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1. Introduction

In this paper we will discuss positive solutions of the singular Emden-
Fowler type system

y' =a(t)z™?,
t>to,
(1) {Z” — b(t)y_”, =0

where 4, u>0 are constants, and a and b are continuous functions on
[to, o). The following conditions are always assumed to hold:

(C,) a and b have unbounded supports.

(C,) The improper integrals

Alt) = Jm a(s)ds and B(t)= Jw b(s)ds

t

converge for ¢t >t,, and A(f), B(t) >0, t > t,.
(C;) AB has unbounded support.

A vector function (y, z)e C%[t,, 00) x C2[t,, ) is called a positive
solution of system (1) when it solves system (1) and y(t), z(t) > O for ¢ > ¢,.
The singular Emden-Fower type equations of the form

y” = h(t)y_l, t= tO’

with 4 >0, he C[t,, ), have been treated in several papers; see [1-5].
Especially, the author [5] showed under suitable conditions that this equation
admits a positive solution y(t) satisfying

lim, , , y(£) = lim, . ,y'(t) = 0.

Sufficient conditions for the uniqueness of such solutions were also given.
However, it seems that very litttle is known about such decaying solutions of
system (1). Therefore in this paper we will give sufficient conditions which
ensure the existence of positive solutions (y, z) of (1) satisfying
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lim,, , y(2) = lim,. , y'(t) = 0,

@ lim,, , z(t) = lim,_, ,Z'(t) = 0,

and

3) lim,,y(t)=¢, lim,_,y'(t)=0,
[]

lim, ., . z(t) = lim,_, . 2'(t) = 0,

with £ > 0. A criterion for the nonexistence of these solutions will also be
given.

2. Main Results

In order to derive the existence theorems, we need the next basic lemma
which gives a sufficient condition for systen (1) to have a postive solution (y, z)
tending to a positive limit as t — co.

LEMMA. Suppose that

@ f * A(tdi < oo,
) r B(t)dt < oo,
and

j " LA@B(Odt < .

0

Then for any ¢, m > 0, system (1) admits a positive solution (y, z) satisfying

limt-moy(t) =/, limt—moy’(t) =0,
lim, . z() =m, lim,. Z(t)=0,

()
and y'(t), Z'(t) < 0 in [ty, ).

Proor. It is easily verified from condition (C,) that (y, z)e C2[t,, )
x C?[t,, o0) becomes a positive solution of system (1) satisfying (6) if and only
if it solves the system

) Yo =¢+ r A($)[2(5)] ™ Hds

t

— /IJW (J.w A(r)[z(r)]_‘"12’(r)dr>ds,
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® ) =m+ f " B)[y(9)]*ds

- ur (F B(r)[y(r)]'“‘1y'(r)dr>ds,

First we solve this system in some neighborhood of infinity, say
t>T>t,. Choose ¢, k>0 and T=>t, so that

lm"“‘(/‘“ + kJmA(s)ds) <c,
T
utH1 (m_’1 + cfm B(s)ds) <k,
T
m_‘fw A(s)ds + /lm_’l_1<{’_“ + kjmA(s)ds><fwsA(s)B(s)ds> <7,

T

t"“jw B(s)ds + y/“““(m"1 + ch B(s)ds)(J‘00 sA(s)B(s)ds) <m.
T T

T

for t >t,.

Consider the set X of all functions (y,z) in C![T, o) x C*[T, «0) whose
components satisfy the inequalities

£<ylt) <2,

m < z(t) < 2m,

oo}

0< —y@®<m *A@) + cj A(s)B(s)ds,

t

0<—Z(O) < "Bl +k f " A(9)B(s)ds

t

for t > T. Clearly X is a nonempty closed convex subset of the Fréchet space
C![T, ) x C'[T, ). Define the mapping & : X —» C*[T, o0) x C'[T, o) by
F(y, z) = (y, Z), where

yOy=7¢+ JwA(S)[Z(S)]_‘ds

t

- lJ‘@(J‘m AM[z(N]~* 1z’(r)dr)ds,

)= — AQLz@O1* + ifw A1 2 (s)ds,

t
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and

Z(t)=m+ foo B(s)[y(s)] " *ds

t

— f w( J ) B(r)[y(r)]"ﬂ‘ly'(r)dr)ds,

Z() = - BOy®1 ™ + uj B(s)[y(9)]7* "'y (s)ds,

t

for t > T. We shall show that % maps X continuously into a relatively
compact set of itself.
To prove FX < X, let (y,z)e X. Since

J " AOL0] 2 0)ldr

< m—x—l[/-u f wA(r)B(r)dr +k f wA(r)(ij(u)B(“)d“)d"]
<mi e [ amor + o [ aoar )| aoor) |

for s > T, we obtain

17 (8)] <m~2A(@t) + lm“"(/”" + kfwA(s)ds><fwA(s)B(s)ds>

T

<m~rA(t) + CJ‘ A(s)B(s)ds, t>T,
and

0<jt)—¢ < m“JwA(s)ds + 1r<rA(r)[z(r)]-l-l|z'(r)|dr>ds

T

< m"fmA(s)ds

T

+ Am‘*-l[f—” f w( f wA(r)B(r)dr>ds Ttk f w( f wA(r)er f mA(r)B(r)dr)ds]
< m-ﬂjw A(s)ds + Am-H(/-ﬂ + krA(s)ds)Uw sA(s)B(s)dS>
T T T
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The estimates for Z(¢) and Z'(¢) are similarly obtained. Thus #X < X. The
continuity of & is a simple consequence of the dominated convergence
theorem, and the Ascoli-Arzela theorem asserts that #X is compact.
Therefore the Schauder-Tychonoff fixed point theorem shows that # has a
fixed element (y, z) in X. Hence system (7)—(8) admits a positive solution (y, z)
in [T, «0). Note that the derivative (), z') is given by

©) Y@ = — AOO1 + 2 f " AL 2 s,
and

(10) 2() = - BOO1* + uf BTy (s
for t>T.

The rest of the proof proceeds as in the proof of [5, Lemma 1]. First we
notice that y'(t), z'(f) < 0 in [T, o). In fact, if it does not hold, then y'(z) =0
for some T > T. In view of the sign conditions for A(f) and z'(t), by putting ¢
=1 in (9), it is found that

Afw A(S)[z(s)]*12'(s)ds = 0,

namely, A(t)z'(t) = 0 in [t, c0). Multiplying (10) by A(¢), we see that A(t)B(t) =
0 in [1, o0). This contradicts our assumption (C;). Hence y'(t) < 0 in [T, o0),
and the same procedure shows that z'(t) < 0 in [T, o).

Next let us prolong (y, z) to the left as a solution of (1). Let I = [¢,, o)
be the maximal interval of existence of (y, z). It is clear that (7), (8), (9) and (10)
are still valid for teI. We claim again that y'(¢), z'(t) < 0, teI. In fact, if this
is not true, we, can find T €I, © < Tsuch that y'(¢), z’(t) < 0, t > 7 and either y'(¢)
or Z'(t) vanishes at t. We may suppose y'(tr) =0. Then, putting t =7 in (9),
we have A(t)Z'(t)=0 in [r, o) and therefore multiplying (10) by A(f), we
immediately reach a contradiction as before. Hence y'(t), z'(t) < 0 for tel.

From the above observation it can be shown easily that I coincides with
the whole interval [t,, o), and therefore y'(¢), z'(t) < 0 for te I = [¢t,, ). This
completes the proof.

When A < 1, by applying our Lemma, we can obtain the following results
which ensure the existence of positive solutions of system (1) satisfying (2) or
3),, £>0.

THEOREM 1. Let Au< 1. Suppose that (4) and (5) hold. Furthermore
suppose that
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(11) on tla(t)| <jw B(s)ds)_idt < o0,
(12) Jwtib(t)l<fmA(s)ds>—udt < oo.

Then system (1) has a positive solution (y, z) satisfying (2).
THEOREM 2. Let Au < 1. Suppose that

J t|b(t)|dt < o0
t

(1]

and (11). Then, for any ¢ >0, system (1) admits a positive solution (y, z)
satisfying (3),.

Proor oF THEOREM 1. First notice that all assumptions of our Lemma are
fulfilled. Thus for ne N, there exists a positive solution (y,, z,) € C2[t,, )
x C?[to, 00) of system (1) satisfying

(13) Yn(®) 2(8) <0, t>1o,

and
. 1
limt—’coyn(t) = hmt—’oozn(t) = ; )
lim, , ,, y(t) = lim,, ,Z,(¢) = O.

Moreover we recall that it has the form

0 wo=t [t

s

= % + jw A(s)[z,(s)] " *ds

_Afmqw A()[z,(r) ““‘z;(r)dr>ds’ t2to,

s

09 aw=p+ [ ([ banar

= f " B)[ya(9)] "ds

- ur< f ) B(r)[yn(r)]-“—ly;(r)dr>ds, £> 1.
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Hence (13), (14) and (15) show that

(16) ya(®) = [2,(0]7* f ) A(s)ds,  t=>t,,
and
a7) 2,(0) > [ya(0]* J CBMs,  t> 1.

Thus it follows from (14) and (17) that

— yalt) = jw a(s)[z,(s)] " *ds

© © -4
SJ Ia(S)I< j B(r)dr> [yn(s)]*ds

< [yn(owr |a(s)|<r B(r)dr>_lds, (> to,

where the decreasing nature of y,(t) is also used. The above inequality can be
rewritten as

and the integration over [t, o) gives

070 e < (/m ™ + JQSIa(sﬂ(jw B(r)dr>_lds’ =t

1—Ap = 1—Ap

Thus the sequence {y,} is uniformly bounded on each compact subset of
[to, ©©). Moreover we see that the sequences {y,}, {z,} and {z,} are also
uniformly bounded on each compact subset of [t;,,00) by the same
computation. Hence by the Ascoli-Arzela theorem we can find a subsequence
{(Vn;> 24)} Of {(yn> 2z,)} and a function (J, Z)e C[t,, o) x C[t,, ) to which
{(Vn;> zs,)} converges uniformly on each compact subset of [,, ). Inequalities
(16) and (17) show that y(¢), z(¢) > O in [ty, ©). Let n; > oo in the equations

V() = nl + jw(fwa(r)[zni(r)]_ldr>ds, t>to,
and

Z,,(t) = nl + Jw<Jwb(r)[yni(r)]_“dr)ds, t>t,.
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Then the dominated convergence theorem asserts that (y, Z) is a positive
solution of (1) satisfying (2). This finishes the proof.

PrROOF OF THEOREM 2. The proof is similar to the proof of Theorem 1
above. Therefore we will give only a sketch here.
Take positive solutions (y,, z,), n€ N, of system (1) such that

y:l(t)’ Z;:(t) < 0’ t Z tO,
and

. . 1
hmt—'ooyn(t) = /’ hmt—’cozn(t) =y
n

lim, , ;, y,(t) = lim, _, ;,z,(t) = 0.

Note that inequality (17) remains valid. Thus as in the proof of Theorem 1

we have
t 1-Au [1—1;4 ) © - A
Ly (®)] < +f sla(s)l(f B(r)dr> ds, t>t.

1—Au 1—u . s

Using the inequality y,(t) > ¢, t > t,, which can be easily obtained, we get the
following estimate for z,(t):

1 oo}
z,,(t)s;+f“‘J s|b(s)|ds, t>t,.

t

Hence the argument used in the proof of Theorem 1 leads us to the desired
conclusion. The proof is complete.

When Au > 1, it is unknow for the author whether or not system (1) has
such positive solutions. However, the same manipulation as in the proof of
Theorem 1 gives a nonexistence criterion.

THEOREM 3. Let Au> 1.
(i) If (5) and (11) hold, then system (1) admits no positive solution (y, z)

satisfying

lim,, , y(t) = lim,_, , y'(t) = lim,_, , Z'(¢) = 0,
(18) lim,, , z(¢) = const € [0, o0),

y(@), Z(t) <0 for all large t.

(i) If (4) and (12) hold, then system (1) admits no positive solution (y, z)
satisfying
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lim,, ,z(t) = lim,_, , Z'(t) = lim,_, , )’ (t) = 0,
(19) lim,, ,, y(t) = const € [0, o),
y(@®), 2(t) <0 for all large t.

REMARK. In the case of a(t) >0, ¢ > t,, the negativity of y'(f) and z'(t)
required in (18) and (19) is superfluous. In fact, the boundedness of y(t) and
z(t) automatically implies that )'(t) and z'(¢) are eventually negative.

ProorF oF THEOREM 3. We only consider (i), because (ii) can be treated
similarly.

Let (y, z) be a positive solution of (1) with the required property (18). As
in the proof of our Lemma, we see that it satisfies (7) and (8), with £ =0 and m
=z(0)e [0, o0). Now choose T=>t, so large that y'(t), z'(t)<O0 for
t > T. Then the same manipulation as in the proof of Theorem 1 yields

y(t) = Jw<Jw a()[z(N] "‘dr)ds
< ro [Jw |a(r)|<J‘oo B(u)du)_/1 [y(r)]“‘dr]ds

© © -4
S[y(t)]“‘J (s-t)la(S)|<j B(r)dr) ds,

that is,

W *< J

t

uosla(s)l(JmB(r)dr>—Ads, t>T,

s

where the monotonicity of y(tf) are used. Hence we reach a contradiction by
letting t —» oo. The proof is finished.

3. Examples

In this last section we illustrate some examples which are derived from our
existence theorems developed above.

ExaMPLE 1. Consider system (1) where a and b satisfy

Cit™ 2 % <a(t) < Cpt 27",

% D172 7P <b(t) < D,t™ 27,

for t > 1 where a, 8, C;, D;>0,i=1, 2.
(i) Let Au < 1. From Theorem 1, we see that if
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(21) a—AB>0 and B — pa >0,

then system (1) has a positive solution (y, z) satisfying (2). Especially, the
singular Emden-Fowler system

y// — t—z—az—}.
{f’=t“2‘”y‘%

22 t>1, o f>0,

has a positive solution (y, z) of the form

y(e)=Ct",
0
(23) {z(t) — Dt where C, D, p, q > 0,

if and only if (21) holds. In fact, the function (y, z) of the form (23) becomes
a positive solution of (22) if and only if the simultaneous algebraic equation

{Cp(p+1):D“, —p—2=2q—-2—uq,
Dgq(g+1)=C, —q—2=pup—-2-P

has a solution (C, D, p, q).
(ii) Let Au> 1. It is easy to see that if

(24 a—AB>0 or B— pa>0,

then, the particular system (22) never has a positive solution (y, z) of the form
(23). On the other hand, our Theorem 3 asserts more strongly that if (24)
holds, then system (1) with (20) does not have any positive solution (y, z)
satisfying (2).

ExaMmpLE 2. Let Ju < 1. Consider system (1) with a and b satisfying
Cit™ 2<a(t) < Cyt™™72,
D;t7 P12 < b(t) < Dt F272,
for t>1, where C;, D;>0, i=12; a;>a,>0, and f,>f,>0 are
parameters. Then, it follows from Theorem 1 that there exist o; = o;(4, ) > 0
and f; = fi(4, u) > 0 such that system (1), with this a;(4, u) and B;(4, u), has a
positive solutin (y, z) fulfilling (2). To see this it suffices to notice the fact that,
for any given A, p satisfying Au < 1, the linear algebraic inequality
{az——lﬁ1>0, o — oy >0,
Bz — poy >0, By —B,>0

admits a positive solution «;, f;. Here we may as well adapt the next result
which is well-known in convex analysis: For each n x n matrix Lexactly one of
the following two cases holds.
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(i) There exists n-vector ¢ satisfying L& >0 and € > 0.

(i) There exists n-vector n # 0 satisfying ‘Ly <0 and 5 > 0.
(The order relation v > w[v > w] for vectors v = (v;), w = (w;) is defined as
v; = w; [v; >w] for all i)

ExampLE 3. Finally we present an example in which a(t) and b(¢)
oscillate. Let Au < 1. Consider system (1) with

1+sintY
a(t)=“<“_tzT>’

1+sint\
b(t) = — <7+—,;—> >
for t > 1, where ¢, 6 > 0. We then see that

a(®) = 0(t™>7%, j " A@ds 2 1,

b(t) = 0(t™ 279, Jw B(s)ds > C,t7 179,

as t — oo for some C;, C, > 0. Therefore Theorems 1 and 2 assert that system
(1) has a positive solution (y, z) satisfying (2) if

AMl+d)<e and ul +¢ <9,
and that system (1) has a positive solution (y, z) satisfying (3),, £ > 0, if
Al +9) <e.
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