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1. Introduction

Throughout this paper D will denote an integral domain with 120 and
quotient field K, and by an overring of D will be meant a ring J such that
Dc Jc K. Anideal 4 of D is called a valuation ideal provided there exists a
valuation overring Dy of D such that ADy N D=4 ((22; 38407, [107]). If IT is
a general ring property, then we shall refer to an ideal 4 of D as a IT-ideal
provided there exists an overring J of D such that J is a IT-domain (i.e. J has
the property IT) and A=A4JnD. It is shown in [10] that if every principal
ideal of D is a valuation ideal, then D is a valuation ring. Furthermore, if
every proper ideal of D is a Dedekind ideal, then D is a Dedekind domain [ 27];
and if every proper ideal of D is a Priifer ideal, then D is a Priifer domain
[7], [10; 2387]. In this paper we are mainly concerned with the following
question. When does the statement

(a) “there exists a collection J of IT-ideals of D” imply the statement

(b) “Dis a II-domain” (i.e. D has property II)? Our main result in
this direction is that (a) implies (b) when “IT-domain” = “Krull domain” and
d is the collection of proper principal ideals of D, i.e. if every proper principal
ideal is a Krull ideal, then D is a Krull domain. The same result holds in
case “Krull domain is replaced by either “integrally closed domain” or “com-
pletely integrally closed domain”. In addition we show that (a) implies (b)
when J is the collection of proper finitely generated ideals of D and IT is any
of the following ring properties: Priifer, 1-dim. Priifer, almost Dedekind, or
Dedekind. ‘

We remark that (a) does not always imply (b), even in the case that J
is the set of all ideals of D (e.g. if IT is one of P.I.D., Bezout, or QR-property-
see Section 5).

In general we use the notation and terminology of [217] and [22]. In
particular, c denotes containment, while < denotes proper containment; and
A is a proper ideal of D provided (0)< A< D. The theorems considered in
this paper are trivial in case D is a field, so we assume throughout that D
has at least one proper ideal.

We wish to thank Paul M. Eakin Jr. for suggesting Lemma 3.1 (allowing
us to shorten some proofs in Section 3) and Proposition 5.1 to us.

1) This author was supported in part by N.S.F. grant No. 6467 during the preparation of this
paper.
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2. Preliminary results

A domain D is called a Priifer domain provided D, (the quotient ring of
D with respect to the prime ideal Pof D [21;2287) is a valuation ring for
each proper prime ideal P of D (see [1;(b) ], [3], [5], [7], [10], [12; 1277,
[13; 5547); D is an almost Dedekind domain provided D, is a rank one discrete
valuation ring (i.e. a noetherian valuation ring - a valuation ring which is a
Dedekind domain) for each proper prime ideal P of D (see [3] and [97]); and
D is a Krull domain if D is the intersection of the members of a family & of
rank one discrete valuation rings D, such that Dc D,c K and each non-zero
element of D is a non-unit in only finitely many of the D, ¢ ¥ (see [1; (b)],
[12;1047],[19; 8], [22; 82]). An element x of K is said to be almost integral
(or quasi-integral) over D provided there exists d € D such that d=:0 and
dx” € D for every positive integer n. If the set of almost integral elements
of K over D is equal to D, then D is called completely integrally closed (see

[1; (a)][4], [12;102], [18]).

Lemma 2.1.  If S is a multiplicative system in D and A is an tdeal of D
such that AJ N D= A for an overring J of D, then ADs=AJsN Ds.

Proor. It is sufficient to prove that AJsNDsc ADs. If x € AJsN Ds,
then x=a/s=d/t withs, t¢c S, de D, ae AJ. Thus ta=dse AJND=A, and
ds(1/st)=x € ADs.

Lemma 2.2.  Let IT be a ring property such that if J is any domain having
property II and S is a multiplicative system of J, then Js also has property II.
Then t+f A is a II-ideal of D and S is a multiplicative system of D, it follows
that ADs is a IT-ideal of Ds.

Proor. An immediate consequence of Lemma 2.1.

CororLLARY 2.8. Under the conditions of Lemma 2.2 we have the following :

(a) every ideal of D is a IT-ideal=> every ideal of Ds is a IT-ideal.

(b) Every proper principal ideal of D is a IT-ideal=> every proper princi-
pal wdeal of Ds is a IT-ideal.

Proor. An immediate consequence of Lemma 2.2,

Remark 2.4, If we take the ring property I in Lemma 2.2 to mean that
J is a Krull domain, then the conditions of Lemma 2.2 are satisfied and Corol-
lary 2.3 applies (see [1; (b)], [19; 10]). Furthermore we can replace “Krull”
by Dedekind, Priifer, almost Dedekind, noetherian, or integrally closed (see
[6;317],[3;269], [97], [5], [21]). ‘We note that the property “completely
integrally closed” does not satisfy the conditions of Lemma 2.2—the ring E
of entire functions is a completely integrally closed Priifer domain (in fact,
Bezout domain) with dimension greater than one ((1-(a); 717, [18; 324]), so
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that for a non-minimal prime ideal P of E the quotient ring Ep is a valuation
ring of rank greater than one and therefore not completely integrally closed

[14].

8. Characterizations of domains which are Krull, integrally closed, or
completely integrally closed.

The purpose of this section is to establish the following result. Let IT
be one of the ring properties “Krull domain”, “integrally closed domain”, or
“completely integrally closed domain”; then if every proper principal ideal
of D is a IT-ideal, it follows that D is a II-domain. Furthermore, a counter-
example is given which shows that this result is false if I7 is one of the ring
properties “Dedekind domain”, “almost Dedekind domain”, “Priifer domain”,
or “Noetherian domain”.

Lemma 3.1, Let § be a family of domains J such that Dc Jc K for all
Je. If for every x im D there exists J ¢ such that xD=xJN D, then
D=nJ.

JET
Proor. If B¢ ﬂg], then 8=x/y with x, y € D. Since x = {8 y implies that
Je

xJc ByJ for all J e F, then xJc yJ for all J € F. There exists J’ € § such that
yD=yJ'nD. Therefore xDcxJ'NnDcC yJ'nD=yD and § € D.

Tueorem 3.2.  If every proper principal tdeal of D is an integrally closed
ideal (completely integrally closed ideal), them D is integrally closed (completely
wntegrally closed).

Proor. This follows directly from Lemma 3.1 since the intersection of
a collection of integrally closed (completely integrally closed) domains is in-
tegrally closed (completely integrally closed).

CoroLLARY 3.3. If every proper principal ideal of D is a Krull ideal, then
D s completely integrally closed.

Proor. A Krull domain is completely integrally closed.

CoroLLARY 3.4. If every proper principal ideal of D is a rank one valua-
tion ideal, then D is a rank one valuation ring.

Proor. A valuation ring is completely integrally closed if and only if it
is rank one [14; 170 ]; every proper principal ideal of D is a valuation ideal
implies that D is a valuation ring [10; 239 .

Lemma 3.5. If Pis a prime ideal of D such that Dpis a Dedekind domain,
then the only primary ideals belonging to P are the symbolic powers P™ of P.
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Proor. Every proper ideal in Dpis a power of PDp and is primary for
PDp. Since the primary ideals of Dp which belong to PDp are in 1-1 corres-
pondence with the primary ideals of D which belong to P, the lemma follows
from the definition of symbolic powers [ 21; 2327].

Lemma 8.6. If xD is a proper principal ideal of D such that xD is a
Krull ideal, then xD has an trredundant representation as a finite intersection
of strong primary ideals (t.e. primary ideals which contain a power of their
radical). Furthermore, 1f P is an associated prime ideal of xD, then N P"=(0).

n

Proor. There is a Krull domain J such that Dc Jc K and xD=xJN D.
Furthermore, since xJ is a non-zero principal ideal in the Krull domain J, we
have xJ=Q: N - NQ, where the Q; are symbolic powers of the finite number
of minimal primes of J which contain xJ (see [12; 1197] and [ 20; Coro. 2.14]).

Since Q; is a symbolic power of P,-=\/Qi in J, then there is an integer n; such
that Q,o Py for i=1, ..., n. It is clear that Q;=Q;n D is primary for P;=
P;nDand Q;> P for i=1, ..., n. Furthermore xD=Q:n...NQ,. Since J3,
is a Dedekind domain, N P7Dp ,=(0) and therefore N P7=(0).

Lemma 8.7, If M=(0) is a maximal ideal in a completely integrally
closed domain D and M*={x € K| xMc D} > D, then M is invertible.

Proor. Since MM is an ideal in D and Mc MM~'c D, then MM-'=M
or MM *=D. If MM '=M, then M(M~'y"=Mc D for every positive integer
n. If0xde Mand x ¢ M!, then dx” € D and x is almost integral over D.
Since D is completely integrally closed, then x € D and M~*=D—a contradic-
tion. Hence MM '=D and M is invertible.

Lemma 8.8.  If every proper principal ideal of D is a Krull ideal and P is
a (non-zero) minimal prime ideal of D, then Dp is a rank one discrete valuation
ring (i.e. a Dedekind domain with exactly one proper prime ideal).

Proor. It follows from Corollary 2.3 and Remark 2.4 that every proper
principal ideal of Dp is a Krull ideal, and Corollary 3.3 implies that Dp is
completely integrally closed. Since PDp is the only proper prime ideal in Dp,
it is sufficient to show that PDp is invertible ((6 ] or [17]). Therefore, in
view of Lemma 3.7, it suffices to show that (PDp)'>Dp. Let 03¢« € PDp.
By Lemma 3.6 there exists an irredundant strong primary representation for
xDp, and since every proper ideal in Dp is primary for PDp, it follows that
xDp> P"Dp for some positive integer n. If n=1 then PD; is invertible, so
we may assume that n >>2 and minimal, that is x Dp>(PDp)" and xDpD(PDp)" .
Choose y € (PDp)"~! such that y ¢ xDp. Then y/x ¢ Dp, and it follows easily
that y/x € (PDp)™".

Lemma 3.9. If every proper principal ideal of D is a Krull ideal and 1 f
P=:(0) ts a maximal ideal tn D such that P is an assoctated prime ideal of a
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non-zero principal ideal yD of D (see Lemma 3.6), then P is invertible.

Proor. Let yD=Q:N---NQ, be an irredundant strong primary repre-

sentation such that P;=vQ; for each i and P=P;. If yD:P3xyD and x¢€
(yD: P)\yD, then x/y ¢ D and x/y € P~ so that P is invertible by Corollary
3.3 and Lemma 3.7. Suppose that yD: P=yD, and therefore yD: P*= yD
for all £. There exists an integer ¢ such that P'c(Q, and hence Q,: P'=D.

It follows that yD=yD: P'=(1Q:): P'= N (Q:: P)=n(Q:: P> NQ;> yD and
1 1 i¥1 i¥x1

yD= n Q;, a contradiction.
i1

Lemma 3.10. If every proper principal ideal in D is a Krull ideal, then
the associated prime ideals of any proper principal tdeal yD of D (see Lemma
3.6) are minimal prime ideals of D (and consequently a proper principal ideal
of D has mo imbedded components). Hence yD 1is contained in only finitely
many minimal prime ideals of D.

Proor. Let P be an associated prime ideal of a proper principal ideal
yD of D. Then the maximal ideal PDp of Dpis an associated prime ideal of
yDpand P is a minimal prime of D if and only if PDp is a minimal prime
ideal of Dp. Since every proper principal ideal of Dp is a Krull ideal, by
Corollary 2.3 and Remark 2.4, we may assume that P is a maximal ideal of D.
Under this assumption, Lemma 3.9 implies that P is invertible. Suppose
that P, is a prime ideal of D such that P,<P. Then P,P~! is an ideal of D
and P(P,P~')=P, implies that P,P~*=P, and P,=P,P. Hence P,=P,P"c P"
for all n. Since N P*=(0) by Lemma 3.6, then P,=(0) and P is a minimal

prime ideal of D.

TueOREM 3.11. If every proper principal ideal in D is a Krull ideal,
then D is a Krull domain.

Proor. If I denotes the set of minimal prime ideals of D, then Dy is a
rank one discrete valuation ring for each Pe 9 by Lemma 3.7. For each
non-zero d € D, Lemma 3.10 implies that the principal ideal dD is contained
in at most a finite number of minimal prime ideals of D, and therefore d is a
unit in Dp for all except possibly a finite number of ideals P € 9t.

To complete the proof it suffices to prove that ﬂm.DPZD*CD. If 0=
P€

a € D* then a=x/y with x, ye D. Denote by X, Y the collections of as-

sociated prime ideals of xD, yD respectively (Lemma 3.6) and note that Yc

Xc M (Lemma 3.10). For each Pe 9N there exists an integer v(x)>0 such
P

that xDp=(PDp)’5*, since Dp is a Dedekind domain. It follows from Lemmas

3.5, 8.6, and 8.8 that xD= n P, Similarly yD= n P“;*). Since o € D*,
PeXx PcY

we have xDpC yDp for each P € X, and therefore vp(x)=>vp(y) for each P€ X.
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Consequently N PY*Nc n P ) which implies that « € D.
PeX P€EY

CoroLLARY 3.12. If every proper principal ideal of D is a Noetherian
integrally closed ideal, then D is a Krull domain.

Proor. This is an immediate consequence of Theorem 3.11 since a Noe-
therian integrally closed domain is a Krull domain.

If Fis a non-zero fractional ideal of D, let F'={a€e¢ K|aFcD}. An
ideal 42¢(0) of D is called a v-ideal provided 4=(A4"1)"" (see [12; 1187, [20],
and the material on divisorial ideals in [1] and [197])).

Prorosition 3.13.  Ewery v-ideal of a Krull domain D is a Dedekind ideal
(in fact, a P.1.D.-ideal).

Proor. The set of v-ideals of D is exactly the set of finite intersections
of symbolic powers of minimal prime ideals of D ([12;1197] and [20; Coro.

2.147]). Let A= ?1 P be a v-ideal of D, where P,*¥ is a symbolic power of
i=1
the minimal prime ideal P; of D. Now Dp, is a Dedekind domain for i=1, ...,
kand Ds= ?ﬁ Dp, where S=D\ LkJ P,. It follows from [16; 38] and [3; 276]
i=1 i=1

that Ds is a Dedekind domain with a finite number of prime ideals (and
therefore a principal ideal domain). Or, alternately, Ds is a quotient ring of
a Krull ring, and therefore a Krull ring [19; 107; Ds is one dimensional with
a finite number of prime ideals by [21;2257], and hence Ds is a Dedekind
domain [22; 84]. Finally, ADsn D=4 by [21; 2257].

Exampre 8.14. Let J=F[ 1, %2, ---, %, --- ] be the polynomial ring in
infinitely many indeterminates over a field F. Then J is a unique (element)
factorization domain, and therefore J is a Krull domain [197]. It is clear that
an invertible ideal is a v-ideal—in particular, every non-zero principal ideal
is a v-ideal. A domain is Prifer if and only if every finitely generated non-
zero ideal is invertible [57]; consequently J is not a Priifer domain since
(%1, x2) is not an invertible ideal in J (J>(x1, x2)>(x1) and a proper invertible
ideal can not properly contain an invertible prime ideal). It is clear that J is
not Noetherian. Therefore, in the hypothesis of Theorem 3.11 we can not
replace “Krull ideal” by any of the following: “Dedekind ideal”, “almost
Dedekind ideal”, “Priifer ideal”, “Noetherian ideal”, “P.I.D. ideal”.

4. Characterizations of Priifer domains, almost Dedekind domains,
and Dedekind domains.

In this section we show that the statement “every proper finitely gener-
ated ideal of D is a IT-ideal implies that D is a IT-domain” holds in case the
ring property IT is one of the following; Priifer domain, 1-dim. Priifer do-
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main, almost Dedekind domain, or Dedekind domain.

If 4 is an ideal of D, then x ¢ K is said to be integral over A provided
there exist ay, ---, a, such that x"+ax" '+ +a,=0 and a; € 4° for i=1, ...,
n; the set A*={x € K| x is integral over A} is called the integral closure of
Ain K (see [16 ] and [ 22; 350]). The set 4'=n 4D,, where D, ranges over
all of the valuation over rings of D, is called the completion of 4 and A is
said to be complete if 4=A4"; furthermore 4'= A4* [22; 350]. In addition, D
is a Priifer domain if and only if 4=A4" for every ideal 4 of D [10]. In
particular, if D is a Priifer domain, then 4= A* for every finitely generated
ideal 4 of D; the converse is also true and is established below.

Tueorem 4.1. The domain D a is Priifer domain if and only 1f A= A*
for every finitely generated ideal A of D.

Proor. The domain D is Priifer if and only if 4B=AC implies B=C,
when B and C are ideals of D and 4=2=(0) is a finitely generated ideal of D
(see [6],[107]). Suppose H=H* for every finitely generated ideal H of D,
and let B, C, A=(x1, ---, x,)=x(0) be ideals of D such that AB=AC. 1If b€ B,

there exist c;; € Csuch that bx;= Z”} cijx; for i=1, ..., n. Let C; be the ideal
i=1

in D generated by the c;;. Since C; is finitely generated, then C,=C}cC.
Let 0;,=0 for i=¢; and 0;=1 for i=j, and solve the system of equations

n

> (eij—b0i;)x;=0 (i=1, ..., n) by Cramer’s rule. Since not all of the x;

j=1

are 0, it follows that the determinant |c;;—50;;| =0; expanding the determi-
nant, we have elements ci, --., ¢, such that 6"+ ¢,;6" '+ -+ ¢,=0 with ¢; € Ci.
Therefore b is integral over C;, and b € CX¥=C;cC. Hence Bc(C, and simi-

larly Cc B, so that B=C.

Tureorem 4.2. If every finitely generated ideal in D is a Priifer ideal,
then D is a Priifer domain.

Proor. Since a Priifer domain is integrally closed, it follows from Theo-
rem 3.2 that D is integrally closed. Moreover, since a Priifer ideal is an in-
tersection of valuation ideals [107, every finitely generated ideal of D is an
intersection of valuation ideals. An intersection of valuation ideals is a com-
plete ideal [ 22; 8537, and therefore every finitely generated ideal of D is com-
plete. Hence 4= A4* for every finitely generated ideal 4 of D, and D is a
Priifer domain by Theorem 4.1.

We say that a domain D has property o provided the following holds: if
P is a proper prime ideal of D and a,b € D with =0, then there exist ¢, d € D
such that a/b=c/d and either ¢ ¢ Por d ¢ P (this is an abstraction of a very
useful property in classical algebraic number theory, where fractions can
not in general be “reduced to lowest terms” but can be “reduced to lowest
terms with respect to a given prime ideal”).
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Lemma 4.3. A domain D is Priifer if and only if D has property o.

Proor. It is easy to show that D has property p if and only if for every
non-zero « € K, that either « or a~! belongs to Dp for every proper prime
ideal P of D.

Lemma 4.4. If J is an overring of a Priifer domain D and P is a prime
ideal of J, then Jp=Dpnp.

Proor. It is clear that Jp>Dp~p. Let a=a;/a, with «;, oy € J and
az ¢ P. Since D has property o, it follows directly that a;==x,/y; and a,=
%2/ y2 With x1, x5, y1, y2€ D, y1 € P, x, ¢ P and the reverse inclusion is es-
tablished.

CoroLLARY 4.5. An overring of a Priifer domain is a Prufer domain.

THEOREM 4.6. If every proper finitely generated ideal of D is a 1-dim.
Priifer ideal, then D is a 1-dim. Priifer domain.

Proor. Theorem 4.2 implies that D is a Priifer domain. If P is a pro-
per prime ideal of D, every proper finitely generated ideal of the valuation
ring Dpis a 1-dim. Priifer ideal by lemma 2.2. Lemma 3.1 implies that Dpis
an intersection of 1-diém. Prufer domains; therefore the valuation ring Dp is
completely integrally closed and must be rank one. Hence D is a 1l-dim.
Prufer domain.

CoroLLARY 4.7. If every proper finitely generated ideal of D is an almost
Dedekind ideal, then D is an almost Dedekind domain.

Proor. We have from Theorem 4.6 that D is a 1-dim. Priifer domain,
so that Dp is a rank one valuation ring for each proper prime ideal P of D.
Lemma 2.2 implies that every proper finitely generated ideal of Dp is an
almost Dedekind ideal, and since Dy is a maximal subring of the quotient
field of D it follows that Dp is a rank one discrete valuation ring.

CoroLLARY 4.8. If every proper finitely generated ideal of D is a De-
dekind ideal, then D is a Dedekind domain.

Proor. Since a Dedekind domain is a Krull domain, it follows from
Theorem 3.11 that D is a Krull domain; D is 1-dim. by Theorem 4.6, and
therefore D is a Dedekind domain [22; 84 7.

Remark 4.9. It follows immediately from proposition 8.13 and Corollary
4.8 that in any Krull domain with dimension ==1 there is a finitely generated
ideal which is not a v-ideal.
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5. Some miscellaneous results.

Prorosition 5.1.  If § is a finite family of Noetherian overrings J of D
such that for each proper ideal A of D there exists J € ¥ such that AJND=A,
then D 1s Noetherian.

Proor. If 4,c A;C---C A,C - is a chain of ideals in D, then 4,/c 4,]
c--cd,Jc.. foreach JeF. There exists an integer & such that 4,/=4,,./J
for all » >k and all J € &, and there exists a domain J' € § such that 4,J'nD
=4,. It follows that 4,=A,.,, for all n >k, and D is Noetherian.

By an ascending ring property we understand a ring property II such
that if D has property IT and J is an overring of D, then J has property II. We
consider the following question: if I is an ascending ring property and every
proper ideal of D is a IT-ideal, does it follow that D is a IT-domain? We give
three ascending ring properties for which the answer to this question is nega-
tive.

ProrosiTiON 5.2. If J is an overring of a Bezout domain D (i.e. every
Jfinitely generated ideal of D is principal), then J is a Bezout domain.

Proor. It is sufficient to prove that an ideal (x, y) of J, generated by
two elements, is principal. Since x, y€ K then x=a/c and y=b/c with q,
b, ce€ D. Hence c(x, yJ=(a, b)J=(a, b)D-J=rD-J=r] for some r € D, and
(x, PI=(/)].

CorOLLARY 5.3. Ewvery overring of a principal ideal domain (P.1.D.) is a
P.I.D.

Proor. A domain D is a P.I.D. if and only if D is a Bezout domain and
a Dedekind domain (both of which are ascending ring properties).

ExampLE 5.4. Denote by J the domain of algebraic integers in the field
R(J—6), where R is the field of rational numbers. Then J is a Dedekind
domain which is not a Bezout domain [ 14; 43, 49 ], and every proper ideal of
J is invertible and therefore a v-ideal. It follows from Proposition 3.13 that
every proper ideal of Jis a P.I.D. ideal.

A domain D has the QR-property provided every overring of D is a quoti-
ent ring of D with respect to some multiplicative system in D. It is shown
in [11; 987 that the QR-property is an ascending ring property ; furthermore,
an example is given [11; 102] of a Dedekind domain D* which does not have
the QR-property. Proposition 3.13 shows that every proper ideal in a De-
dekind domain is a P. I. D.-ideal, and hence a QR-ideal since a P.I.D. is a QR-
domain [11;99]. Consequently, every proper ideal of D* is a QR-ideal and
D* is not a QR-domain.
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