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Introduction

A stochastic game is originated by L. S. Shapley [1]. It is a game con-
sisting of a finite collection of positions among which two players 1 and 2
proceed by steps from position to position according to certain prescribed
transition probabilities jointly controlled by them: there is assumed a finite
number of positions 1, 2,..., NV, and at the position %, a game I"; is played, in
which Player 1 can choose any strategy among the given m, pure strategies
and Player 2 can also choose any strategy among the given n, pure strategies.
We assume that, at the position %, the players 1 and 2 choose their i-th and j-
th alternatives respectively. We also assume that the game stops with the
probability pii >0 and the game moves to another position / with the proba-
bility pij. Thus the game may not be bounded in length. Player 1 takes the
gain gi/ from Player 2 whenever the pair i, j of pure strategies is chosen at
the position k. In Shapley’s stochastic game, both players use the so-called
stationary strategies, namely at the position k, whenever and by whatever
route the position may be reached, the probability distributions of choosing
pure strategies are specified. And payments accumulate throughout the course
of the play. Let I’, denote the infinite game begun with I",. With the aid of
dummy games, Shapley gave a method of finding the value of the stochastic
game which is the collection I'={I";, k=1, 2,..., N}.

As stated above, L. S. Shapley has assumed that at each position there
are only finite numbers of pure strategies from among which each player can
choose one. Generalizations of his theory to infinite sets of alternatives seem
yet to be obtained although he has promised in [1] to discuss them in another
place. It seems interesting to generalize his theory to infinite sets of pure
strategies or to an infinite number of positions.

After giving preliminary remarks in Section 1, we proceed, in Section 2,
to the definition of the stochastic game, at each position of which each play-
er may choose any one out of infinite pure strategies. With suitably imposed
conditions on pay-offs and transition probabilities, we show that the stochastic
games thus defined are strictly determined (Theorem 1 below). Some conside-
rations are given centering around the € -optimal strategies. The proof of
the theorem 1 is carried out with the aid of the dummy games associated with
the original stochastic game (Lemmas 3, 4).

In final Section 3, we concern ourselves with the stochastic games with
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infinite positions. From this, we can generalize Shapley’s stochastic game to
the case where non stationary strategies are adopted by both players. How-
ever, it is to be noticed that the value of the game itself is irrelevant whether
the stationary strategies are adopted or not.

§1. Preliminaries

Let 4 (resp. B) be an abstract set (not necessarily finite) called a strategic
set of Player 1 (resp. Player 2) or merely a strategic set. Any element of 4
or B is called a pure strategy. A game is defined to be a quintuplet (4, B, K,
M, N), where K is a real valued function, called the pay-off of the game, de-
fined on the product set 4x B, and M, N are the mixed strategic sets of the
players 1 and 2 respectively which will be defined later. Player 1 (resp. Play-
er 2) chooses a pure strategy o (resp. b) from A4 (resp. B), each choice being
made independently of the other. Then Player 1 gets K(q, b) and Player 2 —
K(a, b). Clearly Player 1 wishes to maximize K(a, b) and Player 2 wishes to
minimize K(a, ). In this paper, we always assume that K(q, b) is a bounded
function. Now we define the intrinsic distance of any two points a; and a, of
A by

BK ((1’1, aZ) = Sblelg lK(al) b) - K(a2s b) | .

Similarly the intrinsic distance of any two elements 4, and b, of B is defined
by

8% (b1, b2) = Sgg |K(a, b)) — K(a, b2)|.

The space A (resp. B) with this distance is a pseudo metric space which we
shall denote by a pair (4, §%) (resp. (B, §%)) and we shall call it a strategy
space of Player 1 (resp. Player 2). Let 2 (resp. B) be a o-algebra of subsets
of A (resp. B) such that A (resp. B) contains one point set (¢) for any a € 4
(resp. (b) for any b € B). Let i (resp. v) be any probability distribution defined
on A (resp. B). (4, A, p) (resp. (B, B, v)) stands for a probability space. Let
M (resp. N) be the set of all such x (resp. v). Any pe M (resp. v € N) is called
a mixed strategy of Player 1 (resp. Player 2). Let € be the smallest --algebra
of subsets of 4x B which contains the Cartesian product 2 xB. We assume
that K(a, b) is €-measurable over 4x B. When Player 1 (resp. Player 2) se-
lects 1 (resp. v), then the expected value of the pay-off K(a, b) is defined by

K(s = || K@, Dan@an),
BA
It is clear that K(a, b) = K(u4, v5), Where p, (resp. vy) is a probability measure

which assigns the probability measure 1 to the point « (resp. b). We shall al-
80 write K(a, v) instead of K(u,,v), and K(y, b) instead of K(u, v;). A. Wald [2]
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has shown that, if one of the reduced strategy spaces, say A4, obtained by
identifying any two elements of 4 whose distance is zero, is precompact, and
if the pay-off K(a, b) is a bounded €-measurable function as we assumed, then
the reduced B is also precompact, and the game is strictly determined, i.e.
(1) sup inf K(u, v) = inf sup K(g, v).
pe A veN vell ped

The common value of (1) is called the value of the game.

The following lemmas shall be needed for our later purpose.

Lemma 1. Let I';=(4, B, K, W, ) and [",=(4, B, H, N, N) be two games.
If the strategy spaces (4, 8%) and (4, §7) are precompact, and ¢ is an arbitra-
ry constant, then (4, §+°¥) is also precompact.

Proor. A space is precompact if and only if any sequence of 4 contains
a Cauchy subsequence. Then the statement of our lemma is obvious from the
inequality:

8K+l (q, a') L85 (a, ) + |c| 6% (a, ') for any a,d € A.
Using (1) and Lemma 1, we have

Lemma 2. Let the strategy spaces (4, 6%) and (4, §%) be precompact.
Then the game (4, B, K+cH, M, N) is strictly determined.

§2. Stochastic Games with Infinitely Many Pure Strategies

We begin with the definition of the stochastic game. Suppose we are
given N positions 1, 2,..., N. To each position & we consider a game

Fk = (Aka Bk) 8k Sszk S‘-nk):'

which we call a component game of the stochastic game which will be defined
below. Let Players 1 and 2 choose a pair (a, b) € A, % B,. Then the transition
probabilities p(a, b) and the stop probability p.(a, b) are given. Here p(a, b)
denotes the probability with which the game /7, moves to the next game /’,
when both players choose the pair (q, b), and py(a, b) denotes the probability
with which the game stops at this position & when both players choose the
pair (a, b). We assume that py(a, b), pr(a, b) are bounded and €,-measurable,
so that we can consider the games (4, By, pr, Vi, M) and (Ay, By, pro, Wis, M)
according to the definition given in §1. The stochastic game I is defined as
the collection of all I, pu, and p, for %, 1=1,2,..., N. In the following we
assume that

(i) the pay-offs g.(a, b) are bounded and €,-measurable,
(i) the transition probabilities p. (a, b) are €,-measurable for every £, [,
and inf pko(a, b):po >O,
ksa-b
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(iii) Dboth players use stationary strategies,
(iv) payments accumulate throughout the course of the play, and more-
over we assume that
(v) strategy spaces (4, 8%%), (4,, 6*#!) are precompact for %, =1, 2,..., N.
Now we shall define dummy games associated with I (note that Luce,

and Raiffa used “truncated games” in [8]). We consider the infinite game I
begining with I",. When Player 1 (resp. Player 2) selects mixed strategies pu;
(resp. v;) in the component game [';, then the expected value G.(Z, ) of the
gains of Player 1 is given by

N

©)) G (L, V) = gr (s vi) + Epkl(,wk, vi) g1 ety v1)
NN

+ z=>ji l%‘.lpkz(ﬁbk, v pur, (s v) g, Cuays vi,) + -

It is our main purpose to prove that the infinite games (k=1, 2,..., N) are
strictly determined, i.e.

sup inf G, (&, ») = inf sup G, (4, D).
I v v I
Now it is clear that G,(4, D) is a solution of the simultaneous linear equations:
NW
3) vy = g1 (1, v1) + l}_.:_lpu(/bla v

N
vy = g2 (2, v2) + %pzz(ﬁbz, v2) Uy

oy = gn(un, vn) + :Xipm (s v vy
This consideration leads us to the following
DeriniTiON 1. Let hy(a, b, 2) =gw(a, b)+ ?;1 pu(a, b)v;, ¥ being any fixed vec-
tor (v, vs,---, vny). The game
(Ag, By, hi(a, b, 9), My, Ny)

is called a dummy game, and denoted by I'4(%).
It is to be noticed that the dummy game I'¢(%) is strictly determined by
Lemma 2.

DeriniTION 2. A vector 7* = (v}, v¥,..., v}) is called a principal value vec-
tor of the dummy game if its components v} satisfy the following conditions:

vy =supin S Shk(a, b, 7*)duy (@)dvy (b) = inf sup S g ey
YE o Mk

e VE
B Ak Bk Ak

N
where A(a, b, ?*)=gi(a, b)+ D) pula, b)vf for every k.
=1
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Now we shall show the existence of the principal value vector of the
dummy games. Consider the map 7:7°—#' (called a value transformation) de-
fined by

»! — sup inf g Shk(a, b, 1) s (@) do ()
KE Yk

Bk Ak
for k=1, 2,..., N. Define the norm of # by

o] = max fon].

Then we have
“) |ITw — T#|| = max | value of /'¢(w) — value of /¢ (®)|
k

= maX[Sup |hk(a’> ba w) - hk(‘la b) 5)!]
k ab
N
=sup | > pu(a, b) (w;—vy)]|
kab I=1

< sup | 33 pula, b)| max [w; — /|
krasb =1 l
— (1~ po) [ — .

Then, by the principle of contraction (cf. e.g. [3]), there exists a unique #*
which satisfies 7%*=%*, which implies that the dummy game /"¢ has a unique
principal value vector.

Remark. From the inequality:
17750 — 3+ || < (1 — po)l| T"71%° — 5% | < (1 — po)” [8° — %],

we see that the error estimates of approximate value vectors 777° decrease
with increasing n.

Next we shall introduce the notion of ¢ -optimal strategies (cf. e.g. [4])
of the dummy games, where ¢ is a non-negative number.

Derintrion 3. Let ™ be the principal value vector of the dummy games.
For each k, any pair (u5, v5) € M, x N, is said to be c-optimal strategies of
Players 1 and 2 of the dummy games at the position %, when

hy (G, vy ) =05 — € for any u, € 9,
and
hi (s v, 0°) S0 + € for any  p, € M.

In case where € =0, the ¢-optimal strategy is called merely the optimal
strategy.
Then we have
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Lemma 3. Any complete set of e-optimal strategies of Players 1 and 2 of
dummy games are ¢/p,-optimal strategies of the original infinite games.

Proor. Denote the expectation of gains of Player 1 of Iy by G, (&, p) as
(2). Then we have

N
Gr(it, D) — U;: = he(ptrs Vis ) —vf + I;}pkl(ﬂk, v) (g (s vi) — vT)
N
= hk (lu’k) Vi 'Z}*> - U;ek+ IZ]lpkl (lu’ks Vk) (fl’la Vi, T}*) - v)lk)
& & 2% *
+ 1_21 ?__lekz (s v pur, Guuay vi) (s w1, 8%) — 07 ) + -
As by, 5, ) —vf = €, we have

N N N
Ge(fl, 0°) —vi = € + € Z_]lpkz-l- € ; 5 20 pupu,t+--- =€/p,.

l1=1

o

Namely

G, 3%) v} + €/p,.
Similarly we can show that

Gy (45, 9) = vy —€/p,,

and our lemma is proved.

Lemma 4. For any given positive €, there exist € -optimal strategies of
the dummy games.

Proor. Let € be any given positive number. We put €’=epo/2p,+1.
We divide 4, (resp. B,) into non-empty measurable subsets A4 1, 4s.2,---, 4p,m,
(resp. B, 1, Br,2,---5 Bin,), Where A, ; (resp. B, ;) are smaller than ¢’ in dia-
meter in the metric 8" >, Let ay=(as,1, a2, -, @r,m,) (x€SP. Br=bs,1, br,2,- -,
be.n,)) denote the finite subset of A4, (resp. B,) where a,,; (resp. b, ;) is any point
chosen from A4, ; (resp. By, ;). Let M(resp. N;) be the set of probability meas-
ures concentrated on «; (resp. B;). For any 1€ My, (resp. v € N;) we define g €
M, (resp. v € N;) as follows:

Z(ap,i) = p(Ap,:) (resp. v(be,;) = v(By, ;).

Then
B |helpy vy 0%) — hi(it, 9, 8%) | <5 S S [ (a, by 5*) — hi(aris brj, 0%)| dpedyy
"7 di Bij

< €',

If we denote by 7" the value transformation of



Stochastic Games with Infinitely Many Strategies 129

Pl;d = (Ak) Bka he (aa b) 7—;)3 E]ﬁ;” %;’),
then it follows from (5) that
©) 7% — T'o*|| < €.

Let #'* be the principal value vector of /7,4 k=1,2,..., N. Then by (4), and
(6) we have

|77 = T S (L= po) 5% — T8
< €’'(1—po).
Consequently
% — %] = lim [5* — 7%
<€ '+ e’ A=p)+ €’ Q—p)+-.
= € I/p().

According to von Neumann’s theorem [5] for finite spaces, «;, and (3, are
finite, there exist optimal strategies <, 5< of the game (A;, By, hu(a, b, '*), M,
N;), i.e.

) h (A5, 5, V*) =0, * =0 — €'/py, and
@®) by 5, %) Zop* <ok + € /po.

Then for any v € 9, we have

) T (S, v, %) = I (A5, 9, ¥'*) + he (A5, v — 5, %)

N
+ > (@F —vi™)pu(aS, »), where
I=1

(10) |he(, v — 5, 3)| < €’, and
N
an ST =P )| < €.

On account of (7), (9), (10), and (11), we have

hy (S, v, )= v* —€'— €’
>vf—€'/pp—2¢€’ =vf— €.

Similarly we can show that
]lk(,u, De, i’)*)évf + €,
and our lemma is proved.

Tueorem 1. The stochastic game I'={[";, k=1, 2,..., N} is strictly deter-
mined. The value of [, is equal to v}, the k-th component of the principal value



130 Masayuki TAkAHASHI

vector of the associated dummy games.

Proor. By Lemmas 3 and 4, we see that there exist € -optimal strate-
gies 4, J< of I, for any positive €, that is,

G(4S, 9)=vf— € and G(4 5)<v}+ €.
Then
inf G, (4, ¥) =v} — €.
As € is any positive number, so we have

12) sup inf G, (4, v) = v}.
“ v

Similarly we have

(13) inf sup G, (&, ) <oF.
b4 I

On the other hand it is easy to see that

(14) sup inf G, (i, ¥) <inf sup G, (4, V).
- ¥ b4 3

Therefore the inequalities (12), (13), together with the inequality (14) imply

vy = sup inf G, (4, ») = inf sup G, (4, V),
- v v I

which completes the proof of our theorem.

J. von Neumann has called a game to be fair if its value is zero [5]. Ac-
cording to this nomenclature, we shall say that a stochastic game is fair if
its value is zero. As an immediate consequence of Theorem 1, we have

Cororrary 1. If the games ', = (4, By, g, Vi, N) are fair for k=1, 2,
..., N, then the stochastic game I" is also fair however the transition proba-
bilities p,; may be chosen.

Proor. Since the value of every I, is zero, it is easy to see that the zero
vector is the principal value vector of the associated dummy games. There-
fore it follows from Theorem 1 that the value of I, is zero. This completes
the proof.

Let «, (resp. B:) be any finite subset of A4, (resp. B,), k=1,2,..., N. We
denote by K'(¢/, b) (resp. K (a, V'), and resp. K"’'(a’, b)) the restriction of K on
oy X By, (resp. on A, X 3, and resp. on a,x B3;). Similar notations shall be ap-
plied to p; and p and so on. Then we have the stochastic game

r/=(plla=(ak, Bka &ks iD’élgs SRk): Pﬁz, Péoa k:]_, 2,"'3 N)a

and so forth. Now we show
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CoroLrLarY 2. For any positive €, we can choose a finite subset «; (resp.
Br) of A, (resp. B;) such that the value of the stochastic game I' differs at
most by € from the values of I'', I'"’, and I" .

Proor. It is sufficient by Theorem 1 to show the statements for the
prinecipal value vector of the associated dummy games. It was shown in the
proof of Lemma 4 that we can choose «;, and 3, to satisfy the requisites of
the statement. The proofs of the other cases may be carried out in a similar
way.

CoroLLARY 3. Suppose every B, is finite, then for any positive € we can
choose a finite subset «, of 4, such that the number of pure strategies con-
tained in «, does not exceed the number of pure strategies contained in B, for
every k, and that the values of both stochastic games I" and I’ differ at most
by €.

Proor. By Corollary 2, we can choose a finite subset @, of A4, for every &
such that the values of both stochastic games I" and

f’(:(f‘;:c‘zk’ Bk, g_},ea E):Tt}/n SIE12)9 pllzla ]_71/10, k:I) 23"'7 N))

differ at most by €. Denote the value vector of I" and the value transfor-
mation associated with I by # and 7’ respectively, and denote a dummy
game associated with the stochastic game I’ by I'}%. Suppose @, contain more
points than B, for k=1, 2,..., p (p<N) but not for k=p+1,..., N, then since
the strategic sets of both players are finite, we see that a, can be replaced by
a subset «, such that the values of I';¢ and I';? coincide, and a;, B; contain
the same number of pure strategies for £ =1, 2,..., p (cf. Theorem 7 of [7]).
Put @,=a; for k=p+1,-.., N. Then by denoting the value transformation as-
sociated I" by T, we have

(=T =T,

(NP

Namely the values of I and I’ are equal. Since the values of I" and I" differ
at most by €, so do the values of I" and I".

Up till now, in considering the strategy spaces, they have been given
originally as abstract sets, in which the topologies were introduced by using
functions g, pu, k, I=1, 2,..., N. Now, however, we shall assume that the sets
Ay, By, k=1, 2,..., N are from the outset compact topological spaces in the ter-
minology of N. Bourbaki [6], and that g, p. are continuous functions on 4,
x B,. It is easy to see that the reduced strategy spaces obtained from (4,,
8¢r), (Bg, 8°%) ete. are compact. Thus the results obtained in the preceding
discussions can be applied to our case. Here 2, (resp. B,) stands for the o-
algebra of Borel subsets of A4, (resp. B) for k=1, 2,..., N. Then we have

TuroreMm 2. The stochastic game just mentioned is strictly determined,
and has optimal strategies.
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Proor. By Theorem 1 the stochastic game is strictly determined. For
any given positive number €, we can choose € -optimal strategies u<, v< of
the associated dummy games I'¢ =(4,, By, k. (a, b, 7*), W, N;). Consider a U-
net associated with {x<}. Then it is known that it converges vaguely to a
probability measure °. Then the inequality

he (S, v, 3*) =0vf — €  forany veN,
implies
he (0, v, ) =0} for any ve N,

Similar considerations for {v<} lead us to conclude that there exists a .° € i,
such that

he(py V0, 7%)<vF for any € M.
The proof is completed.

CororLLARrY 4. If every B, consists of n, pure strategies (n, < o) for k=
1,2,..., N. Then there exist finite strategic subsets «;, of 4, containing at
most n, pure strategies such that the value of the stochastic game I" remains
unchanged when A4, are replaced by «,.

Proor. Using Corollary 3 and Theorem 1, the proof can be carried out
along a similar line as in the proof of Theorem 2.

§3. Stochastic Games with Infinite Positions

In the preceding discussions, as L. S. Shapley assumed, only the stationary
strategies were considered in the stochastic games. Now we shall relax these
restrictions on the mixed strategies which both players select. Then we shall
see that the problem may be reduced to the stochastic games with countably
infinite positions in which both players select stationary strategies as before.
Suppose both players begin with the game [";, without any loss of generality,
with mixed strategies (¥, v{¥ respectively, then according to the transition
probability pi;(a, b), depending on a choice of pure strategies (a, b) € 4, x By,
the game moves to /7; in the second trial. Both players then select mixed
strategies u$?, ¥ respectively and so on. The expected value G,(4, ) of the
gains of Player 1 is given by

N
(15) G1( ) =g (5, )+ 33 pus?s g, o)
NW N‘ [SDIRNNG ) 2> ,,( ) (3
23 2 pu ()P s (P, ) 4

The value of the game may be defined as
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sup inf G, (4, ») = inf sup G, (4, D)
I v v I

provided this equation holds. The equation leads us to consider the sequence
of games

(16) /713 1—'2)"'3 [7N3 [11) [_’25"‘) [jN,"';

where /7, stands at the (mN+1+1)-th position (0 <{I<{N) for every non-nega-
tive integer n. Taking (15), (16) into account, it is clear that we arrive at a
special case of the stochastic games now defined below:

Suppose we are given countably infinite positions 1, 2,.... To each posi-
tion k there correspond the game

[y = (Aka By, 8k \’DEks Sfék))

transition probabilities p.;, and stop probabilities p,,. Here we assume that

(i) the pay-offs g, are uniformly bounded and €,-measurable,

(ii) the transition probabilities py; are €,-measurable for every k, I, and
vanish identically except a finite number of I’s depending on %, and further-
more

3111; Pro(a, b) =po >0,

(iii) payments accumulate throughout the course of the play,

(iv) strategy spaces (A4, 6%%), (4, 8%#) are precompact for &, I,=1, 2,....
If the game begins with the k-th position, then the expected value of the gains
of Player 1 is given by

N
Gr(d, D) = g (ui?, vi¥) + I_;l pr (i vi) g (', vi®)
]’V‘ N‘ (D (@D (2 (2> (3 (3>
+ %%pkl(f”k s Vi) pii (s viP) g i (P, v§i) + -
Now it is clear that G.(4, ?) is a solution of the simultaneous linear equations
of infinite number:

N
17) v1 = g1 (p1, v1) + %pu(m, vy

N
vy = g (pa, vo) + lz_lpzz(ﬂuz, v2) 0

As in Section 2 we considered the dummy games, we can define the dummy
game

(Aka B, (aa b, 5); sjj}ka §Rk)
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where

N
hk(“) b: ’T/) =gk<a: b) + I_Z{pkl(C% b)’U[,

7 being any fixed vector (v, v,---).

And 7* € (I”) is called a principal value vector.

As in Section 2, we can show

that there exists a unique principal value vector. Astothe € -optimal strate-
gies we can go along the same line, and reach the same conclusion as Theorem

1.

Turning to the original problem, it is easy to see that the value of the

stochastic game is irrelevant whether both players select stationary mixed
strategies or not.
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