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1. Introduction

The purpose of this paper is to show that given a pair of solutions u;, u,
in W1((0, o0); H) of the time-dependent evolution equation

(1.1) (d/dt)u(t) + ' w(®)30, ae. t>0,
the strong convergence
1.2) s — lim,_, , {u;(¢) — u,(t)} = const.e H

is valid, where H is a real Hilbert space, and for each t€[0, o0), ' is a proper
lower semi-continuous (l.s.c.) convex functional defined in H and dy* denotes
the subdifferential of y*.

A typical example of (1.1) is the following parabolic equation:

(0/0t)yu(t, x) — Y.7_,(8/0x) fi(t, x, Vu) + g(t, x, u) =0,
(L.3) (t, x)e Ui oft} x Q(),
u(t, x) = 0, (t, X)€ Urao{t} x I(0).

Here, for each fixed (t, x), the family {fj(t, x, y)} is supposed to be completely
integrable with respect to yeR”" and an ellipticity condition

(1.4) Yik=10@/0p) filt, x, y) &&= r(t)a(x)1E?,  EeR”

holds for some positive smooth functions r on [0, ) and a on R". For each
te[0, o), the set Q(t) denotes a domain in R" with smooth compact boundary
I'(t). In most of our results, we do not assume the boundedness of Q(t). By
means of the zero-extension, we formulate equation (1.3) in the real Hilbert
space L*(R").

The convergence (1.2) is interesting, for example, if oy'*T = dy*' with some
T>0 and u,(.) is a T-periodic solution of (1.2). The existence of periodic
solutions of our example (1.3) is obtained in [5] (see also [7]).

As mentioned in the Introduction of our previous paper [4], to get the
strong convergence (1.2) we need the following lemma.
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LEMMA 1.1. Let u, be a solution of (1.1). For any t > 0 such that u,(t)
satisfies the relation (1.1), put

(1.5) @'(W) = ¥'(w + uy (1)) + ((d/dt)u, (1), w) — ¥'(uz(0),  weH,

where (.,.) stands for the inner product of H. Then the family {¢'; a.e. t > 0}
has the following properties (i) and (ii).
(i) @' are proper l.s.c. convex functionals on H satisfying

(1.6) ¢'(0) = ming ¢* = 0.

(i) wu(.) is a solution of (1.1) if and only if u(.)=u,;(.)—u,(.) is a
solution of the equation

(d/dt)u(t) + 0¢'(u(t))>0, ae t>0.

By Lemma 1.1, the problem of finding the strong convergence (1.2) for
solutions u; and u, of (1.1) turns into the problem to show the strong
convergence

(1.7) s — lim,_, ,u(t) = const.e H
for a solution u of the equation

(1.8) (d/dbyu(t) + d¢'(u())20

under the condition (1.6) on {¢'}.

In the case where ¢ is independent of t (i.e., ¢'= @), the strong
convergence stated in (1.7) and similar problems on the weak convergence
were studied by many authors (e.g. the references listed in [3]). Typical
conditions as stated in (I) and (II) below are known to be sufficient for the
strong convergence (1.7).

(I) (Compactness condition)
(a) The minimum set of ¢ is nonempty.
(b) For each & R>0, the set {w;o(w)<minge +¢ [w| <R} is
relatively compact.

(II) (Evenness condition in a generalized sense, [3])
There is a constant ¢ > 0 such that

o(—cw) <pw), weD(9).

As seen from our example (1.3) subject to the ellipticity condition (1.4), the
compactness condition (I) is usually useful for the case in which the space
domain of R} is bounded, but condition (I) need not be fulfilled if the domain
is unbounded. On the other hand, the evenness condition (II) can be
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formulated without imposing any restrictions on the domain. Now both of
the conditions (I) and (II) are special cases of the following condition (III).

(ITI) ([3; Theorem 1])
(a) The minimum set of ¢ is nonempty.
(b)) There is a Fréchet differentiable operator A4 such that for each
&, R > 0 the set

{Aw; o(w) <mingo + ¢, |w| <R}

is relatively compact.
(cy There exists a constant ¢ > 0 such that

o(—cw + (1 + c)Aw) < o(w), weD(p).

In the previous paper [4], we established the convergence (1.7) in the
case where ¢' depends upon t and generalized each of (I), (II) and (III) to
the time-dependent case (see [4; Theorem 2.1], [4; Theorem 2.2] and
[4; Theorem 6.1], respectively).

In this paper, we show that the strong convergence (1.2) holds for the
constant 0 for any pair of solutions u,, u, € W' ((0, + o0); L2(R") of equation
(1.3), and that the results obtained in the previous paper [4] can be supplied
to get the strong convergence (1.2) or a similar type of convergence result for
any pair of solutions of (1.3). For this purpose, we first review [4; Theorem
6.1]. It is expected that our results can be applied to many other problems,
although the results are stated in fairly general forms. Next, in Section 4,
we show that equation (1.3) subject to some natural conditions is written in
the form (1.1) defined in the real Hilbert space L2(R"). Finally, in Section 5,
we apply our abstract result, Theorem 2.1, to equation (1.3) to get the
convergence (1.2) with the constant 0. See Theorem 5.1. We also verify that
all other results of [4] are applied to get the convergence (1.2) or a weak
convergence for any pair of solutions of (1.3). See Remarks 5.1, 5.2 and 5.3.

2. Abstract results

Let H be a real Hilbert space with inner product (.,.) and norm ||.|. Let
{¢'} be a family of proper Ls.c. convex functionals on H and put

F(¢") = {we H; ¢'(w) = ming ¢'}.
We show the strong convergence
s —lim,, , Ju(t)e H

for each solution of
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(E) @/d)u(t) + 00" ()30, t>0,

where we say that u(.) is a solution of (E) if (i) u(.)e Wi:*(0, o0; H); and
(ii) the relations u(t)e D(0¢") and — (d/dt)u(t)€ 0¢'(u(t)) hold for a.e. t > 0.
In this section we extend the basic reselt in the previous paper [4] and
apply the extended version to the equation (1.3) without assuming the
boundedness of ), qQ(¢).
The result is stated as follows:

THEOREM 2.1. Suppose that there are proper lLs.c. convex functionals y;,
i=1,2, on H, an operator A in H and constants ae(0, o), beR, and ce(0, )
satisfying the five conditions below;

(D1) F(¢")=F@W)(=F)30, ¢'0)=¢:(0)=0,:>0, i=1,2

(D2) {—au+ bAu; uedD(P)} = D) ifs<t

(D3) There is a positive measurable function r(.) defined on all of [0, o)
such that

@.1) rr(t)dt = o0,

0o

2.2) ¢'(— au + bAu) < r(t)Y,(— au + bAu) < ¢'(u), t>0, uedD(pH,
(23) r(y(Au) < co'(u), t >0, ue (0",
24 r(y,u) < ¢'(w), t >0, ueD(¢").

(D4) For each ¢ > 0 there is a positive constant & = 6(g) such that
dist(Au, F) <& for u with Y, (Au) < 4.
(D5) The inclusion — F + f, = d(F — f,) holds for some fyeF andd > 1.

Then every solution u(.) of (E) converges strongly to some point of F as
t — o0, namely

(2.5) s — lim,_, (u(t)eF.
By Lemma 1.1, the family {¢'} defined by (1.5) has the property
F(¢)30, ¢'(0)=0, t>0,

which is a pair of assumption (D1).
For the moment we consider an example of the operator A as mentioned
in Theorem 2.1 to illustrate the above-mentioned condition. Let

H = L*(Q), Q a domain of R", and
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o' (u) = J F(t, x, u(x), Vu(x))dx for ue D(op),
2

where, for each (¢, x)e[0, ) x 2, the function F(t, x,.,.) is supposed to be
convex on R x R" and

F(t, x, 0, 0) = ming g F(¢, X,.,.) = 0.
Suppose that there is a subdomain 2, of 2 with the following conditions.
(2.6) (generalized evenness condition on 2\,) There is ¢ > 0 such that
F(t, x, — eu(x), — ¢ Vu(x)) < F(t, x, u (x), Vu(x))
for xe2\Q2, and ueD(¢").

(2.7) (generalized compactness condition on Q,)

J F(t, x, u(x), Vu(x))dx > g(llull 2,  for ue d(¢’)
2

hold for some continuous function g satisfying g(0) =0 and g(r) >0
for r > 0.
If we put

u(x), xe,
@8) (43 (9 ={ ( ‘

0, xeQ\Q,,
then it follows from (2.7) that condition (D4) holds for any i, satisfying
Yi(Au) > g(||lA;ulL2). On the other hand, by (2.6), one has

O (—eu+ (1 +¢e)A,u) < ¢'(u) provided that — eu + (1 + &)4,u, ue D(p).

This estimate is condition (2.2) with a=¢ and b =1+ ¢ But the inclution
{—eu+(1+ €A u; ueD(9')} = D(¢" stated in condition (D2) does not hold
since the relation ue Wl;! (Q) does not yield —eu + (1 + e)4d,ue Wi (Q) in
general. To overcome this difficulty we put

(2.9) (A, u) (x) = a(x)u(x) for xeQ,

where a(.)eCP(2) and a(x) =1 on Q.

In Section 5, we employ this operator 4, to apply Theorem 2.1 to the
nonlinear parabolic equation (1.3). Clearly, the operator A4, is not a projection
operator. In our previous result [4; Theorem 6.1] we assumed that 4 was
an orthogonal projection onto a closed linear subspace of H. This is the
first reason why we necessiate to relax the assumptions of [4; Theorem 6.1].
The second reason for extendig the result is the following; For the family
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{¢'} associated with (1.3), the inclusion relation Q(f) = Q(s) is required to
impose the condition D(¢’) = D(¢*), but it does not necessary for the condition
{—au + bAu; ue D(¢")} = D(¢°) (see Section 5). Therefore in Theorem 2.1
we assume the condition as (D2). It should be noted that in [4; Theorem 6.1]
we assumed D(¢’) = D(¢°) for s < t.

ReMARK 2.1. The typical example (2.9) of the oparator 4 appearing in
Theorem 2.1 is linear and smooth. But none of the linearity and the
smoothness of A and the compactness of the level sets of ¢’ are assumed in
Theorem 2.1.

THEOREM 2.2. Assume the following condition (D6) in Theorem 2.1 instead
of (DS5):

(D6) For each R > 0 the set {Au: ueD(0Y,), ¥,(Au) <o and ||ul| < R}
is relatively compact in H for some 6 = 6z > 0.

Then the convergence (2.5) holds for solution u(.) of (E).

3. Proofs of Theorem 2.1 and Theorem 2.2.
Let u(.) be a solution of (E). Put
I={t>0: —(d/dt)u(t)e d¢'(u(t)) holds}.

In what follws, u'(t) stands for the derivative (d/dt)u(t). We first prepare three
lemmas.

LemMA 3.1 ([4; Lemma 3.1]). Suppose (D1). Then
(i) For each feF, ||u(t) — f| is nonincreasing in t and converges as t — o©.
(i) There is a nonnegative function BeL'(0, + o0) such that

0 < @'(u(t)) < B(), ae t>0.
LemMa 3.2. Suppose (D1) and (D5). Then
im, 7o supsepl lu(®) — f1* — |u(T) = fII*| = 0.
ProOF. Let feF. Then one has
(—u(s), f—u() <¢°(f) — ¢°(u(s)) <0 for sel

Let f, be an element of F given by condition (D5). Then
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G.1) (@) —u(T), f—fo) = J (= w(s), f— fo)ds
T T
= j (= u(s), f—u(s))ds + j (= w(s), uls) — fo)ds

T
Sj (= w(s), uls) — fo)ds

=271 {llu@®) = foll> = |w(T) — follI?}, O0<t<T

On the other hand, by (DS), there is geF such that f — fo =d(—g + f;). In
the same way as in (3.1) one has

(32 — @) —u), f—fo) =du@)—uT), g fo)
<27'd{Jlu@®) = o> = 1u(T) — fol?}, O0<t<T

Estimates (3.1) and (3.2) together imply that
(3.3) (@) — w(T), f— fo)l <27 'd{llu(®) — foll* — Iu(T) — foll*}.
Hence one has
G4 lu@ —f12 = uw(T) ~ 11

=[u@®) = foll> = 1u(T) = foll* — 2(u(®) — w(T), f — fo)|

<A+ du@) = fol>— 1u(T) — fol?|

for each fe F. Lemma 3.1 (i) then implies that the right side of (3.4) converges
to 0 as t, T— co. This completes the proof.

LemMMA 3.3. Suppose that (D1)~(D3) are satisfied, and that for each n > 1
there are sequences {T(n)} and {t,} in I satisfying

(3.5) T(n) >t,, neN,
(3.6) oT®w(T(m)) <n~'r(T(n)), neN,
3.7 @*(u(s)) >n~r(s) for a.e. se[0,t,), neN,

where r(.) is a positive measurable function on [0, c0) provided by condition
(D3). Then there is a constant C > 0 such that

(3.8 lu() — w(Tm)I?
< C{lu@® — y1> = llult) — 121 + [ u) 1> = lu@))?]
+ |(u(t) — u(®), Au(Tm) — )|} + llut,) — uw(T@)|?
holds for each n> 1, te[0,t,] and yeH.
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Proor. Let n>1 and yeH. By (D2), (2.2), (3.6) and (3.7) one has
@*(— au(T (n)) + bAu(T(n))) < r(s)y,(— au(T(n)) + bAu(T(n)))
<r(s)@"P@(T())/r(T(n) < n™'r(s) < @*(u(s)
for s€[0, t,). Hence we see from the definition of subdifferential d¢*
(— ' (s), —au(T(n)) + bAu(T(n)) — u(s))
< ¢*(— au(T(n)) + bAu(T(n))) — ¢*(u(s)) < 0,
and so
(= w(s), —u(T(m)) <a™'{(—u(s), uls) + bW (s), Au(T (n)))}

for a.e. se[0,t,). Therefore we have

lu(®) — w(Tm)11
= f — (d/ds)||u(s) — u(T(m)[|* ds + [lu(t,) — u(T(n))|*

('t

=2| (= w(s), uls) — u(T())ds + lu(t,) — w(T()|

<2 | {(= (), u() +a (= w(), u(s)

Jit

+a” b (s), Au(T(n)))} ds + |u(t,) — u(T(n)|?
=2 " {a='b(—u'(s), u(s) — y) + a b (—u'(s), y — Au(T(n))

+ (1 +at—a tb)(—u(s), u(s))}ds
+ llu(t,) — w(T@m)|?

< C{lu@®) — yI* = lluts) — y 11?1 + | (u(t,) — u(t), Au(T(n)) — y)|
+ @12 = lul) 121} + u(t,) — u(T@H)|?

for te[0, t,). From this the aimed estimate (3.8) is obtained.

Proor oF THEOREM 2.1. By (D3), there is a positive function r(.) with
for(®)dt = co. In view of Lemma 3.1 (i), put

(3.9) t, =ess inf {tel; ¢'(u(t)) < n~'r(®)}, n=12....
Then we have

0<t,<oo and t,<t,;, forn=1,2,....
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With regard to the sequence {t,} so obtained there are two possible cases
below :

(a) {t,} is bounded, i.e., t,1 T for some T>0 as n— o0;
(b) {t,} is unbounded, i.e., t,T 00 as n— co.

In case that (a) holds, (2.4) yields
Yo (T)) < lim inf, ., o ¥, (u(t,)) < lim inf,_ o 7(t,) ™! @™ (u (t,)
<liminf,, n" ! =0.

This shows that u(T)eF, since miny, =0 by (D1). By Lemma 3.1 (i) we
see u(t) =u(T)eF for t > T, so that s — lim,, ,u(t) = u(T)eF.

We next consider the second case (b). In view of (3.9) one can choose
a sequence {T(n)} such that

(3.10) t, < T(n), w(T()eD(e™™), @™ (T (n))) < n~'r(T(n)),
(3.11) lu,) —uw(Tm)| <n~ ! forn=1,2,..

Then by (3.10) and (3.11) the pair of the sequences {t,} and {T(n)} satisfies
the assumptions of Lemma 3.3. Hence by (3.8) and (3.11)

(12 fu(®) —w(Tm)|?
< infrp [C{| u(®) — £17 = llu(t,) — FI2] + | Hu) I — lu@)]1?|
+ llu(t) — u@® | | Au(Tm) — f1I} +n~7]
< 2C supyep| [l u(t) — £ 11 — [[u(ty) — 1%
+ Cllu(t,) — u(®)| infep |l Au(T(m)) — 1| + n~2

holds for n > 1 and t€[0, t,), where we have used the condition (D1), namely,
OeF.

By Lemma 3.2 we see that the first term of the right side of (3.12)
converges 0 as ¢, t, > co. On the other hand by (2.3) and (3.10) one obtains

(3.13) V1 (Au(T(n))) < er(T(m) ™' " W(T(n)) < n™!

for n > 1. Hence it follows from (D4) that

lim, . ., infyep || Au(T (m)) — f1| = 0.

Noting that |u(t,) — u(t)|| is bounded by Lemma 3.1, we see that the second
term on the right side of (3.12) converges 0 as ¢, — co. Consequently, it
follows that

(3.14) s — lim,, (u(t) (= z) exists.
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Finally, we see that ze F. In fact, by (2.4) and (3.6) (which holds for the
sequence {T(n)}), one has

Y2(2) <lim inf,, ¥, (u(?)) < lim inf, ., ¥, u(T(n)))
<liminf,_ r(T(n) ' oT®w(T(n)) < lim inf,, ,n~! = 0.
Since min ¥, =0, this shows that ze F. The proof is now complete.

Proor oF THEOREM 2.2. Since {u(t)} is bounded, we see from (D6) and
(3.13) that there exists a subsequence {n'} of {n} and an element f, € F satisfying

(3.15) s — lim,._, , Au(T'(n")) = f, € F.
By the first inequality of (3.12) we have

lu@® — w(TE)I* < C{IIu) — fII> = lut) — fi 171 + Hu@) 1 = 1 y@ 1]
+ llu(t) — u@ | Au(T(m) — fi 11} +n~?

for0<t<t,and n>1. Lemma 3.1(i) for f;, 0eF and (3.15) together imply
the convergence (2.5). Hence we obtain the same conclution as in
Theorem 2.1.

4. An example of a subdifferential operator

The purpose of this section is to show that equation (1.3) is written in
the form (1.1) defined in the real Hilbert space L*(R"). To this end, we define
the following operator .

@4.1) D(H) = {ue L*(R"): ue W' R, u(x) =0, a.e. xeR"\Q, and
= 27=100/0x) f; (-, Vu(.)) + g(., u(.))loe L* ()}
4.2) u = {he L>(R"): h(x) = — Z;f:l(&/axj)fj (x, Vu(x)) + g(x, u(x)),
a.e. xeQ}

Here 2 is either R® or a domain of R" with smooth boundary 022. We
assume the following conditions on f and g.

(f1) fix, .)eC'(R", fi(., 00e H'(2) and f;(., z) is measurable on Q for
each xeQ, zeR" and j=1, 2,...,n.

(f2) For each xeQ, the family {f(x, .)} is completely integrable in the
sense that the equation

(a/azk)fj(xa 7) = (a/azj)ﬁc(x’ ) (= ajk(x, z))
holds for zeR" and j, k=1,2,...,n
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(f3) There is a function a(.)e C(Q) with a(x) >0 for xe such that
(4.3) aEP <Y oianx &G, (x, 2)eR”, (£)eR™

(g1) Both g(x,.)e C*(R) and (0/ds)g(x, s) > 0 hold for each fixed xe Q.
g(., r) is measurable on Q for each fixed reR and g(., 0)e L? (Q).

Our result here is stated as follows:

PROPOSITION 4.1. There is a proper l.s.c. convex functional @ on the real
Hilbert space L*(R") such that

oA = 0P

To prove Proposition 4.1, we first define the functional @ in the following
way: Fix any xeQ. By (f2) there is a potential function F(x, .) on R" such
that

{(6/621-)F(x, z) = fi(x,z), zeR",
F(x, 0) = 0.

By (f3), the functions F(x,.), xe€2, are convex on R". By (g1) we define a
convex function G(x,.) on R by

G(x,r)= J g(x, s)ds, reR.

0

Now we define the convex functional @ on the real Hilbert space L2(R") by

44 D) = {weL*R"): we WL (R, w(x) =0, a.e. xeR"\Q,

and f {F (x, Vw(x)) + G(x, w(x))} dx < + o0},
2

(4.5) D(w) = L{F (x5, Vw() + Glx, w)}dx,  wx)eD(®),

+ o0, otherwise.

Since F(x,.), G(x,.), xeQ, are convex, the functional & is convex.
Next we see that @ is ls.c. in L>(R") in the following three lemmas.

LEmMA 4.1. Put

D, (w) =j F(x, Vw(x))dx, D,(w) =J G(x, w(x))dx
2 (7]

Jor weD(D). Then
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0
(4.6) D, (w+v)> J {F(x, Vw) + Y1 filx, Vw)a_v + a(x)| Vv|*}dx
Q Xj

4.7 D,(w+0v)> J. {G (x, w) + g(x, w)v(x)} dx
2

for w, v satisfying w, w + ve D(P).
Proor. Let w, w + ve®D(P). By (f3) one has

F(x, V(w+ v)(x)) = F(x, Vw(x)) + Z (x Vw(x))—(x)

Jla
2

+Y" oF —(x, Vw(x) + HVu(x))a—(x)a—( x)

jk=1
0z;0z, ; X

=F(x, Vw(x) + Y7, fi(x, vw(x));_v(x)

Xj

0 0
+ Z;,k=1a,-k(x, Vw(x) + GVU(X))a—U-(x)aAU(x)

J k

> F(x, Vw(x)) + Z}':lfj(x, Vw(x))%(x) + a(x)| Vo(x)|?

J
for a.e. xeQ, where 8 = 6(x, Vw, Vv)e(0, 1). Hence (4.6) holds. In the same
way we have (4.7) by using (g1).

LEMMA 4.2. Let &, and @, be as mentioned in Lemma 4.1. Then for
each ve D(PD) one has

48) D,(v), i=1,2, are finitely valued,
(49) @) = D,(v) + P, (v),
4.10) ve W,:* (R,

4.11) &) > f {—27=1(0/0x) fi(x, 0) + g(x, 0)}v(x) dx + J a(x)| Vo|? dx.
2 Q

Proor. First we show that
4.12) D,(v) > — © for ve D(D).
Let veD(®). Put w=0 in (4.7). Since G(x, 0) =0, one has

4.13) D,(v) > f g(x, 0)v(x)dx.
2
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Since ve L*(R") and g(., 0)e L>(R") by (gl), the right side of this inequality is
finite. Hence (4.12) holds.
Next we show that

4.14) @, (v)e(— o0, + ™) for veD (D).
By (4.12) one has
D, (v) < + © for ve D(P).
To show that
D,(v)> — © for veD(D),
we put w=0 in (4.6), and recall that F(.,0)=0 and fi(., 00 e H'(Q) for
j=1,2...,n. Then one has
4.15) b, () > L {23;1 filx, 0)(%';(@ + a(x)| Vulz}dx

- f {=21-10/0x) fi(x, 0)} v(x)dx + J‘ a(x)| Vv|?} dx,
Q e

and the first term on the right side of (4.15) is finite by condition (f1). Hence
(4.14) holds.

Now by (4.12) and (4.14) we have
D(v) = D, (v) + D,(v), ve D(D).

Hence &;(v), i=1,2, lie in (— oo, + ) for each ve D(P). Therefore (4.8)
and (4.9) hold.

We next verify (4.10). For each compact subdomain K of Q there is a
positive constant ¢ such that

a(x) >c, xeK,

since a(.)eC(R" and a(.) >0 by (f3). Hence by (4.8) and (4.15) one has
| Vv|?€L},.(2). This means that (4.10) holds.

Finally, (4.13) and (4.15) together imply (4.11). This completes the proof
of Lemma 4.2.

LEMMA 4.3. @ is Ls.c. on L*(R").
Proor. Let {v™} be a sequence in D(P) such that
(4.16) " —0v®  in L*(R"),

4.17) W™ <r for meN and some r > 0.
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In view of the definition of D(®), we see from (4.16) that
4.18) v®(x) =0, a.e. xeR"\ Q.
On the other hand, since —)7_, (8/0x, fi(x, 0) + g(x, 0)e L*(©2) by (f1) and
(g1), we infer from (4.16), (4.17) and (4.11) that
4.19) f a(x)| Vom(x)|*dx <c¢;, meN
2

with some constant c;,.
From (4.16) and (4.19) it follows that v®°e W!;2(£2), and that there is a
sequence {w*} of convex combinations of {v™; meN} such that

[W* —v® || L2y + J a(x)| Vwk(x) — Vo*(x)|?dx — 0  as k — o0}
2
we recall at this point that a(.)e C(R") and a(.) >0 by (f3). Choosing a
subsequence {w*} of {w*}, we have
(4200  limg W (x) = v°(x), lim,_, VW (x)= Vo®(x) ae xeQ.

Since w*, keN, are convex combinations of {v™; me N}, the convexity of
@ as well as (4.17) implies that

4.21) dw)<r, keN.

Now, using (4.20), (4.21) and Fatou’s lemma, we have

j {F(x, Vv™(x)) + G(x, v™(x))} dx
2

< lim inf,. , f {F(x, VW¥(x)) + G(x, w*'(x))} dx
2

<r.

Therefore v*° e D(P) and P(v®°) <r. Hence @ is Ls.c. on L*(R").
Finally, we see that &/ = 0® in the following two lemmas.

LEMMA 4.4. For ueD(«), the integrals [q)._, fi(x, Vu)(0u/dx;)dx and
fag(x, wu(x)dx are finite.

Proor. Condition (f3) and condition (3/0s)g(x, s) = 0 in (g1) yield that
n du
Yio U Vux) — fi(x, 0)} E(x) >0,
Jj

{g(x’ u(x)) - g(xs O)} u(x) >0
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for a.e. xe, respectively. Noting by (f1) and (g1) that f;(., 0)e H(R2) and
g(.,00eL?*(2), and by (4.1) that —Z;=1(6/6xj)fj(., Vu(.)) + g(-,u(.))la
€ L*(Q2) and ul,p =0, we get Lemma 4.4.

LEMMA 4.5. o = 0D.

ProOF. Let w, w + veD(®). Then by (4.6), (4.7) and (4.8), the integrals
@)} 1 £ (e, VW) (@/0x)v(x)dx and [qg (x, w)v(x)dx are finite. By the
smoothness of f;(x,.) and g(x, .),

lim,,oh~ ' {®(w + hv) — d(w)}

= J Y= 1 fi(x Yw)(9/0x)v(x)dx + f g(x, w)o(x)dx.
Q

(2]

Since v|,,=0 by (4.4), we have
DEOP) = {weD(P): — Y7_,(0/0x) fi(., Vw(.)) + g(., w(.))lee L*(Q)},
0D(w) = {he L*(R"): h(x) = — }.7_,(8/0x)) fy(x, Vw) + g(x, w), a.e. xeQ}.
To show that D() = D(0P), we have only to see that D(H) = D(PD).
Let ueD(«). Since the convexity of the potential function F implies that

Fx, ) = F% ) = F5 0 < T 066 )3, = T i 0,

for yeR", we see from Lemma 4.4 that

f F(x, Vu)dx sj — 2 fils Vu)ﬁ(x)dx < + o0.
2 Rn 6xj

In the same way, we have
J G(x, u(x))dx < J‘ g(x, u(x))u(x)dx < + oo.
2 R"

Hence D() = D(P) holds, and Lemma 4.5 is proved.

5. An application of Theorem 2.1

In this section we make an attempt to apply Theorem 2.1 and some other
results given in [4] to the following equation:

(0/at)v(t, x) — ijl(a/axj)fj(t, x, Vv) + g(t, x,v) =0,

G.1 t, x)eUizo [{t} x QO] (= Q),
v(t, x) =0, (t, x)eUio [{t} x T (= T).
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Here Q(¢), t > 0, is an exterior or interior domain of R" with smooth compact
boundary I'(f). The functions f;, j=1,2,...,n, and g satisfy the following
conditions (f 1)—(f3) and (g1), which are parallel to the conditions (f1)—(f3)
and (g1) of the t-independent case discussed in Section 4.

§2)) fit, x, .)eC*(R"), fi(t, ., 0)e H(Q(¢)) and fi(t, ., z) are measurable
function on Q2 for t >0, xeQ(¢t), zeR" and j=1, 2,...,n.

(f2) For each (t, x)€Q, the family { fi(t, x, .)} is completely integrable,
that is, the equation

(0/0z) fi(t, x, 2) = (0/0z)) fi (¢, x, 2) (= aul(t, x, 2))

) holds for zeR" and j,k=1,2,...,n.
(f3) There is a function a(.)e C(R") with a(x) >0 for xeR" and a
function r(.) on [0, + o) with r(¢) > 0 for ¢t > 0 such that

(52) r(t)a(x)lflz < Z;,k=1 ajk(t’ X, Z)ijék,
(t, x,2)eQ x R", (£)eR".
(gl) g(t, x,.)eC*(R) and (0/ds)g(t, x, s) > 0 for t >0 and xeQ. g¢(t, ., 0)
e L*(Q(t)) and ¢(t, ., r) is measurable for each t >0 and reR.

Hence, by Proposition 4.1, equation (5.1) considered on [0, + c0) x R" through
the zero-extension is written in the subdifferential form (E) in the real Hilbert
space L*(R").

To apply Theorem 2.1 to the problem (5.1), we assume the following
conditions (H1) and (H2):

(H1) The function r(.) in (f3) satisfies

(5.3) fw r(t)dt = .
(H2) (cf. (2.6) and (2.7)) There is a domain Q, of R" such that
5.4) Q, is bounded and |, I'(t) = 2,
(5.5) r®)a)|EP? < Y7oy anlt x, 2088 < cor(alx)|E1?,
xeR"\Q,, t >0, z, ({;eR",
(5.6) r(t)b(x) < (0/0s)g(t, x, s) < cor(t)b(x),

xeR"\2,,t >0, seR,

where ¢, > 1, b(.) is a nonnegative measurable f_unction on R"\ Q,
and a(.) and r(.) are the functions stated in (f 3).
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Then the application of Theorem 2.1. implies the following theorem.

THEOREM 5.1. Suppose (H1) and (H2). Then, for any two solutions
uy, uy € We' (0, + 0); L*(R") of (5.1),

(5.7 lim,, , , [luy(t, ) — uz(t, )l 2@y = 0.

To prove Theorem 5.1 we note that for any fixed ¢t > 0 the functions
fitt, ., ), j=1,2,.,n, and g(t, ., .) satisfy the assumptions (f1)—(f3) and (g1)
of Proposition 4.1. Hence, in the same way as in the proof of Proposition
4.1, we can define the functionals @', t > 0, by the following:

(58) D@) = {weL?’R"): we Wi;' R, w(x) =0, a.e. xeR"\Q(t), and

J {F(t, x, Vw(x)) + G(t, x, w(x))} dx < + oo}.
o)

J {F(t, x, Vw(x)) + G(t, x, w(x))} dx, w(x) e D(DY),
(59 d'w)={ "%

+ o0, otherwise,

Then equation (5.1) formulated in L*(R") by the zero-extension is equivalent
to the evolution equation

(5.10) W(t) + 00'(u(t))20, t>0.

Let u, be any solution in W2!((0, + ); L*(R") of (5.10). We then
define a new family of functionals {¢'; a.e. t > 0} by
D(¢") = D(P) — u, (1),
(5.11)
@'(W) = D' (W + u,(t)) + (U3 (), Wp2@my — D' (u,(1)),

for all t at which (5.10) makes sense for u,. Then it follows from Lemma
1.1 that the proof of Theorem 5.1 is reduced to the proof of the statement that

(5.12) s—1lim,_, u(®)=0

for any solution u of (1.8).
We derive (5.12) by verifying that the new family {¢'} defined by (5.11)
satisfies F(¢') = {0} for ¢t > 0, and that all of the assumptions of Theorem 2.1.
The following lemma follows from definition (5.11) and Lemma 4.4.

LEMMA 5.1. @'(W) = [ou1(t x, VW(x), w(x))dx, a.e. t >0 holds with
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(it x, Vw(x), w(x)) = Z?,m a; i(t, x, Vu,(t, x) + BVW(X))S_W g_w

xj Xk

+ (;—g(t, X, Uy(t, X) + Gu(x)) w(x)?} dx,
s

ae t>0, ae xef,

where 0 and 0 denote some numbers of (0, 1) depending on (t, x, Vu,(t, x),
Vw(x)) and (t, x, u(t, x), w(x)), respectively.

Now we define the functionals y,;, i =1, 2, and the operator A: L?>(R")
— L?(R") employed in Theorem 2.1 by the following:

DY) = DY) = {ue L* RN W* (R"): f {a| Vul? + bu}dx < + oo},
R"

Yi(u) = CoJ {a()I Vu)? + b(Ju(x)*}dx,  ueD(y),

Ya(u) = (1/colf1 (), ued,),

where ¢, a(.) and b(.) are the constant and the functions, stated in (H2),
respectively.
(5.13) (4u) (x) = a(x)u(x),

with a fixed ae C§’(R") satisfying al,, = 1, where 2, is the domain stated in
(H2).
Since each functional is strictly convex, we have the folloeing lemma.

LemMMa 5.2. F(¢") =F(y) = {0}, ¢'(0)=y;(0)=0,t>0,i=1,2.
To choose the constants a, b and ¢ in Theorem 2.1, we need the following
lemma.

LEMMA 5.3. Let o be a function appearing in (5.13). There is a constant
¢y >0 such that

(5.14) J a(x)| V (u — au))?dx < c, J a(x)| Vul*?dx  for ueJ,»oD(@",
R

(5.15) J a(x)| V (au)|? dx < Cl_[ a(x)| Vul|*dx for uel),s o D(¢).

PROOF. Let Q@ = supp(«). Since 2, is an open subset of Q by alp, =1,
there is a constant ¢ > 0 such that

”“”H!(x‘)) < C{ I v“"LZ(n) + ||ul|1,2(ﬁ)}, uEHl(é)~
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(See [8; Théoréme 7.4 in Chapitre 2].) On the other hand by the definition
of ¢' we have

Since I'(t) = Q, for t >0 and 2, is bounded, one has

lullpz) < ¢l Vil L2g, for ue ;o D(¢").
Hence

lullg:@ay < c”ll VullL2g, for ue ;.o D(¢).

Since ae C(R") and a > 0, we have
I a(x)| vV (u — ou)|?>dx = j a(x)[uV(l —a)+ (1 —oa)Vu|*dx
R" 0\,
< {llullzdiay + | Villz@an) S csll Vil
SC4J a(x)lvulzdx, u€ >0 D(9).
¥o)

This is the aimed estimate (5.14). In the same way, we have (5.15).
Finally, we show the following lemma.

LemMMmA 5.4. Put a=b=c=c,, for the constant c, found in Lemma
5.3. Then all of (D2), (D3) and (D4) in Theorem 2.1 are satisfied.

Proor. (D2) and (D3) are direct consequences of the definitions.
Condition (D4) follows from

{dist (Au, F)}* = |lau|}2gn < const. || V (au)|Z2@n < const. y,(Au).

Consequently, Theorem 2.1 can be applied and Theorem 5.1 is proved.
To end this section, we make three remarks on the application to equation
(5.1) of the results [4; Theorem 2.1], [4; Theorem 2.2] and [4; Theorem 7.1].

REMARK 5.1. Suppose all the assumptions imposed in this section except
(H2). Suppose either (H3) or (H4):
(H3) The set J,50Q(t) is bounded in R".
(H4) There is a positive constant ¢ such that (0/0s)g(t, x, s) > ¢ for
(t, x,5)eQ x R.
Then, by Lemma 5.1, the family {¢'} satisfies the assumptions of [4; Theorem
2.1], that is,

(Al) F(o)=F#¢,t>0, and min ¢' = 0.
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(A2) There is a nonnegative measurable function r(.) satisfying (i)
jff r(t)dt = + oo and (ii) for each ¢ >0 there is § >0 such that
dist(u, F) < ¢ for ue|,»o {ueD(¢"): ¢'(u) < or(t)}.

Hence, by [4; Theorem 2.1], (5.7) holds for any two solutions u, and u, of (5.1).

REMARK 5.2. Suppose the following condition (HS) instead of (H2):
(H5) Both (5.5) and (5.6) hold on the whole space {,»o{t} x Q(t) and
Q(t) = Q(s) holds for each case of s <t.
Then the family {¢'} satisfies the assumptions of [4; Theorem 2.2]. Hence
(5.7) holds for all two solutions u, and u, of (5.1).

REMARK 5.3. Suppose all the assumptions imposed in this section except
for (H2). Then, by Lemma 5.1, the family {¢'} satisfies the assumptions of
[4; Theorem 7.1], that is,

there is a proper Ls.c. convex functional ¥ on L?(R") such that F(¢')
= F(y) # ¢ and min ¢' = miny = 0 for ¢t > 0, and such that Y (u) < ¢'(u)
for ue D(¢*) and t > 0.

Hence, by [4; Theorem 7.1], for any two solutions u; and u, of (5.1) we have
the following weaker result:

There is a measurable set A in [0, + oo) with lim,_, , , meas (ANn[t, t + 1])
=1 such that for any we L*(R"),

lim,, 4 o e (U1 (A) — U3 (4), W)p2m = 0.
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