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ABSTRACT. Let / be a prime number. In the paper, we study the outer Galois action
on the profinite and the relative pro-/ completions of mapping class groups of pointed
orientable topological surfaces. In the profinite case, we prove that the outer Galois
action is faithful. In the pro-/ case, we prove that the kernel of the outer Galois action
has certain stability properties with respect to the genus and the number of punctures.
Also, we prove a variant of the above results for arbitrary families of curves.

1. Introduction

Let k be a (commutative) field of characteristic zero, X a smooth geomet-
rically connected curve over k, and (g,n) a pair of nonnegative integers such
that 29 — 2 4+ n > 0 (hyperbolicity). We call X a (g,n)-curve if there exist a
proper smooth genus g curve C over k and a closed subscheme D < C such
that X = C\D and the composite D — C — Spec k is a finite étale covering of
degree n. Let k be an algebraic closure of k. For a (g,n)-curve X, by SGA1
[1], we have a short exact sequence

1 — (X k) — m(X) = G — 1

where 7; denotes the algebraic fundamental group and Gy := Gal(k/k) is the
absolute Galois group of k. Let II,, denote the profinite completion of
the fundamental group 7;(g,n) of a compact Riemann surface of genus g with
n points punctured. By the comparison theorem, 7;(X ®; k) is isomorphic
to I1,,. We fix an isomorphism 7;(X ®,k) = I1,,. Since m;(X) acts on
71 (X ®, k) by conjugation in the above short exact sequence, 7;(X) also acts
on I1,,. This gives the diagram

1

Hg,n _— 7'[1(X) Gk 1

| l l

l —— Inn(I1,,) — Aut({l,,) —— Out(ll,,) — 1,
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where Aut (respectively Inn) denotes the continuous automorphism group
(respectively the inner automorphism group) of I7,,, and Out denotes the
quotient, so that the horizontal sequences are both exact. The right vertical
map gives the outer Galois representation

Py G — Out(Il, ).

Note that the kernel of py is independent of the choice of the isomorphism
(X ®ck) = I, ,. Belyi proved that py is injective when X = P;\{0,1, 0}
and k is a number field (Corollary to Theorem 4, [5]). Voevodskii proved the
injectivity of p, when the genus of X is 1 and k is a number field, and sug-
gested a conjecture that p, is injective when X is an affine hyperbolic curve and
k is a number field ([33]). This conjecture was solved by Matsumoto ([19]).
Moreover, the proper case was proved by Hoshi and Mochizuki ([14]). There-
fore, we have the following theorem:

THEOREM 1.1 (Belyi, Voevodskii, Matsumoto, Hoshi-Mochizuki). The
outer Galois representation py is injective when X is a hyperbolic curve and
k is a number field.

Grothendieck expected that any hyperbolic curve over a number field
would be anabelian, i.e., the geometry of any hyperbolic curve X over a
number field is determined by p, (the Grothendieck conjecture for algebraic
curves, [11]). This conjecture was proved by Mochizuki ([21, 22]) following
earlier work of Nakamura and Tamagawa. The above theorem can be
regarded as an evidence that p, is highly complicated when k is a number field.

On the other hand, Grothendieck expected that the moduli space of hyper-
bolic curves would be also anabelian ([11]). Therefore, it is a natural problem
whether Voevodskii’s conjecture holds in the case when X is the moduli space
of hyperbolic curves. Let .#, , be the moduli stack over k of smooth geomet-
rically connected proper curves of genus g with n (ordered) marked points ([8,
17)). 1t is known that 7;(.#, , ® k) is isomorphic to the profinite completion
I, , of the oriented mapping class group MCG, , of an n-pointed genus g
topological surface ([28]). As above, we have the diagram

| ——— Iy ——— mi(Myn) G 1
1l —— Inn(ly,) —— Aut(ly,) —— Out(ly,) — 1,

where the horizontal sequences are both exact. The right vertical map gives
the outer Galois representation

pg,n : Gk - OUt(EG,”)'



Galois action on mapping class groups 209

For the injectivity of p, ,, our result in the present paper is summarized in
the following (cf. Theorem 2.3):

THEOREM 1.2. Let k be a number field and (g,n) a pair of nonnegative
integers such that 29 —2+n>0. Then the homomorphism p, ., is injective.

REMARK 1.3. As .#4 =P\{0,1, 0}, the injectivity of Po.4 agrees with
the above theorem of Belyi (Corollary to Theorem 4, [5]).

The proof of Theorem 1.2 yields a variant, where we consider an arbitrary
family of hyperbolic curves instead of the universal family .#, ,.1 — 4, ,. As
above, for any geometrically connected locally noetherian scheme X over k, we
can consider the outer Galois representation py : Gy — Out(n; (X ® k)) deter-
mined by the exact sequence

1 = m(X ®ck) — m(X) = Gy — 1.

Grothendieck expected that hyperbolic polycurves (i.e., successive families of
hyperbolic curves) would be also anabelian ([11]). The injectivity of py is
implicit in [14] when X is a hyperbolic polycurve and k is a number field. We
can prove the injectivity of py when X is an arbitrary family of hyperbolic
curves (cf. Theorem 4.3):

THEOREM 1.4. Let k be a number field and (g,n) a pair of nonnegative
integers such that 2g — 2 +n > 0, S a geometrically connected normal scheme of
finite type over k and X — S a family of (g,n)-curves over S. Then the homo-
morphism py is injective.

Hoshi and Tamagawa informed the author of a different proof of Theorem
1.2. In fact, their proof gave a result stronger than Theorem 1.2, as we will
see shortly. By Oda’s theory ([28]) and using the Birman exact sequence
(Chapter 4, [9])

1 — mi(g9,n) = MCGy 41 — MCG, , — 1,
we have the following exact sequence (cf. Lemma 2.1 in [20]):
1 — Hgm - nl(‘%(],’?+1) - nl(%g,n> — L.
This exact sequence gives the universal monodromy representation

puniv . ﬂl(%q,n) — Out(Hg,n).

g,n

It is known that the homomorphism p** is injective if and only if p*®

g,n g:n Uy n is
injective (Corollary 6.5, [14]).

REmMARK 1.5. The problem of the injectivity of p;‘j’,i”| Ton is called the

congruence subgroup problem for MCG,,. The congruence subgroup
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problem was solved in the affirmative for g <1 by Asada ([4]) and for g = 2,
n>0 by Boggi ([6]). Boggi called the image of pg”,ib\ I the geometric
profinite completion of MCG, , in [6]. '

We denote by
Py G — G — Out(pgy' (1))
the natural homomorphism determined by the commutative diagram
l ——— Iy, my (My,n) G 1

| J |

L —— pi(Tyn) —— pib(m (M) — GE" —— 1,

where G'" = pi™(my(My.n))/pi’(Ty.n), and the horizontal sequences are

exact.

THEOREM 1.6 (Hoshi-Tamagawa). Let k be a number field and (g,n) a
pair of nonnegative integers such that 3g —3 +n > 0. Then the homomorphism
pi" is injective.  In particular, p, , is injective.

We remark that Boggi also announced the same result (Corollary 7.6, [7]).
Boggi’s proof depends on the theory of complexes of profinite curves developed
by him. On the other hand, our proof depends on the combinatorial anabelian
geometry developed by Hoshi-Mochizuki.

Next, we consider a pro-/ version of Theorem 1.6, where / is a prime
number. Let I7 é,n denote the pro-/ completion of the fundamental group of
a Riemann surface of genus g with n points punctured. For a (g,n)-curve X
over k, by the functoriality of pro-/ completion, we obtain

ph Gy — Out(Hé’n).
As above, we have the pro-/ universal monodromy representation
pgf“,i”‘l sy ( My ) — Out(Héﬁn).
Therefore, we also have the natural homomorphism
pg,egm,l : Gk N G]i,!iﬁn N Out(pgf’,iv’l(Fg,n))
determined by the commutative diagram

1 Fg,n nl(,ﬂg’,,) Gk 1

| J |

L —— pyi (L) —— ! (M) —— G —— 1,
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where G = puniel (my (My.n)) /it (I'y,n), and the horizontal sequences are
exact. The field determined by im(ker(pyi"') — Gy )(= ker(Gy — Gy9™) can
be regarded as a field of definition of the Teichmiiller modular function field
with /-power level structures. Oda conjectured that this field is independent of
(g9,n) ([27]). This conjecture was proved by using the weight filtration and the
universal deformation of a maximally degenerate stable curve ([26, 25, 19, 16,
32]). We prove the second main result in the present paper by using Oda’s

conjecture (cf. Theorem 3.4):

THEOREM 1.7. Let (g,n) be a pair of nonnegative integers such that
3g—3+n>0, and that either (g,n) # (1,1) or 1 =2. Then the kernel of
the homomorphism pgif’”l coincides with the kernel of the homomorphism

! /
PpI0,1,00} ° G — Out(IYO_&).

We apply Theorem 1.7 to the relative pro-/ representation (Corollary 3.8).

The present paper is organized as follows: In section 2, we study the
profinite case. First, we prove a technical lemma (Lemma 2.2) in group theory
and we derive Theorem 1.2 from this lemma. Secondly, we explain a proof
of Theorem 1.6 due to Hoshi and Tamagawa by using a geometric version of
the Grothendieck conjecture. In section 3, we prove Theorem 1.7 by using
a geometric version of the Grothendieck conjecture and Oda’s conjecture.
Finally, we study the kernel of the relative pro-/ representation. In section 4,
we prove a variant of Theorem 1.2 (including Theorem 1.4) which does not
follow from the method of Hoshi and Tamagawa.

Notations and Conventions

Numbers: The notation Z will be used to denote the set, group, or ring of
rational integers and the notation Q will be used to denote the set, group,
or field of rational numbers. We shall refer to a finite extension of Q as a
number field. For a prime number /, the notation Z; will be used to denote
the set, group, or ring of /-adic integers and the notation Q; will be used to
denote the set, group, or field of /-adic numbers. We shall refer to a finite
extension of Q; as an /-adic local field. The notation C will be used to denote
the set, group, or field of complex numbers.

Groups: If G is a topological group, and H < G is a closed subgroup of G,
then we shall write Zg(H) for the centralizer of H in G, i.e.,

Zo(H) :={ge G|ghg™' =h for any he H} < G,
and we shall write Ng(H) for the normalizer of H in G, i.e.,

Ng(H):={geGlgHg ' =H} = G.
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If G is a topological group, then we shall denote by Aut(G) the group of
automorphisms of G, by Inn(G) the group of inner automorphisms of G, by
Out(G) the quotient of Aut(G) by the normal subgroup Inn(G) = Aut(G).

For a discrete group G and a prime number /, we shall say that G is
conjugacy [-separable if, for any g,/4 € G, it holds that either ¢ is conjugate to
h or there exists a homomorphism ¢ : G — P such that P is an /-group and
¢(g) is not conjugate to ¢(h). For a discrete group G, we shall say that G has
Property A if, for any « € Aut(G) such that o(g) is conjugate to g for any
g € G, it holds that o € Inn(G).

Surface groups and mapping class groups: For a pair (g,n) of nonnegative
integers and a prime number /, the notation /7, , will be used to denote the
profinite completion of the fundamental group 71(g,n) of a compact Riemann
surface R, , of genus g with n points punctured, the notation /7 ;n will be used
to denote the pro-/ completion of 71(g,n), the notation MCGy ,, will be used to
denote the mapping class group of (g,n)-type, namely the discrete group of
isotopy classes of orientation preserving self-diffeomorphisms of an orientable
surface of genus g with n points marked which fix the n points pointwise, the
notation MCGy |, will be used to denote the discrete group of isotopy classes
of orientation preserving self-diffeomorphisms of an orientable surface of genus
g with n points punctured which preserve the set of punctures, and the notation
I, , will be used to denote the profinite completion of MCG, ,. We shall
denote by Out“(17,,) the subgroup of Out(l,,) consisting of elements which
preserve the set of conjugacy classes of the cuspidal inertia subgroups of 1, ,,
and by Out®(11 é,n) the subgroup of Out(l1 ;n) consisting of elements which
preserve the set of conjugacy classes of the cuspidal inertia subgroups of I7 én
Here, a conjugacy class of a cuspidal inertia subgroup of 7, , (respectively,
11 ;n) means a conjugacy class of the closure of the image of an inertia sub-
group of a point punctured of R, , in 7i(g,n) by the natural homomorphism
ni(g,n) — I, , (respectively, mi(g,n) — H;_’n).

Curves: Let f: X — S be a morphism of schemes. Then for a pair (g,n) of
nonnegative integers such that 2g — 2 + n > 0, we shall say that f is a family of
(g,n)-curves over S if there exist a proper smooth geometrically connected
morphism fP': XP' — § whose geometric fibers are of dimension one and
of genus ¢, and a relative divisor D = X°P' which is finite étale over S of
degree n such that X and X\ D are isomorphic over S. We shall say that
fePt: xt — S is a compactification of f: X — S and D = X°P is a divisor at
infinity of f: X — S. We shall say that a family of (g,n)-curves X — S is
split if a finite étale covering D — S obtained by a divisor at infinity of X — S
is trivial, i.e., D is isomorphic to the disjoint union of n copies of S over S.
Note that the pair (X' D) is unique up to canonical isomorphism if S is
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normal (e.g., Section 0, [23]). In particular, we shall refer to a family of (g,n)-
curves over the spectrum of a field k£ as a (g,n)-curve over k.

Fundamental groups: Let / be a prime number, k a field, and & an algebraic
closure of k. For a scheme X which is a geometrically connected and of finite
type over k, we shall write 7;(X ®; IE)I for the maximal pro-/ quotient of
71 (X ®; k), and 7;(X)! for the quotient of 7;(X) by the kernel of the natural
surjection 7 (X ® k) — 7 (X @ k).

2. Profinite mapping class groups

In the present section, we prove Theorems 1.2, 1.6. Let k& be a field of
characteristic zero, (g,n) a pair of nonnegative integers such that 2g —2 +n >
0, Q the algebraic closure of Q determined by a fixed algebraic closure k of k,
and Gg := Gal(Q/Q). The following theorem was proved by Matsumoto and
Tamagawa (Theorem 1.1, [20]) in the affine case, and more recently by Hoshi
and Mochizuki (Corollary 6.4, [14]) in the proper case.

THEOREM 2.1. Let X be a (g,n)-curve over k. Then the subgroup
Px' (P (Ty.n)) < Gi
of Gy is contained in the kernel of the homomorphism
G — Gq
determined by the natural inclusion Q — k.

LemMmA 2.2.  Consider the following commutative diagram of groups where
the vertical and horizontal sequences are exact:
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Let pg: H— Out(K), pg : H— Out(I"), py: I' — Out(K) denote the nat-
ural homomorphisms determined by the above commutative diagram. Then the
subgroup

pe(ker(pg)) < Out(K)
of Out(K) is contained in the image of pp.

ProOOF. Let & be an element of the kernel of p;.. Since G surjects onto
H, we can take h' € G mapped to he H. By the injectivity of the homo-
morphism G — G’, we may regard i’ as an element of G’. Then there exists
an element y of I’ such that Inn(h') acts on I'" by Inn(y). In particular,
Inn(h’') acts on K by Inn(y). This means pg(h) € im(p,). O

THEOREM 2.3. Let (g,n) be a pair of nonnegative integers such that
2g—=2+n>0. Then the kernel of the homomorphism p, ., is contained in
the kernel of the homomorphism

G — Gq

determined by the natural inclusion Q — k.
In particular, if k is a number field or an I-adic local field, then the
homomorphism p, ., is injective.

Proor. The morphism .#, ,+1 — .#, , given by forgetting the last marked
point induces the commutative diagram

1 _— I—‘g,n+1 _ nl(%g,n+l) _ Gk B — 1

| |

1 FQR” nl(rﬂgﬁn) Gk 1

where the horizontal sequences are exact, and the vertical arrows are surjective.
In particular, by the surjectivity of the left-hand vertical arrow of the above
diagram and the right-hand vertical equality of the above diagram, the middle
vertical arrow of the above diagram induces an injection

Zﬂl(-’”y.:1+l)(rg¢"+l)/ng.rﬁr] (Fg~,n+1) — Zﬂl(V’ZZq.rz)(F{/:")/ng.n(rgvn)'

Therefore, since the surjection 7;(.#, ,) — Gy (respectively, mi(My n+1) — Gi)
induces the natural isomorphism

Zﬂl('—”ily.n) (Fg,”)/zﬂj.:x(rg,n) = ker(pg,n)

(respectively, Zz, (4, ,.)(Lgni1)/Zr, 0 (Lgnt1) = ker(py ,11)),

it holds that ker(p, ,,;) < ker(p,,). Thus, we may assume that n is small,
so that there exists a (g,n)-curve X over k such that a divisor at infinity of
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X — Spec k is split. (Indeed, the case where g < 2 is trivial, and the case
where g > 2 follows from the consideration of a hyperelliptic curve.) Since
My nv1 1s the universal curve over .4, , (see [17]), we obtain a cartesian square

X ———— Speck
| = |
E%g7n+1 E— %g,n-

This induces a commutative diagram

1 1,

where the vertical and horizontal sequences are exact. Then Lemma 2.2
implies that

pX(ker(pg,n+l)) cim(ly, — Out(Il,,)).
By using Theorem 2.1, the result follows. O

Next, we explain a different proof of Theorem 2.3 due to Hoshi and
Tamagawa, using a geometric version of the Grothendieck conjecture. In fact,
their proof gives a result stronger than Theorem 2.3. The following theorem
plays an essential role in their proof.

THEOREM 2.4 (Theorem D, [15]). Let (g,n) be a pair of nonnegative
integers such that 39 —3+n >0 and | a prime number.
(i) The group Zgycip (pymt(Ly.n)) is isomorphic to

y,”)

Z/2xZ/2 if (g9,n) =(0,4);
Z/2 if (ng)G{(l,l),(l,z),(z,O)};
{1} if (g.n) ¢{(0,4),(1,1),(1,2),(2,0)}.
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(i) Suppose that
(9,m) # (1,1).
Then the group Zgc g >(pg’f,§”*l(Fg,n)) is isomorphic to

Z/2xZ/2 if (g,n) = (0,4);
72 i (9:n) €{(1,2),(2,0)};
{1} i (9,n) £{(0,4),(1,2),(2,0)}.

(iii) Suppose that 1 =2. Then the group ZOutcm]/YI)(pf””liv‘l(F]‘1)) is iso-
morphic to Z1J2.

The proof of Theorem 2.4 is very sophisticated, using the theory of
profinite Dehn twists developed in [15].

THEOREM 2.5 (Hoshi-Tamagawa). Let (g,n) be a pair of nonnegative
integers such that 3g —3 +n>0. Then the kernel of the homomorphism p§."
is contained in the kernel of the homomorphism

G — Gq

determined by the natural inclusion Q — k.
In particular, if k is a number field or an I-adic local field, then the
homomorphisms pi"™ and p, , are injective.

Proor. We denote by .#,,q the moduli stack over Q of smooth
geometrically connected proper curves of genus g with n (ordered) marked
points. Then the natural morphism .#; , — ./, ,/q determined by the natural
inclusion Q — k induces the commutative diagram

PZf’Z”(Fg.n) PZ.”Z”(Fg,n)

m (My,n) ket (Lgn — P;ﬁiv(Fy,n)) —— m(Mynq) /Ker(Lgn — nglliv(nl,n))

Gy Go
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where the vertical sequences are exact. In particular, pg9" factors through
Py in the case where k is Q. Therefore, to verify Therem 2.5, it suffices
to verify the injectivity of pJ" in the case where k is Q. Thus, suppose that
k is Q. Note that Gg" := pg”é”(m( gn)) /Pt (Iy,,) is isomorphic to Go by
Theorem 2.1. Also, by Theorem 2.3 and the injectivity of p””’” when ¢ is zero
(Theorem 3A, [4]), we may assume that g > 0. Then the commutative
diagram

1 — punn(lﬂg‘n) N p;nrib(nl(%g’”)) GQ 1

| | |

I —— Inn(p}"(Iyn)) —— Aut(py"'(Ly,n)) —— Out(py(Iyn) —— 1
induces an isomorphism

Zp{?,”n"”(m@//.q,n))(/)Znéb( qn)) Zp;”,'; I, (pZ”,i"(E,,n))

~ ker(Go — Out(py’} (Iy.n)))-
Therefore, it is enough to prove

Zp;*lfﬂ(nl(%,.n))(PZ"#( g.n)) Zp:,‘”# Tyn) (/7;‘",1" Iyn) ={1}.

Note that the image of p””” is contained in Out®(/7,,). By the injectivity of
MCG, ;; — Out(zi(g,n )) (e.g., Theorem 8.8, in [9]) and Out(n(g,n)) —
Out(I1,,) (Lemma 3.2.1 in [2] for n >0 and [10] for n =0), we have the
commutative diagram

MCG,, —— Out(ni(g,n))

[ —|

MCG%[H] s Out(HW,).

Since an element of MCGy |, induces an action on the set of conjugacy classes
of cuspidal inertia subgroups of 7i(g,n), an element of MCG, |, induces an
action on the set of conjugacy classes of cuspidal inertia subgroups of 17, ,.
Note that there exits a canonical bijection between the set of conjugacy classes
of cuspidal inertia subgroups of x;(g,n) and the set of conjugacy classes
of cuspidal inertia subgroups of I7,,. Hence, the image of MCG | —
Out(I1,,) is contained in Out®(/7,,). In particular, we have the natural
inclusion Zwicg, ,, (MCGy, ) = Zoyen ., ”)(pt’}’”,?(lﬂg n)). Also, by Theorem 2.4
(i), and section 4 of Chapter 3 in [9], the cardinality of Zwmcg, ,,(MCGy, ) is

finite, and is equal to the cardinality of Zc (H]n>(pfj”,§”(lf oo )). Thus the
above inclusion Zyicg, ,,(MCGy () = Zoye(, ) (P (Ign)) is an isomor-
phism. If the image o’ of an element o of Zwmcg,,,(MCGy ;) is not con-
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tained in p“”“(F gs.n), then ¢ is not contained in MCG, ,. Since the action of
MCGg, ,;/MCG,, on the set of conjugacy classes of cuspidal inertia subgroups
of m(g,n) is faithful, ¢ induces a nontrivial action on the set of conjugacy
classes of cuspidal inertia subgroups of 7;(g,n). Therefore, ¢’ induces a non-
trivial action on the set of conjugacy classes of cuspidal inertia subgroups of
I1,,. Since the action of p;’_”,’;”(m (M) on the set of conjugacy classes of
cuspidal inertia subgroups of 17, , is trivial by the definition of 7 (.#, ), ¢’ is
not contained in p“”’”( 1(Ay,n)). Hence, we have Z,u (.4, Py, "(Lyn))/
Zpe(r, ) Py (I, ) = {1}, O

3. Pro-/ mapping class groups

In the present section, we prove Theorem 1.7. Let / be a prime number
and assume that the base field & is a field of characteristic zero.

LemMmA 3.1.  Let (g,n) be a pair of nonnegative integers such that 2g — 2 +

n>0. Then the natural homomorphism n,(g,n) — Hé , 1S injective.

Proor. It follows immediately from the fact that n;(g,n) is conjugacy
[-separable (Theorem 3.2, Theorem 4.1 in [29]). O

By the above lemma, we can consider 7;(g,n) as a subgroup of I7 ém

LemMA 3.2, Let (g,n) be a pair of nonnegative integers such that 2g — 2 +
n>0. Then the group an (mi(g,n)) is equal to mi(g,n). In particular, the
natural homomorphism Ou‘[(m(g7 n)) — Out(Hé ) induced by mi(g,n) — Hf] 4 1S
injective.

Proor. It is clear that an (n1(g,n)) 2 m1(g,n) by the definition of
normalizer. Let a be an element of N i, (m1(g,n)). Then, for any element
y of m(g,n), y is conjugate to aya~! in m(g,n) by the fact that ni(g,n) is
conjugacy /-separable (Theorem 3.2, Theorem 4.1 in [29]). Therefore, since
71(g,n) has Property A (Lemma 1, Theorem 3 in [10] (cf. “Groups” in
Notations and Conventions for the definition of Property A)), there exists an
element /1 of my(g,n) such that aya~! = hyh~! for any element y of m(g,n).
Since 11’ , is center-free (Proposition 1.4 in [24]) and (g, n) is dense in IT!

g,n g,n>
we have a = hemni(g,n). O

ReMARK 3.3. These lemmas may be well-known. At least, Lemma 3.2
was proved for special cases by several people (e.g., Proposition 1, [18],
Corollary 2 to Proposition B2, [3]).

THEOREM 3.4. Let (g,n) be a pair of nonnegative integers such that
39 —3+4+n>0, and that either (g,n) # (1,1) or | =2. Then the kernel of the
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homomorphism pg",‘;’”” coincides with the kernel of the homomorphism

ppl\{o 1oyt Ok = Out(17 ).

Proor. First, suppose that ¢ is equal to 0. We denote by I} the
maximal pro-/ quotient of I, ,, and by lg . out(ly,) — Out(Fl ) the homo-
morphism determined by the natural surjection I, , — F Then since My, ,
is isomorphic to a conﬁguratlon space of P}\{0,1 } the kernel of the
composite of p, , and zq , 1s equal to the kernel of pPl\ (01,00 (Theorem C, (i),
[14]), and there exists an isomorphism [ gl = pg”” Ty that is compatible
with the outer actions of Gy on either side (Remark to Theorem 1, [4]). There-
fore, Theorem 3.4 holds in the case where ¢ is equal to 0. Thus, we may
assume that g > 0. As in the proof of Theorem 2.5, we can show that the

natural homomorphism
lg,n univ,
Gk'y’ - Out(pq n l(r{/:"))

Lo Lgn -
is injective. Here, G"" is the group

Py (i (Mg.n)) [Py (Lgon)-

Indeed, the arguments of the proof of Theorem 2.5 go well as they are, if
we replace Theorem 2.4 (i) with Theorem 2.4 (ii), (iii) and the injectivity of
Out(n;(g,n)) — Out(I1,,) with the injectivity of Out(n;(g,n)) —>Out(175 2)
(Lemma 3.2). Therefore, it is sufficient to prove that

lLg,ny i
ker(Gy — G9") = ker(ppk,\{o’lw}).
Let pg,: mi(My ) — Gr be the natural homomorphism. Then we have
ker(Gr — Gp") = py a(ker(pmi!)).
However, it is known that p, ,(ker(pi""")) coincides with ker(p}

Pp1\j0.1 oo})
K s 1y
(Oda’s conjecture, cf. Theorem 3.3, [32]). This completes the proof. O

Next, we consider the relative pro-/ case. Since all mapping class groups
in genus ¢ are perfect when ¢ >3, their pro-/ completions are trivial.
However, Hain and Matsumoto developed a theory of relative pro-/ completion
of groups, and showed that the natural relative pro-/ completions of mapping
class groups are large and more closely reflect their structure ([12]). We
explain below their theory.

Let I" be a discrete or profinite group, P a profinite group, and p: I — P
a continuous dense homomorphism. (Here, a dense homomorphism means a
homomorphism with dense image.) The relative pro-/ completion I'"*"* of I’
with respect to p is characterized by a universal mapping property: If G is a
profinite group, ¥ : G — P a continuous homomorphism with pro-/ kernel, and
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if ¢: I — G is a continuous homomorphism whose composition with { is p,
then there is a unique continuous homomorphism I""*? — G that extends ¢:

r

N

r rel-l,p P

G

The following properties are direct consequences of the universal mapping
property:

ProposiTION 3.5 (Proposition 2.1, [12]). Let p: " — P be a dense homo-
morphism from a discrete group to a profinite group, and p: I — P the homo-
morphism obtained from the profinite completion of I’ to P. Then the natural
homomorphism I' — I induces a natural isomorphism "0 — [rehp,

PRrOPOSITION 3.6 (Proposition 2.3, [12]). Let I, I, be both discrete groups
or both profinite groups, and Py, P, profinite groups. Suppose that p, : I'1 — P,
and p, : Iy — Py are continuous dense homomorphisms. If

FlL»Pl

Ao

r, . p

is a commutative diagram of topological groups, then there is a unique continuous
homomorphism ¢ . I 1"’“’” [ lrel'l’p > such that the diagram

Fl P1 Pl
Flrel-l P
I 2rel—l P2

I Py

P2

commutes.
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ProposiTION 3.7 (Proposition 2.4, [12]). Let Py, P, P35 be profinite groups,
and p; : I't — P1, py: 12 — Py, py: I's — P3 continuous dense homomorphisms
of topological groups. Suppose that I'y, I, and I's are all discrete groups or all
profinite groups. If the diagram

1 I I I 1
/4 J{ P2 l P3 J
1 P, P, P; 1

of topological groups commutes and has two rows exact, then the sequence

]—vlrel—/,/)l N Fzre/—l,/lz N r;el—l,p3 1

is exact.

Let o7, be the moduli stack of principally polarized abelian varieties of
dimension g. It is known that the orbifold fundamental groups 7™ (., ,(C))
and 70" (.#,(C)) of .4, ,(C) and .«Z,(C) are isomorphic to MCG, , and Sp,(Z)
respectively. Here, Sp,(A4) is the group of symplectic 2g x 2¢g matrices with
entries in a commutative ring 4. Let

pPeried . MCGy, ,, — Spy(Z)

be the surjective homomorphism determined by the period map .#, ,(C) —
o/;(C) which takes the moduli point [C] of a compact Riemann surface C
(equipped with n marked points) to that of its jacobian [Jac(C)] (also see
Chapter 6, [9]). Then p?*? induces the continuous dense homomorphism

pperiodﬁ/ . MCGg,n — Spq(Zl)

Hain and Matsumoto defined the relative pro-/ completion of the mapping
class group by

rel-l ,__ rel-1, preriod:!
Fg’n T MCGg,n .

Let preied!: 1, — Sp,(Z/I) be the homomorphism determined by preiod.
Then, by using Proposition 3.5 and the universal mapping property, we have
the natural isomorphism

r l/ rel-l, )f’””““
F “t~T gen o/
This means that I} q"” is an almost pro-/ group (i.e. there exists a closed
subgroup of I el with finite index that is a pro-/ group). Also, Hain and
Matsumoto proved that the natural homomorphism MCG, , — I ;‘” is injec-
tive for n>0 (Proposition 3.1, [12]). (In fact, since the injectivity of
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MCG,,, — I, !fnl'l is reduced to the injectivity of MCGy 41 — T, fé‘il by using
Lemma 3.2, we also have the injectivity of MCG, ¢ — I’ greo” (for g > 1).)
The functoriality of relative pro-/ completion implies that there is an outer
Galois action
Pl G — Out(I7e).

Since the representation pl’}"’f;’ is unramified outside / when k is a number field

(Theorem 3, [12]), p;f’f,'l is not injective. By using Theorem 3.4, we have the
following corollary.

COROLLARY 3.8. Let (g,n) be a pair of natural numbers such that 3g — 3 +
n >0, and that either (g,n) # (1,1) or | =2. Then the kernel of the homo-

rell js contained in the kernel of the homomorphism

morphism p.*,

! I
PpIv(0,1, 0+ Gk = Out(Ilp ).

ProoF. The commutative diagram

1 Hg,n Fg.,nJrl Fg‘n 1
! rel-1 rel-l
1 Hg,n Fgﬁn-&-l Fg,()n 17

where the horizontal sequences are exact (Proposition 3.1 (2), [12]), induces the
commutative diagram

Tyw —— I
/
Out(/1, ).
Therefore, we have the commutative diagram
| ——— I ——— mi () [ker(Dy, — )57 G 1

l J |

univ univ l,g,n
I —— pytl(Tyn) ——— pi (i ( My ) ——— G —— 1

)

where the horizontal sequences are exact and the vertical homomorphisms are
surjective. Hence, this induces

ker(pp!) < ker(pge™!) = ker(

i
/)pk‘\{o,l.oo})'
This completes the proof of Corollary 3.8. ]
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REMARK 3.9. It is not clear to the author at the time of writing whether
or not a result similar to the results stated in Theorem 3.4 holds in the case
where (g,n) = (1,1) and /> 2. Nevertheless, Yuichiro Hoshi and the author
proved that a result similar to the results stated in Corollary 3.8 holds in the
case where (g,n) = (1,1) and /> 2 (cf. Theorem 4.3 in [13]).

4. The case of an arbitrary family of hyperbolic curves

In the present section, we prove a variant of Theorem 2.3. Let / be
a prime number, k a field of characteristic zero, and k an algebraic closure
of k. For any geometrically connected normal scheme S of finite type
over k and any family X — S of (g,n)-curves over S, we denote by
ol /s (S @y k) — Aut(H;bn ®gz (Z/1)) the natural monodromy action arising
from the family of (g,n)-curves X — S. Here, the group 11 ;bn is the abelia-
nization of 11, ,.

PropPOSITION 4.1. Let (g,n) be a pair of nonnegative integers such that
29 —2+4+n>0, S a geometrically connected normal scheme of finite type over k,
and X — S a family of (g,n)-curves over S. Then the natural sequence

l—=0y, —mX)—-m((S)—1
is exact. Moreover, if the image of (pg, /s IS an l-group, then the natural
sequence

1 — Hé_n - m(X) — 7'[1(S)Z — 1

is exact.

Proor. It is enough to prove the case of k =k. First, we prove the
profinite case. Then we have the exact sequence

Hg,n_’”l(X) —m(S) — 1

by [1]. Let X°® — S be the compactification of X — S and D = XP* the
divisor at infinity of X — §. Then we can take a finite étale (connected)
Galois covering S’ — S such that the finite étale covering D xg S’ — S’ is
split. ' We put X' := X xg8’, X'P':= XP' x¢ S/ D':=DxgS’. Then the
natural projection X’ — S’ is a family of (g,n)-curves and X'P' (respectively
D’) is the compactification (respectively the divisor at infinity) of X’ — S’
Since D' — S’ is split, by Proposition 2.3 in [31], the natural sequence

-, —»mX')—->m(S)—1
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is exact. Moreover, by the definition of X’ — S’ we have the commutative
diagram
1 1, , mX') — m(S) — 1

]

n,, — mX) — m(S) — L

Now, since the natural projection X' — X is a finite étale covering, 71(X') —
7 (X) is injective. This completes the proof for the profinite case.

Next, we consider the pro-/ case. Since the image of (pﬁ( /s is an /-group,
by using Lemma 4.5.5 in [30], the natural homomorphism 7;(S) — Out({7,,)
— Out(l1 é_n) factors through the maximal pro-/ quotient 7,(S)" of m(S).
Therefore, the commutative diagram

1

Hg_n 7Z1(X) 7[1(S) EE— 1

l l l

I —— Inn(171),) —— Aut(/1},) —— Out(11},) — 1
induces the commutative diagram

al, —— mX) —— m(§) —— 1

| J l

I —— Inn(17),) —— Aut(1),) —— Out(T},) — 1,

where the horizontal sequences are exact and the left vertical homomorphism is
isomorphism by Proposition 1.4 in [24]. This completes the proof for the pro-/
case. Ol

In the notation of the above proposition, we have the natural homo-
morphisms ¢g : 71 (S) — Out(11,,), ¢k : m(S) — Out(Héﬁn) determined by the
exact sequence

1—-MH,,—mX)—>mn(S) —1.

Note that I'g 4 (respectively I 6?5{1) is canonically isomorphic to 7y 3 (respec-

tively Héj). By a similar argument to the one used in the proof of Theorem
2.1 (Theorem 1.1, [20] or Corollary 6.4, [14]), we can prove the following
proposition.

PropPOSITION 4.2. Let (g,n) be a pair of nonnegative integers such that
29 —2+4n>0, S a geometrically connected normal scheme of finite type over
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k with a k-rational point s, X — S a family of (g,n)-curves over S, X the fiber
of X — S at s, and py,_ (respectively pi,v) the homomorphism Gy — Out(I1,,)
(respectively Gi — Out(IT é,,) ) associated to the (g,n)-curve Xy over k. Then
the subgroup

px (0s(m1(S @ K))) € Gy (respectively (p%) ™" (p§(mi(S @1 k))) < Gi)
of Gy is contained in the kernel of the homomorphism
Po.4: G — Out(Ily3) (respectively pgfﬁl : Gy — Out(Hé,3)).

Proor. Since the pro-/ case can be proved by exactly the same argument,
we prove only the profinite case. Let i, be the section Gy — 7(S) induced
by the k-rational point s, k(S) the function field of S, k(S) an algebraic
closure of k(S), Xi(s) =X xsSpeck(S), py,, the homomorphism Gy s) :=
Gal(k(S)/k(S)) — Out(1l,,,) associated to the (g,n)-curve Xy over k(S).
Then we have ¢goiy=py, and, since S is geometrically connected and
normal, the natural outer homomorphism Gy s) — 71(S) (which is determined
up to 7;(S)-inner automorphism) is surjective. Assume that there exist y e
m (S ®, k) and o € Gy such that gg(y) is equal to py (0). By the surjectivity
of the above (outer) homomorphism, we can take y,6 € Gi) mapped to
y,is(a) € m (S), respectively. Since the diagram

Gisy — m(S)

m l(ﬂs

Out(I1, ,)

is commutative, 76~ is contained in the kernel of Px,s- Hence, by Corollary

6.2, in [14], 76! is contained in the kernel of the natural homomorphism
Gi(s) — Out(Ilp;3). Now, since the diagram

Grisy — Gy
\ l/’m
Out(H073)

is commutative and y is contained in the kernel of 7;(S) — G, o is contained
in the kernel of py 4. O

For a scheme X which is geometrically connected and of finite type over k,
we denote by

P+ Gi — Out(m (X @ k')
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the composite of py : Gy — Out(n; (X ® k)) and the natural homomorphism
Out(n (X ®; k)) — Out(m (X ®; k)"). The following theorem is a variant of
Theorem 2.3. (Note that .#, .1 — .4, , is a family of (g,n)-curves.)

THEOREM 4.3. Let (g,n) be a pair of nonnegative integers such that
29 —2+4+n>0, S a geometrically connected normal scheme of finite type over
k, X — S a family of (g,n)-curves over S. Then the kernel of the homomor-
phism py is contained in the kernel of the homomorphism

Po4: G, — Out(Hm).

Moreover, if the image of ¢§, /s is an [-group, then the kernel of the homomor-
phism pg, is contained in the kernel of the homomorphism

P! G — Out(ITy ).

In particular, if k is a number field or an [-adic local field, then the homo-
morphism py is injective.

Proor. First, we prove the profinite case. Let k(S) be the function field

of S, k(S) an algebraic closure of k(S), Xy(s):= X x5 Spec k(S), X =
X x5 Spec k(S), Sks) :=S ®;k(S). Then the diagonal map S — S Xspecr S
induces a section Spec k(S) — Sis) of the natural projection S5 —

Spec k(S). Note that we have the diagram

I —— 7TI(XW) — m(Xxs) —— Gy —— 1
| | J
] —— 7'51(X®kl€) E— 7T1(X) Gk 1.

This diagram induces the commutative diagram

Gk(S) — Gy,

Out(r; (X ®, k)).

Also, since S is geometrically connected over k, the natural (outer) homo-
morphism Gys) = Gal(k(S)/k(S)) — Gy (which is determined up to Gy-inner
automorphism) is surjective. In particular, ker(pxk(s>) surjects onto ker(py).
Therefore, if ker(pXk(S)) is included in ker(Gys) — Out(/1o,3)), ker(py) is

included in ker(Gy — Out(Ilj 3)) by the commutative diagram
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Grisy — G

N

Out(H0‘3).

Hence, replacing X — S — Spec k by Xj(s) — Sk(s) — Spec k(S) if necessary,
we may assume that S has a k-rational point. Let s be a k-rational point
of S, § a k-rational point over s, X, the fiber of X — S at s, X; the fiber
of X — S at 5. The above k-rational point s of S induces a cartesian
square

X, —— Speck

| = |

X — 5§

This induces a commutative diagram

1 1

1 m,, (X @ k) — m(S®pk) — 1

] —— 7Z](XS) _— 7'[1(X)

1 1,
where the vertical and horizontal sequences are exact. Then Lemma 2.2
implies that

p (ker(py)) < im(pg : 1 (S @ ) — Out(7l,).

Here, py is the homomorphism Gy — Out(/1,,) associated to the hyperbolic
curve X, over k. Hence, by using Proposition 4.2, the result follows for the
profinite case.

For the pro-/ case, since we have the commutative diagram
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11 (S) —— m(S)!

7% J

!
Out(I1 g’n),
we can prove the assertion by exactly the same argument. O

REMARK 4.4. Tt is trivial that Theorem 2.5 implies Theorem 2.3. How-
ever, it seems that Theorem 2.5 (or its proof) does not imply Theorem 4.3.
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