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§1. In the present paper we shall be concerned with evaluation of up-
per and lower bounds of fractional dimensions of Cartesian product sets by
means of the fractional dimensions of their components. Various results on
this problem have been obtained by A. S. Besicovitch, P. A. P. Moran, J. M.
Marstrand and M. Ohtsuka ([17], [4], [6]). One of results is the following:
for given a, 0<a<<n, and B, 0<F<m, if E, is a subset of R” with dim (£;)=
« and E, is a subset of R” with dim (E;)=4, then a+B<dim (E, % E;) <min
{n+RB, m+at.

We use the notation 4,(E) for the a-dimensional measure of a set E in a
Euclidean space. Note that dim (E)=« is equivalent to A,_.(E)=c0 and
Ay, (E)=0 for any ¢>0.

In this note we shall show that for any given «, 0a<n, £, 08 <m,
and 7y such that a+ <y <min{n+ B, m+a}, there exist E; CR” and E,CR"™
which satisfy 0<4,(E;) < oo, 0< As(E;) < oo and 0< 4,(E; x E;) < oo,

§2. Let R” be the n-dimensional Euclidean space and let A(r) be a conti-
nuous increasing function of r such that A(G)>0 for r>0 and A(0)=0. The
Hausdorff A,-measure of a subset £ of R” is defined as follows. First, for
0>0, we set

4P(E)=inf{ T h(d)},

where the infimum is taken over all coverings of E by at most a countable
number of n-dimensional open (or closed) cubes I, with the sides d,=<p.
Then the Hausdorff measure of E is defined by

A (E)=lim 4,P(E).
p—0

If a(r)=r*(a>0) (resp. h(r)=1/log(1/r)), then we use the notation A,
(resp. 4,) instead of 4,. It is called the @-dimensional measure (resp. logari-

thmic measure).
The fractional dimension dim (E) of a subset EC R" is defined by

dim (E)=inf{a; A.(E)=0}.
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Let 9 be the family of non empty open subsets in R” which is determin-
ed by the following properties:

(1) any n-dimensional open cube belongs to 2,

(2) if w; and o, belong to ¥, then so does w;\Uw,,

(8) if w is an element of A, then there exists a finite number of n-di-

N
mensional open cubes I,(y=1, 2,..., N) such that o=\ I,.
v=1

We shall refer the definition of the n-dimensional symmetric generalized
Cantor set E(,, constructed by the system [[, {k,};-,, {4,};-,] to our pre-
vious paper [2]. In what follows we suppose /=1 and leave out I from the
system. Also we set 0,=(2,-1—k,4,)/(k,—1)(¢g=1), where 2,=1.

§3. Lemma. (P. A.P. Moran [5]) Let F be a compact set in R” and let
A be the family defined in §2. Assume that there exists a mon-negative set
Sunction @ on A satisfying the following conditions:

A if o= \J oy 0 €AG=1, 2,..., N), then 0(0)< 3 0(a),
iZ1 =1

(2) if v €U contains F, then O(w)=b, where b is some positive constant,

(8) there exist positive constants a and d, such that i f I is any n-dimen-
sional open cube with the side d<d,, then O(I)<ah(d).

Then A, (F)=b/a.

Using the Lemma we shall prove the following theorem.

THEOREM 1. Let E, be the n-dimensional symmetric generalized Cantor
set constructed by the system [ {k,}7-1, {A.}5-1]. Then

(i) 279lm (kiks. k)" AS S Au(Eg)<lim (kyks.. k)" 250 <a=n).

g q—oo

(i) 277l (kake k,)"/(logA) S A (E)<lim(ksks- )"/ (logiy).
q— q—
Proor. From the definition of the Hausdorff measure the right-hand

inequalities are obvious. Hence we shall prove the left-hand inequalities.
We shall prove (i). If lim(kk,.. -k,)"A7 =0, then A,(Eq,)=lim(k:k;-. -k,)"25=0.

g =

In this case the inequality (i) is obvious. We set lim(kik;..-k,)"A5=A4>0.

Let B be an arbitrary number such that 0<B< 4. Tilen there exists a posi-
tive integer g, such that (k.k,...k,)"2;>B for ¢—=q,. We choose sequences
{25} 5= 4o and {0} 7- 4041 such that (kiks.. .k,)"2,*=B for g—=¢q, and k,A;+(k,—1)
0,=2A,_, for g=q,+1. Clearly A,=B"%(kik;..-k) ™" *<2, and 0;=B"*(k"*—
ko)(kiks- k)" *(k,—1)"". It is easy to see that the sequence {N,(0)A[*}5_,,
is a decreasing sequence for every o € %, where N,(w) is the number of n-di-
mensional closed cubes in the g-th approximation of E., which meet w. Now

we define a set function @ on 2 by O(w)=limN,(w)2,*. We can easily see
oo
that @ satisfies conditions (1) and (2) of the Lemma with F=E,, and b=238.
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We set =2 and dy=2,,,1. Let I be any open cube with the side d=d,.
Then there exist uniquely determined positive integers ¢(=¢o+1) and
JA=Zj=<k,1—1) such that 1,,.<d=<<1, and ji,.1+(j—1)0,1<d=(j+1)Ag:1
+j0,+1. Since E(, is symmetric, we have N,.,(1)=(2j)". We observe

O(I)=(2))"2,%,=2"2,%,<2"25,,=2"d*<ad" if j=1,
and
O(I)=(2))"2;51=2"(jAgsr +(j—1)0,. ) if 2<j<k,..—1.
On the other hand,
JAarF (G=1051 = j(A 41+ 0 1) =2 BY *(krksy-- k) "k}, =2j2.k 11
=2j(Agi1+04:1)=4{j2g1+(j—1)0,.1} <4d, if 2<<j<k,1—1

Hence 0(1)<2"4*d*<23"d*=ad*. Thus 0 satisfies condition (3) of the
Lemma. By the Lemma we obtain 4,(E.)=27%"B. Since B is an arbitrary
number such that 0<B< 4, we have 27°" lim(kiks. . .k,)"A§ <A.(Ey). This is

g

the desired inequality. By the same method we obtain the inequality (ii).

Prorosition. Let n and m be positive integers and « and [ be positive
numbers such that a<n and 8<m. Let E; be the n-dimensional symmetric
generalized Cantor set constructed by the system [ {kzq_1}5-1, 1424-1}5=1] which
satisfies (kiks.-kz2o-1)"25,.,=1, q=1, 2,..., and let E, be the m-dimensional
symmetric generalized Cantor set const'ructed by the system [ {kzo} ;-1 1424} 7=1]
which satisfies (koky.--k2g)"25,=1, =1, 2,.... If at least one of the sequences
{kag-1}5-1, {k2q) -1 18 bownded, then

dlm(E1 X Ez):a+ A.

We can prove this proposition by the method of F. Hausdorff {37, p
177 and we omit the proof. This proposition shows that the lower bound of
the fractional dimension of Cartesian product sets is attained. (cf. Section
1)

TuEOREM 2. Let n and m be positive integers and «, B and 7 be positive
numbers such that n<m, a<m and o+ <y<min{n+p, m+a}. Then there
exist subsets E; CR” and E, C R™ such that 0< A,(E))< oo, 0< Ag(E;)< o0 and
0< A, (E; X Ep) < oo,

Proor. We shall take as E; the n-dimensional symmetric generalized
Cantor set constructed by the system [ {kz,-1};-1, {4A2-1};-1] Which satisfies
(krks--kag-1)"25,-1=1, ¢q=1, 2,..., and as E, the m-dimensional symmetric
generalized Cantor set constructed by the system [ {kz.};-;, {424};-:] Which
satisfies (koky - -k20)"25,=1, ¢=1,2,.... One can easily check that 0<4,(E;)
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< oo and 0<A,g(E2)<c>o

Case1l: r<n. We choose two sequences {kz,_1};—1, {k2,};-: such that
kogir = [(krks-- k2q-1)°]" and kpy = [(koks- -kzg_2) " X (krks - kagy)" 7~ 1],
where ky=1 and y(r—a—RB)/ap<dé<n(r—a—RB)/aB. We can easily check
that they satisfy the following conditions:

1-1) (koky- koog o)™ Phkog<(kiks-- -kaq_1)"'%,

1-2) (krks- koq1)"%kzg1=(koks- - -k2)™?,

1-3) (kaky- - ko)™ " P1E < M(krks- - kagi1)",

1-4) (kokg- kog)"<(kiks-- -k2q 1)" "~ < M(koky---20)™,
where M is a positive constant.

Case 2: n<y<n+pB—pBn/m. Choose {k,}7., such that k,,.,=[2""%
(krks- - kpqy)" 7@~ RNat+6-17 and kag=[(ksks - -kaq_2) *(krks-- kaq_1)? "= Im
(+8-17 where ky=1. They satisfy the following conditions:

(2-1) (koky--Tozg_2)"Plog<(k1ks-- -kz4-1)"'%,

(2-2) (krks - -kag-1)""kaqi1=(koks-- k2)™?,

@-8)  (kuks.. hag "KL < Mgk ko)™,
(2-4) M (kiks - kag )" Z(kaky-- )" RmMIA

S(krks--kgg_ )" ®Ne
(2—5) (klkS" -qu—I)n(y_a_ﬁ)la(n+ﬂ_7)§Mkzq+1,
where M is a positive constant

Case 3: n+pB—Bn/m<y<m. Take the same {k,};., as in case 2.
They satisfy the following conditions:

3-1) 2(koks- o)™ P (biks. - Frag_1)" kg1,
(3-2) 2krks- - fag )" (koky-- kzq_2)" P ks
(3-3) (koky - ko)™ " BIE<M(krks-- -kaq_1)",
34 (koky-- ~kzq)’”("+ﬁ—">’ﬁ§(k1k3. ) .kzq_l)(n—a)/a

< M(koky. . Fogg)™ ™+ B-IE
(3-5) (koks- - -kags)™ ™ BB < M(krks. . Jogqr)" e 1%,

1) The Gaussian notation [x] stands for the greatest integer not exceeding a real number x. In the
following we use this notation without explanation.
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where M is a positive constant.

Case 4: m<y<min{n+pB, m+a}. Choose {k,};_; such that k;,,,=
[(kiks. . kyq_y)min-nl—a=@ierf-mmra=nT and kyy=[koks---kaq-2)" (kiks-- - kz2q-1)
Ann—a)lamn+f-77 where ky=1. They satisfy the following conditions:

(4-1) (hokg kog)™ B < M(krks. - -Frzq1)" *kzqsr,
(4-2) (bikse - kage)" * <M(koky- - -k2g)™ kg2,

4-3) (koky. . _kzq)m(M—ﬂ)lﬁgM(k1k3_ ) .kzq+1)n(m+a—ry)/a,
4-4) (kg Foag)™ ™+ B8 < (fikg. . kg 1)~ 1@

< M(kgky. . Jopg)" " E-DIE

where M is a positive constant.

First let us prove A,(E; xE;)<co. In case 1, E;xE; is covered by
(k1ks- - -kag_1)"(k2ky-- ko)™ mutually congruent cubes in R"*™ with the side
112,1_1. Hence

A,(Ey X E))lim(kyks- - kzg_1)"(koka-- - k2g)" 25,1

g

=lim(k:ks.. 1) MmO (hgky. kg )" <1< 0.

g—o°

In case 2, 83 and 4, E; x E; is covered by at most (kiks.. kag_1)"(koks---k2g)™
(2224-1/42,)" mutually congruent closed cubes in R"*™ with the side 2,.
Hence

Ay (Ey x Ep)<Vim(kiks. - -kzg1)"(kzks- - k2g)"(2224-1/220)" 23,

g

éznli_m(kﬂ%“-kzq_l)—"("’a)’“(kzkr‘-kz.;)m("+/3‘"')’ﬂ§2”<00-
e
Next using the Lemma we shall show 4,(E,x E;)>0. It is easy to see
that limN,(w)5,-,15, exists for every o €2, where N,(w) is the number of

g—ree

product sets of n-dimensional closed cubes in the g-approximation of E; and

m-dimensional closed cubes in the g-approximation of E, which meet w. Now

we define a non negative set function @ on % by @(w)=limN,(0)45,-,25,, We
g—ree

can easily see that @ satisfies (1) and (2) of the Lemma with F=E,; x E; and
b=1. We shall show that & satisfies (3) of the Lemma in each of the cases.
Let I be any open cube with the side d<4;. Then there is a uniquely deter-
mined positive integer such that 15,1 <d=<2;,.;. In case 1, we shall esti-
mate N,,1(I) by means of conditions (1-1) and (1-2), in each of the following
four cases.
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(1) If 22,.1<d=225,2+ 0242, then N, (I)<2"*" and
O(1) <2725 12y r 2" " MR 2" " M,
(i) If Aggi2+02412<d=<4z, then
Nor(D=2""(d/(Azgs2+020:2))"=2" kg g(bizks- ko)™ 1P d™ 7 d"
<2 o(koky- - ko)™ P d”
and
O(1)2" ™(koky. . ko)™ P18 (kky. . kagi 1) "d"<S2" " Md".
(dii) If 25,<d=<22441+ 02441, then Ny 1(1)Z2" k7., and
O(1)<2" "3y, < 2" "Md".
(iv) If 22501+ 025,1<d=<22,_1, then
Npr(DZ=2""kg, 1 2(d/(R2gr1+02441))"
<2 k(i hog )" d”
2"k 1k o(ikse ko _1)" % d”
and

O() 2" "™(kiks. kog 1)" "% ksky- k2g) " d" 2" " Md"

Therefore @ satisfies condition (3) of the Lemma with ¢=2"""M and d,=2,.
By the Lemma, we obtain A4,(E;x E;)=>2"“*™3}~'>0. Thus this case is
proved. In case 2, we shall estimate N,,;(I) by means of conditions (2-1)
and (2-2), in each of the following four cases.

1) If 250:1<d=234:2+024.2, then N, 1([)<2"*" and
O(I)2" ™2 11128, 2" " MRY . 2" "M d.
(i) If Ag4424024+2<d=23, then
Noet(D)=2""(d/(A2q+2+ 02442))"
<2 mp o(hoka- - ko)™ P ™Y AT 2" R,y (koka- - o)™ P dY
and
O(1)Z2" ™(kgky- kog)™ P18 (kyks.. kygrr) "d”
L2 (feykg. . gy y)" PO ONECE B (fo foo ey 1)

<2 ([ k. 'kzq_l)nz(v—a~/3)la(n+/3—'7)kﬂz+1dvgzmmdv.
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(i) If 2,,<d=<234:1+024+1, then N, (I)2""k¥ ., and
O(I) 2"k A5 148, 2" " Md".
(v) If 22041+ 02,01 <d<As,_1, then
Npr(DZ2""ER 40 (d/(R2g41+02041))"
<oremn kg o(kks-. .kzq_l)n’/adn—'yd’r
and

D12 " (erks. . -Frag1)" "~ kY2, (kg Fipg) ™ d"<2" ™M,

Therefore @ satisfies condition (3) of the Lemma with ¢=2"*"M and d,=4;.
By the Lemma we obtain A,(E;x E;)=>2""+"3[-1>0. Thus this case is
proved. In case 3, we shall estimate N,.;(I) by means of conditions (3-1)
and (3-2), in each of the following four cases.

(1) If 25441<d=22441+02,.1, there exists a positive integer j(1=;=
kzq+z—1) such that j(12q+2+62q+2)<dé(j+1)(lzq+2+6zq+z). Then Nq_,.l(.[)é
2n+m]-m and

O(1)Z2" 7" ™(krks- - -kagi1) "(koky - kygi2)™
2" M (gt o (koks- - ko) ™ P) 2" "M A"
(1) If 22041+ 02441 <d=23,, then
Ny 1(I=(2d/(R24+1+02441))"(2d/(A2q42 4 02442))™"
<2 mEn kDo (kikae ag 1) (koky- - Eag)™ B A Y
<2k ko (Riks. kg )" 1% (kg kag) I QY
and
O(D)=2""™(kyks- kg 1)" "% (koky.. kyg) ™"+ E-DIBGT2m+ ™7,
(ii]) If Rog< d<Az,+02q then N, 1(I)<(2kzg:2)"(2d/(Azgsr+ 02gs1))"
<2mmpn ke (kiks. . ko 1) 1%d T dY
<2 mEn kDo (hike kag 1) “(kaky. . Fag)™ T MIE QY
and
O(I)2"*™(k1ks.. kg 1)" "~ (koky.. kgg) ™" HE-NIEGY 27" M7,
(iv) If 23,4 02,<d=<23,_1, then
No1(I)=(2d/(Azgi1+02041))" Rkzg2d/(Azg+020))™
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gz”+mkgq+1(k2t1k2q+2)m(klk3‘ . 'qu—l)”zm(kaal' : ‘qu—Z)mZIBdn+m_7d7
2"ty (kaghag o) (iks. - Fag_1) ™1 (koky. - Kag-2)™ P d”

OS2 ™(kyks. - kog 1) "™ 0% (hohy. . kg _p)™ ™= RNEGY 2" M.

Therefore @ satisfies condition (3) of the Lemma with ¢=2"""M and d,=24;.

By the Lemma we obtain A,(E; X E))=2"*mM-1>0.
In case 4, we shall estimate N,,;(I) by means of conditions (4-1)

proved.

and (4-2), in each of the following four cases.

Thus this case is

By the above conditions (4-1)

and (4-2), there exists a constant C (=1) such that A,,1+032,,1=C2;, and
R2q+02,=C04-1.

and

and

and

and

@

(ii)

(ii)

(iv)

If 22001<d=22¢41+024:1, then N, (1)=2"(2Cd/(A2¢12+02g:2))"

BI)<2 " C ™ (hiks. . Kag 1)~ (hka- . pg) "8 gm=r g7

<O (kg Kggs1) IS gy hrg ) BB GY QPO M Y,
If C'(Azg41+02041) <d<2,, then
Npai(D=2CA/(Azg41+02410)"(2C?*d/(Azq42+02412))"

<(2CY My 1k, o (ks Kog 1) (hk e ko)™ 8 A1

O(D)Z(2CH) ™ (krks - -hagr)" ™ % (koh g gg) ™M HB=1IB g7
<(2CH""Md".

If 25, < d<Agg+ 024, then Ny 1(I)<(Zkzg.2)"(2Cd/(Azgs1+02g41))"
§2n+mcnk,2¢q+1k12nq+z(klk3”.kzq_l)nzladn—vd’y

O(N)Z2M™C M (kyks- - -kog 1) ™ (koky. . kgg) ™" +A-MIEGY
<2"mC*Md’.

If C(Az24+0324) < d<Az,_1, then
Nyi(D=(2C*d/(A2g41 7+ 0241))" (k204 2C2d/(Azg+024))"

<(2C%)" ™k 4y (kagkags2) (ks - kog 1) “(koka- - zg o)™ 1P d" ™7 d"
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O(I)=(2C?) ™ (kiks- - Fpq 1) " (kgky- . koq_2)" " PP A"
<@c*»""Md".

Therefore @ satisfies condition (8) of the Lemma with a=(2C?*)"*"M and
dy=12,. By the Lemma we cbtain 4,(E; x E,)=>(2C*)~"*™M-'>0. Thus the
theorem is proved.

§4. We can establish the following theorems.

Tueorem 3. Let n and m be positive integers and B and y be positive
numbers such that F<y< min{n+pB, m}. Then there exist subsets E; C R”
and E, CR™ such that 0< Ay(E;) < oo, 0< Ag(Ez) < oo and 0< A,(E X Ey) < oo.

TueoreM 4. Let n and m be positive integers. For amy given positive
number v smaller than min{n, m}, there exist subsets E; CR" and E, C R™ such
that 0<A0(E1) < oo, 0< Ao(Eg) <o and 0< A7(E1 X Ez) < oo,
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