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Maximum of the Amplitude of the Periodic Solution
of van der PoΓs Equation
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1. Introduction

Previously, by Urabe and his collaborators [3, 5, 6] 1}, the periodic solu-
tions of van der Pol's equation

(1.1)
dt2

=0 (λ>0)

have been computed for various values of λ up to 20. One of the important
facts found by their computation is the behavior of the amplitude of the
periodic solution as the damping coefficient varies from 0 to infinity. The
amplitudes a obtained for various values of λ are as follows:

Table 1

λ

0

1

2

3

4

5

a

2.000

2.009

2.0199

2. 0235

2.0231

2.0216

λ

6

8

10

20

oo

a

2.0199

2.0169

2.0145

2. 0077

2. 0000

As was pointed out by Urabe [4], the above value for λ = 10 differs by
only 0.0007 from that given by the asymptotic expression of ZIopoAHHabiH [1]

(1.2)

1

(α = 2.338107, όo =

and the value for λ=20 coincides exactly with that given by the above asymp-
totic expression. From this, it may be supposed that, for λ greater than 10,
the amplitude behaves quite approximately in accordance with the asymptotic

1) The numbers in square brackets refer to the references listed at the end of the report.
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formula (1. 2). Then the behavior of the amplitude in the whole range of λ
can be seen from the values of the above table continued by the asymptotic
formula (1.2). It is shown graphically in Fig. 1.

From this figure, it is seen that there exists a unique maximum value of
the amplitude for λ near 3.
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Fig. 1

In this report, this maximum value and the value λ for which the ampli-
tude attains the maximum are calculated by computing the derivative of the
amplitude with respect to λ.

2. Formula for da/dk

Let us write the equation (1.1) in the simultaneous form as follows:

(21)

Let

(2.2)

dx
dt

dγ

dt

( ^ X(x, j , λ)),
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be the equation of the closed orbit C of (2. 1) such that

(2.3) φ(0, a) = a,

129

Then, as is seen from the shape of C, a is the amplitude of the periodic solu-
tion of (1. 1) corresponding to the orbit (2. 2). Clearly a depends upon the
value of λ.

Fig. 2

In order to find the formula for da/dλ, let us consider the closed orbits
Co and C corresponding to λ0 and λo + δλ respectively.

Let a0 and d=ao + δa be the amplitudes of the periodic solutions of (1. 1)
corresponding to Co and C respectively. Let Ao, Bu and B2 be respectively the
points where Co cuts the rc-axis, the positive y-axis and the negative y-axis.
Further let A\ B{ and B2

r be respectively the points where C cuts the *-axis,
the positive y-axis and the negative y-axis.

Let BiNi and B2N2 be the normal distances at Bλ and B2 from Co to C.
Then, since Co is perpendicular to the #-axis at Ao, by the theory of variation
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of orbits obtained by Urabe [2], we see that

(2.4) ^ g | + | J
VAj + 1 i

δx
t, a0)
t, a0)

dt

where

Xo and Yo are the values of X and Y at Ao for λ = λ 0 ;

Xi and Γ, are the values of X and F at B, for λ = λ 0 ;

(2.5)
^ o )

= Λ|r(ί, a0)

are the times required to reach B{ from Ao along Co

(2.6)
ax λ—x0,

X — Xo.

Now the inclinations of Co at the points B{ ( ΐ=l , 2) are Γ//X",- ( ί = l , 2).
Therefore, if we denote by B\ and B2' the points where C cuts the positive
and negative y-axis, we have

( i=l , 2),

from which, due to (2.4), follows

(2.7)

where

(2.8)

(£=1,2),

e-
m(XK- YH) )

On the other hand, since Co and C are both closed orbits of (2. 1),

(2.9) BSX + B ^ = 0
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as is remarked in the paper [5] (due to the symmetric character of the orbits
of (2. 1) with respect to the origin).

The condition (2. 9) is written by (2. 7) as follows:

(2.10) jXξ+Ϋl( ^ - + Λ F ~ )δ«
\ Λ-\ -Λ-2 J

Λ7~ Λ7~

Λ-i Λ2

Now, in the present problem, from (2.1), (2.5), (2.6) and (2.8),

Xι = bo, X2=-b0 (b0: the length of OBλ\

h(t) = X0\ [1 — φ2(s, αo)]ds,
Jo

[ 9 ( ,
0

Therefore (2.10) is written as follows:

(2.11) ^ ( e e ) 8 a
bo

+ -^[eΛ ( Γ l )/(Γi)-eΛ ( Γ 2 )/(Γ2)]δλ + o([δαj + |δλ|) = 0.

But, as is remarked in the papers [3, 5, 6],

e*(Γi)_β*(T,)>0.

Therefore, from (2. 11), we see

from which, in the limit where δλ-^0, follows

(2.12) — = - eKTι)I(Tλ)-eh{T_
rί\ „ VπKTί) ΛΛ(Γ2)Ί

This is the desired formula for da/dx.

3. Actual computation

For computation of h(t\ there is used the integrated BesseΓs interpolation

formula
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where fr=f(rk).
For computation of 7(Γ, ) (ί=l, 2), there are used the Simpson's rule and

the integrated BesseΓs interpolation formula

f(x)dx = klu

6u3 - 15u2 -

First, for λ = 3,

α=2.02355 Γi= -0.7173, T2 = 3.7133

as is seen from the results of [5] and, from these values,

da
dX = 85xl0-5(>0)

is found by (2.12).
For λ=3.5,

2 ΛOQQ T1 . f\ βFv/1Q T1 .

.UZOO, •*1 = = —U.Ό041O, ±2 —

are found by the methods described in [5] and, from these values,

4 ^ = -244xl0- 5 «0)
dX

is found by (2.12).

For λ=3.3, there are found two values of a:

a=2.0234, α=2.0235

and, for these values,

4^=io(>o), 4^
dX dX

are respectively obtained.
Further, for λ=3.2, there are found

and 4 2 8 χ 1 0 .dX

From these results, there are suggested two values of a:
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α=2.0234, α=2.0235

for the values of λ near 3.3.
In fact, by the actual computation, there are obtained the following re-

sults :

Table 2

a

2. 0234

2. 0235

λ

3. 2000

3. 3000

3.3005

3. 3006

3. 3007

3. 3008

3.3010

3. 0000

3. 2400

3.2650

3.2651

3. 2652

3.2654

3. 2662

3.2675

3. 2700

3. 3000

da/dλxl05

•+• 28

+ 1

+ 3

+ 2

— 1

_ 2

~ 0

+ 85

+ 9

+ 2

+ o
— 1

- 4

— 3

- 3

- 8

- 2

4. Conclusions

The table 2 suggests that the maximum amplitude a and the damping
coefficient X yielding the maximum amplitude are respectively either

a=2.0234 and λ = 3.3007

or

α = 2.0235 and X=3.2651.

But, of these two sets of values, the latter, i.e.

α = 2.0235, λ = 3.2651

would be preferable to the former, because

da
a=2.0235 and

dx
= 85xl0" 5>0

for λ=3.
It is clear that the ambiguity of the above results could be avoided if the

computation were carried out more minutely.
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