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Abstract. We give a method for studying of asymptotic behavior of solutions

to periodic continuous linear systems and discrete linear systems. It is based on a

representation of solutions given in the paper, which is a reformation of the variation

of constants formula into the sum of a t-periodic function and an exponential-like

function. By using such representations, the set of initial values is completely classified

according to the asymptotic behavior of the solutions to the continuous system. In

particular, the set of initial values of bounded solutions is precisely determined. To

give the representation for the continuous system, we will establish translation formulae

by comparing two representations of solutions to a discrete linear system. These two

representations are deeply related to the binomial coe‰cients, the Bernoulli numbers and

the Stirling numbers.

1. Introduction

Let C be the set of all complex numbers and R the set of all real numbers.

We set N ¼ f1; 2; . . .g, N0 ¼ f0gUN and Z ¼ f0;G1;G2; . . .g.
We consider periodic linear inhomogeneous di¤erential equations of the

form

d

dt
xðtÞ ¼ AðtÞxðtÞ þ f ðtÞ; xð0Þ ¼ w; ð1Þ

and linear di¤erence equations of the form

xnþ1 ¼ Bxn þ b; x0 ¼ w; n A N0; ð2Þ
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where AðtÞ is a periodic continuous p� p matrix function with period t > 0,

f : R ! Cp a t-periodic continuous function, B a complex p� p matrix and

b A Cp.

Criteria on the existence of t-periodic solutions and bounded solutions

to the equation (1) have been considered in the literature, e.g., [3, 4, 6, 7, 13,

17, 19, 20, 24]. Among them, a fundamental result on the existence of a t-

periodic solution of (1) is Massera’s theorem: the equation (1) has a bounded

solution on Rþ :¼ ½0;yÞ if and only if it has a t-periodic solution. Massera’s

theorem is rephrased in terms of sets of initial values as follows: IB0q if

and only if IP0q, where IB and IP, respectively, are the sets of initial values

at t ¼ 0 for all bounded solutions on Rþ and for all t-periodic solutions. A

more important problem, as we believe, is to explicitly determine the sets IB

and IP; however, this problem has not been throughly resolved. We empha-

size that it is generally not so easy to describe the set IB. This is a motivation

of the present article.

As a special case, if AðtÞ ¼ A, a constant matrix, in the equation (1), the

above problem was studied for the first time and was completely solved by

Kato, Naito and Shin [13]. Their approach is based on a new representation

(Lemma 16) of solutions to the equation (1) with AðtÞ ¼ A, in which the

solutions are expressed as the sum of a t-periodic function and an exponential-

like function. Such a representation of solutions is obtained by transforming a

new representation of solutions of the discrete linear system

xnþ1 ¼ etAxn þ b; x0 ¼ w; n A N0 ð3Þ

into the continuous linear system (1).

The purpose of the present paper is to give a method for investigating the

asymptotic behavior of solutions to the periodic continuous linear system (1),

following the lines of arguments in [13]. It is based on a representation of

solutions, which is a reformulation of the variation of constants formula into

the sum of a t-periodic function and an exponential-like function. By using

the representation, the sets of initial values are completely classified according

to the asymptotic behavior of the corresponding solutions to the continuous

system (1). In particular, the set IB of the initial values of bounded solutions

is precisely characterized.

Firstly, we give the representation (Theorem 6) of solutions to the discrete

linear equation (2) by introducing characteristic quantities described by the

initial value w, the inhomogeneous term b and the projection from Cp to the

generalized eigenspace of B. It has a form di¤erent from a result (Theorem 9)

in [13] for the case where B ¼ etA.

Secondly, we establish translation formulae. As mentioned above, there

are two di¤erent representations of solutions to the equation (2) for the case
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where B ¼ etA; one (Theorem 9) is based on A and the other (Theorem 6) is

based on B. They describe the same solution, but they are of di¤erent forms

in appearance. Therefore it is very important to investigate the mathematical

mechanism of translation from the representation in terms of B into the one in

terms of A, and vice versa. By comparing the two representations of solutions,

we establish translation formulae (Theorem 11), which are deeply related to the

binomial coe‰cients, the Bernoulli numbers and the Stirling numbers. The

translation formulae play an essential role in the proof of our representation

theorem of solutions for the periodic continuous linear system (1).

Thirdly, we give novel representations (Theorem 1) of solutions to the

equation (1). It is well-known that the solution of the equation (1) is given

as

xðt;w; f Þ ¼ Uðt; 0Þwþ
ð t
0

Uðt; sÞ f ðsÞds ðt A RÞ; ð4Þ

by using the variation of constants formula, where Uðt; sÞ stands for the

solution operator of the associated homogeneous equation

d

dt
xðtÞ ¼ AðtÞxðtÞ: ð5Þ

To investigate asymptotic behavior of solutions for equations (1), we have to

analyze the integral term in the right side of (4). However the analysis is not

easy. Moreover, it seems that the periodicity of the equation is not explicitly

reflected in the representation (4). We therefore transform (4) into the sum of

a t-periodic function and an exponential-like function.

The idea of our proof is stated as follows. By Floquet’s theorem it is

well-known that the equation (1) is reduced to the equation of the form

y 0ðtÞ ¼ AyðtÞ þ gðtÞ. For this equation, a representation of solutions has been

already obtained in [13]. As a result, a representation of solutions to the

equation (1) is immediately obtained, which depends on the characteristic

exponents. However, it is not easy to obtain a representation of solutions in

terms of the characteristic multipliers. To get over this di‰cult, we will utilize

translation formulae as mentioned earlier.

Finally, as applications of the precceding results, we completely charac-

terize the asymptotic behavior of solutions of (1). The set Cp of initial values

of the solutions is completely classified according to the asymptotic behavior

of solutions to the equation (1). In particular, the set IB for (1) is exactly

determined in the concrete fashion (see Theorem 4).

We give the main results in the first half (section 2) and their proofs in the

latter half (sections 3, 4, and 5) of the present paper.
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2. Main results

In this section we give main results together with some terminologies

and notations. First, we give representations of solutions of the equation (1).

Next, we systematically and completely characterize asymptotic behavior,

boundedness and periodicity of solutions to the equation (1).

2.1. Representations of solutions. For a complex p� p matrix H we denote

by sðHÞ the set of all eigenvalues of H, and by hHðhÞ the index of h A sðHÞ.
Let GHðhÞ ¼ NððH � hEÞhH ðhÞÞ be the generalized eigenspace corresponding to

h A sðHÞ; where E is the unit matrix. Let Qh ¼ QhðHÞ : Cp ! GHðhÞ be the

projection corresponding to the direct sum decomposition

Cp ¼ 0
h A sðHÞ

GHðhÞ:

In particular, let H be related by H ¼ etA, t > 0. Then by the spectral

mapping theorem we see that sðHÞ ¼ etsðAÞ and

smðAÞ :¼ fl A sðAÞ j m ¼ etlg0q

for every m A sðHÞ. Moreover, the following relations hold:

hHðmÞ ¼ maxfhAðlÞ j l A smðAÞg;

GHðmÞ ¼ 0
l A smðAÞ

GAðlÞ ð6Þ

and

HQlðAÞ ¼ QlðAÞH; Qm ¼
X

l A smðAÞ
QlðAÞ;

QlðAÞQm ¼ QlðAÞ ðl A smðAÞÞ: ð7Þ

The k-th derivative aðkÞðzÞ of the function aðzÞ ¼ ðz� 1Þ�1 ðz0 1Þ is given
by

aðkÞðzÞ ¼ �k!ð1� zÞ�k�1: ð8Þ

For any m A sðHÞ with m0 1, a matrix ZmðHÞ is defined by

ZmðHÞ ¼
XhH ðmÞ�1

k¼0

aðkÞðmÞ
k!

ðH � mEÞk ¼ �
XhH ðmÞ�1

k¼0

1

ð1� mÞkþ1
ðH � mEÞk ðm0 1Þ:

Now we will introduce characteristic quantities: for m A sðHÞ and w; b A Cp,

gmðw; b;HÞ ¼ Qmwþ ZmðHÞQmb ðm0 1Þ;
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and

dðw; b;HÞ ¼ ðH � EÞQ1wþQ1b ðm ¼ 1Þ:

The solution operator Uðt; sÞ : Cp ! Cp, t; s A R is defined by

Uðt; sÞw ¼ uðt; s;wÞ;

where uðt; s;wÞ is the unique solution of the equation (5) with the initial

condition uðsÞ ¼ w A Cp. Since Uðt; 0Þ is a nonsingular matrix, we can take a

matrix A such that Uðt; 0Þ ¼ etA. Define PðtÞ ¼ Uðt; 0Þe�tA. Then it is easy

to see that Pðtþ tÞ ¼ PðtÞ. Thus we have the Floquet representation Uðt; 0Þ
¼ PðtÞetA. The period map VðtÞ, t A R is defined by VðtÞ ¼ Uðt; t� tÞ ¼
Uðtþ t; tÞ; from which it follows that Vðtþ tÞ ¼ VðtÞ, t A R and VðtÞUðt; sÞ ¼
Uðt; sÞVðsÞ, t; s A R. Note that sðVðtÞÞ ¼ sðVð0ÞÞ holds (see Lemma 13).

For m A sðVð0ÞÞ the projection QmðtÞ ¼ QmðVðtÞÞ : Cp ! GVðtÞðmÞ has the prop-

erty QmðtÞUðt; sÞ ¼ Uðt; sÞQmðsÞ. Set

bf ¼
ð t
0

Uðt; sÞ f ðsÞds

in the equation (1). Then characteristic quantities are defined by

gmðw; bf Þ ¼ gmðw; bf ;Vð0ÞÞ; dðw; bf Þ ¼ dðw; bf ;Vð0ÞÞ:

The eigenvalues of Vð0Þ ¼ etA and A are called the characteristic multiplier

and the characteristic exponent of Uðt; sÞ, respectively. Now we introduce a

matrix SmðtÞ to change etl for l A smðAÞ to a form of m A sðVð0ÞÞ. For any

characteristic multiplier m A sðVð0ÞÞ we take a characteristic exponent r,

ð�p < =ðtrÞa pÞ such that m ¼ etr. Define m t by m t ¼ ettr and set

SmðtÞ ¼ m�t=t
X

l A smðAÞ
etlPl;

where Pl ¼ QlðAÞ, l A sðAÞ. Then SmðtÞ is t-periodic. In fact, by choosing a

r ð�p < =ðtrÞa pÞ such that m ¼ etr for l A smðAÞ we get

etl ¼ eðt=tÞtl ¼ eðt=tÞtreðt=tÞðtl�trÞ ¼ m t=teðt=tÞðtl�trÞ;

which implies that X
l A smðAÞ

etlPl ¼ m t=t
X

l A smðAÞ
eðt=tÞðtl�trÞPl:

Hence we obtain

SmðtÞ ¼
X

l A smðAÞ
eðt=tÞðtl�trÞPl:
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Since etl ¼ etr ¼ m, there is an integer nðlÞ such that tl� tr ¼ 2nðlÞpi.
Therefore SmðtÞ is t-periodic.

Put RmðtÞ ¼ PðtÞSmðtÞ. Then RmðtÞ is also t-periodic.

Now we state a representation theorem of solutions to the equation (1).

Theorem 1. Let m A sðVð0ÞÞ. The component QmðtÞxðtÞ of solutions xðtÞ
of the equation (1) satisfying the initial condition xð0Þ ¼ w is expressed as

follows:

1) Let m0 1. Then QmðtÞxðtÞ is expressed as

QmðtÞxðtÞ ¼ Uðt; 0Þgmðw; bf Þ þ hmðt; f Þ ðt A RÞ ð9Þ

¼ RmðtÞm t=t
XhVð0ÞðmÞ�1

k¼0

t

t

� �
k

1

k!mk
ðVð0Þ � mEÞkgmðw; bf Þ

þ hmðt; f Þ ðt A RÞ; ð10Þ

and hmðt; f Þ is a t-periodic solution of the equation (1) in GVðtÞðmÞ, where

hmðt; f Þ ¼ �Uðt; 0ÞZmðVð0ÞÞQmð0Þbf þ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds:

2) Let m ¼ 1. Then QmðtÞxðtÞ is expressed as

Q1ðtÞxðtÞ ¼ R1ðtÞ
XhVð0Þð1Þ�1

k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkdðw; bf Þ

þ R1ðtÞQ1ð0Þwþ h1ðt; f Þ ðt A RÞ ð11Þ

and h1ðt; f Þ is a t-periodic continuous function, where

h1ðt; f Þ ¼ �R1ðtÞ
XhVð0Þð1Þ�1

k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkQ1ð0Þbf

þ
ð t
0

Uðt; sÞQ1ðsÞ f ðsÞds:

We give a simple example of Theorem 1. Consider the one dimensional

periodic linear di¤erential equation of the type

d

dt
xðtÞ ¼ aðtÞxþ f ðtÞ; ð12Þ

where aðtÞ and f ðtÞ are t-periodic and continuous real-valued functions.
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Set

aðt; sÞ ¼
ð t
s

aðrÞdr ðt; s A RÞ and aðtÞ ¼ aðt; 0Þ:

The solution operator Uðt; sÞ of the homogeneous equation associated with the

equation (12) is given by Uðt; sÞ ¼ eaðt; sÞ. Since aðtþ t; tÞ ¼ aðtÞ, the period

map VðtÞ has the property VðtÞ ¼ Vð0Þ ¼ eaðtÞ for all t A R, and hence QmðtÞ
¼ Qmð0Þ ¼ 1. Obviously, sðVð0ÞÞ ¼ fmg, m ¼ eaðtÞ. It is easy to verify that

hVð0ÞðmÞ ¼ 1. Setting mðaÞ ¼ aðtÞ
t
, we have that Vð0Þ ¼ etmðaÞ. Thus its char-

acteristic exponent l is given by l ¼ mðaÞ, and Pl ¼ 1. Hence m t=t ¼ etmðaÞ.

By Floquet’s Theorem Uðt; 0Þ is expressed as Uðt; 0Þ ¼ PðtÞetmðaÞ. Therefore

SmðtÞ and RmðtÞ are given as

SmðtÞ ¼ m�t=teltPl ¼ e�tmðaÞetmðaÞ ¼ 1;

and

RmðtÞ ¼ PðtÞSmðtÞ ¼ PðtÞ ¼ eaðtÞ�tmðaÞ ¼ eaðtÞ�ðt=tÞaðtÞ;

respectively. If aðtÞ0 0, then m0 1 and

ZmðVð0ÞÞ ¼ 1

m� 1
; gmðw; bf Þ ¼ wþ 1

m� 1
bf :

If aðtÞ ¼ 0, then m ¼ 1 and hVð0Þð1Þ ¼ 1. Thus R1ðtÞ ¼ eaðtÞ and dðw; bf Þ ¼ bf .

By Theorem 1, the solution xðt;w; f Þ of the equation (12) is given as

follows.

Proposition 1.

1) Let m0 1. Then the solution xðt;w; f Þ of the equation (12) is ex-

pressed by

xðt;w; f Þ ¼ eaðtÞ wþ 1

m� 1
bf

� �
þ hmðt; f Þ

¼ eaðtÞ�ðt=tÞaðtÞeðt=tÞaðtÞ wþ 1

m� 1
bf

� �
þ hmðt; f Þ

and hmðt; f Þ is a t-periodic solution to the equation (12), where

hmðt; f Þ ¼
eaðtÞ

1� m
bf þ

ð t
0

eaðt; sÞf ðsÞds ¼ eaðtÞ

1� m

ð tþt

t

eaðt; sÞf ðsÞds:

81Representations of solutions and translation formulae



2) Let m ¼ 1. Then the solution xðt;w; f Þ of the equation (12) is ex-

pressed by

xðt;w; f Þ ¼ teaðtÞ

t
bf þ eaðtÞwþ h1ðt; f Þ

and h1ðt; f Þ is a t-periodic function, where

h1ðt; f Þ ¼ � teaðtÞ

t
bf þ

ð t
0

eaðt; sÞf ðsÞds:

As a special case of Theorem 1, we consider the case where jmj0 1,

m A sðVð0ÞÞ. Set

sþðVð0ÞÞ ¼ fm j jmj > 1g and s�ðVð0ÞÞ ¼ fm j jmj < 1g:

Then sðVð0ÞÞ ¼ sþðVð0ÞÞU s�ðVð0ÞÞ.

Theorem 2. Let m A sðVð0ÞÞ.
1) If m A sþðVð0ÞÞ, then

ZmðVð0ÞÞQmð0Þbf ¼
ðy
0

Uð0; sÞQmðsÞ f ðsÞds;

QmðtÞxðtÞ ¼ Uðt; 0Þgmðw; bf Þ �
ðy
t

Uðt; sÞQmðsÞ f ðsÞds; ð13Þ

and the integral term with minus sign in (13) is a continuous t-periodic solution

of the equation (1) in GVðtÞðmÞ.
2) If m A s�ðVð0ÞÞ, then

ZmðVð0ÞÞQmð0Þbf ¼ �
ð0
�y

Uð0; sÞQmðsÞ f ðsÞds;

QmðtÞxðtÞ ¼ Uðt; 0Þgmðw; bf Þ þ
ð t
�y

Uðt; sÞQmðsÞ f ðsÞds; ð14Þ

where the integral term in (14) is a continuous t-periodic solution of the equation

(1) in GVðtÞðmÞ.

2.2. Asymptotic behavior. As applications of Theorem 1 and Theorem 2, we

characterize asymptotic behavior, boundedness and periodicity of solutions to

the equation (1).

First, we shall state general results on asymptotic behavior of solutions to

the equation (1). To do so, we introduce the following concept: an index dðmÞ,
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m A sðVð0ÞÞ; of growth order for the component Qmw of the initial value w to

the equation (1) is defined as follows:

If m0 1, then dðmÞ ¼ 0 in the case that gmðw; bf Þ ¼ 0; otherwise, dðmÞ is a

positive integer such that

ðVð0Þ � mEÞdðmÞ�1gmðw; bf Þ0 0; ðVð0Þ � mEÞdðmÞgmðw; bf Þ ¼ 0:

If m ¼ 1, then dð1Þ ¼ 0 in the case that dðw; bf Þ ¼ 0; otherwise, dð1Þ is a

positive integer such that

ðVð0Þ � EÞdð1Þ�1
dðw; bf Þ0 0; ðVð0Þ � EÞdð1Þdðw; bf Þ ¼ 0:

If sðVð0ÞÞ ¼ fm1; m2; . . . ; msg, then we denote by ðdðm1Þ; dðm2Þ; . . . ; dðmsÞÞ the

index of growth order for initial value w to the equation (1). Clearly, dðmÞa
hVð0ÞðmÞ.

Asymptotic behavior of solutions to the equation (1) is quickly derived in

the following theorem.

Theorem 3. Let m A sðVð0ÞÞ and let QmðtÞxðtÞ be the component of the

solution xðtÞ :¼ xðt;w; f Þ of the equation (1).

1) The case where jmj > 1.

(1) If dðmÞ ¼ 0, then QmðtÞxðtÞ is t-periodic:

QmðtÞxðtÞ ¼ �
ðy
t

Uðt; sÞQmðsÞ f ðsÞds:

(2) If dðmÞ ¼ 1, then QmðtÞxðtÞ is unbounded on Rþ:

QmðtÞxðtÞ ¼ m t=tRmðtÞgmðw; bf Þ þ hmðt; f Þ ! y ðt ! þyÞ;

and QmðtÞxðtÞ is asymptotically t-periodic on R�:

QmðtÞxðtÞ ¼ �
ðy
t

Uðt; sÞQmðsÞ f ðsÞdsþ oð1Þ ðt ! �yÞ:

(3) If dðmÞ > 1, then QmðtÞxðtÞ is unbounded on Rþ:

QmðtÞxðtÞ ¼ RmðtÞ
�
t
t

�dðmÞ�1
m t=t

ðdðmÞ � 1Þ!mdðmÞ�1
ðVð0Þ � mEÞdðmÞ�1gmðw; bf Þ

þ oðtdðmÞ�1m t=tÞ ðt ! þyÞ;

and QmðtÞxðtÞ is asymptotically t-periodic on R�:

QmðtÞxðtÞ ¼ �
ðy
t

Uðt; sÞQmðsÞ f ðsÞdsþ oð1Þ ðt ! �yÞ:
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2) The case where jmj < 1.

(1) If dðmÞ ¼ 0, then QmðtÞxðtÞ is t-periodic:

QmðtÞxðtÞ ¼
ð t
�y

Uðt; sÞQmðsÞ f ðsÞds:

(2) If dðmÞ ¼ 1, then QmðtÞxðtÞ is asymptotically t-periodic on Rþ:

QmðtÞxðtÞ ¼
ð t
�y

Uðt; sÞQmðsÞ f ðsÞdsþ oð1Þ ðt ! þyÞ;

and QmðtÞxðtÞ is unbounded on R�:

QmðtÞxðtÞ ¼ m t=tRmðtÞgmðw; bf Þ þ hmðt; f Þ ! y ðt ! �yÞ:

(3) If dðmÞ > 1, then QmðtÞxðtÞ is asymptotically t-periodic on Rþ:

QmðtÞxðtÞ ¼
ð t
�y

Uðt; sÞQmðsÞ f ðsÞdsþ oð1Þ ðt ! þyÞ;

and QmðtÞxðtÞ is unbounded on R�:

QmðtÞxðtÞ ¼ RmðtÞ
�
t
t

�dðmÞ�1
m t=t

ðdðmÞ � 1Þ!mdðmÞ�1
ðVð0Þ � mEÞdðmÞ�1

gmðw; bf Þ

þ oðtdðmÞ�1m t=tÞ ðt ! �yÞ:

3) The case where jmj ¼ 1, m0 1.

(1) If dðmÞ ¼ 0, then QmðtÞxðtÞ is t-periodic: QmðtÞxðtÞ ¼ hmðt; f Þ.
(2) If dðmÞ ¼ 1, then QmðtÞxðtÞ is bounded on R:

QmðtÞxðtÞ ¼ RmðtÞm t=tgmðw; bf Þ þ hmðt; f Þ:

(3) If dðmÞ > 1, then QmðtÞxðtÞ is unbounded on Rþ and R�:

QmðtÞxðtÞ ¼ RmðtÞ
�
t
t

�dðmÞ�1
m t=t

ðdðmÞ � 1Þ!mdðmÞ�1
ðVð0Þ � mEÞdðmÞ�1

gmðw; bf Þ

þ oðtdðmÞ�1Þ ðjtj ! yÞ:

4) The case where m ¼ 1.

(1) If dð1Þ ¼ 0, then Q1ðtÞxðtÞ is t-periodic:

Q1ðtÞxðtÞ ¼ R1ðtÞQ1ð0Þwþ h1ðt; f Þ:

(2) If dð1Þ ¼ 1, then Q1ðtÞxðtÞ is unbounded on Rþ and R�:

Q1ðtÞxðtÞ ¼
t

t
R1ðtÞdðw; bf Þ þ R1ðtÞQ1ð0Þwþ h1ðt; f Þ: ð15Þ
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(3) If dð1Þ > 1, then Q1ðtÞxðtÞ is unbounded on Rþ and R�:

Q1ðtÞxðtÞ ¼
t

t

� �dð1Þ
1

dð1Þ!R1ðtÞðVð0Þ � EÞdð1Þ�1dðw; bf Þ

þ oðtdð1ÞÞ ðjtj ! yÞ:

Proof. The proof is easily derived from Theorem 1 and Theorem 2.

r

Next, using Theorem 3, we characterize by initial sets bounded solutions

and t-periodic solutions for the equation (1). The proof immediately follows

from Theorem 3.

Theorem 4. The following statements hold true.

1 The solution xðt;w; f Þ of the equation (1) is bounded on Rþ if and only if

the following conditions hold: For every m A sðVð0ÞÞ,
1) if jmj > 1, then gmðw; bf Þ ¼ 0;

2) if m0 1 and jmj ¼ 1, then ðVð0Þ � mEÞgmðw; bf Þ ¼ 0;

3) if m ¼ 1, then dðw; bf Þ ¼ 0.

2 The solution xðt;w; f Þ of the equation (1) is bounded on R if and only

if the following conditions hold: For every m A sðVð0ÞÞ,
1) if jmj0 1, then gmðw; bf Þ ¼ 0;

2) if m0 1 and jmj ¼ 1, then ðVð0Þ � mEÞgmðw; bf Þ ¼ 0;

3) if m ¼ 1, then dðw; bf Þ ¼ 0.

3 The solution xðt;w; f Þ of the equation (1) is t-periodic if and only if the

following conditions hold: For every m A sðVð0ÞÞ,
1) if m0 1, then gmðw; bf Þ ¼ 0;

2) if m ¼ 1, then dðw; bf Þ ¼ 0.

As stated in Introduction, the sets IB and IP are characterized by using

Theorem 4. For the case where AðtÞ ¼ A in Theorem 4, see [13].

If bf ¼ 0 in Theorem 4, then the following result immediately follows from

Theorem 4. Clearly, if f ¼ 0, then bf ¼ 0.

Corollary 1. Assume that bf ¼ 0. The following statements hold true.

1 The solution xðt;w; f Þ of the equation (1) is bounded on Rþ if and only

if the following conditions hold: For every m A sðVð0ÞÞ,
1) if jmj > 1, then Qmð0Þw ¼ 0;

2) if jmj ¼ 1, then Qmð0Þw A NðVð0Þ � mEÞ:
2 The solution xðt;w; f Þ of the equation (1) is bounded on R if and only

if the following conditions hold: For every m A sðVð0ÞÞ,
1) if jmj0 1, then Qmð0Þw ¼ 0;

2) if jmj ¼ 1, then Qmð0Þw A NðVð0Þ � mEÞ:
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3 The solution xðt;w; f Þ of the equation (1) is t-periodic if and only if the

following conditions hold: For every m A sðVð0ÞÞ,
1) if m0 1, then Qmð0Þw ¼ 0;

2) if m ¼ 1, then Qmð0Þw A NðVð0Þ � EÞ.

Theorem 4 does not imply the existence of bounded solutions or t-periodic

solutions to the equation (1). The following theorem is concerned with its

existence, which is a refined version of Massera’s theorem [17]. Its proof is

obvious from Theorems 4.

Theorem 5. The following statements are equivalent.

1) The equation (1) has a bounded solution on Rþ.

2) 1 A sðVð0ÞÞ and there is a Q1ð0Þw such that dðw; bf Þ ¼ 0; or 1 B sðVð0ÞÞ.
3) The equation (1) has a t-periodic solution.

Corollary 2. Let 1 A sðVð0ÞÞ in the equation (1). The following state-

ments are equivalent:

1) There is a Q1ð0Þw such that dðw; bf Þ ¼ 0;

2) Q1ð0Þbf A ðVð0Þ � EÞGVð0Þð1Þ;
3) There is a w A Cp such that ðE � Vð0ÞÞw ¼ bf ;

For other well-known conditions concerned with conditions in Corollary 2,

refer to [25, pp. 467–469], [19, Theorem 2.2 in Chapter 8] and [6, Theorem

2.3.1, Corollary 2.3.2].

Notice that the results corresponding to Theorem 3, Theorem 4 and

Theorem 5 are also proved for the di¤erence equation (2) by using the same

argument as above. The descrete version of Theorem 1 is given in the next

section.

3. A representation of solutions of discrete linear systems

In this section we give a representation of solutions for the equation (2)

with characteristic quantities. To describe representations of solutions, we will

state briefly basic facts on the binomial theorem. Let x A R and k A N0. The

well-known factorial function ðxÞk is defined by

ðxÞk ¼
1; ðk ¼ 0Þ
xðx� 1Þðx� 2Þ . . . ðx� k þ 1Þ ðk A NÞ:

�

In particular, if x ¼ n is a positive integer, then

ðnÞk
k!

¼ n

k

� �
:¼ n!

k!ðn� kÞ! ; ðnÞk ¼ 0 ðk > nÞ:
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By the binomial theorem the relation

Xn
i¼0

ð�1Þ i n

i

� �
¼ 1 ðn ¼ 0Þ

0 ðn A NÞ

�

is easily shown. Moreover, we have

Xn�1

i¼k

i

k

� �
¼ n

k þ 1

� �
ðn A NÞ: ð16Þ

Indeed, applying the binomial theorem to the relation

Xn�1

i¼0

ð1þ xÞ i ¼ ð1þ xÞn � 1

x
;

and comparing the coe‰cients of the terms xk, we obtain the relation (16).

It is well-known that the solution xnðw; bÞ of the equation (2) with the

initial condition x0 ¼ w is given as

xnðw; bÞ ¼ Bnwþ SnðBÞb; ð17Þ

where

SnðBÞ ¼
Xn�1

k¼0

Bk ðn A NÞ; S0ðBÞ ¼ O:

Noticing that

ðB� EÞxnðw; bÞ ¼ Bn½ðB� EÞwþ b� � b;

we have that if 1 B sðBÞ, then

xnðw; bÞ ¼ Bn½wþ ðB� EÞ�1
b� � ðB� EÞ�1

b:

The interesting problem is how to deal with the case where 1 A sðBÞ. We will

employ spectral decomposition methods for this problem. Set Qm ¼ QmðBÞ for

m A sðBÞ. Applying Qm to (17), we have

Qmxnðw; bÞ ¼ BnQmwþ SnðBÞQmb: ð18Þ

We will rearrange the right side of the representation (18) by collecting the

terms which are the same order with respect to n.

Now we are in a position to state the main theorem in this section.

Theorem 6. Let m A sðBÞ and n A N0. The component Qmxnðw; bÞ of the

solution xnðw; bÞ of the equation (2) is expressed as follows:
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1) If m0 1, then

Qmxnðw; bÞ ¼ Bngmðw; bÞ � ZmðBÞQmb:

(1) If m0 0, then

Qmxnðw; bÞ ¼ mn
XhBðmÞ�1

k¼0

ðnÞk
k!mk

ðB� mEÞkgmðw; bÞ � ZmðBÞQmb:

(2) If m ¼ 0, then

Q0xnðw; bÞ ¼
�Z0ðBÞQ0b ðnb hBð0ÞÞ
Bng0ðw; bÞ � Z0ðBÞQ0b ðna hBð0Þ � 1Þ:

�

2) If m ¼ 1, then

Q1xnðw; bÞ ¼
XhBð1Þ�1

k¼0

ðnÞkþ1

ðk þ 1Þ! ðB� EÞkdðw; bÞ þQ1w:

Corollary 3. Let m A sðBÞ and hBðmÞ ¼ 1. Then the component

Qmxnðw; bÞ, n A N0 of the solution xnðw; bÞ of the equation (2) is expressed as

follows:

1) If m0 1, then

Qmxnðw; bÞ ¼ Bngmðw; bÞ � ZmðBÞQmb:

(1) If m0 0, then

Qmxnðw; bÞ ¼ mngmðw; bÞ � ZmðBÞQmb:

(2) If m ¼ 0, then

Q0xnðw; bÞ ¼
�Z0ðBÞQ0b ðnb 1Þ
Q0w ðn ¼ 0Þ:

�

2) If m ¼ 1, then

Q1xnðw; bÞ ¼ nQ1bþQ1w: ð19Þ

To prove Theorem 6, we will calculate the first term BnQmw and the

second term SnðBÞQmb in the right side of (18). Notice that

ðB� mEÞhBðmÞ�1
Qm 0O and ðB� mEÞhBðmÞQm ¼ O for m A sðBÞ:

First, the first term BnQmw is given in the following lemma. Its proof is

easy.
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Lemma 1. Let m A sðBÞ.
1) If m0 0, then

BnQm ¼ mn
XhBðmÞ�1

k¼0

ðnÞk
k!

m�kðB� mEÞkQm; n ¼ 0; 1; 2; . . . : ð20Þ

2) If m ¼ 0, then

BnQ0 ¼
O ðnb hBð0ÞÞ
BnQ0 ðna hBð0Þ � 1Þ:

�

Next, we will calculate the second term SnðBÞQmb.

Lemma 2. Let m A sðBÞ.
1) If m0 1, then

SnðBÞQm ¼ BnZmðBÞQm � ZmðBÞQm:

(1) If m0 0, then

SnðBÞQm ¼
XhBðmÞ�1

k¼0

ðnÞk
k!

mn�kðB� mEÞkZmðBÞQm � ZmðBÞQm:

(2) If m ¼ 0, then

SnðBÞQ0 ¼
�Z0ðBÞQ0 ðnb hBð0ÞÞ
BnZ0ðBÞQ0 � Z0ðBÞQ0 ðna hBð0Þ � 1Þ:

�

2) If m ¼ 1, then

SnðBÞQ1 ¼
XhBð1Þ�1

k¼0

n

k þ 1

� �
ðB� EÞkQ1:

Proof. Set h ¼ hBðmÞ and Bm ¼ B� mE. It follows from Lemma 1 that

SnðBÞQm ¼
Xn�1

i¼0

BiQm ¼
Xn�1

i¼0

Xh�1

k¼0

ðiÞk
k!

m i�kBk
mQm: ð21Þ

First, we consider the case where m0 1, m0 0. Exchanging the order of

summation in (21), we have

SnðBÞQm ¼
Xh�1

k¼0

1

k!

Xn�1

i¼0

ðiÞkm i�kBk
mQm ¼

Xh�1

k¼0

1

k!

Xn�1

i¼0

d k

dzk
zi

� �
z¼m

Bk
mQm

¼
Xh�1

k¼0

1

k!

d k

dzk
zn � 1

z� 1

� �
z¼m

Bk
mQm:
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Moreover, using the notation bðzÞ ¼ zn � 1, we get

Xh�1

k¼0

1

k!

d k

dzk
zn � 1

z� 1

� �
z¼m

Bk
mQm

¼
Xh�1

k¼0

1

k!

Xk
i¼0

k

i

� �
bðiÞðmÞaðk�iÞðmÞBk

mQm

¼
Xh�1

i¼0

Xh�1

k¼i

1

k!

k

i

� �
bðiÞðmÞaðk�iÞðmÞBk

mQm

¼
Xh�1

i¼0

Xh�1

k¼i

1

i!ðk � iÞ! b
ðiÞðmÞaðk�iÞðmÞBk

mQm:

Since Bk
mQm ¼ O, kb h; the following relation holds:

Xh�1

k¼i

1

i!ðk � iÞ! b
ðiÞðmÞaðk�iÞðmÞBk

mQm

¼
Xh�1þi

k¼i

1

i!ðk � iÞ! b
ðiÞðmÞaðk�iÞðmÞBk

mQm

¼
Xh�1

j¼0

1

i! j!
bðiÞðmÞað jÞðmÞBiþ j

m Qm:

Therefore we obtain

Xh�1

i¼0

Xh�1

k¼i

1

i!ðk � iÞ! b
ðiÞðmÞaðk�iÞðmÞBk

mQm

¼
Xh�1

i¼0

bðiÞðmÞ
i!

Bi
m

Xh�1

j¼0

1

j!
að jÞðmÞB j

mQm ¼
Xh�1

i¼0

bðiÞðmÞ
i!

Bi
m

 !
ZmðBÞQm

¼ ðmn � 1ÞE þ
Xh�1

i¼1

ðnÞi
i!

mn�iBi
m

 !
ZmðBÞQm

¼
Xh�1

i¼0

ðnÞi
i!

mn�iBi
mZmðBÞQm � ZmðBÞQm

¼ BnZmðBÞQm � ZmðBÞQm;

where in the last step we have used Lemma 1.
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Next, we consider the case where m ¼ 0. Since Z0ðBÞ ¼ �
Ph�1

k¼0 B
k; we

see that if nb h, then Z0ðBÞQ0 ¼ �
Pn�1

k¼0 B
kQ0 ¼ �SnðBÞQ0; if na h� 1, then

BnZ0ðBÞQ0 � Z0ðBÞQ0 ¼ �
Xh�1

k¼0

BkþnQ0 þ
Xh�1

k¼0

BkQ0

¼ �
Xh�1

k¼n

BkQ0 þ
Xh�1

k¼0

BkQ0

¼
Xn�1

k¼0

BkQ0 ¼ SnðBÞQ0:

Finally, we consider the case where m ¼ 1. Using the relation (16), we

have

SnðBÞQ1 ¼
Xn�1

i¼0

Xh�1

k¼0

ðiÞk
k!

m i�kBk
1Q1 ¼

Xn�1

i¼0

Xh�1

k¼0

i

k

� �
Bk
1Q1

¼
Xh�1

k¼0

Xn�1

i¼k

i

k

� � !
Bk
1Q1 ¼

Xh�1

k¼0

n

k þ 1

� �
Bk
1Q1:

Therefore the proof of the lemma is complete. r

Proof of Theorem 6. Put h ¼ hBðmÞ, Bm ¼ B� mE. The case where

m ¼ 0 is obvious from (18) and Lemma 2.

Let m0 1, m0 0. Using (18), (20) and Lemma 2, we have

Qmxnðw; bÞ ¼
Xh�1

k¼0

ðnÞk
k!

mn�kBk
mQmwþ

Xh�1

k¼0

ðnÞk
k!

mn�kBk
mZmðBÞQmb� ZmðBÞQmb;

from which it follows that

Qmxnðw; bÞ ¼
Xh�1

k¼0

ðnÞk
k!

mn�kBk
m ðQmwþ ZmðBÞQmbÞ � ZmðBÞQmb

¼ Bngmðw; bÞ � ZmðBÞQmb:

Let m ¼ 1. Using (18), (20) and Lemma 2 again, we have

Q1xnðw; bÞ ¼
Xh�1

k¼0

n

k

� �
Bk
1Q1wþ

Xh�1

k¼0

n

k þ 1

� �
Bk
1Q1b

¼ Q1wþ
Xh�1

k¼0

n

k þ 1

� �
Bkþ1
1 Q1wþ

Xh�1

k¼0

n

k þ 1

� �
Bk
1Q1b
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¼
Xh�1

k¼0

ðnÞkþ1

ðk þ 1Þ!B
k
1 ðB1Q1wþQ1bÞ þQ1w

¼
Xh�1

k¼0

ðnÞkþ1

ðk þ 1Þ!B
k
1

 !
dðw; bÞ þQ1w:

This proves the theorem. r

Next, we state properties of ZmðBÞ and gmðw; bÞ for the equation (2).

Theorem 7. If m0 1, m A sðBÞ, then

ðB� EÞZmðBÞQm ¼ Qm: ð22Þ

Proof. Putting n ¼ 1 in 1Þ in Lemma 2, we have

S1ðBÞQm ¼ BZmðBÞQm � ZmðBÞQm ¼ ðB� EÞZmðBÞQm:

Since S1ðBÞ ¼ E, the assertion (22) holds. r

Corollary 4. Assume that 1 B sðBÞ. Then

ðB� EÞ�1 ¼
X

m A sðBÞ
ZmðBÞQm: ð23Þ

Proof. Since B� E is nonsingular and the relation E ¼
P

m A sðBÞ Qm

holds, (23) is easily obtained from (22). r

Lemma 3. gmðw; bÞ ¼ 0 if and only if ðB� EÞgmðw; bÞ ¼ 0.

Proof. Assume that ðB� EÞgmðw; bÞ ¼ 0. Then gmðw; bÞ A GBð1Þ. More-

over, since gmðw; bÞ ¼ Qmðwþ ZmðBÞbÞ, we see that gmðw; bÞ A GBðmÞ. If m0 1,

then GBð1ÞVGBðmÞ ¼ f0g. Therefore we obtain gmðw; bÞ ¼ 0 and vice versa.

r

4. Translation formulae

In this section we establish translation formulae.

4.1. Formulation of translation formulae. Let us consider the case where B in

the equation (2) is nonsingular. Then 0 B sðBÞ. With the notation

B½k;m� ¼
1

k!mk
ðB� mEÞk ðm A sðBÞÞ;

Theorem 6 may be rewritten as follows.
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Theorem 8. Assume that B is nonsingular. Then the component

Qmxnðw; bÞ of the solution xnðw; bÞ of the equation (2) is expressed as follows:

1) If m0 1, then

Qmxnðw; bÞ ¼ mn
XhBðmÞ�1

k¼0

ðnÞkB½k;m�gmðw; bÞ � ZmðBÞQmb:

2) If m ¼ 1, then

Q1xnðw; bÞ ¼
XhBð1Þ�1

k¼0

ðnÞkþ1

1

k þ 1
B½k;1�dðw; bÞ þQ1w:

On the other hand, for the equation (3) a representation of solutions was

already given in the previous papers [13], [20]. It is based on A. To describe

the representation of solutions, let us introduce some notations. Set Pl ¼
QlðAÞ and

Ak;l ¼
tk

k!
ðA� lEÞk ðl A sðAÞÞ:

Let o ¼ 2p=t. Define two matrix functions for any l A sðAÞ as

XlðAÞ ¼
XhAðlÞ�1

k¼0

eðkÞðtlÞAk;l ðl B ioZÞ

and

YlðAÞ ¼
XhAðlÞ�1

k¼0

BkAk;l ðl A ioZÞ;

where eðzÞ ¼ ðez � 1Þ�1 and Bk, k ¼ 0; 1; 2; . . . ; are Bernoulli’s numbers (refer

to [18]). For the equation (3) we will introduce characteristic quantities: for

l A sðAÞ
alðw; bÞ :¼ alðw; b;AÞ ¼ Plwþ XlðAÞPlb ðl B ioZÞ

and

blðw; bÞ :¼ blðw; b;AÞ ¼ tðA� lEÞPlwþ YlðAÞPlb ðl A ioZÞ:

Theorem 9 [13], [20]. Let l A sðAÞ. The component Plxnðw; bÞ of the

solution xnðw; bÞ of the equation (3) is given as follows:

1) If l B ioZ, then

Plxnðw; bÞ ¼ entl
XhAðlÞ�1

k¼0

nkAk;lalðw; bÞ � XlðAÞPlb

¼ entAalðw; bÞ � XlðAÞPlb:
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2) If l A ioZ, then

Plxnðw; bÞ ¼
XhAðlÞ�1

k¼0

nkþ1 1

k þ 1
Ak;lblðw; bÞ þ Plw:

XlðAÞ and YlðAÞ for the equation (3) are characterized as follows. Since

the proofs are similar to Theorem 7 and Corollary 4, they are omitted.

Theorem 10.

1) If l A sðAÞnioZ, then

ðetA � EÞXlðAÞPl ¼ Pl:

2) If l A sðAÞV ioZ, then

ðetA � EÞYlðAÞPl ¼ tðA� lEÞPl:

Corollary 5. Assume that sðAÞV ioZ ¼ q. Then

ðetA � EÞ�1 ¼
X

l A sðAÞ
XlðAÞPl:

Throughout this section we assume that two complex p� p matrices B and

A in the equation (2) and the equation (3), respectively, are related by B ¼ etA,

t > 0. Then it is trivial that the equation (3) coincides with the equation (2).

The representation of the component Qmxnðw; bÞ in Theorem 8 is refined by

using subcomponents Plxnðw; bÞ, l A smðAÞ. This representation and Theorem

9 are di¤erent representations of the same component of the solution. To go

back and forth between these representations, we have to find some transla-

tion formulae referred to in Introduction. Therefore we will turn to find such

translation formulae. Comparing the above two representations of solutions,

the relations below hold.

If m ¼ etl 0 1, then

BnPlgmðw; bÞ � ZmðBÞPlb ¼ entAalðw; bÞ � XlðAÞPlb; ð24Þ

that is,

mn
XhBðmÞ�1

k¼0

ðnÞkB½k;m�Plgmðw; bÞ � ZmðBÞPlb

¼ entl
XhAðlÞ�1

k¼0

nkAk;lalðw; bÞ � XlðAÞPlb: ð25Þ
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If m ¼ 1, then

XhBð1Þ�1

k¼0

ðnÞkþ1

1

k þ 1
B½k;1�Pldðw; bÞ ¼

XhAðlÞ�1

k¼0

nkþ1 1

k þ 1
Ak;lblðw; bÞ: ð26Þ

Since the definition of hAðlÞ implies that

Ak;lPl 0O ð0a ka hAðlÞ � 1Þ; Ak;lPl ¼ O ðkb hAðlÞÞ;

and since hBðmÞb hAðlÞ, l A smðAÞ; the range of k in the sums of the right sides

of (25) and (26) can be extended over 0a ka hBðmÞ � 1. Furthermore, the

products Aj;lAk;l and B½ j;m�B½k;m� are obtained from the following rules.

Lemma 4.

Aj;lAk;l ¼
ð j þ kÞ!

j!k!
Ajþk;l ¼

j þ k

j

� �
Ajþk;l ¼

j þ k

k

� �
Ajþk;l:

In particular, A1;lAk;l ¼ ðk þ 1ÞAkþ1;l holds.

B½ j;m�B½k;m� ¼
ð j þ kÞ!
j!k!

B½ jþk;m� ¼
j þ k

j

� �
B½ jþk;m� ¼

j þ k

k

� �
B½ jþk;m�:

In particular, B½1;m�B½k;m� ¼ ðk þ 1ÞB½kþ1;m� holds.

Now the following statements A) and B) hold.

A) Bn ¼ entA ðn A N0Þ if and only if for all m A sðBÞ and l A smðAÞ the

relation

XhBðmÞ�1

k¼0

ðnÞkB½k;m�Pl ¼
XhBðmÞ�1

k¼0

nkAk;lPl ðn A N0Þ ð27Þ

holds. Indeed, if m0 1, then, taking b ¼ 0 in (25), the relation (27) holds,

because w is arbitrary; if m ¼ 1, then, taking b ¼ 0 in (26) and applying Lemma

4, we obtain the relation (27).

B) SnðBÞ ¼ SnðetAÞ ðn A N0Þ if and only if for all m A sðBÞ and l A smðAÞ
the following relations hold:

(1) If m0 1, then

ZmðBÞPl ¼ XlðAÞPl: ð28Þ

(2) If m ¼ 1, then

XhBð1Þ�1

k¼0

ðnÞkþ1

1

k þ 1
B½k;1�Pl ¼

XhBð1Þ�1

k¼0

nkþ1 1

k þ 1
Ak;lYlðAÞPl: ð29Þ
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Indeed, if m0 1, then, taking w ¼ 0 in (24), we have that

BnPlðZmðBÞPlb� XlðAÞPlbÞ ¼ ZmðBÞPlb� XlðAÞPlb:

Put n¼ 1 and v ¼ ZmðBÞPlb� XlðAÞPlb. Since Plv¼ v, we have ðB� EÞv¼ 0,

that is, v A NðB� EÞ. Since m0 1, we get v ¼ 0, and hence (28) holds. If

m ¼ 1, then, taking w ¼ 0 in (26), we obtain (29).

The relations ð27Þ and ð29Þ depend on n. However, if we regards these

relations as the expression of polynomials of n with degree hBðmÞ � 1 and

hBð1Þ, we can derive new relations, independent of n, between coe‰cient

matrices.

The Stirling numbers of the first kind
j

k

� �
ð¼ sj;kÞ and the Stirling

numbers of the second kind
k

j

� �
ð¼ Sk; jÞ are introduced as the coe‰cients of

the transform of bases of polynomials as follows:

ðxÞj ¼
Xj

k¼0

j

k

� �
xk; j A N0; xk ¼

Xk
j¼0

k

j

� �
ðxÞj; k A N0:

By definition of the Stirling number of the second kind, ð27Þ may be rewritten

as

XhBðmÞ�1

k¼0

ðnÞkB½k;m�Pl ¼
XhBðmÞ�1

j¼0

Xj

k¼0

j

k

� �
ðnÞkAj;lPl

¼
XhBðmÞ�1

k¼0

ðnÞk
XhBðmÞ�1

j¼k

j

k

� �
Aj;lPl:

Hence if 0a ka hBðmÞ � 1, then

B½k;m�Pl ¼
XhBðmÞ�1

j¼k

j

k

� �
Aj;lPl:

Also, by definition of the Stirling number of the first kind we have that, for

0a ja hBðmÞ � 1,

Aj;lPl ¼
XhBðmÞ�1

k¼ j

k

j

� �
B½k;m�Pl:

The relation ð29Þ is translated as
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XhBð1Þ�1

k¼0

ðnÞkþ1

1

k þ 1
B½k;1�Pl ¼

XhBð1Þ�1

j¼0

1

j þ 1

Xjþ1

k¼0

j þ 1

k

� �
ðnÞkAj;lYlðAÞPl

¼
XhBð1Þ�1

j¼0

1

j þ 1

Xj

k¼0

j þ 1

k þ 1

� �
ðnÞkþ1Aj;lYlðAÞPl

¼
XhBð1Þ�1

k¼0

ðnÞkþ1

XhBð1Þ�1

j¼k

j þ 1

k þ 1

� �
1

j þ 1
Aj;lYlðAÞPl:

Thus, if 0a ka hBð1Þ � 1, then

1

k þ 1
B½k;1�Pl ¼

XhBð1Þ�1

j¼k

j þ 1
k þ 1

� �
1

j þ 1
Aj;lYlðAÞPl: ð30Þ

Also, ð30Þ is equivalent to the following relation for 0a ja hBð1Þ � 1:

1

j þ 1
Aj;lYlðAÞPl ¼

XhBð1Þ�1

k¼ j

k þ 1

j þ 1

� �
1

k þ 1
B½k;1�Pl:

Summarizing these results, we arrive at the translation formulae.

Theorem 11. Let B ¼ etA, t > 0 and l A smðAÞ.
1) (Translation formula I) If 0a ka hBðmÞ � 1, then

B½k;m�Pl ¼
XhBðmÞ�1

j¼k

j

k

� �
Aj;lPl; ð31Þ

or equivalently, if 0a ja hBðmÞ � 1, then

Aj;lPl ¼
XhBðmÞ�1

k¼ j

k

j

� �
B½k;m�Pl: ð32Þ

2) (Translation formula II) If m0 1, then

ZmðBÞPl ¼ XlðAÞPl:

3) (Translation formula III) Let m ¼ 1. If 0a ka hBð1Þ � 1, then

1

k þ 1
B½k;1�Pl ¼

XhBð1Þ�1

j¼k

j þ 1

k þ 1

� �
1

j þ 1
Aj;lYlðAÞPl; ð33Þ
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or equivalently, if 0a ja hBð1Þ � 1, then

1

j þ 1
Aj;lYlðAÞPl ¼

XhBð1Þ�1

k¼ j

k þ 1

j þ 1

� �
1

k þ 1
B½k;1�Pl: ð34Þ

Remark 1. We note that n A N0 in ð27Þ and ð29Þ may be replaced by any

real number t A R, that is, the relations

XhBðmÞ�1

k¼0

ðtÞkB½k;m�Pl ¼
XhBðmÞ�1

k¼0

tkAk;lPl ðt A R; l A smðAÞÞ ð35Þ

XhBð1Þ�1

k¼0

ðtÞkþ1

1

k þ 1
B½k;1�Pl ¼

XhBð1Þ�1

k¼0

tkþ1 1

k þ 1
Ak;lYlðAÞPl

ðt A R; l A s1ðAÞÞ ð36Þ

hold true.

Remark 2. If kb hAðlÞ, the right side in the relation (31) is the zero

matrix. Thus we have the following fact: If l A smðAÞ and if kb hAðlÞ, then
B½k;m�Pl ¼ O.

Applying Translation formulae, we give relationships between alðw; bÞ and

gmðw; bÞ for l A smðAÞ, m0 1 and between blðw; bÞ and dðw; bÞ for l A s1ðAÞ,
which are used in later sections.

Theorem 12. Let l A smðAÞ.
1) If m0 1, then Plgmðw; bÞ ¼ alðw; bÞ or gmðw; bÞ ¼

P
l A smðAÞ alðw; bÞ.

2) If m ¼ 1, then

XhBð1Þ�1

k¼0

ð�1Þk

k þ 1
ðB� EÞkPldðw; bÞ ¼ blðw; bÞ:

Proof. The assertion 1) is obvious from Translation formula II. To

prove the assertion 2), it is su‰cient to verify the following two relations:

XhBð1Þ�1

k¼0

ð�1Þk

k þ 1
ðB� EÞkþ1

Pl ¼ A1;lPl ð37Þ

and

XhBð1Þ�1

k¼0

ð�1Þk

k þ 1
ðB� EÞkPl ¼ YlðAÞPl: ð38Þ
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By the relation (32) in Translation formula I we get

A1;lPl ¼
XhBð1Þ�1

k¼1

k

1

� �
B½k;1�Pl ¼

XhBð1Þ�1

k¼0

k þ 1

1

� �
B½kþ1;1�Pl

¼
XhBð1Þ�1

k¼0

ð�Þkk!Bkþ1;1Pl ¼
XhBð1Þ�1

k¼0

ð�1Þk

k þ 1
ðB� EÞkþ1

Pl:

By definition of the Staring numbers of the first kind we have

k þ 1

1

� �
¼ ð�1Þkk!:

Take j ¼ 0 in the left side of (34) of Translation formula III. Then we see

that the relation

YlðAÞPl ¼
XhBð1Þ�1

k¼0

k þ 1

1

� �
1

k þ 1
B½k;1�Pl

¼
XhBð1Þ�1

k¼0

ð�1Þkk! 1

k þ 1
B½k;1�Pl

¼
XhBð1Þ�1

k¼0

ð�1Þk

k þ 1
ðB� EÞkPl

holds. This proves the theorem. r

Theorem 13. Let l A s1ðAÞ. Then

XhAðlÞ�1

k¼0

tkþ1 1

k þ 1
Ak;lblðw; bÞ ¼

XhBð1Þ�1

k¼0

ðtÞkþ1

1

k þ 1
B½k;1�Pldðw; bÞ ðt A RÞ: ð39Þ

Proof. By (36) in Remark 1 we have that

XhBð1Þ�1

k¼0

ðtÞkþ1

1

k þ 1
B½k;1�Pl ¼

XhAðlÞ�1

k¼0

tkþ1 1

k þ 1
Ak;lYlðAÞPl; ð40Þ

from which it follows that

XhBð1Þ�1

k¼0

ðtÞkþ1

1

k þ 1
B½k;1�PlB½1;1� ¼

XhAðlÞ�1

k¼0

tkþ1 1

k þ 1
Ak;lYlðAÞPlB½1;1�

¼
XhAðlÞ�1

k¼0

tkþ1 1

k þ 1
Ak;lB½1;1�YlðAÞPl:
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In view of (37) and (38) we notice that, if l A s1ðAÞ, then

ðB� EÞYlðAÞPl ¼ A1;lPl: ð41Þ

Hence we obtain

XhBð1Þ�1

k¼0

ðtÞkþ1

1

k þ 1
B½k;1�PlB½1;1� ¼

XhAðlÞ�1

k¼0

tkþ1 1

k þ 1
Ak;lA1;lPl: ð42Þ

By adding two relations (40) and (42), the relation (39) easily follows. r

As an application of Theorem 12, we shall consider Lyapunov exponents

of solutions to the equation (1).

Definition 1. For a function j : ½t0;yÞ ! Cp we define the Lyapunov

exponent wðjðtÞÞ by

wðjðtÞÞ ¼ lim sup
t!y

logkjðtÞk
t

if the support of j is not compact, and wðjðtÞÞ ¼ �y if the support of j is

compact.

Lemma 5 [21]. Let xðt;w; hÞ be any solution of the equation x 0ðtÞ ¼
AxðtÞ þ hðtÞ, h A PtðCpÞ. If there exists a l A sðAÞ such that <l > 0 and

that alðw; ahÞ0 0, then

wðxðt;w; hÞÞ ¼ maxf<l j l A sðAÞ;<l > 0; alðw; ahÞ0 0g;

otherwise wðxðt;w; hÞÞ ¼ 0.

The following result easily follows from Lemma 5, Floquet’s Theorem and

Theorem 12.

Theorem 14. Let xðt;w; f Þ be any solution of the equation (1). If there

exists a m A sðVð0ÞÞ such that jmj > 1 and that gmðw; bf Þ0 0, then

wðxðt;w; f ÞÞ ¼ 1

t
maxflogjmj j m A sðVð0ÞÞ; jmj > 1; gmðw; bf Þ0 0g;

otherwise wðxðt;w; f ÞÞ ¼ 0.

If Translation formulae are directly proved under the only condition

B ¼ etA, t > 0, then the representation (Theorem 9) of solutions based on A is

immediately deduced from the one (Theorem 8) based on B, and vice versa.
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Notice that the establishment of Translation formulae plays an essential role

in proving a main theorem (Theorem 1) in the present paper.

So, we will give direct proofs of Translation formulae in the next sub-

section by combinatorial computations.

4.2. Proofs of translation formulae. First, we give a proof of Translation

formula I. The relations (31) and (32) in Translation formula I are equivalent

to each other. So, we will prove (31). To do so, we will characterize the

Stirling numbers as the form of the sum. For n;m; k A N, pðn;m; kÞ stands for
the set of all finite sequences a :¼ ða1; a2; . . . ; anÞ, ai A N0, i ¼ 1; 2; . . . ; n; which

satisfy

a1 þ a2 þ � � � þ an ¼ m; a1 þ 2a2 þ � � � þ nan ¼ k:

Moreover, put

qðn;mÞ ¼ fða1; a2; . . . ; anÞ : a1 þ a2 þ � � � þ an ¼ m; ai A N0g:

We make use the product notation such that
Qn

i¼1 ai ¼ a1a2 . . . an.

Lemma 6 [8], [14]. For 1ama n, the following relation holds true:

n

m

� �
¼

X
a A pðn;m;nÞ

n!
Yn
i¼1

1

ðai!Þði!Þai
:

Lemma 7.

XhAðlÞ�1

i¼1

Ai;l

 !k
¼ k!

XhAðlÞ�1

i¼k

i

k

� �
Ai;l ðka hAðlÞ � 1Þ:

Proof. For the simplicity, we set Ai ¼ Ai;l, n ¼ hAðlÞ � 1. Applying

Newton’s polynomial formula, we have

Xn
i¼1

Ai

 !k
¼

X
j A qðn;kÞ

k!Qn
i¼1ð ji!Þ

A
j1
1 A

j2
2 . . .A jn

n

¼
X

j A qðn;kÞ

k!Qn
i¼1ð ji!Þ

t

1!

� �j1 t2

2!

� �j2
. . .

tn

n!

� �jn
ðA� lEÞ j1þ2j2þ���þnjn

¼
X

j A qðn;kÞ

k!t j1þ2j2þ���þnjnQn
i¼1ð ji!Þði!Þ

ji
ðA� lEÞ j1þ2j2þ���þnjn :
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Here qðn; kÞ is classified with the values of i ¼ j1 þ 2j2 þ � � � þ njn. Indeed,

since ðA� lEÞ i ¼ 0 for i > n, it is classified with the sum of i such that

ka ia n. Clearly, if ka ia n and if ð j1; j2; . . . ; jnÞ A pðn; k; iÞ, then jiþ1 ¼
jiþ2 ¼ � � � ¼ jn ¼ 0; that is, ð j1; j2; . . . ; jiÞ A pði; k; iÞ. Using Lemma 6, we

obtain

Xn
i¼1

Ai

 !k
¼ k!

Xn
i¼k

X
j A pðn;k; iÞ

1Qn
m¼1ð jm!Þðm!Þ jm

t iðA� lEÞ i

¼ k!
Xn
i¼k

X
j A pði;k; iÞ

i!Q i
m¼1ð jm!Þðm!Þ jm

t i

i!
ðA� lEÞ i

¼ k!
Xn
i¼k

i

k

� �
Ai:

This proves the lemma. r

The proof of Translation formula I. Using the spectral decomposition

theorem of etA, we have

etAPl ¼ m
XhAðlÞ�1

j¼0

Aj;l

 !
Pl: ð43Þ

Let ka hAðlÞ � 1. By Lemma 7 and the relation (43), we get

ðB� mEÞkPl ¼ ðetAPl � etlPlÞk ¼ m
XhAðlÞ�1

j¼0

Aj;lPl � mPl

 !k

¼ mk
XhAðlÞ�1

j¼1

Aj;l

 !k
Pl

¼ mkk!
XhAðlÞ�1

j¼k

j

k

� �
Aj;l

 !
Pl:

This proves (31). r

Next, we give a proof of Translation formula III. Since the relations (33)

and (34) in Translation formula III are equivalent to each other, we will prove

(34) only. The following lemmas are needed in the proof of (34).
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Lemma 8 [2], [9]. If m and j are positive integers, then

Xm
k¼0

1

k þ 1

m

k

� �
k þ 1

j

� �
¼ 1

mþ 1

mþ 1

j

� �
Bmþ1�j:

Lemma 9. l A ioZ, then

Aj;lYlðAÞPl ¼
XhBð1Þ�1

i¼ j

i

j

� �
Bi�jAi;lPl:

Proof. By definition of YlðAÞ and Lemma 4, we have

Aj;lYlðAÞPl ¼ Aj;l

XhAðlÞ�1

k¼0

BkAk;lPl

¼
XhBð1Þ�1

k¼0

j þ k

j

� �
BkAjþk;lPl

¼
XhBð1Þ�1

i¼ j

i

j

� �
Bi�jAi;lPl:

This completes the proof of the lemma. r

The proof of Translation formula III. Notice that if k < j, then

k

j

� �
¼ 0;

k

j

� �
¼ 0:

Using Translation formula I, we have

XhBð1Þ�1

k¼ j

k þ 1

j þ 1

� �
1

k þ 1
Bk;1Pl ¼

XhBð1Þ�1

k¼0

k þ 1

j þ 1

� �
1

k þ 1
Bk;1Pl

¼
XhBð1Þ�1

k¼0

k þ 1

j þ 1

� �
1

k þ 1

XhBð1Þ�1

i¼k

i

k

� �
Ai;lPl

¼
XhBð1Þ�1

i¼0

Xi

k¼0

1

k þ 1

k þ 1

j þ 1

� �
i

k

� �
Ai;lPl

¼
XhBð1Þ�1

i¼ j

Xi

k¼0

1

k þ 1

k þ 1

j þ 1

� �
i

k

� �
Ai;lPl:
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Moreover, combining Lemma 8 and Lemma 9, we get

XhBð1Þ�1

i¼ j

Xi

k¼0

1

k þ 1

k þ 1

j þ 1

� �
i

k

� �
Ai;lPl

¼
XhBð1Þ�1

i¼ j

1

i þ 1

i þ 1

j þ 1

� �
Biþ1�ð jþ1ÞAi;lPl

¼
XhBð1Þ�1

i¼ j

1

i þ 1

ði þ 1Þ!
ð j þ 1Þ!ði � jÞ!Bi�jAi;lPl

¼ 1

j þ 1

XhBð1Þ�1

i¼ j

i

j

� �
Bi�jAi;lPl

¼ 1

j þ 1
Aj;lYlðAÞPl:

Therefore the relation (34) in Translation formula III holds true. r

Finally, we give a proof of Translation formula II.

The left side and right side in Translation formula II contain the derivatives

of aðzÞ ¼ 1=ðz� 1Þ and eðzÞ ¼ 1
ez�1 , respectively. Since eðzÞ ¼ aðezÞ, we need

the higher derivatives of a composition of two functions. So, we state Fáa di

Bruno’s formula below.

Lemma 10 [8], [14]. Let y ¼ f ðuÞ, u ¼ gðxÞ be infinitely di¤erentiable.

Put hðxÞ ¼ f ðgðxÞÞ. Then, for nb 1, the following relation holds true:

hðnÞðxÞ
n!

¼
Xn
k¼1

f ðkÞðgðxÞÞ
X

a A pðn;k;nÞ

Yn
i¼1

1

ðai!Þ
gðiÞðxÞ

i!

� �ai
:

Now we will apply the above formula to the functions:

f ðuÞ ¼ 1

1� u
¼ ð1� uÞ�1; gðxÞ ¼ ex; hðxÞ ¼ f ðgðxÞÞ:

Since

f ðkÞðuÞ ¼ k!ð1� uÞ�ðkþ1Þ ¼ k! f kþ1ðuÞ; ðk ¼ 1; 2; . . . ; Þ;

hðnÞðxÞ is translated by Lemma 10 as follows.

hðnÞðxÞ
n!

¼
Xn
k¼1

k! f kþ1ðexÞ
X

a A pðn;k;nÞ

Yn
i¼1

1

ðai!Þ
ex

i!

� �ai

¼
Xn
k¼1

X
a A pðn;k;nÞ

k!Qn
i¼1ðai!Þði!Þ

ai e
kxf kþ1ðexÞ:
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Setting m ¼ etl, we have

hðnÞðtlÞ
n!

¼
Xn
k¼1

X
a A pðn;k;nÞ

k!Qn
i¼1ðai!Þði!Þ

ai e
ktlf kþ1ðetlÞ

¼
Xn
k¼1

X
a A pðn;k;nÞ

k!Qn
i¼1ðai!Þði!Þ

ai

mk

ð1� mÞkþ1
:

By utilizing Lemma 6, hðnÞðtlÞ becomes

hðnÞðtlÞ ¼
Xn
k¼1

n

k

� �
k!mk

ð1� mÞkþ1
nb 1:

Set eðxÞ ¼ �hðxÞ. Then in view of (8), we have the following result.

Lemma 11. If etl ¼ m0 1, then

eðnÞðtlÞ ¼
Xn
k¼0

n

k

� �
ð�1Þkk!mk

ðm� 1Þkþ1
¼
Xn
k¼0

n

k

� �
mkaðkÞðmÞ; n A N0:

The proof of Translation formula II. Using Translation formula I, Cor-

ollary 2 and Lemma 11, we obtain

ZmðBÞPl ¼
XhAðlÞ�1

k¼0

mkaðkÞðmÞBk;mPl

¼
XhAðlÞ�1

k¼0

mkaðkÞðmÞ
XhAðlÞ�1

j¼k

j

k

� �
Aj;lPl

¼
XhAðlÞ�1

j¼0

Xj

k¼0

j

k

� �
mkaðkÞðmÞ

 !
Aj;lPl

¼
XhAðlÞ�1

j¼0

eð jÞðtlÞAj;lPl ¼ XlðAÞPl:

This proves Translation formula II. r

5. The proofs of Theorem 1 and Theorem 2 and related results

In this section, we give the proof of the representation theoems of

solutions to the equation (1) by combining translation formulae, Floquet’s
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theorem and the representation of solutions given in [13] for the equation (1)

with AðtÞ ¼ A.

5.1. Period map. Now we state the properties of the solution operator Uðt; sÞ
of the homogeneous equation (5) and the period map VðtÞ.

Lemma 12 [11, 16]. The solution operator Uðt; sÞ has the following pro-

perties:

1) Uðt; tÞ ¼ E for all t A R.

2) Uðt; sÞUðs; rÞ ¼ Uðt; rÞ.
3) The map ðt; s; xÞ 7! Uðt; sÞx is continuous for ðt; s; xÞ A R� R� Cp.

4) Uðtþ t; sþ tÞ ¼ Uðt; sÞ.
5) U nðsþ t; sÞ ¼ Uðsþ nt; sÞ ðn A NÞ.
6) Uðtþ nt; sÞ ¼ U nðtþ t; tÞUðt; sÞ ¼ Uðt; sÞU nðsþ t; sÞ ðn A N0Þ.
7) Uðt; sÞ is a nonsingular matrix and Uðt; sÞ�1 ¼ Uðs; tÞ.
8) q

qt
Uðt; sÞ ¼ AðtÞUðt; sÞ, q

qs
Uðt; sÞ ¼ �Uðt; sÞAðsÞ

It follows from the Floquet representation that

Uðt; sÞ ¼ PðtÞeðt�sÞAP�1ðsÞ and VðtÞ ¼ PðtÞVð0ÞPðtÞ�1: ð44Þ

Here we recall elementary results in linear algebra. Let C and D be

square matrices with the same size. Assume that there exists a nonsingular

matrix T such that CT ¼ TD. Then sðCÞ ¼ sðDÞ and QgðCÞT ¼ TQgðDÞ
ðg A sðCÞÞ.

The following lemma is well-known.

Lemma 13 [11, 16]. For t; s A R the following relations hold:

1) sðVðtÞÞ ¼ sðVð0ÞÞ, t A R:

2) Let m A sðVð0ÞÞ. Then hVðsÞðmÞ ¼ hVðtÞðmÞ and Uðt; sÞGVðsÞðmÞ ¼
GVðtÞðmÞ:

Lemma 14. The following results hold true:

1)

QmðtÞ ¼ PðtÞQmð0ÞP�1ðtÞ ¼
X

l A smðAÞ
PðtÞPlP

�1ðtÞ; Qmð0Þ ¼
X

l A smðAÞ
Pl:

2)

GVðtÞðmÞ ¼ PðtÞGVð0ÞðmÞ ¼ PðtÞ 0
l A smðAÞ

GAðlÞ:

Proof. Since VðtÞPðtÞ ¼ PðtÞVð0Þ, we have that QmðtÞPðtÞ ¼ PðtÞQmð0Þ
and GVðtÞðmÞ ¼ PðtÞGVð0ÞðmÞ. In view of (6) and (7), the remainder of the

proof is obvious. r
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Corollary 6. Let m A sðVð0ÞÞ. Then

Uðt; sÞQmðsÞ ¼ PðtÞeðt�sÞAQmð0ÞP�1ðsÞ;

and

Uðt; sÞQmðsÞ ¼ Uðt; 0ÞQmð0ÞU�1ðs; 0Þ ¼ Uðt; 0ÞQmð0ÞUð0; sÞ

hold.

Proof. (44) and Lemma 14 imply that

Uðt; sÞQmðsÞ ¼ PðtÞeðt�sÞAP�1ðsÞPðsÞQmð0ÞP�1ðsÞ

¼ PðtÞeðt�sÞAQmð0ÞP�1ðsÞ:

Since Qmð0Þ ¼
P

l A smðAÞ Pl and etA and Pl are commutative, etA and Qmð0Þ are

also commutative. Therefore we have that

Uðt; sÞQmðsÞ ¼ PðtÞeðt�sÞAQmð0ÞP�1ðsÞ ¼ PðtÞQmð0Þeðt�sÞAP�1ðsÞ

¼ PðtÞetAQmð0Þe�sAP�1ðsÞ ¼ Uðt; 0ÞQmð0ÞU�1ðs; 0Þ

holds. r

Remark 3. We note that

GVðtÞðmÞ ¼ Uðt; 0ÞGVð0ÞðmÞ ¼ PðtÞGVð0ÞðmÞ ðt A RÞ;

because of 3Þ in Lemma 13 and 2Þ in Lemma 14.

5.2. Representations of solutions: characteristic exponents. First, we give the

representation of solutions of equation (1) which is based on characteristic

exponents. By the transformation x ¼ PðtÞy, the equation (1) is reduced to the

following equation

d

dt
yðtÞ ¼ AyðtÞ þ hðtÞ; yð0Þ ¼ w; ð45Þ

where hðtÞ ¼ P�1ðtÞ f ðtÞ. Since P�1ðtÞ is t-periodic, hðtÞ is also t-periodic. Put

ah ¼
ð t
0

eðt�sÞAhðsÞds

in the equation (45). The relationship between ah and bf is given in the

following lemma.

Lemma 15. ah ¼ bf :
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Proof. Since PðtÞ ¼ E, we have

bf ¼
ð t
0

PðtÞeðt�sÞAP�1ðsÞ f ðsÞds ¼
ð t
0

eðt�sÞAhðsÞds ¼ ah:

This proves the lemma. r

Let l A sðAÞ. If a GAðlÞ-valued function yðtÞ satisfies the equation

dy

dt
¼ AyðtÞ þ PlhðtÞ;

we say that yðtÞ is a solution of the equation (45) in GAðlÞ. Clearly, if yðtÞ is

a solution of the equation (45), then Pl yðtÞ is a solution of the equation (45) in

GAðlÞ. The following representation of Pl yðtÞ follows from our papers [13],

[20].

Lemma 16. Let yðtÞ be a solution of the equation (45).

1) If l B ioZ; then Pl yðtÞ is expressed as

Pl yðtÞ ¼ etAalðw; ahÞ þ ulðt; hÞ;

and ulðt; hÞ is a t-periodic solution of the equation (45) in GAðlÞ, where

ulðt; hÞ ¼ �etAXlðAÞPlah þ
ð t
0

eðt�sÞAPlhðsÞds:

2) If l A ioZ, then Pl yðtÞ is expressed as

Pl yðtÞ ¼
elt

t

XhAðlÞ�1

k¼0

tkþ1

ðk þ 1Þ! ðA� lEÞkblðw; ahÞ þ eltPlwþ ulðt; hÞ;

and ulðt; hÞ is a t-periodic continuous function, which is not necessarily a solution

of the equation (45) in GAðlÞ, where

ulðt; hÞ ¼ � elt

t

XhAðlÞ�1

k¼0

tkþ1

ðk þ 1Þ! ðA� lEÞkYlðAÞPlah þ
ð t
0

eðt�sÞAPlhðsÞds:

By using a solution yðtÞ of the equation ð45Þ, the solution xðtÞ ¼ PðtÞyðtÞ
of the equation (1) is expressed as

xðtÞ ¼
X

l A sðAÞ
PðtÞPl yðtÞ:

Using Lemma 15 and Lemma 16, we can obtain a representation of each

component xlðtÞ ¼ PðtÞPl yðtÞ ¼ PðtÞPlP
�1ðtÞxðtÞ. Set

flðtÞ ¼ PðtÞPlhðtÞ ¼ PðtÞPlP
�1ðtÞ f ðtÞ:
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Theorem 15. Each component xlðtÞ of the solution xðtÞ of the equation (1)

is expressed as follows:

1) If l B ioZ, then xlðtÞ is expressed as

xlðtÞ ¼ Uðt; 0Þalðw; bf Þ þ vlðt; f Þ

¼ eltPðtÞ
XhAðlÞ�1

k¼0

tk

k!
ðA� lEÞkalðw; bf Þ þ vlðt; f Þ; ð46Þ

and vlðt; f Þ is a t-periodic solution of the equation y 0ðtÞ ¼ AðtÞyþ flðtÞ, where

vlðt; f Þ ¼ �Uðt; 0ÞXlðAÞPlbf þ
ð t
0

Uðt; sÞ flðsÞds:

2) If l A ioZ, then xlðtÞ is expressed as

xlðtÞ ¼
elt

t
PðtÞ

XhAðlÞ�1

k¼0

tkþ1

ðk þ 1Þ! ðA� lEÞkblðw; bf Þ þ eltPðtÞPlwþ vlðt; f Þ

and vlðt; f Þ is a t-periodic continuous function, where

vlðt; f Þ ¼ � elt

t
PðtÞ

XhAðlÞ�1

k¼0

tkþ1

ðk þ 1Þ! ðA� lEÞkYlðAÞPlbf þ
ð t
0

Uðt; sÞ flðsÞds:

5.3. Representations of solutions: characteristic multipliers. Next, we give the

proof of Theorem 1. Our approach is to translate the representation of solu-

tions in Theorem 15 into the representation based on characteristic multipliers

of Vð0Þ by combining Translation formulae with Floquet’s theorem. To do

so, we will decompose the solution (4) into generalized eigenspace of period

map VðtÞ.
Multiplying QmðtÞ to the solution (4), we have

QmðtÞxðt;w; f Þ ¼ Uðt; 0ÞQmð0Þwþ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds m A sðVð0ÞÞ:

Since Qmð0Þ ¼
P

l A smðAÞ Pl, it follows from Corollary 6 that

Uðt; sÞQmðsÞ ¼ PðtÞeðt�sÞAQmð0ÞPðsÞ�1

¼ PðtÞ
X

l A smðAÞ
eðt�sÞAPlPðsÞ�1: ð47Þ

109Representations of solutions and translation formulae



For a m A sðVð0ÞÞ we set

Vð0Þ½k;m� ¼
1

mkk!
ðVð0Þ � mEÞk:

Moreover, since Vð0Þ ¼ etA, it follows from Translation formula I and the

relation (35) that

Aj;lPl ¼
XhVð0ÞðmÞ�1

k¼ j

k

j

� �
Vð0Þ½k;m�Pl ð48Þ

and

XhVð0ÞðmÞ�1

k¼0

tkAk;lPl ¼
XhVð0ÞðmÞ�1

k¼0

ðtÞkVð0Þ½k;m�Pl ð49Þ

hold for l A smðAÞ. Set

WðmÞ ¼
XhVð0ÞðmÞ�1

k¼1

k

1

� �
Vð0Þ½k;m� ¼

XhVð0ÞðmÞ�1

k¼1

ð�1Þk�1

mkk
ðVð0Þ � mEÞk:

Notice that if hVð0ÞðmÞ ¼ 1, then WðmÞ ¼ O. If j ¼ 1, then (48) is reduced to

A1;lPl ¼ WðmÞPl:

Lemma 17. Let l A smðAÞ. Then

etðA�lEÞPl ¼ eðt=tÞW ðmÞPl ¼
XhVð0ÞðmÞ�1

k¼0

t

t

� �
k

Vð0Þ½k;m�Pl: ð50Þ

Proof. Since ðA� lEÞPl ¼ 1
t
A1;lPl ¼ 1

t
WðmÞPl, we have that

etðA�lEÞPl ¼ eðt=tÞW ðmÞPl ¼ eðt=tÞW ðmÞPl

holds. Moreover, using (49), we can obtain

etðA�lEÞPl ¼
XhVð0ÞðmÞ�1

k¼0

1

k!
tkðA� lEÞkPl ¼

XhVð0ÞðmÞ�1

k¼0

t

t

� �k
Ak;lPl

¼
XhVð0ÞðmÞ�1

k¼0

t

t

� �
k

Vð0Þ½k;m�Pl;

which means (50). r
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Theorem 16.

Uðt; 0ÞQmð0Þ ¼ m t=tRmðtÞeðt=tÞW ðmÞ

¼ m t=tRmðtÞ
XhVð0ÞðmÞ�1

k¼0

t

t

� �
k

Vð0Þ½k;m�: ð51Þ

In particular, if hVð0ÞðmÞ ¼ 1, then

Uðt; 0ÞQmð0Þ ¼ m t=tRmðtÞQmð0Þ ðm0 1Þ;

Uðt; 0ÞQ1ð0Þ ¼ R1ðtÞQ1ð0Þ ðm ¼ 1Þ: ð52Þ

Proof. Take s ¼ 0 in (47). Since Pð0Þ ¼ E, (47) is reduced to

Uðt; 0ÞQmð0Þ ¼ PðtÞ
X

l A smðAÞ
etAPl:

Using Lemma 17, we have

X
l A smðAÞ

etAPl ¼
X

l A smðAÞ
eltetðA�lEÞPl ¼ eðt=tÞW ðmÞ

X
l A smðAÞ

eltPl

¼ eðt=tÞW ðmÞm t=tSmðtÞ ¼ m t=tSmðtÞeðt=tÞW ðmÞ;

and hence

Uðt; 0ÞQmð0Þ ¼ m t=tPðtÞSmðtÞeðt=tÞW ðmÞ:

Hence, the definition of RmðtÞ shows (51). The remainder is obvious. r

Remark 4. Since Qmð0Þ2 ¼ Qmð0Þ, Uðt; 0ÞQmð0Þ in Theorem 16 may be

expressed as

Uðt; 0ÞQmð0Þ ¼ m t=tRmðtÞ
XhVð0ÞðmÞ�1

k¼0

t

t

� �
k

Vð0Þ½k;m�Qmð0Þ:

The component QmðtÞxðtÞ of solutions xðtÞ of the homogeneous periodic

linear di¤erential equation (5) satisfying the initial condition xð0Þ ¼ w is ex-

pressed as follows:

QmðtÞxðtÞ ¼ Uðt; 0ÞQmð0Þw ðt A RÞ

¼ RmðtÞm t=t
XhVð0ÞðmÞ�1

k¼0

t

t

� �
k

1

k!mk
ðVð0Þ � mEÞkQmð0Þw ðm A sðVð0ÞÞÞ:
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If xðt;w; f Þ is a solution of the equation (1), then QmðtÞxðt;w; f Þ is a

solution of the equation

d

dt
yðtÞ ¼ AðtÞyðtÞ þQmðtÞ f ðtÞ: ð53Þ

In general, if a GVðtÞðmÞ-valued function yðtÞ satisfies the equation (53), then

yðtÞ is called a solution of the equation (1) in GVðtÞðmÞ. If xðtÞ is a solution of

the equation (1), then QmðtÞxðtÞ A GVðtÞðmÞ, t A R. Hence QmðtÞxðtÞ is a solu-

tion of the equation (1) in GVðtÞðmÞ.

Lemma 18. Let yðtÞ be a solution of the equation (53). Then yðtÞ is a

solution of the equation (1) in GVðtÞðmÞ if and only if yð0Þ A GVð0ÞðmÞ.

Since
P

m A sðVð0ÞÞ QmðtÞ ¼ E, we have

xðtÞ ¼
X

m A sðVð0ÞÞ
QmðtÞxðtÞ; f ðtÞ ¼

X
m A sðVð0ÞÞ

QmðtÞ f ðtÞ;

where

QmðtÞxðtÞ ¼
X

l A smðAÞ
xlðtÞ; QmðtÞ f ðtÞ ¼

X
l A smðAÞ

flðtÞ;

because of Lemma 14. Set

gmðw; bf Þ ¼ gmðw; bf ;Vð0ÞÞ; dðw; bf Þ ¼ dðw; bf ;Vð0ÞÞ:

Now we are in a position to prove Theorem 1.

The proof of Theorem 1. The proof follows from the representation of

solutions in Theorem 15 and Translation formulae.

1) Let m0 1 and l A smðAÞ. Since the representation (46) of solutions in

Theorem 15 is given as

xlðtÞ ¼ Uðt; 0Þalðw; bf Þ þ vlðt; f Þ;

we obtain

QmðtÞxðtÞ ¼
X

l A smðAÞ
xlðtÞ ¼ Uðt; 0Þ

X
l A smðAÞ

alðw; bf Þ þ
X

l A smðAÞ
vlðt; f Þ:

Using Theorem 12 and Lemma 14, we have

alðw; bf Þ ¼ Plgmðw; bf Þ and Qmð0Þ ¼
X

l A smðAÞ
Pl;

so that X
l A smðAÞ

alðw; bf Þ ¼ Qmð0Þgmðw; bf Þ ¼ gmðw; bf Þ:
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This shows that

QmðtÞxðtÞ ¼ Uðt; 0Þgmðw; bf Þ þ
X

l A smðAÞ
vlðt; f Þ:

Using Translation formula II, we getX
l A smðAÞ

XlðAÞPl ¼
X

l A smðAÞ
ZmðVð0ÞÞPl ¼ ZmðVð0ÞÞQmð0Þ;

and hence, we see that hmðt; f Þ ¼
P

l A smðAÞ vlðt; f Þ holds. Since vlðt; f Þ is a

t-periodic solution of the equation y 0ðtÞ ¼ AðtÞyþ flðtÞ, hmðt; f Þ is also a

t-periodic solution of y 0ðtÞ ¼ AðtÞyþQmðtÞ f ðtÞ. Since �ZmðVð0ÞÞQmð0Þbf A
GVð0ÞðmÞ, it follows from Lemma 18 that hmðt; f Þ is a t-periodic solution of

the equation (1) in GVðtÞðmÞ. This implies that (9) holds. (10) follows from

Theorem 16.

2) Since Vð0Þ ¼ etA, it follows from Theorem 13 that, for any t A R,

1

t

XhðlÞ�1

k¼0

tkþ1

ðk þ 1Þ! ðA� lEÞkblðw; bf Þ

¼
XhBð1Þ�1

k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkPldðw; bf Þ: ð54Þ

On the other hand, we have that

PðtÞ
X

l A s1ðAÞ
eltPl ¼ R1ðtÞ ¼ R1ðtÞQ1ð0Þ: ð55Þ

Using the above relation (54), (55) and Theorem 15, we obtain

Q1ðtÞxðtÞ ¼
X

l A s1ðAÞ
xlðtÞ

¼ PðtÞ
X

l A s1ðAÞ

elt

t

XhðlÞ�1

k¼0

tkþ1

ðk þ 1Þ! ðA� lEÞkblðw; bf Þ

þ
X

l A s1ðAÞ
eltPðtÞPlwþ

X
l A s1ðAÞ

vlðt; f Þ

¼ PðtÞ
X

l A s1ðAÞ
eltPl

XhBð1Þ�1

k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkdðw; bf Þ

þ R1ðtÞQ1ð0Þwþ
X

l A s1ðAÞ
vlðt; f Þ
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¼ R1ðtÞ
XhBð1Þ�1

k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkdðw; bf Þ

þ R1ðtÞQ1ð0Þwþ
X

l A s1ðAÞ
vlðt; f Þ: ð56Þ

It is easy to show that h1ðt; f Þ ¼
P

l A s1ðAÞ vlðt; f Þ holds and that h1ðt; f Þ is

t-periodic. This completes the proof. r

The following result is derived from Theorem 1 and Theorem 16.

Corollary 7. Let m A sðVð0ÞÞ, hVð0ÞðmÞ ¼ 1 in Theorem 1. Then the

component QmðtÞxðtÞ of solutions xðtÞ of the equation (1) satisfying the initial

condition xð0Þ ¼ w is expressed as follows:

1) If m0 1, then

QmðtÞxðtÞ ¼ Uðt; 0Þgmðw; bf Þ þ hmðt; f Þ

¼ m t=tRmðtÞgmðw; bf Þ þ hmðt; f Þ ðt A RÞ:

2) If m ¼ 1, then

Q1ðtÞxðtÞ ¼
t

t
Uðt; 0ÞQ1ð0Þbf þUðt; 0ÞQ1ð0Þwþ h1ðt; f Þ

¼ t

t
R1ðtÞQ1ð0Þbf þ R1ðtÞQ1ð0Þwþ h1ðt; f Þ ðt A RÞ:

Proof. If m0 1, the assertion 1) immediately follows from Theorem 1.

Let m ¼ 1. Since hVð0Þð1Þ ¼ 1, it follows from (52) that Uðt; 0ÞQ1ð0Þ ¼
R1ðtÞQ1ð0Þ holds. Thus (11) in Theorem 1 is reduced to

Q1ðtÞxðtÞ ¼
t

t
R1ðtÞdðw; bf Þ þ R1ðtÞQ1ð0Þwþ h1ðt; f Þ ðt A RÞ:

Since hVð0Þð1Þ ¼ 1, we have that Vð0ÞQ1ð0Þ ¼ Q1ð0Þ, and hence dðw; bf Þ ¼
Q1ð0Þbf . Those facts imply the assertion 2). r

We state some remarks, which are concerned with Theorem 1.

1) We define zmðtÞ as

zmðtÞ ¼

Uðt; 0ÞZmðVð0ÞÞQmð0Þbf ; m0 1

R1ðtÞ
XhVð0Þð1Þ�1

k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkQ1ð0Þbf ; m ¼ 1:

8>><
>>: ð57Þ
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Then

QmðtÞxðtÞ ¼ ðUðt; 0ÞQmð0Þwþ zmðtÞÞ þ �zmðtÞ þ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds
� �

:

The second term of the right side coincides with hmðt; f Þ in Theorem 1. The

function zmðtÞ is called a periodicizing function for the equation (1) (cf. [20]).

Setting

F ðtÞ ¼
ð t
0

Uðt; sÞ f ðsÞds;

we see that Fðtþ tÞ � F ðtÞ ¼ Uðt; 0Þbf holds. Note that zmðtÞ is the GVðtÞðmÞ-
component of a continuous solution (indefinite sum) zðtÞ ¼ D�1

t ðUðt; 0Þbf Þ of

the equation

DtzðtÞ :¼ zðtþ tÞ � zðtÞ ¼ Uðt; 0Þbf ; t A R: ð58Þ

2) Let us consider the case where 1 B sðVð0ÞÞ. Then

zðt; f Þ ¼ Uðt; 0ÞðVð0Þ � EÞ�1
bf

is a periodicizing function for the equation (1). Take zðt; f Þ as zðtÞ in (58).

Then the solution xðt;w; f Þ of the equation (1) may be rewritten

xðtÞ ¼ Uðt; 0Þðwþ ðVð0Þ � EÞ�1
bf Þ þ hðt; f Þ ðt A RÞ

where hðt; f Þ ¼ �zðt; f Þ þ F ðtÞ. Uðt; 0Þðwþ ðVð0Þ � EÞ�1
bf Þ is a solution of

the homogeneous equation (5) associated with the equation (1) and the func-

tion hðt; f Þ is a t-periodic solution of the equation (1). Moreover, hðt; f Þ is

expressed as

hðt; f Þ ¼ ðE � Vð0ÞÞ�1

ð tþt

t

Uðtþ t; sÞ f ðsÞds:

3) As a general case, the following relation holds for the solution

xðt;w; f Þ to the equation (1):

ðVðtÞ � EÞxðt;w; f Þ ¼ Uðt; 0ÞððVð0Þ � EÞwþ bf Þ þ vðt; f Þ ðt A RÞ: ð59Þ

where

vðt; f Þ ¼ �Uðt; 0Þbf þ
ð t
0

Uðt; sÞðVðsÞ � EÞ f ðsÞds ¼
ð t
tþt

Uðtþ t; sÞ f ðsÞds

is a t-periodic solution of the equation y 0 ¼ AðtÞyþ ðVðtÞ � EÞ f ðtÞ.
Using (59) and Theorem 1, we have the following result.

Proposition 2. Let m ¼ 1 A sðVð0ÞÞ and let QmðtÞxðtÞ be the component of

the solution xðtÞ :¼ xðt;w; f Þ of the equation (1).
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1) If dð1Þ ¼ 0, then ðVðtÞ � EÞQ1ðtÞxðtÞ is t-periodic:

ðVðtÞ � EÞQ1ðtÞxðtÞ ¼ ðVðtÞ � EÞh1ðt; f Þ � R1ðtÞQ1ð0Þbf :

2) If dð1Þ ¼ 1, then ðVðtÞ � EÞQ1ðtÞxðtÞ is t-periodic:

ðVðtÞ � EÞQ1ðtÞxðtÞ ¼ R1ðtÞdðw; bf Þ þ ðVðtÞ � EÞh1ðt; f Þ � R1ðtÞQ1ð0Þbf :

3) If dð1Þ > 1, then ðVðtÞ � EÞQ1ðtÞxðtÞ is unbounded on Rþ and R�:

ðVðtÞ � EÞQ1ðtÞxðtÞ ¼
�
t
t

�dð1Þ�1

ðdð1Þ � 1Þ!R1ðtÞðVð0Þ � EÞdð1Þ�1dðw; bf Þ

þ oðtdð1Þ�1Þ ðjtj ! þyÞ:

5.4. A special case. We give the proof of Theorem 2. The following lemma

of dichotomy type is proved in many literatures, e.g. [11], [16]. We now give

a proof in our situation. Hereafter, we denote by kMk any norm of a p� p

matrix M.

Lemma 19. Let m A sðVð0ÞÞ.
1) If jmj > 1, there exist M > 0 and d > 0 such that

kUðs; tÞQmðtÞk < Me�dðt�sÞ; tb s:

2) If jmj < 1, there exist N > 0 and e > 0 such that

kUðt; sÞQmðsÞk < Ne�eðt�sÞ; tb s:

Proof. It follows from Corollary 6 that

Uðt; sÞQmðsÞ ¼ PðtÞeðt�sÞAQmð0ÞPðsÞ�1

holds for m A sðVð0ÞÞ. Since PðtÞ, P�1ðtÞ are t-periodic, there is a constant

H > 0 such that kPðtÞk < H, kP�1ðtÞk < H. Hence we have

kUðt; sÞQmðsÞkaH 2keðt�sÞAQmð0Þk ¼ H 2
X

l A smðAÞ
eðt�sÞAPl

						
						

aH 2
X

l A smðAÞ
keðt�sÞAPlk:

Since smðAÞ is a finite set, the assertions in the lemma are easily proved.

r

The proof of Theorem 2. By Lemma 19, the improper integrals in the

theorem is convergent.
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1) Let m A sþðVð0ÞÞ. Sinceð kt
ðk�1Þt

Uð0; sÞQmðsÞ f ðsÞds ¼
ð t
0

Uð0; ðk � 1Þtþ sÞQmðsÞ f ðsÞds

¼ Uð0; ktÞ
ð t
0

Uðkt; ðk � 1Þtþ sÞQmðsÞ f ðsÞds

¼ Uð0; ktÞ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds

¼ Uð0; ktÞQmð0Þbf ;
we have ð nt

0

Uð0; sÞQmðsÞ f ðsÞds ¼
Xn
k¼1

ð kt
ðk�1Þt

Uð0; sÞQmðsÞ f ðsÞds

¼
Xn
k¼1

Uð0; ktÞQmð0Þbf

¼ Uð0; ntÞSnðVð0ÞÞQmð0Þbf :

From Uð0; ntÞ ¼ ðVð0Þ�1Þn it follows that

Uð0; ntÞSnðVð0ÞÞQmð0Þbf

¼ Uð0; ntÞ½V nð0ÞZmðVð0ÞÞQmð0Þbf � ZmðVð0ÞÞQmð0Þbf �

¼ ZmðVð0ÞÞQmð0Þbf �Uð0; ntÞZmðVð0ÞÞQmð0Þbf :

Since limn!y Uð0; ntÞZmðVð0ÞÞQmð0Þbf ¼ 0 by Lemma 19, we obtainðy
0

Uð0; sÞQmðsÞ f ðsÞds ¼ ZmðVð0ÞÞQmð0Þbf :

Hence hmðt; f Þ in Theorem 1 is expressed as

hmðt; f Þ ¼ �Uðt; 0ÞZmðVð0ÞÞQmð0Þbf þ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds

¼ �Uðt; 0Þ
ðy
0

Uð0; sÞQmðsÞ f ðsÞdsþ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds

¼ �
ðy
0

Uðt; sÞQmðsÞ f ðsÞdsþ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds

¼ �
ðy
t

Uðt; sÞQmðsÞ f ðsÞds:

Therefore we obtain the assertion 1) in the theorem.
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2) Let m A s�ðVð0ÞÞ. Since

ð�ðk�1Þt

�kt

Uð0; sÞQmðsÞ f ðsÞds ¼ Uððk � 1Þt; 0ÞQmð0Þbf ;

we have

ð0
�nt

Uð0; sÞQmðsÞ f ðsÞds ¼ SnðVð0ÞÞQmð0Þbf

¼ V nð0ÞZmðVð0ÞÞQmð0Þbf � ZmðVð0ÞÞQmð0Þbf :

On the other hand, we have limn!y V nð0ÞZmðVð0ÞÞQmð0Þbf ¼ 0 by Lemma 19,

we obtain

ð0
�y

Uð0; sÞQmðsÞ f ðsÞds ¼ �ZmðVð0ÞÞQmð0Þbf :

Hence hmðt; f Þ in Theorem 1 is expressed as

hmðt; f Þ ¼ �Uðt; 0ÞZmðVð0ÞÞQmð0Þbf þ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds

¼ Uðt; 0Þ
ð0
�y

Uð0; sÞQmðsÞ f ðsÞdsþ
ð t
0

Uðt; sÞQmðsÞ f ðsÞds

¼
ð t
�y

Uðt; sÞQmðsÞ f ðsÞds:

Therefore we obtain the assertion 2) in the theorem. r

Using Theorem 2, we have the following result, cf. [4].

Corollary 8. Let m A sðVð0ÞÞ, jmj0 1. Let xðtÞ be a solution of the

equation (1), whose initial condition satisfies gmðw; bf Þ ¼ 0 for all m A sðVð0ÞÞ.
Then QmðtÞxðtÞ is expressed as

QmðtÞxðtÞ ¼
�
ðy
t

Uðt; sÞQmðsÞ f ðsÞds; ðm A sþðVð0ÞÞÞ
ð t
�y

Uðt; sÞQmðsÞ f ðsÞds; ðm A s�ðVð0ÞÞÞ;

8>>><
>>>:

ð60Þ

which is a t-periodic function.
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Corollary 9. zmðtÞ in (57) is rewritten as

zmðtÞ ¼

ðy
0

Uðt; sÞQmðsÞ f ðsÞds; ðm A sþðVð0ÞÞÞ

�
ð0
�y

Uðt; sÞQmðsÞ f ðsÞds; ðm A s�ðVð0ÞÞÞ:

8>>><
>>>:

5.5. Examples. In this subsection, we will illustrate Theorem 1 or Corollary

7 through examples. Let us consider representations of solutions of the initial

value problem of 2-dimensional periodic linear di¤erential equation of the type

d

dt
xðtÞ ¼ AðtÞxðtÞ þ f ðtÞ; xð0Þ ¼ w: ð61Þ

Assume that

AðtÞ ¼ aðtÞ 0

bðtÞ aðtÞ

� �
;

where aðtÞ and bðtÞ are continuous t-periodic real-valued functions, and that

f ðtÞ is a 2-dimensional continuous t-periodic function.

Set

aðt; sÞ ¼
ð t
s

aðsÞds; aðtÞ ¼ aðt; 0Þ; bðt; sÞ ¼
ð t
s

bðsÞds; bðtÞ ¼ bðt; 0Þ:

The solution operator Uðt; sÞ of the homogeneous equation x 0 ¼ AðtÞx
associated with the equation (61) is given by

Uðt; sÞ ¼ eaðt; sÞebðt; sÞB; B ¼ 0 0

1 0

� �
;

(cf. [15]), that is,

Uðt; sÞ ¼ eaðt; sÞ
1 0

bðt; sÞ 1

� �
:

Since aðtÞ and bðtÞ are t-periodic, we have

aðtþ t; tÞ ¼ aðt; 0Þ ¼ aðtÞ; bðtþ t; tÞ ¼ bðt; 0Þ ¼ bðtÞ;

and

VðtÞ ¼ eaðtþt; tÞebðtþt; tÞB ¼ eaðtÞEþbðtÞB ¼ Vð0Þ ¼ eaðtÞ
1 0

bðtÞ 1

� �
:
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Set A ¼ aðtÞ
t
E þ bðtÞ

t
B. Since Vð0Þ and A is related to Vð0Þ ¼ etA, we see

that by Floquet’s theorem Uðt; 0Þ ¼ PðtÞetA holds. Hence the t-periodic func-

tion PðtÞ is expressed as

PðtÞ ¼ Uðt; 0Þe�tA ¼ eðaðtÞ�ðt=tÞaðtÞÞeðbðtÞ�ðt=tÞaðtÞÞB:

Moreover, since sðAÞ ¼

aðtÞ

t

�
and sðVð0ÞÞ ¼ etsðAÞ by the spectral mapping

theorem, we have sðVð0ÞÞ ¼ fmg, m ¼ eaðtÞ. Furthermore, it is easy to verify

that the relation QmðtÞ ¼ Qmð0Þ ¼ E holds for the projection QmðtÞ : C2 !
GVð0ÞðmÞ, m A sðVð0ÞÞ. By easy calculations, we have the following result.

Lemma 20. If bðtÞ0 0, then hVð0ÞðmÞ ¼ 2; If bðtÞ ¼ 0, then hVð0ÞðmÞ ¼ 1.

Applying Theorem 1 to the equation (61), the following result holds, in

which the forms of the t-periodic function hmðt; f Þ are omitted.

Proposition 3.

1) Let m0 1. Then the solution xðt;w; f Þ of the equation (61) is ex-

pressed by

xðt;w; f Þ ¼ eaðtÞ
1 0

bðtÞ 1

� �
gmðw; bf Þ þ hmðt; f Þ; ð62Þ

where

gmðw; bf Þ ¼ wþ 1

m� 1

1 0
m

1�m
bðtÞ 1

 !
bf

 !
:

2) Let m ¼ 1. Then the solution xðt;w; f Þ of the equation (61) is ex-

pressed by

xðt;w; f Þ ¼ teaðtÞ

t

1 0

bðtÞ � tþt
2t bðtÞ 1

� �
dðw; bf Þ

þ eaðtÞ
1 0

bðtÞ � t
t
bðtÞ 1

� �
wþ h1ðt; f Þ; ð63Þ

where

dðw; bf Þ ¼
0 0

bðtÞ 0

� �
wþ bf :

Proof. We will apply Theorem 1 to the equation (61). By easy calcu-

lations, we have

m t=t ¼ elt ¼ eðaðtÞ=tÞt; SmðtÞ ¼ ðmÞ�t=t
eðaðtÞ=tÞtE ¼ E;
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and

RmðtÞ ¼ PðtÞ ¼ eaðtÞ�ðt=tÞaðtÞ 1 0

bðtÞ � t
t
bðtÞ 1

� �
:

Moreover, we have

X1
k¼0

t

t

� �
k

1

k!mk
ðVð0Þ � mEÞkQmð0Þ

¼ E þ t

t
e�aðtÞðetA � mEÞ

¼ E þ t

t
e�aðtÞðeaðtÞEþbðtÞB � eaðtÞEÞ

¼ E þ t

t
ðebðtÞB � EÞ ¼ E þ t

t
bðtÞB

¼
1 0

t
t
bðtÞ 1

� �
:

Let m0 1. Then aðtÞ0 0. Since

ZmðVð0ÞÞ ¼ � 1

1� m
E � m

ð1� mÞ2
0 0

bðtÞ 0

� �
¼ 1

m� 1

1 0
m

1�m
bðtÞ 1

 !
;

we obtain

gmðw; bf Þ ¼ wþ 1

m� 1

1 0
m

1�m
bðtÞ 1

 !
bf :

Therefore (10) in Theorem 1 becomes (62).

Let m ¼ 1. Then aðtÞ ¼ 0. Thus we have R1ðtÞ ¼ PðtÞ ¼ eaðtÞEþbðtÞB �
e�ðt=tÞbðtÞB; and hence

R1ðtÞ ¼ eaðtÞ
1 0

bðtÞ � t
t
bðtÞ 1

� �
:

Moreover, we have

X1
k¼0

t

t

� �
kþ1

1

ðk þ 1Þ! ðVð0Þ � EÞkQ1ð0Þ

¼ t

t
E þ t

2t

t

t
� 1

� �
ðetA � EÞ
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¼ t

t
E þ 1

2

t

t
� 1

� �
ðebðtÞB � EÞ

� �

¼ t

t

1 0

0 1

� �
þ t� t

2t

0 0

bðtÞ 0

� �� �

¼ t

t

1 0
t�t
2t bðtÞ 1

� �
:

Therefore the solution xðt;w; f Þ of the equation (61) has the form of (63).

5.6. Backward solutions of the di¤erence equation (2). If B is nonsingular,

the solution xnðw; bÞ of the equation (2) exists uniquely for negative integers

n. Let PtðCpÞ denote the set of all t-periodic and continuous Cp-valued

functions defined on R. If there exists a f ðtÞ A PtðCpÞ such that b ¼ bf , we

may regard xnðw; bÞ as the value of the solution at t ¼ nt to some t-periodic

linear di¤erential equation

x 0ðtÞ ¼ AðtÞxðtÞ þ f ðtÞ; xð0Þ ¼ w

such that Vð0Þ ¼ B. We infer that the representation of the solution xnðw; bÞ
for na 0 to the equation (2) can be obtained by substituting t ¼ nt into the

formulae in Theorem 1.

To carry out this plan, we see that for any b A Cp there exists a t-periodic

function f ðtÞ such that b ¼ bh.

Lemma 21. The mapping from f A PtðCpÞ to bf A Cp is surjective.

Proof. For any n A N such that 2
n
a t, we define a t-periodic continuous

function jn A PtðRÞ as follows: the restriction of jnðsÞ to ½0; t�

jnðsÞj½0; t� ¼
n2s; 0a sa 1=n

�n2ðs� 2=nÞ; 1=na sa 2=n

0; 2=na sa t:

8<
:

Clearly, we have ð t
0

jnðsÞds ¼ 1:

Moreover, we getð t
0

Uðt; sÞjnðsÞds ¼
ð t
0

Uðt; sÞ �Uðt; 0Þð ÞjnðsÞdsþUðt; 0Þ
ð t
0

jnðsÞds

¼
ð t
0

Uðt; sÞ �Uðt; 0Þð ÞjnðsÞdsþUðt; 0Þ:
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For any e > 0 there is an n A N such that kUðt; sÞ �Uðt; 0Þka e for s A ½0; 2=n�.
Since jnðsÞ ¼ 0 on

�
2
n
; t


, we have

ð t
0

Uðt; sÞjnðsÞds�Uðt; 0Þ
				

				a
ð2=n
0

kUðt; sÞ �Uðt; 0Þk jjnðsÞjds

a e

ð2=n
0

jnðsÞds ¼ e;

that is,

lim
n!y

ð t
0

Uðt; sÞjnðsÞds ¼ Uðt; 0Þ:

Since Uðt; 0Þ is nonsingular, G :¼
Ð t
0 Uðt; sÞjn0ðsÞds is also nonsingular for

su‰ciently large n0 A N. For any c A Cp, we put fcðsÞ ¼ jn0ðsÞc. Then fcðsÞ A
PtðCpÞ and bfc ¼ Gc, which implies that the mapping from f A PtðCpÞ to

bf A Cp is surjective. r

Theorem 17. Assume that B is nonsingular in the equation (2). The

representations of Qmxnðw; bÞ in Theorem 8 are also valid for negative integers n.

Proof. First, we shall show that the equation (2) corresponds to a peri-

odic system, which is the same type as the equation (1). Since B is non-

singular, there is a t-periodic equation z 0ðtÞ ¼ AðtÞz such that B ¼ Uðt; 0Þ,
where Uðt; sÞ stands for the solution operator. Moreover, it follows from

Lemma 21 that there is a f A PtðCpÞ such that b ¼ bf . Hence the equation (2)

corresponds to the equation x 0ðtÞ ¼ AðtÞxþ f ðtÞ � � � ðPEÞ. Denote by xðtÞ :¼
xðt;w; f Þ the solution of the equation (PE) satisfying the initial condition

xð0Þ ¼ w. Set Qm ¼ Qmð0Þ. Now we calculate the values QmxðntÞ at t ¼ nt,

n A Z in Theorem 1.

Since SmðtÞ and RmðtÞ are t-periodic, Rmð0Þ ¼ Pð0ÞSmð0Þ ¼ Qm. Thus we

have the following assertion:

1) Let m0 1. Since hmð0; f Þ ¼ �ZmðVð0ÞÞQmb, we see that

QmxðntÞ ¼ mn
XhBðmÞ�1

k¼0

ðnÞkBk;mgmðw; bÞ � ZmðBÞQmb:

2) Let m ¼ 1. Since h1ð0; f Þ ¼ 0, we have

Q1xðntÞ ¼
XhBð1Þ�1

k¼0

ðnÞkþ1

1

k þ 1
Bk;1dðw; bÞ þQ1w:

This proves the theorem. r
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5.7. Remarks on bounded solutions to the equation (1). Finally, as an appli-

cation of Lemma 21, we will give a result concerned with Coppel’s result.

For a general continuous linear system, Coppel gives in section 1 of chapter

V in the book [3] the dichotomy conditions for the fundamental matrix as

the necessary and su‰cient condition for the existence of bounded solutions

corresponding to any bounded, continuous forcing function f ðtÞ. For the

periodic continuous system (1) we discuss the necessary and su‰cient condition

for the existence of bounded solutions on Rþ for every function f A PtðCpÞ.
To do so, the following lemma is needed.

Lemma 22. The following statements are equivalent.

1) ðE � Vð0ÞÞw ¼ bf has at least one solution for every function f A
PtðCpÞ.

2) 1 B sðVð0ÞÞ.
3) There exists a function f A PtðCpÞ such that ðE � Vð0ÞÞw ¼ bf has a

unique solution.

Proof. Since fbf j f A PtðCpÞg ¼ Cp by Lemma 21, we see that the con-

dition 1) holds if and only if ðVð0Þ � EÞ is invertible. The remainder of the

proof is obvious. r

The following theorem is based on the spectrum of Vð0Þ instead of the

dichotomy condition.

Theorem 18. The following statements are equivalent.

1) The equation (1) has at least one bounded solution on Rþ for every

function f A PtðCpÞ.
2) 1 B sðVð0ÞÞ.
3) There exists a function f A PtðCpÞ such that the equation (1) has a

unique t-periodic solution.

4) The equation (1) has a unique t-periodic solution for every function

f A PtðCpÞ.

Proof. We shall show the equivalence of the assertions 1Þ and 2Þ. By

Massera’s theorem the assertion 1) holds if and only if the equation (1) has a

t-periodic solution for every function f A PtðCpÞ. The latter condition holds

if and only if ðVð0Þ � EÞw ¼ �bf has a solution w for every f A PtðCpÞ.
Therefore the equivalence of the assertions 1Þ and 2Þ follows from Lemma 22.

The remainder of the proof is obvious. r

Farkas [6, Corollary 2.3.2] points out that if the condition 2) holds in

above, then the condition 4) holds, but says nothing for its converse.
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