
Hiroshima Math. J.

38 (2008), 425–436

An elementary proof of Sobolev embeddings for Riesz potentials

of functions in Morrey spaces L1;n;bðGÞ

Yoshihiro Mizuta, Eiichi Nakai, Takao Ohno and Tetsu Shimomura

(Received January 24, 2008)

(Revised April 15, 2008)

Abstract. Our aim is to give an elementary proof of Sobolev embeddings for Riesz

potentials of functions in Morrey spaces L1; n; bðGÞ, as an extension of Serrin [13].

We are mainly concerned with Trudinger’s type exponential integrability for Riesz

potentials.

1. Introduction

Let G be a bounded open set in Rn. For 0 < a < n, we define the Riesz

potential of order a for an integrable function f on G by

Ia f ðxÞ ¼
ð
G

jx� yja�n
f ðyÞdy:

In what follows we assume that f ¼ 0 outside G.

For an integrable function u on a measurable set EHRn of positive

measure, we define the integral mean over E byð
�
E

uðxÞdx ¼ 1

jEj

ð
E

uðxÞdx;

where jEj denotes the Lebesgue measure of E.

In the present paper, f is assumed to satisfy the Morrey condition: if

0a na n and b are real numbers, thenð
�
Bðx; rÞ

j f ðyÞjdya r�nðlogð2þ r�1ÞÞ�b ð1:1Þ

for all x A G and 0 < r < dG, where Bðx; rÞ denotes the open ball centered at x

of radius r > 0 and dG denotes the diameter of G. It is worth pointing out

that (1.1) is essentially equivalent to
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ð
�
Bðx; rÞ

j f ðyÞjdya r�nðlogðr�1ÞÞ�b ð1:2Þ

for all x A G and 0 < r < minf2�1; dGg. We denote by L1; n;bðGÞ the family of

all measurable functions f on G satisfying condition (1.1) or (1.2); for Morrey

spaces, we refer to [8] and [12].

The famous Trudinger’s inequality ([15]) insists that Sobolev functions in

W 1;n satisfy finite exponential integrability (see also [2], [4] and [16]). Recently

Serrin [13] gave an elementary proof of Trudinger’s inequality ([15]), which

relies on Hölder’s inequality and integration by parts.

Our first aim in this note is to give a local Morrey version of Trudinger’s

type exponential integrability and continuity for Riesz potentials of functions

satisfying (1.1), as an extension of [13] and [15].

Theorem 1.1. Let f be a nonnegative measurable function on G satisfying

(1.1) with n ¼ a and a real number b. If a=2a e < a, then there exist constants

c1; c2 > 0 such that

(1) in case b < 1,ð
�
Bðz; rÞ

exp
ðIa f ðxÞÞ1=ð1�bÞ

c1

 !
dxa c2r

�aþeðlogð2þ r�1ÞÞ�b ð1:3Þ

for all z A G and 0 < r < dG;

(2) in case b ¼ 1,ð
�
Bðz; rÞ

exp
1

c1
exp

Ia f ðxÞ
C

� �� �
dxa c2r

�aþeðlogð2þ r�1ÞÞ�1 ð1:4Þ

for all z A G and 0 < r < dG;

(3) in case b > 1,

jIa f ðxÞ � Ia f ðzÞjaCðlogð2þ jx� zj�1ÞÞ�bþ1 ð1:5Þ

for all x; z A G. Here we can take

c1 ¼ Cða� eÞ�1

and

c2 ¼ Cða� eÞ�bþ�1;

where bþ ¼ maxfb; 0g and C ¼ Cðn; a; b; dGÞ denotes a various constant depend-

ing on n, a, b and dG.

We also give the following Morrey version of Sobolev’s type inequality for

Riesz potentials of functions satisfying (1.1), as an extension of [13].
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Theorem 1.2. Let f be a nonnegative measurable function on G satisfying

(1.1) with a < na n and a real number b. If p ¼ n=ðn� aÞ and g > 1, then

there exists a constant C ¼ Cðn; a; n; b; g; dGÞ > 0 such that

ð
�
Bðz; rÞ

Ia f ðxÞð Þp log 2þ Ia f ðxÞð Þð Þ�gþabp=n
dx

 !1=p
aCra�nðlogð2þ r�1ÞÞð1�g�bÞ=p

ð1:6Þ

for all z A G and 0 < r < dG.

For related results, we also refer to Adams [1], Chiarenza-Frasca [3] and

the authors [5, 6, 7, 10, 11].

2. Proof of Theorem 1.1

Throughout this paper, let C denote various positive constants independent

of the variables in question and Cða; b; . . .Þ be a constant which may depend on

a; b; . . . .

When g > 0, note that

ð
jx� yj�g

f ðyÞdy ¼
ðy
0

ð
Bðx; tÞ

f ðyÞdy
 !

dð�t�gÞ ð2:1Þ

and ð r
0

log
1

t

� ��g�1
dt

t
¼ 1

g
log

1

r

� ��g

ð2:2Þ

for 0 < r < 1.

Lemma 2.1. Suppose 0 < aaR0 and 0 < baR0. Then there exists a

constant CðR0Þ > 0 such that

ð1=2
d

t�aðlogð1=tÞÞ�b dt

t
aCðR0Þa�b�1d�aðlogð1=dÞÞ�b

for all 0 < d < 1=2.

Proof. Note that uaðsÞ ¼ s�aðlogð1=sÞÞ�b attains a minimum value of

ebb�bab at s ¼ e�b=a for 0 < s < 1. If 1=2a e�b=a, then ua is decreasing on

ð0; 1=2�. Hence

uaðtÞa uaðdÞ for 0 < da t < 1=2:

If e�b=a < 1=2, then ua is decreasing on ð0; e�b=a� and increasing on ½e�b=a; 1=2�.
Hence, in the case e�b=a a d we have
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uaðtÞa
uað1=2Þ
uaðe�b=aÞ uaðdÞ ¼

2aðlog 2Þ�b

ebb�bab
uaðdÞ for 0 < da t < 1=2;

and, in the case 0 < d < e�b=a we have

uaðtÞa uaðdÞ for 0 < da t < e�b=a;

uaðtÞa
2aðlog 2Þ�b

ebb�bab
uaðdÞ for e�b=a

a t < 1=2:

Therefore, we obtain

uaðtÞaCðR0Þa�buaðdÞ for 0 < da t < 1=2; ð2:3Þ

so that ð1=2
d

t�aðlogð1=tÞÞ�b dt

t
aCðR0Þða=2Þ�b

ua=2ðdÞ
ð1=2
d

t�a=2 dt

t

aCðR0Þ2bþ1a�b�1d�aðlogð1=dÞÞ�b

for all 0 < d < 1=2, as required.

Lemma 2.2. Let a=2a ea a. Let f be a nonnegative measurable function

on G satisfying (1.1) with n ¼ a.

(1) If a=2a e < a, thenð
GnBðx; dÞ

jx� yje�n
f ðyÞdyaCða� eÞ�bþ�1

de�aðlogð2þ d�1ÞÞ�b;

(2) if e ¼ a and b < 1, thenð
GnBðx; dÞ

jx� yje�n
f ðyÞdyaCðlogð2þ d�1ÞÞ�bþ1;

(3) if e ¼ a and b ¼ 1, thenð
GnBðx; dÞ

jx� yje�n
f ðyÞdyaC logð2þ ðlogð2þ d�1ÞÞÞ

for x A G and d > 0, where C ¼ Cðn; b; dGÞ.

Proof. If a=2a e < a, then we have by (2.1) and (1.1)

ð
GnBðx; dÞ

jx� yje�n
f ðyÞdya

ð2dG
d

ð
Bðx; rÞ

f ðyÞdy
 !

dð�re�nÞ

aC

ðy
d

re�aðlogð2þ r�1ÞÞ�b dr

r
:
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When b > 0, Lemma 2.1 givesðy
d

r e�aðlogð2þ r�1ÞÞ�b dr

r
aCðbÞða� eÞ�b�1de�aðlogð2þ d�1ÞÞ�b

and when ba 0,ðy
d

re�aðlogð2þ r�1ÞÞ�b dr

r
a ðlogð2þ d�1ÞÞ�b

ðy
d

re�a dr

r

a ða� eÞ�1
de�aðlogð2þ d�1ÞÞ�b:

Thus it follows thatð
GnBðx; dÞ

jx� yje�n
f ðyÞdyaCða� eÞ�bþ�1de�aðlogð2þ d�1ÞÞ�b;

where C is a positive constant depending on b.

The remaining cases can be proved similarly.

Lemma 2.3. Let a < na n. Let f be a nonnegative measurable function

on G satisfying (1.1). Thenð
GnBðx; dÞ

jx� yja�n
f ðyÞdyaCda�nðlogð2þ d�1ÞÞ�b

for x A G and d > 0, where C ¼ Cðn; a; n; bÞ.

Lemma 2.4. Let a=2a e < a and aa n. Let f be a nonnegative mea-

surable function on G satisfying (1.1). Thenð
Bðz; dÞ

Ie f ðxÞdxaCðn� eÞ�bþ�1de�nþnðlogð2þ d�1ÞÞ�b

for z A G and d > 0, where C ¼ Cðn; a; bÞ.

Proof. Write

Ie f ðxÞ ¼
ð
Bðz;2dÞ

jx� yje�n
f ðyÞdyþ

ð
GnBðz;2dÞ

jx� yje�n
f ðyÞdy ¼ I1ðxÞ þ I2ðxÞ:

By Fubini’s theorem, we have by (1.1) and the fact that
Ð
Bðz; dÞ jx� yje�n

dx

attains its maximum at y ¼ z

ð
Bðz; dÞ

I1ðxÞdxa
ð
Bðz;2dÞ

ð
Bðz; dÞ

jx� yje�n
dx

 !
f ðyÞdy

aCde
ð
Bðz;2dÞ

f ðyÞdyaCde�nþnðlogð2þ d�1ÞÞ�b:
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For I2, note that

I2ðxÞaC

ð
GnBðz;2dÞ

jz� yje�n
f ðyÞdy

for x A Bðz; dÞ. Hence the proof of Lemma 2.2 givesð
Bðz; dÞ

I2ðxÞdxaCðn� eÞ�bþ�1dnþe�nðlogð2þ d�1ÞÞ�b

since a=2a e < a. Thus this lemma is proved.

Proof of Theorem 1.1. Let f be a nonnegative measurable function on

G satisfying (1.1).

First suppose b < 1. For a=2a e < a, by Lemma 2.2, we have

Ia f ðxÞ ¼
ð
Bðx; dÞ

jx� yja�n
f ðyÞdyþ

ð
GnBðx; dÞ

jx� yja�n
f ðyÞdy

a da�e

ð
Bðx; dÞ

jx� yje�n
f ðyÞdyþ Cðlogð2þ d�1ÞÞ�bþ1

a da�eIe f ðxÞ þ Cðlogð2þ d�1ÞÞ�bþ1

for d > 0. Considering d ¼ ðIe f ðxÞÞ�1=ða�eÞðlogð2þ Ie f ðxÞÞÞð1�bÞ=ða�eÞ when

Ie f ðxÞ is large enough, we see that

Ia f ðxÞaCða� eÞb�1ðlogð2þ Ie f ðxÞÞÞ�bþ1;

so that ð
�
Bðz; rÞ

exp
ðIa f ðxÞÞ1=ð1�bÞ

c1

 !
dxa

ð
�
Bðz; rÞ

f2þ Ie f ðxÞgdx

for z A G and 0 < r < dG, where c1 ¼ Cða� eÞ�1. Hence Lemma 2.4 with

n ¼ a givesð
�
Bðz; rÞ

exp
ðIa f ðxÞÞ1=ð1�bÞ

c1

 !
dxaCða� eÞ�bþ�1

r�aþeðlogð2þ r�1ÞÞ�b

for such z and r, which implies (1.3).

Next suppose b ¼ 1. For a=2a e < a, by Lemma 2.2, we have

Ia f ðxÞ ¼
ð
Bðx; dÞ

jx� yja�n
f ðyÞdyþ

ð
GnBðx; dÞ

jx� yja�n
f ðyÞdy

a da�eIe f ðxÞ þ C logð2þ logð2þ d�1ÞÞ
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for d > 0. Considering d ¼ ðIe f ðxÞÞ�1=ða�eÞðlogð2þ logð2þ Ie f ðxÞÞÞÞ1=ða�eÞ

when Ie f ðxÞ is large enough, we see that

Ia f ðxÞaC log 2þ logð2þ Ie f ðxÞÞ
a� e

� �
;

so that ð
�
Bðz; rÞ

exp
1

c1
exp

Ia f ðxÞ
C

� �� �
dxa

ð
�
Bðz; rÞ

f2þ Ie f ðxÞgdx

for z A G and 0 < r < dG, where c1 ¼ Cða� eÞ�1. Hence Lemma 2.4 with

n ¼ a givesð
�
Bðz; rÞ

exp
1

c1
exp

Ia f ðxÞ
C

� �� �
dxa c2r

�aþeðlogð2þ r�1ÞÞ�1

with c2 ¼ Cða� eÞ�2 for such z and r, which implies (1.4).

Finally suppose b > 1. Write

Ia f ðxÞ � Ia f ðzÞ ¼
ð
Bðx;2jx�zjÞ

jx� yja�n
f ðyÞdy�

ð
Bðx;2jx�zjÞ

jz� yja�n
f ðyÞdy

þ
ð
GnBðx;2jx�zjÞ

ðjx� yja�n � jz� yja�nÞ f ðyÞdy:

As in the proof of Lemma 2.2, we haveð
Bðx;2jx�zjÞ

jx� yja�n
f ðyÞdyaCðlogð2þ jx� zj�1ÞÞ�bþ1

and ð
Bðx;2jx�zjÞ

jz� yja�n
f ðyÞdya

ð
Bðz;3jx�zjÞ

jz� yja�n
f ðyÞdy

aCðlogð2þ jx� zj�1ÞÞ�bþ1

for x; z A G. On the other hand, by the mean value theorem for analysis, we

have by Lemma 2.3ð
GnBðx;2jx�zjÞ

j jx� yja�n � jz� yja�nj f ðyÞdy

aCjx� zj
ð
GnBðx;2jx�zjÞ

jx� yja�n�1
f ðyÞdy

aCðlogð2þ jx� zj�1ÞÞ�b:
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As a consequence we obtain

jIa f ðxÞ � Ia f ðzÞjaCðlogð2þ jx� zj�1ÞÞ�bþ1

for x; z A G, which implies (1.5).

Remark 2.5. Let f be a nonnegative measurable function on G satisfyingð
�
Bðx; rÞ

f ðyÞpdy
 !1=p

a r�aðlogð2þ r�1ÞÞ�b

for all x A G and 0 < r < dG, where p > 1 and a real number b. Then Jensen’s

inequality yields ð
�
Bðx; rÞ

f ðyÞdya r�aðlogð2þ r�1ÞÞ�b:

Hence we can apply Theorem 1.1.

Remark 2.6. In Theorem 1.1 (1), if b ¼ 0 and e ¼ a=2, then we can find

constants C1;C2 > 0 depending on n, a and dG such thatð
�
Bðz; rÞ

exp
Ia f ðxÞ
C1

� �
dxaC2r

�a=2

for all z A G and 0 < r < dG. If a=2 < e < a, then Jensen’s inequality givesð
�
Bðz; rÞ

exp
2ða� eÞIa f ðxÞ

C1a

� �
dxaC

2ða�eÞ=a
2 r�aþe;

so that ð
�
Bðz; rÞ

exp
Ia f ðxÞ
c1

� �
dxa c2r

�aþe

for all z A G and 0 < r < dG. Here c1 ¼ Cða� eÞ�1 and c2 ! 1 as e ! a.

Remark 2.7. Theorem 1.1 (3) can also be proved by using Nakai [10,

Theorem 3.3] and Spanne [14, p. 601] (see also [9, p. 521]). However our

discussions are straightforward.

Remark 2.8. In Theorem 1.1 (1), one can not find positive constants ~cc1
and ~cc2 such thatð

�
Bðz; rÞ

exp
ðIa f ðxÞÞ1=ð1�bÞ

~cc1

 !
dxa ~cc2ðlogð2þ r�1ÞÞ�b

holds for all z A G and 0 < r < dG .
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To show this, consider

f ðyÞ ¼ jyj�aðlogðjyj�1ÞÞ�b

for y A Bð0; 1=2Þ with b < 1; set f ¼ 0 elsewhere. Thenð
�
Bðx; rÞ

j f ðyÞjdyaCr�aðlogð2þ r�1ÞÞ�b

for x A B ¼ Bð0; 1Þ. Further,

Ia f ðxÞb
ð
Bð0;1=2ÞnBð0;2jxjÞ

jx� yja�n
f ðyÞdy

bC

ð
Bð0;1=2ÞnBð0;2jxjÞ

jyj�nðlogðjyj�1ÞÞ�b
dy

bCðlogðjxj�1ÞÞ�bþ1

for x A Bð0; 1=8Þ. Hence it follows thatð
�
Bð0; rÞ

exp
Ia f ðxÞ1=ð1�bÞ

C1=ð1�bÞc

 !
dxb

ð
�
Bð0; rÞ

jxj�1=c
dx ¼ C 0r�1=c

for 0 < r < 1=8, where 1=c < n.

3. Proof of Theorem 1.2

For g > 0, let

rgðrÞ ¼ r�nðlogð2þ r�1ÞÞ�g:

The following lemma can be proved in the same way as Lemma 2.4.

Lemma 3.1. Let a < na n and g > 1. If f is a nonnegative measurable

function on G satisfying (1.1), thenð
Bðz; rÞ

ð
G

rgðjx� yjÞ f ðyÞdy
� �

dxaCrn�nðlogð2þ r�1ÞÞ�g�bþ1

whenever Bðz; rÞHG, where C ¼ Cðn; a; n; b; g; dGÞ.

Proof of Theorem 1.2. Let f be a nonnegative measurable function on

G satisfying (1.1). Let

JgðxÞ ¼
ð
G

rgðjx� yjÞ f ðyÞdy
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and

p ¼ n

n� a
:

We find by Lemma 2.3

Ia f ðxÞ ¼
ð
Bðx; dÞ

jx� yja�n
f ðyÞdyþ

ð
GnBðx; dÞ

jx� yja�n
f ðyÞdy

aCdaðlogð2þ d�1ÞÞgJgðxÞ þ Cda�nðlogð2þ d�1ÞÞ�b

for d > 0. Considering d ¼ JgðxÞ�1=nðlogð2þ JgðxÞÞÞ�ðgþbÞ=n, we see that

Ia f ðxÞaCJgðxÞðn�aÞ=nðlogð2þ JgðxÞÞÞgðn�aÞ=n�ab=n

¼ CJgðxÞ1=pðlogð2þ JgðxÞÞÞg=p�ab=n;

so that ð
Bðz; rÞ

fIa f ðxÞðlogð2þ Ia f ðxÞÞÞ�g=pþab=ngp
dxaC

ð
Bðz; rÞ

JgðxÞdx

whenever Bðz; rÞHG. Hence Lemma 3.1 gives

ð
�
Bðz; rÞ

fIa f ðxÞðlogð2þ Ia f ðxÞÞÞ�g=pþab=ngp
dxaCr�nðlogð2þ r�1ÞÞ�g�bþ1

for such z and r, which completes the proof of Theorem 1.2.

Remark 3.2. The case when b ¼ 0, a ¼ 1 and 1a pa 1=f2ðn� 1Þg was

also discussed by Serrin [13] in a di¤erent manner.

Remark 3.3. In general, (1.6) does not hold when g < 1.

To show this when n ¼ 2, we consider

f ðyÞ ¼ f ðy1; y2Þ ¼ jy2j�1ðlogð2þ jy2j�1ÞÞ�b�1

with b > 0. Then (2.2) givesð
�
Bðx; rÞ

j f ðyÞjdya C

r

ð r
0

jy2j�1ðlogð2þ jy2j�1ÞÞ�b�1
dy2 aCr�1ðlogð2þ r�1ÞÞ�b

for x A B ¼ Bð0; 1Þ. For 0 < a < 1, consider the potential

Ia f ðxÞ ¼
ð
B

jx� yja�2
f ðyÞdy:
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Here we may assume that x2 0 0. Setting QðxÞ ¼ fy ¼ ðy1; y2Þ A B : jx1 � y1j
< jx2j; jy2j < jx2jg, we note that

Ia f ðxÞb
ð
QðxÞ

jx� yja�2
f ðyÞdy

bCjx2ja�2

ð
QðxÞ

f ðyÞdy

bCjx2ja�1

ðjx2j
0

jy2j�1ðlogð2þ jy2j�1ÞÞ�b�1
dy2

bCjx2ja�1ðlogð2þ jx2j�1ÞÞ�b;

so that ð
Bð0;1Þ

ðIa f ðxÞÞpðlogð2þ Ia f ðxÞÞ�gþabp=n
dx

bC

ð
Bð0;1Þ

jx2j�1ðlogð2þ jx2j�1ÞÞ�g�b
dx ¼ y

when p ¼ 1=ð1� aÞ; n ¼ 1 and 0 < b < 1� g.
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