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Notes on Derivations of Higher Order

Shizuka SaTo
(Received March 5, 1969)

Let R and S be commutative rings and assume that S is an R-algebra.
Let D be a derivation of S over R. Then the power 4=D" is an R-linear
endomorphism of S satisfying the following condition:

) A(xlxz...x,,+1)=;1(—1)5'1. DI FRE PN (CIRRPE 7RELE FRITY. 29

L

for any xi1, x, ---, %,.1in S. The property (*) is used to define the notion of
a derivation of order »n by H. Osborn ([87]). In this note we shall prove some
properties of such derivations. In the last part we shall show the following:
Let S be a field finitely generated over a subfield R. Then the set of ordinary
derivations of S/R is characterized as the set of n-th order derivations D
satisfying the condition that D(x)=D(y)=0 implies D(x y)=0.

1. Let R be a commutative ring with identity 1 and let S be an R-algebra.
An R-endomorphism of S is called a derivation of order n of S/R,if D satisfies
the following identity:

D(xl...xn+1)=z_]1 . <Z< (—1) Py, oo D1 Ry Ry 2msn)

for any «x;€ S.

From the definition it follows easily that D(r)=rD(1)=0 for any r € R.

First we show that the notion of n-th order derivation has a close con-
nection with that of the higher derivations in the sense of F.K.Schmidt (cf.

L1D.

Prorosition 1. Let D=(D,, Dy, --., D,) be a higher derivation of rank r
(or of infinite rank) of S/R into S. Then D,(0<m=r)is a derivation of order
m.

Proor. For any set of elements x;, ..., x,.1 of S, we have

A (—1)S+1xt~l...xist(xl...&il...g’zis...merl)
s=1 i1<m<is

m
— S+1
—szl i1< <Z1: ij%i k+ xil."xis(ZD“au(xisn)’"‘D"m+1(xim+1))'
= wLisri i¥is
is+1<"'éi7i+1 ¥

The coefficient of x;...x; D, (x;,,) D, (x:,.,) is
(=D (= DO+ - +G)=1-1—1r=1,
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while

Dy(ay-- &mi1)= 2 Du,(xl)"‘DumH(merl)-

m=vyteetVog g
Hence D,, is a derivation of order m.
Prorosition 2. A derivation D of order n—1 is a derivation of order n.

Proor. For any set of elements xy, xs, -+, 2,1 of S, we have

n—1
D(x:-- 'xn+1)=21xi]-7(x1- R X 120205 1)F Xp 20 1 D(201 - K1)
P

+ 5 (—1)$+1x,'1-"xis-D(xl‘"&il"'ﬁis"'xnxrwl)

s=2 1<<is=n—1

n—1
+ Zz _ <Z<:, S(—ll)SHxi,‘--xis_lxnxnnD(xr'-5%',-“56;‘3_1---96”—1)
b < imne

n—1 ’
=% B DT smye, D iy, )
s=1 i1<<ds41

while

5 (D) gy, D iy Ry )

s=1 i1<<is
o < s+1

='leiD(x1“'-%i"‘xﬂ+1)+ Zz <Z<('_‘1) xil"'xisD(xl'"“A;il"'ﬁis"'xn-}»l)
1= s§= 11 <t
n=-1

= 2z (= 1)s+l(3+ 1)xi1' : -ximD(xr Y FRERY. TR Xps1)

s=1 i1<-+<ig41

45T (1w D(r Ry R oy 1)

s§=2 11<<ig

n
=ZZ ‘<Z<~ (_1)s+lsxi1"'xisuD(xl'"xil""%isu”'x”+1)'
s=2 i1<<is

7
Hence D(xl.-.x,,+1)=21 ‘ <Z<‘ (1w D21 &g By Xng1), 1. €4, D IS @
s=1 i1<-+<dg

derivation of order n.

CoroLLARY. A derivation of order n of S/R is also a derivation of order
n’ for any n' =n.

Let D be a derivation of order » of S/R. For every x € S, we shall intro-
duce a new R-linear mapping D, of S defined by

D.(y)=D(xy)—xD(y)— yD(x).

It is easily seen that D is an ordinary derivation if and only if D,=0 for
every x € S. More generally we have the
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TreorEM 1. If D is a derivation of order n of S/R, then D, is a deriva-
tion of order n—1 for x € S. Conversely if D, is a derivation of order n—1
of S/R for every x € S, then D is a derivation of order n.

Proor. Let D be a derivation of order n of S/R. Then, for any set of
elements %y, .-, x,,.1 of S, we have
Dxl(xZ"‘xn+l)

=D(%1- %nr1)— 261 D(%2- - Xpi1)— X2+ Xy 1D(x1)

nt1 n=1
=Zz xiD(wr i xw)+ 2 0 (D) x D(%1- - By Ry 1)
=

s=2 i1<-+<ig

n+1l
+ .Zz(—l)"“xr B 21 D(x) +{(= 1" =1} a2 21D (1)
n—1
=2 2 (=1win; Do (0 Ry Ry Kni)-
s=1 i1<m<is

Therefore D,, is a derivation of order n—1.
Conversely, let D, be a derivation of order »—1 for any x € S. By defini-

tion of D, , we have

D(%:- "xru—l):Dxl(xZ' X))t 21 DKz Xp1) + X2 X1 D(201)

n-1
R G R Y
s=1 11<+<ig

4+ x1D(x2- - Xpy1)+ %3 %p1D(x1)

n—1
=% B (D" D by iy )
s=1 i1<<is

n—1
+2 2 (—1Pxiwx; Dy By Ry Kng)

s=1 11 5<is
n—1
+ Zl(—l)erz(?)xz- w21 D(x1)F 21 D(%2- - Xpp1) F %2 %51 D(21)

ntl n—1
:'Zl x;D(x1- &y --xn+1)+ Z Z (—1)s+1xi1' . 'xisD(xle' . '»’%il' . '55;‘8‘ "xn+l)
i=

s=1 1;<<ig

n—1
+2 2 (1w a0 D% Riy Ry Xnr)

s=1 §1<<isg

+(=1)"*"%p . 21 D(21)

7n
=5 (D w Doy i )
s=1 §1<<dg

Therefore D is a derivation of order n.



44 Shizuka SATO

ProrosiTioN 8.  Let 4, D be derivations of order r, s respectively of S/R.
Then we have the identity

(4D);= 4D+ 4.D+ dpezy+ 4(x)D + D(%)4 ey
Proor. For any y € S, we have by the definition
(4D).(y)=4D(x y)— x4D(y)— y4D(x)
4:(D(y)=4(xD(y))— x4D(y)— D(y)4(x)
Ape(y)=4(yD(x))— y4D(x)— 4(y)D(x)
A(D(y))=4D(x y) — 4(xD(y))— 4(yD(x)).
From these formula we easily arrive at the conclusion.

ProrosiTion 4. If 4, D are derivations of order r, s of S/R respectively,
then 4D is a derivation of order r+s of S/R.

Proor. It is trivial that 4D is an R-enomorphism of S. We shall prove
the proposition by the induction on r+s. When r=s=1, this is immediate
from proposition 3. Every member of the right hand side of (1) is a derivation
of order <<r+s—1 by induction assumption. Therefore, by Theorem 1, 4D is
a derivation of order r+s.

OROLLARY. 18 an ordinary derivation 18 a derivation of order n.
C If D isanord d tion, D” d tion of order

2. Let S be an R-algebra as before and let ¢ be the homomorphism of
the ring S®zS into S defined by ¢(ZxXy)=2xy. Let us set J=Ker (¢).
We shall endow on S®zS an S-module structure by a(x®Q y)=aex&®y. Then
the mapping 0™ of S into 2@ (S)=J/J""* such that 0"(x)={the class of
1Qx—x®1 modulo J**!} is an n-th order derivation of S into 2% (S). It is
known that 2%(S) has the universal mapping property with respect to n-th
order derivations of S/R (cf.[3]), and is called the module of n-th order
(Kahler) differentials.

We shall denote by D¥(S) the left S-module consisting of n-th order
derivations of S/R. From the universal mapping property of 2%(S), it follows
that D (S) is isomorphic to Hom (2%(S), S) (cf. [3]).

ProposiTion 5. Let P, @ be two fields such that PO @ and P is finitely
generated over @. Then P is separably algebraic over @ if and only if
DP(P)=0 for some n>0.

Proor. It is well known that P is separably algebraic over @ if and only
if Q(P)=J/J*=0 (cf.[2]). On the other hand, /=J? if and only if J=Jj"*!
for some n>0. Hence, P is separably algebraic over @ if and only if 25°(P)=0
for some n>0. Since Pis a field, 25°(P)=0 if and only if D (P)=0.
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Let us denote by C™ the set of elements D of Dy(P) such that D(x)=
D(y)=0 implies D(xy)=0. Obviously we have Dy'(P)C C™ for all n>0.

TueorEM 2. Let P=0(&,, ...£,,) be a field finitely generated over ®. Then
CM=DI(P) for all n>0. Namely, DF(P) is characterized as the set of ele-
ments D of Dy (P) such that D(x)=D(y)=0 tmplies D(xy)=0.

Proor. We consider a homomorphism

f:C(") sP"=PPH--- PP
N——————

m

defined by f(D)=(D(&1), -, D(§,)). Then f is injective. In fact, let D € Ker
(f). If D(x)=D(y)=0, we have D(x+ y)=0 and D(xy)=0 by the hypothesis
on C™, Hence to show that D is a zero map it suffices to prove that D(x)=

D(y)=0 implies also D<%)=0 (y#0). Let us set a= —’;—/ Then we see im-

mediately that 0=D(y"a)=(—1)""'y"D(«). Hence D(a)=0. Thus C™ is
isomorphic to a subspace of P”, and s=dim,C™ <m. Let Dy, ..., D, be a base
of C™ over P. And we set a;=f(D;)Y1<i<s). The set {a;}(1=<i=<s) gener-
ates Im(f). Hence {a;}(1=i=s) is a base of Im(f). We set

A=( Dl@l) """ Dlgfm) )

Dsz(é-l) """ Ds(ém)

The rank of 4 is s. Therefore we may assume

Dy(&1)+++ Dy(&.)
: SE S (%)
Dy(&1)-----Dy(&,)

Let E be 0(&,, ..., &) and let 4 be an element of C™ satisfying 4(E)=0. 4

S
can be written as a linear combination of D; over P, i.e., 4= a;Da; € P).
i=1

i: aiD{(&)=4(¢;)=0 for j=1,2, ...,s.
=1

By (*%), a;=0 for i=1,2, ..., s, i.e. 4=0. Hence derivations of order n of
P/E contained in C™ is only 0, and D% (P)=0. Therefore P is separably alge-
braic over E. Conversely, let F be a field 0(¢;---&;)(1 =i, <---<i;<m) such
that P is separably algebraic over F. We shall consider a map g: Dy (P)——P*
defined by g(D)=(D(&;), ---, D(¢;)). g is a P-linear mapping. As above, if
D e C™ and D(¢;)=0 for j=1, 2, ..., ¢, then D(F)=0. Hence D is a derivation
of order n of P over F. Since P is separably algebraic over F, D=0 on P.
Therefore g is an isomorphism of € into P, and s=dim,C™ <¢. Thus the
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dimepsion of C™ over P is equal to the smallest number ¢ such that P is sepa-
rably algebraic over @(¢;-.-¢;). On the other hand, it is well known that the
dimension of Dy(P) has the same property ([17, Chap. IV, Th. 16). Therefore
DP(P)=C™ for all n>0.
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