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An extensive n-person game is usually described in terms of a finite tree
in an oriented plane. The game involves in its structure the mixed and
behavior strategies of each player closely related to some specified informa-
tion sets. Under the assumption that each move possesses at least two
alternatives, H.W. Kuhn [17] proved the theorem that the game has perfect
recall if and only if, given any mixed strategies ui, 43, ---, #., there may be
associated with them behavior strategies £i, B2, ---, B4, €ach B; depending
only on the corresponding mixed strategy u;, so that they give rise to the
equalities,

-[Ii(ﬂl, ﬂz; ity ﬂn):H;(Bla BZ) ctty Bn), L:]-g 2, sy 1y

where H; stands for any expected pay-off to the player i.

In this note we shall generalize the game to an infinite game, and show
that there remains still valid an analogue to Kuhn’s theorem just referred
to. However, the term “perfect recall” should be understood in a more gener-
al sense in order to remove the assumption cited above.

§ 1. An infinite extensive n-person game

We shall introduce an infinite extensive game with which we shall be
concerned in this note. To this end, we consider an ordered set (E, <) with
the properties:

(1) E has the least element x,.

(2) For any x, y¢€ E, if there exists a z € E such that x <z and y<z,
then x yor y<x.

If x <y, we say that x is a predecessor of y, and y is a successor of x.
If x<y and there is no element z: x<z<y, then we say that x is an im-
mediate predecessor of y and y an immediate successor of x.

(8) FEvery x € E except x, has a unique immediate predecessor which will
be denoted by f(x).

(4) Ewvery x € E has an 1mmediate successor, and the set f~'(x) is finite.

(5) For each x € E, there is an integer m =0 such that f™(x)= xo, where
f° denotes the identical mapping.
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From these assumptions one can easily verify that y<'x holds if and
only if there exists a non-negative integer k such that y=f*(x).

In what follows, any element of E will be referred to as a position. The
position x, is called the initial position, and ye€ f~'(x) an alternative of the
position x. A play = is understood as an infinite sequence of positions {x,}
such that f(x,,1)=x,. We shall then write 7=(x0, x1, ---) and 7 (m)=xp.
Denote by P the set of all the plays and by P(x) the set of all the plays con-
taining x. Put E,,={x|f"(x)=x0}. We shall say that x is of rank m if x ¢
E,. The left section at x will be understood as the set{f*(x)}ozszm if x € E,.
Since E,, is a finite set, it may be considered a compact space with discrete

topology, so the product space ]] E,, will be compact and metrizable. Then,
as a closed subset of ]] E,, Pis also compact.

The set E with the following specifications (I) and (II) will be called an
infinite extensive n-person game.

(I) A partition of the positions into n indexed sets Si, ---, S,. FEach S;
admits a partition {Si};_1 s, . satisfying the conditions:

(i)  No two positions of Si lie on the same play.

(ii) Ewvery x ¢ Si has the same finite number of alternatives depending
only on Si. We associate with Si the indexing set I'= {1 2, ..., ||} and fix
once for all the ordering of the alternatives of x: x1y, %), -+, %(, Ig,). The set S}
is called the information set of the player i. We shall say that S/ is trivial
if || =1.

(II) Pay-off functions hy, ---, hy. They are real-valued continuous func-
tions defined on P, where h;(n) denotes the pay-off to the player i when the play
7 18 realized.

The product >:;=// I may be regarded as the set of mappings 7;: Si—
ciel, j=1,2,.... A r]napping 0; is called a pure strategy for the player i.
We write 0;=(07);_1,3,., and define the mapping 7;: x € S} >4, j=1,2, ...
The set J; becomes a compact space with the usual product topology. For
any compact space £ we shall use the notation M;(2) to denote the set of all
the probability laws on 2, the positive Radon measures of mass 1. Any u; €
M; (35 is called a mixed strategy for the player i. A class of mixed strategies
i, i=1, ..., n, determines a product probability law u=g; X s x - X u, €
M;(2>3), where ; is the compact space )1 X 22X - X 25,

Let 84 € M{(I}), j=1,2, .... The family {8i};_1,2,.. determines a product
probability law 8;=// 87 € M{(X:). Thus g; is a special mixed strategy for
the player i and called a behavior strategy for the player i.

Given any 0=(04, 03, ---, 0,) € 2, we define ¢(x)=0;(x) for x € S;. Noting
that foo is the identical mapping, we see that ¢ determines a unique play
7, = (%0, 0(x0), 0%(x0), ---). Let u be the mapping c—=, from Y onto P. We
can conclude that u must be continuous. This is because of the facts that
the family {P(x)} ..z forms a basis of the space P and that u'(P(x)) is written
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as the product A; x 4, x --- x 4, of open cylinder sets 4,, 4, ---, A,, contained
respectively in X;, 252, .-, 2.». Here, by a cylinder set in >}, we mean };
or a set of the form {0, € X, |0r=v1,02=v,, ..., 6i»=v,}. The image measure
ws(p) of =11 X pa X -+ X fhy, tt: € M3(X35), i=1,2, ..., n, is defined by the for-
mula

@) [ p@aus = nw@)ds

for any continuous function A on P. If h is a pay-off function to the player
i, then the integral gph(ﬂ)du*(,a) is an expected value of the pay-off to the
player i corresponding to the given mixed strategies ui, #s -, #,. Since
P(x) is open and closed, we may take the characteristic function of P{x) for
h. We see from the equation (&) that w«(#) (P(x))=u(u""P(x))).

As an immediate consequence of the equation {«), we have

LEMMA 1. Let p=py X o X - X fyy, =41 X uyX - X ), where u;, uie€
M{(X), i=1,2, ..., n. Then ux(r)=ux(x) if and only if pn(u='(P{x))=
2 (u Y P{x))) for every x € E.

§2. A generalization of Kuhn’s theorem

We shall continue to use the same notation as before. For our later
purpose we begin with the definition of perfect recall.

Put S/, ={y¢€ E| y=>x, for some x € S/} for 1<y <|I}|.

We shall say that the player i has perfect recall if Si,N\S?=~¢ implies Si,D
S? for any two non trivial S/, S?, and that the game has perfect recall if each
player has perfect recall. The notation S?> S/ will be used if there exists a
y € I such that Si, > S2.

LemMma 2. Suppose a player i has perfect recall. Given a mon trivial Si,
there exists a family of non trivial information sets {Si, Si, ..., Sis} with the
properties:

Q) Sie>Sirv>...> Six,
(2) For any x e Si, {Si, Si, ...0 Sik} is the maximal family of non
trivial information sets for the player i which intersect the left section at x.

Proor. Let F={S¥’, Si\, ..., Si*} be the maximal family determined by
the property (2) for an x € S/°. Since the player i has perfect recall, it is
clear that F is independent of the choice of the position x € S/ and j,, -, i
can be so arranged that (1) holds. Thus the proof is completed.

Let S/ be a non trivial information set and x € Si°. Then v '(P{x)) is
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of the form A, x A, x ---x A, where each 4, is a cylinder set in },. Suppose
the player i has perfect recall. If we use the notation in Lemma 2, we can
write 4;,={0;€ );|0i'=v,, ..., cit=y;} where v,, ..., v, are chosen so that
S Siy, .., Six1C Sik,. This shows that 4; is independent of the choice of
x €SP, This fact will be used in the proof of the following theorem 1.

Let us denote by #||58;, 8: ¢ Mi(};), the product probability law obtained
from pu=pu % - X u; X - X 4, by replacing x; by B;.

Tueorem 1. A player i has perfect recall 1f and only 1f for any p=u; X
Xy M€ M(207), j=1,2, ..., n, there exists a behavior strategy [5; depending
only on u; such that

wx( 1) = ux (2| 8:).

Proor. Necessity. Takeany Si. If it is trivial, we put 84(1)=1. Other-
wise, let x ¢ Si and u '(P(x))=A4,X A; % ---x A,. As remarked above, 4; is
independent of the choice of x = Si. Put 4;,,=4;"\{0; € };;]0i=v} and define

i /Aivj .
SACAR if /1,(4,) 0,
Bi(v;=
1 .
|77 if 4;(4;)=0.

Denote by B; the behavior strategy determined by {37}. We shall show that
B; satisfies the above condition. For any x’ € E writ2

u HP(x)=A|x Ay - x A,

where A/ is of the form {5, € 3J;|041=v,, ..., ci*=v,;}. It will suffice to show
2 (A =B; (41, for then

us () (P{x")) = p1(A7)--- 4n(A;)
=(ullB) (A1 x Az x - x 4,)
=ux(#|8:) (P(x)).
We write
BY ={o,¢ Silop=vy, ., 0it=v} A=I=h).

1

Then BY*V=BY) . If u;(B")=0 for some [, then either there is /', 1<V
<1, such that #;(BY"”)>0 and z;(B{"*1)=0or i (v1)=u;(B{")=0. In these
cases, B; (A =u;(A,)=0. If x;(B")>0 for each | <k, then

ti(AD=p:(BYF) =p; (BF V) B i) =1 (BF 2 B 1 (vi-1) BE (Vi)
=Bi(v1)--- Bt () =Bi(4)).
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Sufficiency. Suppose the contrary. Then there would exist non trivial
information sets S?, S/ such that Si=~S?%,, while S2,,N\Si=~¢ for some v’ €
If. Letze SinS?, and 7€ Si\S%.. Let v” € I?\{v'} be chosen so that ye€
S?,» whenever possible, otherwise v” is arbitrary. Put ux,=p8, for k=i,
where 8, are all uniform. To define «;, we consider B} and g7 with the pro-
perties: B/°(v)=pR/(1)=p8"(v)=B7(2)=1 and B!, 87" are all uniform for
l=~p, j. Put ,a,-:%(ﬁ,‘—i-ﬁ’{). Then, by assumption, there exists a @; such

that uy(u)=ux(x||B;). We have only to show that this leads to a contradic-
tion. As already observed, » !(P(x)) can be written in the form 4, x 4, x -
X A,, A being a cylinder set in }, uniquely determined by the position x.
Since ]]uk (4r) %0, from the equalities w4 (1) (P(x))=u;(4; )]] 1y (A) and

U (/zHB )(P(x)) Bi(A4)) ]+7 ur(Ap), it follows that x;(4;)=4; (A) Hence for
x € S, if u;(4;)=~0, we must have

g (1)_£i(z4i1) _us(4|B) (P(x)) _ u*(w) (P(x)))
VT Bi(A) T us(ul]B:) (P(x)) ux(1) (P(x))

_ ﬂ(uml(f(x(l))))  #i(4n)
uw™(P(x)) — w4y

where we have written 4;,=4;N{0; € }};|60i=1}, or more precisely Bi(1)=
Bi(4:) i1+ Bi(A; UE (—17)7—— :HED . Using this formula, we calcu-

B4+ B4 Bi(A)+Bi(4;) -
late Bi(1) in two ways with the aid of the positions %, ¥:

HO= L)

(0 if ye S?,,
51(1):L(U;SP%_7<D)Q:
W) T Lt yeste,

which is a contradiction. Thus the proof is completed.
As a consequence of Theorem 1, we can show a generalization of Kuhn’s
theorem which can be stated in the following

TueoreMm 2. The game has perfect recall if and only if to every u;e€
M7 (35;) there corresponds a behavior strategy B; such that us(1)=ux(B) where
U=y X g X Xty and B=PB1X Bz X X By

Proor. Necessity. Every player i has perfect recall, so that by Theorem
1 there corresponds to every u; a behavior strategy B; such that uy(x)=
ux(#||B;) for any given u;, k=~i. Let u; € M;(2.;) be given for i=1,2, ..., n
We take B; for each u; as stated just above. Then we have wuy(#)=ux(||51)
=ux((ul|BD|B2) == ux(B).
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Sufficiency. We shall show that any assigned player i has perfect recall.
For k=~i, we take u,= 4, such that g} are all uniform. For such a x; a cor-
responding behavior strategy must be u, itself. One can easily verify this
statement. Then the proof of the second part of the preceding theorem
shows us that the player i has perfect recall, which was to be proved.
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