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Abstract. Our aim in this paper is to deal with continuity properties for logarithmic

potentials of functions in Morrey spaces of variable exponent. Our exponent

approaches 1 on some part of the domain, and hence continuity properties depend

on the shape of that part and the speed of the exponent approaching 1.

1. Introduction

Let Rn be the n-dimensional Euclidean space. Following Orlicz [7] and

Kováčik-Rákosnı́k [1], for a continuous function pð�Þ : Rn ! ½1;yÞ, which

is called a variable exponent, we consider the generalized Lebesgue space

Lpð�ÞðRnÞ. In recent years, the generalized Lebesgue spaces have attracted

more and more attention, in connection with the study of elasticity, fluid

mechanics and di¤erential equations with pð�Þ-growth; see Růžička [9].

In the present paper we are concerned with generalized Morrey spaces

of variable exponent pð�Þ. We use the notation Bðx; rÞ to denote the open

ball centered at x with radius r. For 0a na n and a positive function

j : ð0;yÞ ! ð0;yÞ, we define the L pð�Þ; n;j-norm of a locally integrable function

f on Rn by

k f kpð�Þ; n;j ¼ inf l > 0 : sup
x AR n; r>0

r�njðrÞ
ð
Bðx; rÞ

f ðyÞ
l

����
����
pð yÞ

dya 1

( )
:

We denote by L pð�Þ; n;jðRnÞ the space of all measurable functions f on Rn

with k f kpð�Þ; n;j < y. This space L pð�Þ; n;jðRnÞ is referred to as a generalized

Morrey space of variable exponent. In particular, Lpð�Þ;0;1ðRnÞ is equal to the

generalized Lebesgue space L pð�ÞðRnÞ.
In this paper, we consider a variable exponent pð�Þ satisfying the following

special condition. For a compact set K in Rn, we define
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KðrÞ ¼ fx A Rn : dKðxÞ < rg;

where dKðxÞ denotes the distance of x from K . For a nonincreasing function

kð�Þ : ð0;y� ! ð0;yÞ, we consider a function o satisfying a generalized log-

Hölder condition such that oð0Þ ¼ 0,

oðrÞ ¼ log kðrÞ
logð1=rÞ

for 0 < r < r0 and oðrÞ ¼ oðr0Þ for rb r0, where the number r0 is chosen so

that oðrÞ is nondecreasing on ð0; r0Þ (see Lemma 2.3 below). Now we define a

variable exponent pð�Þ by

pðxÞ ¼ p0 þ oðdKðxÞÞ

for p0 b 1; set pðxÞ ¼ p0 on K .

For 0a aa n, we say that the ðn� aÞ-dimensional upper Minkowski

content of K is finite (see Mattila [2]) if there exists a constant C > 0 such that

jKðrÞjaCra for small r > 0;

where jEj denotes the Lebesgue measure of a set E. Note here that if K is a

singleton, then its 0-dimensional upper Minkowski content is finite, and if K is

a spherical surface, then its ðn� 1Þ-dimensional upper Minkowski content is

finite. Moreover, as examples of K , we may consider fractal type sets like

Cantor sets or Koch curves.

In view of [4, Lemma 2.4], we know that if n ¼ 0, jð�Þ1 1 and the ðn� aÞ-
dimensional upper Minkowski content of K is finite, then for each bounded

open set GHRn, ð
G

j f ðxÞjp0kðj f ðxÞj�1Þa=p0dx < y

for all f A L pð�ÞðRnÞ. Our first aim in this paper is to obtain the following

theorem which gives an extension of the above fact to the generalized Morrey

space of variable exponent. For this purpose we need several conditions on k

and j, which are stated in Section 2.

Theorem A (cf. [4, Lemma 2.4]). Suppose 0a na aa n and the ðn� aÞ-
dimensional upper Minkowski content of K is finite. Then for each bounded

open set GHRn there exists a constant C > 0 such thatð
GVBðx; rÞ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0dyaCrnjðrÞ�1

for all x A Rn, r > 0 and f A L pð�Þ; n;jðRnÞ with k f kpð�Þ; n;j a 1.
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In Section 3, we consider the logarithmic potential of a locally integrable

function f on Rn, which is defined by

Lf ðxÞ ¼
ð
R n

logð1=jx� yjÞð Þ f ðyÞdy:

Here it is natural to assume thatð
R n

ðlogð2þ jyjÞÞj f ðyÞjdy < y; ð1:1Þ

which is equivalent to the condition that �y < Lf Dy (see [3, Section

2.6]). If f is a locally integrable function on Rn satisfying (1.1) andð
R n

j f ðyÞjðlogð2þ j f ðyÞjÞÞdy < y;

then it is known that Lf is continuous on Rn (see [3, Theorem 9.1, Section

5.9]). Our second aim is to show the following theorem which deals with the

continuity of logarithmic potentials of functions in Morrey spaces (see Section 3

for the definition of j1 and F).

Theorem B. Let f A L1; n;jðRnÞ satisfy (1.1).

(1) If 0a na 1 and j1ð1=2Þ < y when n ¼ 0, then

jLf ðxÞ � Lf ðzÞjaCjx� zjnFðjx� zjÞ

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L1; n;j-norm of f .

(2) If n > 1, then

jLf ðxÞ � Lf ðzÞjaCjx� zj

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L1; n;j-norm of f .

In the final section, our aim is to show the following theorem which deals

with the continuity of logarithmic potentials of functions in Morrey spaces of

variable exponent by use of Theorems A and B (see Section 4 for the definition

of jk).

Theorem C. Assume that p0 ¼ 1, 0a na aa n and the ðn� aÞ-
dimensional upper Minkowski content of K is finite. Let f A L pð�Þ; n;jðRnÞ
satisfy (1.1).

(1) If 0a na 1 and ð 1=2
0

jðtÞ�1
kðtÞ�a dt

t
< y
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when n ¼ 0, then

jLf ðxÞ � Lf ðzÞjaCjx� zjnjkðjx� zjÞ

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L pð�Þ; n;j-norm of f .

(2) If n > 1, then

jLf ðxÞ � Lf ðzÞjaCjx� zj

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L pð�Þ; n;j-norm of f .

2. Morrey spaces of variable exponent

Throughout this paper, let C denote various positive constants independent

of the variables in question.

We say that a positive function j on ð0;yÞ is quasi-increasing if there

exists a constant C > 1 such that

jðsÞaCjðtÞ whenever 0 < sa t:

A positive function j on ð0;yÞ is called quasi-decreasing if jðtÞ�1 is quasi-

increasing.

From now on we consider a positive function j on ð0;yÞ for which there

exists a constant C1 > 1 such that

ðj1Þ C�1
1 jðrÞa jðtÞaC1jðrÞ whenever 0 < ra ta 2r2 or 0 < r2 a ta 2r,

which implies the doubling condition:

ðj2Þ C�1
2 jðrÞa jðtÞaC2jðrÞ whenever 0 < ra ta 2r

for some constant C2 > 1. Our typical example of j is of the form

jðrÞ ¼ aðlogð1Þð1=rÞÞ
bðlogð2Þð1=rÞÞ

c

for r > 0, where a > 0 and b; c A R and logð0Þ t ¼ e, logð1Þ t ¼ logðeþ tÞ and

logðmþ1Þ t ¼ logðeþ logðmÞ tÞ for m ¼ 1; 2; . . . .

Lemma 2.1 ([3, Lemma 3.1, Section 5.3]). If g > 0, then tgjðtÞ is quasi-

increasing on ð0;yÞ.

Lemma 2.2 (cf. [4, Lemma 2.3]). For 0a aa n suppose the ðn� aÞ-
dimensional upper Minkowski content of K is finite. If cðtÞ is a positive

quasi-increasing measurable function on ð0;yÞ satisfying the doubling condition,

then for each bounded open set GHRn there exists a constant C > 0 such thatð
ðGVKðrÞVBðx; rÞÞnK

cðdKðyÞÞ�1
dyaC

ðminfr;rg

0

tacðtÞ�1 dt

t

for all x A Rn, r > 0 and r > 0.
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Proof. Since G is bounded, we have

jGVKðrÞjaCra

for all r > 0. First consider the case K VBðx; 2rÞ0q. For each integer j,

set Kj ¼ fy A GVBðx; rÞ : 2�j�1 minfr; rga dKðyÞ < 2�j minfr; rgg. Then we

have by the doubling condition on cð
ðGVKðrÞVBðx; rÞÞnK

cðdKðyÞÞ�1
dy ¼

Xy
j¼�2

ð
Kj

cðdKðyÞÞ�1
dy

aC
Xy
j¼�2

cð2�j minfr; rgÞ�1jGVKð2�j minfr; rgÞj

aC
Xy
j¼0

cð2�j minfr; rgÞ�1ð2�j minfr; rgÞa

aC

ðminfr;rg

0

tacðtÞ�1 dt

t

for all r > 0 and r > 0.

Next consider the case K VBðx; 2rÞ ¼ q. Then note that r < dKðyÞa r if

y A GVKðrÞVBðx; rÞ. It follows from the doubling condition on c thatð
ðGVKðrÞVBðx; rÞÞnK

cðdKðyÞÞ�1
dyaCcðrÞ�1

ð
GVBðx; rÞ

dy

aCcðrÞ�1 rn if r < 1;

jGj if rb 1

�

aCracðrÞ�1
aC

ðminfr;rg

0

tacðtÞ�1 dt

t

for all r > 0 and r > 0. Thus the required assertion is now proved.

Consider a positive continuous nonincreasing function k on ð0;yÞ for

which there exist e0 b 0 and 0 < r0 < 1 such that

(k) ðlogð1=rÞÞ�e0kðrÞ is nondecreasing on ð0; r0Þ and kðr0Þb e e0 ;

(k 0) kðrÞ > 1 for all r > 0.

By (k) and (k 0), we find (see [4]) that

C�1kðrÞa kðr2ÞaCkðrÞ whenever r > 0; ð2:1Þ

which implies the doubling condition on k for r > 0. Our typical example of k

is of the form
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kðrÞ ¼ aðlogð1Þð1=rÞÞ
bðlogð2Þð1=rÞÞ

c

for r A ð0; r0Þ, where a > 0, bb 0 and c A R are numbers for which r0 can be

chosen so that kðrÞ is nonincreasing on ð0; r0Þ and satisfies (k).

In view of (k), we have the following lemma.

Lemma 2.3 ([4, Lemma 2.1]). There exists 0 < r� < r0 such that oðrÞ ¼
log kðrÞ=logð1=rÞ is nondecreasing on ð0; r�Þ.

In view of this lemma, we retake the above r0 > 0 so that log kðrÞ=logð1=rÞ
is nondecreasing on ð0; r0Þ.

In what follows, we set

oðrÞ ¼ oðr0Þ for rb r0

and consider a positive continuous function pð�Þ such that pðxÞ ¼ p0 on K and

pðxÞ ¼ p0 þ oðdKðxÞÞ

for dKðxÞ > 0, where p0 b 1.

For 0a na n and a locally integrable function f on Rn, we define its

Lpð�Þ; n;j-norm by

k f kpð�Þ; n;j ¼ inf l > 0 : sup
x ARn; r>0

r�njðrÞ
ð
Bðx; rÞ

f ðyÞ
l

����
����
pðyÞ

dya 1

( )
:

We denote by L pð�Þ; n;jðRnÞ the space of all locally integrable functions f on

Rn with k f kpð�Þ; n;j < y. Hereafter it is natural to assume further that j is

measurable,

ðj3Þ jðrÞ is quasi-decreasing on ð0;yÞ when n ¼ 0 and

ðj4Þ lim supr!0 jðrÞ < y when n ¼ n.

It is worth to note the following results.

Lemma 2.4. Suppose n > 0. Then

ð r
0

tnjðtÞ�1 dt

t
aCrnjðrÞ�1

for all r > 0.

Proof. Taking 0 < n 0 < n, we see by Lemma 2.1 that

ð r
0

tnjðtÞ�1 dt

t
aCrn�n 0jðrÞ�1

ð r
0

tn
0 dt

t
aCrnjðrÞ�1

for all r > 0, as required.
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Lemma 2.5. Let 0a na n. If G is a bounded open set in Rn, then there

exists a constant C > 0 such thatð
GVBðx; rÞ

dyaCrnjðrÞ�1

for all x A Rn and r > 0.

Proof. Since rn�njðrÞ is quasi-increasing on ð0; 1Þ by Lemma 2.1 and

ðj4Þ, we see that ð
GVBðx; rÞ

dyaCrn aCrnjðrÞ�1

when 0 < r < 1. If rb 1, thenð
GVBðx; rÞ

dya jGjaCrnjðrÞ�1

since rnjðrÞ�1 is quasi-increasing on ð0;yÞ by Lemma 2.1 and ðj3Þ.

Now we prove Theorem A.

Proof of Theorem A. Let f A Lpð�Þ; n;jðRnÞ with k f kpð�Þ; n;j a 1.

First consider the case n ¼ a. In this case, by Lemma 2.5, we haveð
GVBðx; rÞ

j f ðyÞjp0dya
ð
GVBðx; rÞ

dyþ
ð
GVBðx; rÞ

j f ðyÞjpðyÞdyaCrnjðrÞ�1

for x A Rn and r > 0.

Next consider the case 0a n < a. Setting G 0 ¼ fy A G : j f ðyÞja eg, we

note thatð
G 0VBðx; rÞ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0dyaC

ð
GVBðx; rÞ

dyaCrnjðrÞ�1

by Lemma 2.5. Consider

NðtÞ ¼ t�ða�nÞ=p0ðlogð1=tÞÞ�e0ða�nÞ=p2
0
�2=p0jðtÞ�1=p0

and

G 00 ¼ fy A ðKðr0ÞVBðx; rÞÞnK : j f ðyÞj < NðdðyÞÞg;

where we set dðyÞ ¼ dKðyÞ for simplicity; here recall that e0 is the constant

in (k). Since tp0kðt�1Þða�nÞ=p0 is nondecreasing on ð0;yÞ, using condition (k),

we have for y A G 00,
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j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0 aCNðdðyÞÞp0kðNðdðyÞÞ�1Þða�nÞ=p0

aCNðdðyÞÞp0kðdðyÞÞða�nÞ=p0

aCdðyÞ�ða�nÞðlogð1=dðyÞÞÞ�2jðdðyÞÞ�1:

Hence it follows from Lemma 2.2 thatð
G 00

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0dyaC

ð
G 00

dðyÞ�ða�nÞðlogð1=dðyÞÞÞ�2
jðdðyÞÞ�1

dy

aC

ðminfr; r0g

0

tnðlogð1=tÞÞ�2jðtÞ�1 dt

t

aCrnjðrÞ�1

ð r0
0

ðlogð1=tÞÞ�2 dt

t

aCrnjðrÞ�1

since tnjðtÞ�1 is quasi-increasing on ð0;yÞ.
If y A ðKðr0ÞVBðx; rÞÞnðG 0 UG 00 UKÞ, then

j f ðyÞjbNðdðyÞÞ;

so that, by Lemma 2.1 and ðj1Þ, we have

j f ðyÞj�p0=ða�nÞðlogj f ðyÞjÞ�e0=p0�2=ða�nÞ
jðj f ðyÞj�1Þ�1=ða�nÞ

aCNðdðyÞÞ�p0=ða�nÞðlogð1=dðyÞÞÞ�e0=p0�2=ða�nÞjðdðyÞÞ�1=ða�nÞ

aCdðyÞ:

Set MðtÞ ¼ t�p0=ða�nÞðlog tÞ�e0=p0�2=ða�nÞ
jðt�1Þ�1=ða�nÞ for simplicity. Then, in

view of Lemma 2.3, we see that

log kðdðyÞÞ
logð1=dðyÞÞ b

log kðCMðj f ðyÞjÞÞ
logð1=ðCMðj f ðyÞjÞÞÞ :

Noting that

kðCMðj f ðyÞjÞÞbCkðj f ðyÞj�1Þ

by (2.1) and

logð1=ðCMðj f ðyÞjÞÞÞa ðp0=ða� nÞÞ logðj f ðyÞjÞ þ eðj f ðyÞjÞ

with eðrÞaCðlogðlog rÞ þmaxf0; log jðr�1ÞgÞ, we establish
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log kðdðyÞÞ
logð1=dðyÞÞ logðj f ðyÞjÞb logðCkðj f ðyÞj�1ÞÞ

p0
a�n

logðj f ðyÞjÞ þ eðj f ðyÞjÞ logðj f ðyÞjÞ

b
a� n

p0
log kðj f ðyÞj�1Þ � C

since j f ðyÞjb e and ðlog kðr�1ÞÞeðrÞ=ðlog rþ eðrÞÞ is bounded for rb e.

Hence we have

j f ðyÞjpðyÞ�p0 ¼ exp
log kðdðyÞÞ
logð1=dðyÞÞ logj f ðyÞj
� �

b exp
a� n

p0
log kðj f ðyÞj�1Þ � C

� �

¼ Ckðj f ðyÞj�1Þða�nÞ=p0 :

Thus it follows thatð
ðKðr0ÞVBðx; rÞÞnðG 0UG 00Þ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0dy

aC

ð
Bðx; rÞ

j f ðyÞjpðyÞdyaCrnjðrÞ�1

since jK j ¼ 0 for a > 0.

Finally, since pðyÞ ¼ p0 þ oðr0Þ > p0 when dðyÞb r0, we find by Lemma

2.5 ð
ðGVBðx; rÞÞnKðr0Þ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0dy

aC

ð
Bðx; rÞ

j f ðyÞjpðyÞdyþ C

ð
GVBðx; rÞ

dyaCrnjðrÞ�1:

The required assertion is now proved.

Remark 2.6. We set CkðtÞ ¼ tp0kðt�1Þða�nÞ=p0 for t > 0, which satisfies the

doubling condition by (2.1). For 0a na n and a locally integrable function f

on Rn, we define its quasi-norm by

k f kCk ; n;j
¼ inf l > 0 : sup

x AR n; r>0

r�njðrÞ
ð
Bðx; rÞ

Ck

f ðyÞ
l

����
����

� �
dya 1

( )

(see [5]). We denote by LCk ; n;jðRnÞ the space of all locally integrable

functions f on Rn with k f kCk ; n;j
< y. Then it follows from Theorem A

that for each bounded open set G,
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k f kCk ; n;j
aCk f kpð�Þ; n;j whenever f A L pð�Þ; n;jðGÞ;

where Lpð�Þ; n;jðGÞ ¼ f f A L pð�Þ; n;jðRnÞ : f ¼ 0 outside Gg.

Remark 2.7. Set K ¼ f0g. Let

kðtÞ ¼ ðlogðmÞð1=tÞÞ
a

for a > 0 and an integer mb 0 and

jðtÞ ¼ ðlogðlÞð1=tÞÞ
b

for an integer lb 1 and b > 0. Then

pðxÞ ¼ p0 þ
a logðlogðmÞð1=jxjÞÞ

logð1=jxjÞ

for x A Bð0; r0Þnf0g. Then we can find f A Lpð�Þ; n;jðRnÞ satisfyingð
Bð0; rÞ

j f ðyÞjp0ðlogðmÞj f ðyÞjÞ
aðn�nÞ=p0dybCrnðlogðlÞð1=rÞÞ

�b

for all 0 < r < r0. This shows that the conclusion of Theorem A is sharp when

K ¼ f0g and k, j are as above.

For this purpose, in case 0 < na n, we consider the function

f ðyÞ ¼ jyj�ðn�nÞ=p0ðlogðlÞð1=jyjÞÞ
�b=p0ðlogðmÞð1=jyjÞÞ

�aðn�nÞ=p2
0

for y A Bð0; r0Þ; set f ðyÞ ¼ 0 when jyjb r0. Then, as in the proof of Theorem

A, we note that

f ðyÞpðyÞ�p0 ¼ exp
a logðlogðmÞð1=jyjÞÞ

logð1=jyjÞ log f ðyÞ
� �

a exp
aðn� nÞ

p0
logðlogðmÞð1=jyjÞÞ þ C

� �

aCðlogðmÞð1=jyjÞÞ
aðn�nÞ=p0 :

We see by Lemma 2.4 thatð
Bðx; rÞ

f ðyÞpðyÞdyaC

ð
Bð0; r0ÞVBðx;rÞ

jyj�ðn�nÞðlogðlÞð1=jyjÞÞ
�b
dy

aC

ð
Bð0; rÞ

jyj�ðn�nÞðlogðlÞð1=jyjÞÞ
�b
dy

aC

ð r
0

tnðlogðlÞð1=tÞÞ
�b dt

t

aCrnðlogðlÞð1=rÞÞ
�b
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for all x A Rn and r > 0, which implies that f A L pð�Þ; n;jðRnÞ. Further, we haveð
Bð0; rÞ

f ðyÞp0ðlogðmÞ f ðyÞÞaðn�nÞ=p0dy ¼ C

ð r
0

tnðlogðlÞð1=tÞÞ
�b dt

t

bCrnðlogðlÞð1=rÞÞ
�b

for all 0 < r < r0.

In case n ¼ 0, since

C�1ðlogðlÞð1=rÞÞ
�b

a

ð r
0

ðlogðlÞð1=tÞÞ
�ðbþ1ÞYl�1

j¼1

ðlogð jÞð1=tÞÞ
�1 dt

t
aCðlogðlÞð1=rÞÞ

�b

for 0 < r < r0, we have only to replace f by

f ðyÞ ¼ jyj�n=p0ðlogðlÞð1=jyjÞÞ
�ðbþ1Þ=p0ðlogðmÞð1=jyjÞÞ

�an=p2
0

Yl�1

j¼1

ðlogð jÞð1=jyjÞÞ
�1=p0

for y A Bð0; r0Þ. Here we used the convention
Q0

j¼1 aj ¼ 1.

We show another imbedding from L pð�Þ; n;jðRnÞ to the Morrey space

Lp0; n;Fk ðGÞ, where FkðrÞ ¼ jðrÞkðrÞða�nÞ=p0 and G is a bounded open set in Rn.

Theorem 2.8. Suppose 0a na aa n, 0a ka ða� nÞ=p0 and the ðn� aÞ-
dimensional upper Minkowski content of K is finite. For each bounded open set

GHRn there exists a constant C > 0 such thatð
GVBðx; rÞ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0�k
dyaCrnjðrÞ�1

kðrÞ�k

for all x A Rn, r > 0 and f A L pð�Þ; n;jðRnÞ with k f kpð�Þ; n;j a 1.

Proof. Since the case n ¼ a follows readily from Theorem A, we consider

the case 0a n < a. Take s > 0 such that a� p0s > n. Then, since k is

nonincreasing, we haveð
GVBðx; rÞ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0�k
dy

¼
ð
fy AGVBðx; rÞ: j f ðyÞjar�sg

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0�k
dy

þ
ð
fy AGVBðx; rÞ: j f ðyÞj>r�sg

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0�k
dy

a r�sp0kðrsÞða�nÞ=p0�k

ð
GVBðx; rÞ

dy

þ kðrsÞ�k

ð
GVBðx; rÞ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0dy:
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By Lemma 2.5 with rnjðrÞ�1 replaced by rnþsp0jðrÞ�1
kðrÞ�ða�nÞ=p0 , Theorem A

and (2.1), we haveð
GVBðx; rÞ

j f ðyÞjp0kðj f ðyÞj�1Þða�nÞ=p0�k
dyaCrnjðrÞ�1

kðrÞ�k

for all x A Rn and r > 0, as required.

Remark 2.9. Let 0a na aa n. Set FkðtÞ ¼ jðtÞkðtÞða�nÞ=p0 for t > 0.

Then Theorem 2.8 implies that

k f kp0; n;Fk
aCk f kpð�Þ; n;j whenever f A L pð�Þ; n;jðGÞ

for each bounded open set GHRn.

Here we recall that

k f kp0; n;Fk
¼ sup

x ARn; r>0

r�nFkðrÞ
ð
Bðx; rÞ

j f ðyÞjp0dy
 !1=p0

:

3. Continuity of logarithmic potentials of functions in Morrey spaces

For the function j as above, we consider a function j1 on ð0; 1=2� and a

nonincreasing function j2 on ð0; 1=2� such that

j1ðrÞ ¼
ð r
0

jðtÞ�1 dt

t
and j2ðrÞ ¼

ð1
r

jðtÞ�1 dt

t
:

We set

FðrÞ ¼
j1ðrÞ if n ¼ 0;

jðrÞ�1 if 0 < n < 1;

j2ðrÞ if n ¼ 1

8><
>:

for 0 < ra 1=2. In view of ðj2Þ, note that

j1ðrÞbCjðrÞ�1 and j2ðrÞbCjðrÞ�1

for 0 < ra 1=2.

Remark 3.1. Let jðtÞ ¼ ðlogð1Þð1=tÞÞ
b for b A R. Then

j1ðrÞaCðlogð1Þð1=rÞÞ
�bþ1 if b > 1

and

j2ðrÞaC

ðlogð1Þð1=rÞÞ
�bþ1 if b < 1;

logð2Þð1=rÞ if b ¼ 1;

1 if b > 1

8><
>:

for 0 < ra 1=2.
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Our aim in this section is to give a proof of Theorem B, which deals

with the continuity of logarithmic potentials of functions in Morrey spaces of

constant exponent. For the proof we prepare the following two lemmas.

Lemma 3.2. Let 0a na n. If f A L1; n;jðRnÞ, then there exists a constant

C > 0 such thatð
Bðx; dÞ

logðd=jx� yjÞð Þj f ðyÞjdyaC
dnFðdÞ if 0a na 1;

d if n > 1

�

for all x A Rn and 0 < d < 1=2, where the constant C may depend on the L1; n;j-

norm of f .

Proof. Let f A L1; n;jðRnÞ. By Lemma 2.4, we have

ð
Bðx; dÞ

logðd=jx� yjÞð Þj f ðyÞjdy ¼
ð d
0

ðlogðd=tÞÞ
ð
qBðx; tÞ

j f ðyÞjdSðyÞ
 !

dt

a

ð d
0

ð
Bðx; tÞ

j f ðyÞjdy
 !

dt

t

aC

ð d
0

tnjðtÞ�1 dt

t

aC
dnFðdÞ if 0a na 1;

d if n > 1

�

for all x A Rn and 0 < d < 1=2, as required.

Lemma 3.3. Let 0a na n. If f A L1; n;jðRnÞ satisfies (1.1), thenð
R nnBðx; dÞ

jx� yj�1j f ðyÞjdyaC
dn�1FðdÞ if 0a na 1;

1 if n > 1

�

for all x A Rn and 0 < d < 1=2, where the constant C may depend on the L1-

norm and L1; n;j-norm of f .

Proof. Let f A L1; n;jðRnÞ satisfy (1.1). For x A Rn and 0 < d < 1=2, we

find

ð
R nnBðx; dÞ

jx� yj�1j f ðyÞjdy ¼
ðy
d

t�1

ð
qBðx; tÞ

j f ðyÞjdSðyÞ
 !

dt

a

ðy
d

t�1

ð
Bðx; tÞ

j f ðyÞjdy
 !

dt

t
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aC

ð1
d

tn�1jðtÞ�1 dt

t
þ
ð
R n

j f ðyÞjdy
ðy
1

t�1 dt

t

aC

ð1
d

tn�1jðtÞ�1 dt

t
þ
ð
R n

j f ðyÞjdy

aC
dn�1FðdÞ if 0a na 1;

1 if n > 1

�

since f A L1ðRnÞ by (1.1).

Now we are ready to prove Theorem B.

Proof of Theorem B. Let f A L1; n;jðRnÞ satisfy (1.1). By Lemma 3.2

and ðj2Þ, we haveð
Bðx;2jx�zjÞ

jlogð1=jx� yjÞ � logð1=jz� yjÞj j f ðyÞjdy

a

ð
Bðx;2jx�zjÞ

ðlogð3jx� zj=jx� yjÞÞj f ðyÞjdy

þ
ð
Bðz;3jx�zjÞ

ðlogð3jx� zj=jz� yjÞÞj f ðyÞjdy

aC
jx� zjnFðjx� zjÞ if 0a na 1;

jx� zj if n > 1

�
ð3:1Þ

for jx� zj < 1=6.

On the other hand, we see from the mean value theorem for analysis,

Lemma 3.3 and ðj2Þ thatð
RnnBðx;2jx�zjÞ

jlogð1=jx� yjÞ � logð1=jz� yjÞj j f ðyÞjdy

aCjx� zj
ð
R nnBðx;2jx�zjÞ

jx� yj�1j f ðyÞjdy

aC
jx� zjnFðjx� zjÞ if 0a na 1;

jx� zj if n > 1

�
ð3:2Þ

for jx� zj < 1=6.

Hence it follows from (3.1) and (3.2) that

jLf ðxÞ � Lf ðzÞjaC
jx� zjnFðjx� zjÞ if 0a na 1;

jx� zj if n > 1

�

for jx� zj < 1=6, which proves the theorem.
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For p0 > 1, we set np0 ¼ n=p0 þ n=p 0
0 and

Fp0ðrÞ ¼
jðrÞ�1=p0 if np0 < 1;Ð 1
r
jðtÞ�1=p0 dt

t
if np0 ¼ 1

(

for 0 < ra 1=2.

Corollary 3.4. Suppose p0 > 1. Let f A Lp0; n;jðRnÞ satisfy (1.1).

(1) If np0 a 1, then

jLf ðxÞ � Lf ðzÞjaCjx� zjnp0Fp0ðjx� zjÞ

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L p0; n;j-norm of f .

(2) If np0 > 1, then

jLf ðxÞ � Lf ðzÞjaCjx� zj

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L p0; n;j-norm of f .

Proof. Let f A L p0; n;jðRnÞ satisfy (1.1). Then Jensen’s theorem gives

1

jBðx; rÞj

ð
Bðx; rÞ

j f ðyÞjdya 1

jBðx; rÞj

ð
Bðx; rÞ

j f ðyÞjp0dy
 !1=p0

aCr�ðn�nÞ=p0jðrÞ�1=p0

for all x A Rn and r > 0, so that f A L1; np0 ;j
1=p0 ðRnÞ. Hence, applying Theo-

rem B with n and jðrÞ replaced by np0 and jðrÞ1=p0 , we obtain the required

assertion.

Remark 3.5. In the case n ¼ 0, we need the condition j1ð1=2Þ < y for

the continuity of Lf .

For this, consider the functions

jðtÞ ¼ ðlogð1Þð1=tÞÞ
a

and

f ðyÞ ¼ jyj�nðlogð1=jyjÞÞ�2
wBð0;1=2ÞðyÞ;

where wE denotes the characteristic function of a measurable set EHRn. If

aa 1, then we see that j1ð1=2Þ ¼ y,

(1) Lf ð0Þ ¼
Ð
ðlogð1=jyjÞÞ f ðyÞdy ¼ y; and

(2)
Ð
Bðx; rÞ f ðyÞdyaCðlogð1Þð1=rÞÞ

�1
aCjðrÞ�1 for all x A Rn and r > 0.

This implies that f A L1;0;jðRnÞ, but Lf is not continuous at the origin.

Remark 3.6. We show that Theorem B is sharp. In fact, if 0 < na 1,

then, letting jðtÞ ¼ ðlogðmÞð1=tÞÞ
a for an integer mb 0 and a A R, we can find

f A L1; n;jðRnÞ satisfying
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jLf ð0Þ � Lf ðxðiÞÞjbCjxðiÞjnFðjxðiÞjÞ

for some sequence fxðiÞg which tends to the origin.

To show this, we consider the sequence xðiÞ ¼ ð0; 0; . . . ;�1=iÞ and the

function

f ðyÞ ¼ jyj�ðn�nÞjðjyjÞ�1wGþðyÞ;

where Gþ ¼ fy ¼ ðy 0; ynÞ A Bð0; 1=2Þ : jy 0j < yn=2g. Then, by Lemma 2.4, we

have ð
Bðx; rÞ

f ðyÞdyaC

ð r
0

tnjðtÞ�1 dt

t
aCrnjðrÞ�1

for all x A Rn and r > 0, so that f A L1; n;jðRnÞ. Further, we have

jLf ð0Þ � Lf ðxðiÞÞj ¼
ð
Gþ

ðlogð1=jyjÞ � logð1=jxðiÞ � yjÞÞ f ðyÞdy

b

ð
GþVBð0; jxðiÞj=2Þ

ðlogð1=jyjÞ � logð2=jxðiÞjÞÞ f ðyÞdy

þ
ð
GþnBð0; jxðiÞj=2Þ

ðlogð1=jyjÞ � logð1=jxðiÞ � yjÞÞ f ðyÞdy

bC

ð
GþVBð0; jxðiÞj=3Þ

f ðyÞdyþ CjxðiÞj
ð
GþnBð0; jxðiÞj=2Þ

jyj�1
f ðyÞdy

bC

ðjxðiÞj=3
0

tnjðtÞ�1 dt

t
þ CjxðiÞj

ð1=2
jxðiÞj=2

tn�1jðtÞ�1 dt

t

bCjxðiÞjnFðjxðiÞjÞ:

If n ¼ 0, then, letting

jðtÞ ¼ ðlogðmÞð1=tÞÞ
a
Ym�1

j¼1

logð jÞð1=tÞ

for a > 1 and an integer mb 1, we have only to consider the function

f ðyÞ ¼ jyj�nðlogð1=jyjÞÞ�1jðjyjÞ�1wGþðyÞ:

Then we can show as above that f A L1;0;jðRnÞ and

jLf ð0Þ � Lf ðxðiÞÞjbC

ð
GþVBð0;jxðiÞj2=2Þ

ðlogð1=jyjÞÞ f ðyÞdy

bCðlogðmÞð1=jxðiÞjÞÞ
�aþ1

for xðiÞ ¼ ð0; 0; . . . ;�1=iÞ.
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4. Continuity of logarithmic potentials of functions in Morrey spaces of

variable exponent

We set

jkðrÞ ¼

Ð r
0 jðtÞ

�1
kðtÞ�a dt

t
if n ¼ 0;

jðrÞ�1
kðrÞ�ða�nÞ if 0 < n < 1;Ð 1

r
jðtÞ�1

kðtÞ�ða�1Þ dt
t

if n ¼ 1

8>><
>>:

for 0 < ra 1=2.

Our final goal is to give a proof of Theorem C, which deals with the

continuity of logarithmic potentials of functions in Morrey spaces of variable

exponent.

Proof of Theorem C. Let f A L pð�Þ; n;jðRnÞ satisfy (1.1). We set

f ¼ f wKðr0Þ þ f wR nnKðr0Þ ¼ f1 þ f2:

Since Kðr0Þ is a bounded open set, we have by Theorem 2.8 with k ¼ a� nð
Bðx; rÞ

j f1ðyÞjdyaCrnjðrÞ�1
kðrÞ�ða�nÞ

for all x A Rn and r > 0. Applying Theorem B with jðrÞ replaced by

jðrÞkðrÞa�n, we have

jLf1ðxÞ � Lf1ðzÞjaC
jx� zjnjkðjx� zjÞ if 0a na 1;

jx� zj if n > 1

�

for 0 < jx� zj < 1=2. On the other hand, since pðyÞ ¼ p1 :¼ 1þ oðr0Þ for

y A RnnKðr0Þ, we have ð
Bðx; rÞ

j f2ðyÞjp1dyaCrnjðrÞ�1

for all x A Rn and r > 0. Then, by Corollary 3.4, we have

jLf2ðxÞ � Lf2ðzÞjaC
jx� zjnp1Fp1ðjx� zjÞ if np1 a 1;

jx� zj if np1 > 1

�

for 0 < jx� zj < 1=2. Hence, we obtain that

jLf ðxÞ � Lf ðzÞjaC
jx� zjnjkðjx� zjÞ if 0a na 1;

jx� zj if n > 1

�

for 0 < jx� zj < 1=2 since np1 b n and rnp1�nFp1ðrÞjkðrÞ
�1 is quasi-increasing on

ð0; 1=2Þ for np1 a 1.
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For p0 > 1, we set

jk;p0ðrÞ ¼
jðrÞ�1=p0kðrÞ�ða�nÞ=p2

0 if np0 < 1;Ð 1
r
jðtÞ�1=p0kðtÞ�ða�1Þ=p2

0 dt
t

if np0 ¼ 1

(

for 0 < ra 1=2.

Using Corollary 3.4 instead of Theorem B, we can similarly show the

following corollary.

Corollary 4.1. Suppose p0 > 1. Assume that 0a na aa n and the

ðn� aÞ-dimensional upper Minkowski content of K is finite. Let f A L pð�Þ; n;jðRnÞ
satisfy (1.1).

(1) If np0 a 1, then

jLf ðxÞ � Lf ðzÞjaCjx� zjnp0jk;p0ðjx� zjÞ

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L pð�Þ; n;j-norm of f .

(2) If np0 > 1, then

jLf ðxÞ � Lf ðzÞjaCjx� zj

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-

norm and L pð�Þ; n;j-norm of f .

From now on we consider

kðrÞ ¼ ebðlogð1Þð1=rÞÞ
a

and

jðrÞ ¼ ðlogð1Þð1=rÞÞ
b

for ab 0, bb 0, b A R and r > 0, where bb 0 when n ¼ 0 and ba 0 when

n ¼ n. Then, letting A ¼ aðn� nÞ þ b, we see that

jkðrÞaCCðrÞ;

where

CðrÞ ¼

ðlogð1Þð1=rÞÞ
�Aþ1 if n ¼ 0;

ðlogð1Þð1=rÞÞ
�A if 0 < n < 1;

ðlogð1Þð1=rÞÞ
�Aþ1 if n ¼ 1 and A < 1;

logð2Þð1=rÞ if n ¼ 1 and A ¼ 1;

1 if n ¼ 1 and A > 1

8>>>>>><
>>>>>>:

for 0 < ra 1=2.
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By Theorem C with K ¼ fx0g and Remark 3.1, we have the following

result.

Corollary 4.2. Let oa;bð0Þ ¼ 0,

oa;bðrÞ ¼
a logðlogð1Þð1=rÞÞ

logð1=rÞ þ b

logð1=rÞ

for 0 < r < r0 and oa;bðrÞ ¼ oa;bðr0Þ for rb r0, where the number r0 is chosen

so that oa;bðrÞ is nondecreasing on ð0; r0Þ and satisfies (k). Set

pðxÞ ¼ 1þ oa;bðjx0 � xjÞ:

Let f A L pð�Þ; n;jðRnÞ satisfy (1.1). If 0a na 1 and A > 1 when n ¼ 0, then

jLf ðxÞ � Lf ðzÞjaCjx� zjnCðjx� zjÞ

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-norm

and L pð�Þ; n;j-norm of f .

We have three remarks for Corollary 4.2.

Remark 4.3. When n ¼ b ¼ 0, we showed thatð
G

j f ðyÞjðlogð1þ j f ðyÞjÞÞandy < y

for all f A L pð�ÞðRnÞ (see Theorem A). It follows from [3, Theorem 9.1,

Section 5.9] that Lf is continuous on Rn even when n ¼ 0 and A ¼ an ¼ 1, in

case jðrÞ ¼ 1 for which jkðrÞ ¼ y.

Remark 4.4. In case n ¼ 0 and an < 1, we need the condition A > 1 for

the continuity of Lf .

For this, set x0 ¼ 0 and consider the function

f ðyÞ ¼ jyj�nðlogð1=jyjÞÞ�2
wBð0;1=2ÞðyÞ:

Note that A ¼ anþ b. Thus, if Aa 1, then as in Remark 2.7, we see that

(1) Lf ð0Þ ¼
Ð
ðlogð1=jyjÞÞ f ðyÞdy ¼ y; and

(2)
Ð
Bðx; rÞ f ðyÞ

pðyÞ
dyaC

Ð
Bðx; rÞVBð0;1=2Þ jyj

�nðlogð1=jyjÞÞan�2
dyaCðlogð1=rÞÞan�1

aCðlogð1Þð1=rÞÞ
�b for all x A Rn and 0 < r < 1=2.

This implies that f A L pð�Þ;0;jðRnÞ, but Lf is not continuous at the origin.

Remark 4.5. Corollary 4.2 is seen to be sharp in the following sense:

in case x0 ¼ 0 and 0 < na 1, we can find f A L pð�Þ; n;jðRnÞ satisfying

jLf ð0Þ � Lf ðxðiÞÞjbCjxðiÞjnCðjxðiÞjÞ

for some sequence fxðiÞg which tends to the origin.
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For this purpose, we consider the sequence xðiÞ ¼ ð0; 0; . . . ;�1=iÞ and the

function

f ðyÞ ¼ jyj�ðn�nÞðlogð1=jyjÞÞ�AwGþðyÞ;

where Gþ is as in Remark 3.6. Then, as in Remark 2.7, we haveð
Bðx; rÞ

f ðyÞpðyÞdyaC

ð r
0

tnðlogð1=tÞÞ�b dt

t
aCrnðlogð1=rÞÞ�b

for all x A Rn and 0 < r < 1=2, which implies that f A L pð�Þ; n;jðRnÞ. Further,

we can show the required property as in Remark 3.6.

Similarly, for n ¼ 0, we can find f A L pð�Þ;0;jðRnÞ satisfying

jLf ð0Þ � Lf ðxðiÞÞjbCðlogð1=jxðiÞjÞÞ�Aþ1

for some sequence fxðiÞg which tends to the origin.

By Theorem C with K ¼ qBð0; 1Þ, we have the following corollary.

Corollary 4.6. Let

pðxÞ ¼ 1þ oa;bð1� jxjÞ;

where oa;bð�Þ is as in Corollary 4.2. Set AS ¼ að1� nÞ þ b and

CSðrÞ ¼

ðlogð1Þð1=rÞÞ
�ASþ1 if n ¼ 0;

ðlogð1Þð1=rÞÞ
�AS if 0 < n < 1;

ðlogð1Þð1=rÞÞ
�ASþ1 if n ¼ 1 and AS < 1;

logð2Þð1=rÞ if n ¼ 1 and AS ¼ 1;

1 if n ¼ 1 and AS > 1

8>>>>>><
>>>>>>:

for 0 < ra 1=2.

Let f A L pð�Þ; n;jðRnÞ satisfy (1.1). If 0a na 1 and AS > 1 when n ¼ 0,

then

jLf ðxÞ � Lf ðzÞjaCjx� zjnCSðjx� zjÞ

whenever 0 < jx� zj < 1=2, where the constant C may depend on the L1-norm

and L pð�Þ; n;j-norm of f .
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