; v0Þ for

k ¼ 0; 1; 2 and that the family fLðtÞkðul; vlÞg converges to LðtÞkðu0; v0Þ in X as

l # 0, for k ¼ 0; 1; 2. Hence the family fðul; vlÞg converges to ðu0; v0Þ in

H 2ðRÞ �H 2ðRÞ as l # 0.

We shall show (ii). Since sðt; 0Þ ¼ 0, we have sðt; ulÞ A H 1ðRÞ and

qxsðt; ulÞ ¼ srðt; ulÞqxul. By (5.4), we get

1

l
ðvl � v0Þ ¼ qxsðt; ulÞ � gvl þ ðsrðt; u0Þ � srðt; ulÞÞqxul:

We multiply this equality and (5.3) by vl and sðt; ulÞ, respectively. The sum

of these two equations gives us

1

l
sðt; ulÞðul � u0Þ þ

1

l
vlðvl � v0Þ

¼ qxðvlsðt; ulÞÞ � gv2l þ vlðsrðt; u0Þ � srðt; ulÞÞqxul:

Integrating this equality, we have

1

l

ðy
�y

sðt; ulÞðul � u0Þdxþ 1

l

ðy
�y

vlðvl � v0Þdx

¼ �g

ðy
�y

v2l dxþ
ðy
�y

vlðsrðt; u0Þ � srðt; ulÞÞqxul dx

a
1

4g

ðy
�y

ðsrðt; u0Þ � srðt; ulÞÞ2ðqxulÞ2dx

a
L2
0

4g

ðy
�y

ðu0 � ulÞ2ðqxulÞ2dx ¼ l2L2
0

4g

ðy
�y

ðqxvlÞ2ðqxulÞ2dx

a
l2L2

0

4g
kqxvlk2H 1

ðy
�y

ðqxulÞ2dx:
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Since the function r ! sðt; rÞ is nondecreasing, we have

1

l

ðy
�y

ð ul
u0

sðt; rÞdr
� �

dxþ 1

2l

ðy
�y

ðv2l � v20Þdx

a
l2L2

0

4g
kqxvlk2H 1

ðy
�y

ðqxulÞ2dx;

or

1

l
ðH ð0Þðtþ l; ul; vlÞ �H ð0Þðt; u0; v0ÞÞ

a
1

l

ðy
�y

ð ul
0

ðsðtþ l; rÞ � sðt; rÞÞdr
� �

dx

þ l2L2
0

4g
kqxvlk2H 1

ðy
�y

ðqxulÞ2dx:

The first term on the right-hand side is estimated as follows:

1

l

ðy
�y

ð ul
0

ðsðtþ l; rÞ � sðt; rÞÞdr
� �

dx

¼ 1

l

ð tþl

t

ðy
�y

ð ul
0

stðs; rÞdr
� �

dx

� �
ds

¼ 1

l

ð tþl

t

ðy
�y

ð ul
0

ð1
0

strðs; yrÞdy
� �

r dr

� �
dx

� �
ds

a
1

2l

ð tþl

t

hðsÞds
� �

kulk2L2 :

Hence

1

l
ðH ð0Þðtþ l; ul; vlÞ �H ð0Þðt; u0; v0ÞÞ

a
1

2l

ð tþl

t

hðsÞds
� �

kulk2L2 þ
l2

4g
L2
0kqxvlk

2
H 1kqxulk2L2 : ð5:6Þ

Di¤erentiating (5.3) and (5.4), we have

1

l
ðqxul � qxu0Þ ¼ qxðqxvlÞ; ð5:7Þ

1

l
ððgul þ qxvlÞ � ðgu0 þ qxv0ÞÞ ¼ qxðsrðt; u0ÞqxulÞ: ð5:8Þ
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We multiply (5.7) and (5.8) by srðt; u0Þqxul and gul þ qxvl, respectively. The

sum of these two equations gives us

1

2l
srðt; u0ÞððqxulÞ2 � ðqxu0Þ2Þ þ

1

2l
ððgul þ qxvlÞ2 � ðgu0 þ qxv0Þ2Þ

a qxðsrðt; u0ÞqxulqxvlÞ þ gulqxðsrðt; u0ÞqxulÞ:

Integrating this equality, we have

1

2l

ðy
�y

srðt; u0ÞððqxulÞ2 � ðqxu0Þ2Þdx

þ 1

2l

ðy
�y

ððgul þ qxvlÞ2 � ðgu0 þ qxv0Þ2Þdx

a�g

ðy
�y

ðqxulÞðsrðt; u0ÞqxulÞdx:

Thus

1

l
ðH ð1Þðtþ l; ul; vlÞ �H ð1Þðt; u0; v0ÞÞ

a
1

2l

ðy
�y

ðsrðtþ l; ulÞ � srðt; u0ÞÞðqxulÞ2dx� g

ðy
�y

srðt; u0ÞðqxulÞ2dx:

Since

jsrðtþ l; ulÞ � srðt; u0Þja jsrðtþ l; ulÞ � srðt; ulÞj þ jsrðt; ulÞ � srðt; u0Þj

a

ð tþl

t

strðs; ulÞds
����

����þ L0jul � u0ja
ð tþl

t

hðsÞdsþ lL0jqxvlj; ð5:9Þ

we have

1

l
ðH ð1Þðtþ l; ul; vlÞ �H ð1Þðt; u0; v0ÞÞ

a
1

2l

ð tþl

t

hðsÞds
� �

kqxulk2L2 þ
1

2
L0kqxvlkH 1kqxulk2L2

� gd0kqxulk2L2 : ð5:10Þ

Di¤erentiating (5.7) and (5.8), we have

1

l
ðq2xul � q2xu0Þ ¼ qxðq2xvlÞ; ð5:11Þ
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1

l
ððgqxul þ q2xvlÞ � ðgqxu0 þ q2xv0ÞÞ

¼ qxðsrrðt; u0Þqxu0qxul þ srðt; u0Þq2xulÞ: ð5:12Þ

We multiply (5.11) and (5.12) by srðt; u0Þq2xul and gqxul þ q2xvl, respectively.

The sum of these two equations gives us

1

2l
srðt; u0Þððq2xulÞ

2 � ðq2xu0Þ
2Þ þ 1

2l
ððgqxul þ q2xvlÞ

2 � ðgqxu0 þ q2xv0Þ
2Þ

a qxðsrðt; u0Þq2xulq
2
xvlÞ þ gqxulqxðsrðt; u0Þq2xulÞ

þ ðq2xvl þ gqxulÞqxðsrrðt; u0Þqxu0qxulÞ:

Integrating this equality, we have

1

2l

ðy
�y

srðt; u0Þððq2xulÞ
2 � ðq2xu0Þ

2Þdx

þ 1

2l

ðy
�y

ððgqxul þ q2xvlÞ
2 � ðgqxu0 þ q2xv0Þ

2Þdx

a�g

ðy
�y

srðt; u0Þðq2xulÞ
2
dxþ

ðy
�y

ðgqxul þ q2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx

¼ �g

ðy
�y

srðt; u0Þðq2xulÞ
2
dx� g

ðy
�y

q2xulðsrrðt; u0Þqxu0qxulÞdx

þ
ðy
�y

ðq2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx:

Hence

1

l
ðH ð2Þðtþ l; ul; vlÞ �H ð2Þðt; u0; v0ÞÞ

a
1

2l

ðy
�y

ðsrðtþ l; ulÞ � srðt; u0ÞÞðq2xulÞ
2
dx� g

ðy
�y

srðt; u0Þðq2xulÞ
2
dx

� g

ðy
�y

q2xulðsrrðt; u0Þðqxu0ÞqxulÞdx

þ
ðy
�y

ðq2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx: ð5:13Þ

The third term on the right-hand side is estimated by
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�g

ðy
�y

q2xulðsrrðt; u0Þðqxu0ÞqxulÞdx

a gL0kq2xulkL2kqxu0kLykqxulkL2 a gL0ku0kH 2kqxulk2H 1 :

Since

qxðsrrðt; u0Þqxu0qxulÞ

¼ srrrðt; u0Þðqxu0Þ2qxul þ srrðt; u0Þq2xu0qxul þ srrðt; u0Þqxu0q2xul;

we have ðy
�y

ðq2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx

aL0kq2xvlkL2ðkqxu0k2LykqxulkL2

þ kq2xu0kL2kqxulkLy þ kqxu0kLykq2xulkL2Þ

aL0kvlkH 2ðku0kH 2kqxu0kH 1kqxulkL2

þ kqxu0kH 1kqxulkH 1 þ kqxu0kH 1kq2xulkL2Þ

aL0kvlkH 2ðku0kH 2 þ 2Þkqxu0kH 1kqxulkH 1 :

We estimate the first term on the right-hand side of (5.13) by (5.9), and com-

bine the resulting inequality and the inequalities obtained above. This yields

1

l
ðH ð2Þðtþ l; ul; vlÞ �H ð2Þðt; u0; v0ÞÞ

a
1

2l

ð tþl

t

hðsÞds
� �

kq2xulk
2
L2 þ

L0

2
kqxvlkH 1kq2xulk

2
L2 � gd0kq2xulk

2
L2

þ L0ðgku0kH 2 þ kvlkH 2ðku0kH 2 þ 2ÞÞðkqxu0kH 14kqxulkH 1Þ2:

Combining this inequality with (5.6) and (5.10) we observe that the desired

inequality (5.5) is satisfied for the function

gðrÞ ¼ L0r
L0r

4g

� �
4ð3þ gþ rÞ

� �
for rb 0: r

Let c0 be the constant in (5.2), and define ĤH : ½0;yÞ �H 2ðRÞ �H 2ðRÞ !
R by

ĤHðt; u; vÞ ¼ exp � 1

c0

ð t
0

hðsÞds
� �

Hðt; u; vÞ
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for ðt; u; vÞ A ½0;yÞ �H 2ðRÞ �H 2ðRÞ. Then we have

ĤHðt; u; vÞaHðt; u; vÞa exp
1

c0

ðy
0

hðsÞds
� �

ĤHðt; u; vÞ ð5:14Þ

for ðt; u; vÞ A ½0;yÞ �H 2ðRÞ �H 2ðRÞ. Since g is continuous and gð0Þ ¼ 0, we

choose a number R0 > 0 so small that

if rb 0 and r2 a
R0

c0
exp

1

c0

ðy
0

hðsÞds
� �

then gðrÞ < gd0; ð5:15Þ

and define a subset W of ½0;yÞ � X by

W ¼ fðt; ðu; vÞÞ A ½0;yÞ � ðH 2ðRÞ �H 2ðRÞÞ; ĤHðt; u; vÞaR0g:

Let r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R0=C0

p
, where C0 is the constant in (5.2). Then, by (5.2) we

have

S0 :¼ fðu; vÞ A H 2ðRÞ �H 2ðRÞ; kðu; vÞkH 2�H 2 a r0gHWðtÞ ð5:16Þ

for any t A ½0;yÞ, and there exists a connected component C of W such

that ½0;yÞ � S0 HCHW. Let R 0
0 be the positive number such that ðR 0

0Þ
2 ¼

R0

c0
exp

1

c0

Ðy
0 hðsÞds

� �
. Then, by (5.2) and (5.14) we have

WðtÞHS 0
0 :¼ fðu; vÞ A H 2ðRÞ �H 2ðRÞ; kðu; vÞkH 2�H 2 aR 0

0g ð5:17Þ

for any t A ½0;yÞ. Let V be the functional on ½0;yÞ � X � X defined by

Vðt; ðu; vÞ; ðûu; v̂vÞÞ ¼
ðy
�y

ðv̂v� vÞ2 þ
ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

� �2
dx

 !1=2

for ðu; vÞ; ðûu; v̂vÞ A X and t A ½0;yÞ. It is easily seen that conditions ðV1Þ–ðV4Þ
are satisfied. In particular, we see that for each t A ½0;yÞ, Vðt; � ; �Þ is a metric

on X and

minf1;
ffiffiffiffiffi
d0

p
gkðu; vÞ � ðûu; v̂vÞkaVðt; ðu; vÞ; ðûu; v̂vÞÞ

a ð14
ffiffiffiffiffiffi
L0

p
Þkðu; vÞ � ðûu; v̂vÞk

for ðu; vÞ; ðûu; v̂vÞ A X . Consider the operator A : W ! X defined by

Aðt; ðu; vÞÞ ¼ ðqxv; qxsðt; uÞ � gvÞ

for ðt; ðu; vÞÞ A W. Then the nonlinear wave equation with dissipation (5.1) is

converted into the initial value problem for A. We can prove that the initial

value problem for A is globally well-posed, by Theorem 1 combined with the

following theorem which will be proved by a sequence of propositions.
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Theorem 5. The operator A satisfies ðW1Þ–ðW4Þ.

In view of (5.16) and (5.17), we are in a position to state the global

solvability of the nonlinear wave equation with dissipation (5.1).

Corollary 1. For any ðu0; v0Þ such that kðu0; v0ÞkH 2�H 2 a r0, there exists

a unique time global solution ðuð�Þ; vð�ÞÞ to (5.1) such that

ðuð�Þ; vð�ÞÞ A C1ð½0;yÞ;L2ðRÞ � L2ðRÞÞVLyð0;y;H 2ðRÞ �H 2ðRÞÞ:

Remark 2. Similar results are obtained in Yamada [23] and Matsumura

[14].

For the proof of Theorem 5 we follow the argument in [8]. We note here

that

kqxwk2L2 a kwkL2kq2xwkL2 for w A H 2ðRÞ: ð5:18Þ

Proposition 10. The operator A is continuous on W.

Proof. Let ðt; ðu; vÞÞ; ðt̂t; ðûu; v̂vÞÞ A W. Since sðt; 0Þ ¼ 0, we have

sðt; uðxÞÞ � sðt̂t; uðxÞÞ ¼ uðxÞ
ð1
0

ðsrðt; ŷyuðxÞÞ � srðt̂t; ŷyuðxÞÞÞdŷy

and

ksðt; uÞ � sðt̂t; uÞk2L2

¼
ðy
�y

ðt� t̂tÞuðxÞ
ð1
0

ð1
0

strðt̂tþ yðt� t̂tÞ; ŷyuðxÞÞdydŷy
� �2

dx

a

ðy
�y

jt� t̂tj � juðxÞj
ð1
0

hðt̂tþ yðt� t̂tÞÞdy
� �2

dx

¼
ð t
t̂t

hðsÞds
� �2

kuk2L2 :

Since kukL2 aR 0
0 by (5.17) and ksrðt̂t; �ÞkLy aL0, we get

ksðt; uÞ � sðt̂t; ûuÞkL2 a ksðt; uÞ � sðt̂t; uÞkL2 þ ksðt̂t; uÞ � sðt̂t; ûuÞkL2

a

ð t
t̂t

hðsÞds
����

���� kukL2 þ L0ku� ûukL2

aR 0
0

ð t
t̂t

hðsÞds
����

����þ L0ku� ûukL2 :
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By (5.17) we have kq2xðv� v̂vÞkL2 a kq2xvkL2 þ kq2xv̂vkL2 a 2R 0
0. Since

q2xsðt; uðxÞÞ ¼ qxðsrðt; uðxÞÞqxuðxÞÞ

¼ srrðt; uðxÞÞðqxuðxÞÞ2 þ srðt; uðxÞÞq2xuðxÞ;

we get, by using the inequality kwkLy a kwkH 1 for w A H 1ðRÞ,

kq2xðsðt; uÞ � sðt̂t; ûuÞÞkL2 a kq2xsðt; uÞkL2 þ kq2xsðt̂t; ûuÞkL2

aL0ðkðqxuÞ2kL2 þ kðqxûuÞ2kL2Þ þ L0ðkq2xukL2 þ kq2xûukL2Þ

aL0ðkqxukLykqxukL2 þ kqxûukLykqxûukL2Þ þ 2L0R
0
0

a 2L0ðR 0
0Þ

2 þ 2L0R
0
0:

Thus, using (5.18), we have

kAðt; ðu; vÞÞ � Aðt̂t; ðûu; v̂vÞÞk2

a kqxðv� v̂vÞk2L2 þ kqxðsðt; uÞ � sðt̂t; ûuÞÞ � gðv� v̂vÞk2L2

a kqxðv� v̂vÞk2L2 þ 2kqxðsðt; uÞ � sðt̂t; ûuÞÞk2L2 þ 2g2kv� v̂vk2L2

a kv� v̂vkL2kq2xðv� v̂vÞkL2 þ 2g2kv� v̂vk2L2

þ 2ksðt; uÞ � sðt̂t; ûuÞkL2kq2xðsðt; uÞ � sðt̂t; ûuÞÞkL2

a 2R 0
0kv� v̂vkL2 þ 2g2kv� v̂vk2L2

þ 4L0R
0
0ð1þ R 0

0Þ R 0
0

ð t
t̂t

hðsÞds
����

����þ L0ku� ûukL2

� �
;

which implies the continuity of A on W. r

Proposition 11. Condition ðW2Þ is satisfied for the set W.

Proof. Let tn A ½0;yÞ with tn " t A ½0;yÞ as n ! y. Let ðu; vÞ A X and

let fðun; vnÞg be a sequence in X such that ðun; vnÞ A WðtnÞ for nb 1 and

ðun; vnÞ ! ðu; vÞ in X as n ! y. We have to show that ðu; vÞ A WðtÞ. Since

the sequence fðun; vnÞg is bounded in H 2ðRÞ �H 2ðRÞ it follows that ðu; vÞ A
H 2ðRÞ �H 2ðRÞ and the sequence fðun; vnÞg converges weakly to ðu; vÞ in

H 2ðRÞ �H 2ðRÞ as n ! y. By (5.18), we see that the sequence fðun; vnÞg
converges to ðu; vÞ in H 1ðRÞ �H 1ðRÞ as n ! y. Moreover, fðun; vnÞg con-

verges to ðu; vÞ in LyðRÞ � LyðRÞ as n ! y. Since ĤHðtn; un; vnÞaR0 for

nb 1, we have
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R0 exp
1

c0

ð tn
0

hðsÞds
� �

b

ðy
�y

ð un
0

sðtn; rÞdrþ
1

2
v2n

� �
dx

þ 1

2

ðy
�y

ðsrðtn; unÞðqxunÞ2 þ ðgun þ qxvnÞ2Þdx

þ 1

2

ðy
�y

ðsrðtn; unÞðq2xunÞ
2 þ ðgqxun þ q2xvnÞ

2Þdx

¼
ðy
�y

ð un
0

sðt; rÞdrþ 1

2
v2n

� �
dx

þ 1

2

ðy
�y

fsrðt; uÞððqxunÞ2 þ ðq2xunÞ
2Þ þ ðgun þ qxvnÞ2 þ ðgqxun þ q2xvnÞ

2gdx

þ
ðy
�y

ð un
0

ðsðtn; rÞ � sðt; rÞÞdr
� �

dx

þ 1

2

ðy
�y

fðsrðtn; unÞ � srðt; uÞÞððqxunÞ2 þ ðq2xunÞ
2Þg for nb 1: ð5:19Þ

Since

ðy
�y

ð un
0

ðsðtn; rÞ � sðt; rÞÞdr
� �

dx

����
����

¼
ðy
�y

ðtn � tÞ
ð un
0

ð1
0

ð1
0

strðtþ yðtn � tÞ; ŷyrÞdydŷy
� �

r dr

� �
dx

����
����

a

ðy
�y

ðtn � tÞ
ð un
0

ð 1
0

hðtþ yðtn � tÞÞdy
� �

r dr

� �
dx

����
����

¼ kunk2L2

2

ð tn
t

hðsÞds
����

����
and

jsrðtn; unÞ � srðt; uÞja jsrðtn; unÞ � srðtn; uÞj þ jsrðtn; uÞ � srðt; uÞj

aL0kun � ukLy þ
ð tn
t

hðsÞds
����

����
for nb 1, we have R0 b ĤHðt; u; vÞ by taking the inferior limit in (5.19) as

n ! y. r
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Proposition 12. There exists a real-valued continuous function o defined

on ½0;yÞ such that

DþVðt; ðu; vÞ; ðûu; v̂vÞÞðAðt; ðu; vÞÞ;Aðt; ðûu; v̂vÞÞaoðtÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

for ðu; vÞ; ðûu; v̂vÞ A WðtÞ and t A ½0;yÞ.

Proof. Let ðu; vÞ; ðûu; v̂vÞ A WðtÞ for t A ½0;yÞ. Let ðx; hÞ; ðx̂x; ĥhÞ A X . Then

we get

2DþVðt; ðu; vÞ; ðûu; v̂vÞÞððx; hÞ; ðx̂x; ĥhÞÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

¼ lim inf
h#0

1

h
ðVðtþ h; ðu; vÞ þ hðx; hÞ; ðûu; v̂vÞ þ hðx̂x; ĥhÞÞ2 � Vðt; ðu; vÞ; ðûu; v̂vÞÞ2Þ

¼ lim inf
h#0

1

h

8<
:
ðy
�y

ððv̂vþ hĥh� ðvþ hhÞÞ2 � ðv̂v� vÞ2Þdx

þ
ðy
�y

ðûuþhx̂x

uþhx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðtþ h; rÞ

p
dr

 !2
�

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

� �20
@

1
Adx

9=
;

¼
ðy
�y

 
2ðv̂v� vÞðĥh� hÞ þ 2

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

(
ðx̂x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
Þ

þ
ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

)!
dx: ð5:20Þ

Substituting ðx; hÞ ¼ Aðt; ðu; vÞÞ and ðx̂x; ĥhÞ ¼ Aðt; ðûu; v̂vÞÞ into (5.20) yields

DþVðt; ðu; vÞ; ðûu; v̂vÞÞðAðt; ðu; vÞÞ;Aðt; ðûu; v̂vÞÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

¼
ðy
�y

 
ðv̂v� vÞðqxðsðt; ûuÞ � sðt; uÞÞ � gðv̂v� vÞÞ

þ
ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

 
ðqxv̂v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� qxv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
Þ

þ
ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

!!
dx

¼ �g

ðy
�y

ðv̂v� vÞ2dx�
ðy
�y

qxðv̂v� vÞðsðt; ûuÞ � sðt; uÞÞdx
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þ
ðy
�y

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
drððqxv̂v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� qxv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
ÞÞ

� �
dx

þ
ðy
�y

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

 !
dx

¼ �g

ðy
�y

ðv̂v� vÞ2dxþ
ðy
�y

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

 !
dx

þ
ðy
�y

qxv̂v

ðûu
u

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� srðt; rÞÞdrdx

þ
ðy
�y

qxv

ð u
ûu

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
� srðt; rÞÞdrdx:

The second term on the right-hand side is estimated as follows:ðy
�y

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

 !
dx

�����
�����a

ffiffiffiffiffiffi
L0

p
hðtÞ

2
ffiffiffiffiffi
d0

p
ðy
�y

ðûu� uÞ2dx:

The third and fourth terms are estimated as follows:

ðy
�y

qxv̂v

ðûu
u

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� srðt; rÞÞdrdx

����
����

a kqxv̂vkLy

ðy
�y

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
ðsrðt; ûuÞ � srðt; rÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

srðt; ûuÞ
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

�����
�����dx

aL0kv̂vkH 2

ðy
�y

ðûu
u

jûu� rjdr
����

����dx ¼ L0kv̂vkH 2kûu� uk2=2

and ðy
�y

qxv

ð u
ûu

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
� srðt; rÞÞdrdx

����
����aL0kvkH 2kûu� uk2=2:

Setting oðtÞ ¼ C 0
0ð1þ hðtÞÞ for a suitable positive number C 0

0, we conclude that

DþVðt; ðu; vÞ; ðûu; v̂vÞÞðAðt; ðu; vÞÞ;Aðt; ðûu; v̂vÞÞÞaoðtÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

for ðu; vÞ; ðûu; v̂vÞ A WðtÞ and t A ½0;yÞ. r

Proposition 13. For any t A ½0;yÞ and ðu0; v0Þ A WðtÞ,

lim inf
l#0

1

l
dððu0; v0Þ þ lAðt; ðu0; v0ÞÞ;Wðtþ lÞÞ ¼ 0: ð5:21Þ
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Proof. Let t A ½0;yÞ and ðu0; v0Þ A WðtÞ. By (5.15) and (5.17), we note

that

�gd0 þ gðkðu0; v0ÞkH 2�H 2Þ < 0: ð5:22Þ

By Proposition 9, there exists l0 > 0 such that for any l A ð0; l0�, the problem

ðul � u0Þ=l ¼ qxvl;

ðvl � v0Þ=l ¼ srðt; u0Þqxul � gvl

�

has a solution ðul; vlÞ A H 3ðRÞ �H 3ðRÞ satisfying the properties (i) and (ii)

in Proposition 9. If it is proved that ðul; vlÞ A Wðtþ lÞ for su‰ciently small

l > 0, then the subtangential condition (5.21) is shown to be satisfied by using

the property (i) in Proposition 9.

We shall prove that ðul; vlÞ A Wðtþ lÞ for su‰ciently small l > 0. By

(5.2) and (5.5), we have

1

l
1� 1

2c0

ð tþl

t

hðsÞds
� �

Hðtþ l; ul; vlÞ �Hðt; u0; v0Þ
� �

a ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2Þðkqxu0kH 14kqxulkH 1Þ2

� gd0kqxulk2H 1 ð5:23Þ

for l A ð0; l0�. Choose l1 A ð0; l0� so that
1

c0

ð tþl

t

hðsÞdsa 1 for l A ð0; l1�

and t A ½0;yÞ. Noting that e�2r a 1� r for 0a ra 1=2, we have

exp � 1

c0

ð tþl

t

hðsÞds
� �

a 1� 1

2c0

ð tþl

t

hðsÞds

for l A ð0; l1�. Hence

1

l
ðĤHðtþ l; ul; vlÞ � ĤHðt; u0; v0ÞÞ

a exp � 1

c0

ð t
0

hðsÞds
� �

ð�gd0kqxulk2H 1 þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 2

4kðul; vlÞkH 2�H 2Þðkqxu0kH 14kqxulkH 1Þ2Þ ð5:24Þ

for l A ð0; l1�. Since ðul; vlÞ ! ðu0; v0Þ in H 2ðRÞ �H 2ðRÞ as l # 0, we have

lim sup
l#0

1

l
ðĤHðtþ l; ul; vlÞ � ĤHðt; u0; v0ÞÞ

a exp � 1

c0

ð t
0

hðsÞds
� �

ð�gd0 þ gðkðu0; v0ÞkH 2�H 2ÞÞkqxu0k2H 1 : ð5:25Þ
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If kqxu0kH 1 0 0, then we have ð�gd0 þ gðkðu0; v0ÞkH 2�H 2ÞÞkqxu0kH 2 < 0 by

(5.22). Hence (5.25) implies that ĤHðtþ l; ul; vlÞ < ĤHðt; u0; v0ÞaR0 and

ðul; vlÞ A Wðtþ lÞ for su‰ciently small l > 0. If kqxu0kH 1 ¼ 0, then (5.24)

implies that

1

l
ðĤHðtþ l; ul; vlÞ � ĤHðt; u0; v0ÞÞ

a exp � 1

c0

ð t
0

hðsÞds
� �

� ð�gd0 þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2ÞÞkqxulk2H 1

for l A ð0; l1�. Since

lim
l#0

ð�gd0 þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2ÞÞ

¼ �gd0 þ gðkðu0; v0ÞkH 2�H 2Þ < 0;

the right-hand side of the above inequality is less than or equal to zero for

su‰cient small l > 0; hence ĤHðtþ l; ul; vlÞa ĤHðt; u0; v0ÞaR0 and ðul; vlÞ A
Wðtþ lÞ for su‰cient small l > 0. r
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