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In our previous paper [3]], the multiplicative product between distribu-
tions was investigated together with the related topics. With the view-
points mentioned there in mind, in this paper we shall study the problems
centering around the notions of the trace, the section, the boundary value
and the canonical extension, for distributions especially in Hμ. The present
paper is in a sense a continuation of our related paper [%}.

The general discussions about these notions are made in Section 1 with
reference especially to the canonical extension. Sections 2 and 3 are devoted
to the discussions about the trace mapping and the canonical extension for
distributions in the space Hμ and we have tried to make clear the close
relationship between them. Some complements to our previous paper [2Γ\ are
given with new results. In the final section, the notions of ^'-boundary
value and ^'-canonical extension are introduced and discussed. We can speak
of ©^-boundary value and ©^-canonical extension and so on. However, we
do not proceed to the study about these matters, because the treatment in-
volves no essential difficulty, of course, though it is necessary to introduce
modifications into our considerations given in this section in order to obtain
the analogues.

1. Preliminaries

We first recall some notions concerning multiplicative product (or simply
product) between distributions closely connected with the discussions in
the subsequent sections. Let u, v e Q)r{RN), where RN is an iV-dimensional
Euclidean space. If the distributional limit lim(u*pj)v exists for any δ-

sequence {py}, the limit is uniquely determined, which is called the product
in the strict sense and denoted by u υ. We have shown in [9, p. 225] that if
the limit exists, then \imu(v*pj) exists and

(1) lim (u*pf)υ = lim u(v*pj)
y->oo y->oo

for any (̂ -sequence {py}. The above definition with {py} replaced by {φ€}, ε>0,
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where φ e Q)(RN), ψ^O, [φ(x)dx = l and φ6(x) = -^rφί-?-\ yields the product
j ε \ ε /

in the weak sense denoted by uv [3, p. 161]. This product determines a
multiplication called normal in the sense descrived in [3]. R. Shiraishi has
shown that the product in the weak sense is also obtained when tf-sequences
are confined to the restricted 5-sequences in his sense [8, p. 95], and that (1)
holds also for the product in the weak sense. For the one-dimensional
distributions, when pj are subjected to the condition suppp; C(0, ©o) in either
cases, strict or weak, it can be shown along the line in his proof [8, p. 95]
that if lim (u*pj)v is defined for any {py}, then lim u(v*pj) exists and

(2) lim(u*Pj)v = limu(v*pj).

This is certainly the case if we replace {pj} by {φε} with supp^C(0, «>); if
l\m(u*φε)υ is defined, then lim u(υ*φε) exists and
£10 * 4 θ

(3) lim (u*φ€) v = lim u(v*φ€).
€10 610

For the sake of simplicity, we shall discuss in the rest of this section
the related notions considered only in the weak sense.

Let RN—Rn+ι and denote its points by (ί, x), x = (xu • ••, xn). Let Y and
δ be respectively the Heaviside function and the Dirac measure in R. The
partial product between distributions wcQ)\R) and u eQ)r{Rn+ι) was con-
sidered in Q3, p. 170] and wu means (w® 1) u when and only when the latter
is defined. For instance, δu is defined as the unique limit \im(δ*Pj)u or

equivalently limίC^*^-) if it exists, where {p;} is an arbitrary restricted

5-sequence in R and the notation *, means the partial convolution with re-
spect to the variable t. Here, of course, {pj} may be replaced by {φ£(t)} with
the same meaning as given before. In accordance with S. Lojasiewicz Q6, p.
15] u eζΰ'(Rn+ι) has a section eQ)'(Rn) for t = 0 if \imu(εt, x) exists and is

610

not depend on t. It will be equivalent to saying that the product δu exists.
In fact, from its very definition, u has a section for t = 0 if and only if

l i m O , Φe> exists in ©'(/?„) for any φ e Q)(R) with φ(t)^O9 [φ(t)dt = l and,
610 v J

furthermore, is not depend on φ. Since δ(&<u, φε> =δ(u*φ€), the condition
is, in turn, equivalent to the existence of the product δu. Then the section
a is lim<u, φ€> and therefore defined also by the equation lim^(εί, x) = lt(g)a

or δu = δ(g)a.
Let ΛJ+1 = {(ί, x) e Rn+ι' t>0} and denote by Q)'(R++1) the space of

distributions on ΛJ+1 and by ©'(Λί+1) the space of distributions ®'(ΛJ+1)
which can be extended to distributions e 0 ' ( ί Λ + i ) . The space Q)'(R%+1) is
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provided with the quotient topology as usual and also defined as the strong
o

dual of 2)(jy+1). In our previous paper [5], we have considered the canonical
extensions and the distributional boundary values for distributions u in

Q)XR^+1). Let x e Q)(R+) be arbitrarily chosen so that x(t)^>0 and \x(t) dt = l.

Put p=Y*χ and p(6)(t) = p(—j. If \imp{£)u exists in Q)'(Rn+ι\ the limit,
denoted by z^, is called canonical extension of u over t — 0. And if the limit

^, xε> exists in Q)r(Rn), the limit, denoted by limw, is called the boun-
£ J θ tJO

dary value of u. If limu exists, u has the canonical extension u^[β, p. 12].
f JO

Let u=-£- with t7 e ®'(ΛJ+1). Then u has the canonical extension if and

only if limt; exists Q5, p. 14]. For an rc-tuple (au •• , an) of non-negative
ί JO

n

integers, the sum Σ^y will be denoted by | α | . With D = (Dt, Dx) = (Dt9 Du

...,/)„), A = 4 - ^ , ^ = 4 - - ^ , we put D«X=D^...DΪ* and DW = Z^.. Z>-

for an integer w^O. In a local representation, \\m.u — a means that for any
t 10

bounded open non-empty subset ( —α, a)xGCRn+u there exists a continuous
function Fon Rn+λ with support in R^+ι such that for some positive integer
k we can write

(4) i^=Γ(g)α + Z>JD*F on (-oo,

where F=o( | ί |*) uniformly as ί^O [4, p. 405]. Let utQ)\Rn+1). If the
restriction u\R^+1 has the canonical extension (resp. the boundary value), we
shall also call it in this paper the canonical extension (resp. the boundary
value) of u over ί = 0 and denote it by u+ (resp. lim^). If u+ = u, u is called

tio

to be canonical. The same discussions are applied to the lower half space
Rn+i' The notations, such as u_ and limzx, will then have an obvious mean-

no
ing.

According to S. Lojasiewicz [6, p. 23] we shall say that u e Q)'(Rn+{) has
no mass on the hyperplane ί = 0 if limε^(εί, x) = 0. One can immediately

£ JO

verify [6, p. 23] that, if u has the section for £ = 0, u and Dtu have no mass
on t = 0. From the local representation (4) we see that u+ has no mass on

PROPOSITION 1. Let u eQ)\Rn+ι) have the same boundary value a from
both sides of t = 0, that is, lim^ = lim^=α:. // u has no mass on t = 0, then u

/ J O f ί O

has the section a for t = 0.

PROOF. Let { — a, a)xGCRn+ι be any bounded open subset. We can
choose k sufficiently large so that we can write
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u+=Y®a + Dk

tΏ
k

xF+, a_ = ( l - Γ)(g)α + Dk

tΌ
k

xF_ on (-α, o)xC,

where F=o(\t\k) uniformly as ί->0 and therefore

which means that &+ + &_ has the section a for ί = 0. Consider the distribu-
tion u — u+ — u_. It has no mass on ί=0 since by hypothesis u does so, and,
furthermore, its support lies on t = 0. Consequently we see that u = u+ + u_.

PROPOSITION 2. Suppose the canonical extension u+ exits. Then the pro-
duct Yu exists if and only if u has no mass on t = 0.

PROOF. Suppose the product Yu exists. Let veQ)\Rn+i) be chosen such

that u = ̂ ~. Since-|^- = 0 for ; = 1, 2, ..., n, the product δv exists [3, p.

168], and therefore υ has the section for ί = 0, and, in turn, u has no mass on
f = 0.

Conversely, suppose u has no mass on ί = 0. For any φ, φ e Q)(R) such

that 0(ί)IΞ>O, 0(ί)^O, [φ(t)dt=\φ(t)dt = l, and supp^C(0, oo)5 we put p= Γ*$,

a= γ*ψ and Λ; = P—σ. Then Λ; e ®(Λ) and a(€)u = p(£)u — x(€)u, where p(€)u and
%{ε)u converge in 2)'(J?n+1) to u+ and 0 respectively as ε j 0, and therefore
σ{ε)u converges in Q)XRn+ι) to n f . Thus we see that the product Yu exists
and equals u+.

o

PROPOSITION 3. Let u 6 Q)'(R%+1). Then the product Yu exists {or u is
canonical) if and only if u has no mass on t — 0.

PROOF. Suppose the product Yu exists or u is canonical. Then u+
exists. Owing to the preceding proposition, we see that u has no mass.

Conversely, suppose that u has no mass on t = 0. Since ^ = 0 for ί<0,
the canonical extension u- exists. From Proposition 2 we see that the
product (1—Y)u exists and therefore Yu exists and equals u+. Since u — u+

has no mass and its support lies on t = 0, we can conclude that u = u+.
Finally we note that if lim p(€)u (resp. lim%£&) exists for any x e Q)(R+)

such that %(ί)^0 and \x(t)dt = l, where p=Y*x, then lim Γ^*,;^) (resp.

limδ(u*tx€)) exists and

= lim Y(u*txε) (resp.
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2. The trace and the section for distributions in the space Hμ

Let ΞN be the dual space of RN. For any % e RN and ξ e ΞN, the scalar

product <χ,ξ> is defined by <χ,ξ> = Σkχjξj and we put \ξ\ = ( Σ \?A 2 ) 2

y=i y=i
For any 0 6 «̂ , its Fourier transform φ is defined by the formula

and for any α e <y, ύ is defined by

, φ> — <u, φ> for any φ e Sf.

A positive-valued continuous function μ(ξ) defined on ΞN is called a tem-
perate weight function if there exist positive constants C and k such that

M(S + v)^C(l+\ξ\ )kβ(v) for any ξ,-ηe ΞN.

βι + A2, A1A2 and are temperate weight functions with βγ and μ2.

Consider the space Hμ(RN) (or simply Hμ) of u e Sf\RN) such that u is a
function satisfying

Hμ(RN) is a Hubert space with the inner product

1

Its strong dual space is Hμ(RN) where we have

O, u)= <w, u> = [w(ξ)u(ξ)dξ for any w 6 H^(RN) and zz e Hμ(RN).

Let iV=π + l and denote the points of Ξn+1 by (r, ?), f = (fi, ••-,?»).
For a polynomial P(r, f) in (r, f), we put P(D) = P(DU Dx) and P(r , £)

ιo
Let us recall the notion of a trace mapping. For any u(t, x) 6 ©(!?„+1),

the trace ^(05 Λ;) on Rn clearly belongs to Q)(Rn). Q)(Rn+ι) is dense in
Hμ(Rn+1). If the mapping u-»u(0, Λ;) can be continuously extended from
Hμ(Rn+ι) into Q)'(Rn)y then the extended mapping is called a trace mapping
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1

on the hyperplane and the image of u e Hϊ(Rn+{) by this mapping is called
j

the trace of ii on ί = 0 [2, p. 13J. This means that δ<g)φ e H^(Rn+ι) for any

φeQ)(Rn). It is known [12, p. 36; 2, p. 14] that the trace mapping for

Hμ(Rn+1) is defined if and only if ί— l dτ< + °o, that is, C *
J β (Γ \)

— dτ< + °o, that is, C _ ^ r <
β (̂ Γ, \j) J β \C) g)

+ oo for every ζ e Ξn. We can similarly consider the trace mapping on t = t0

and the trace of u on t = t0. We denote it by u(tOy •) (or u(ίo))

Suppose \—~?—7^-dr< + oo and put— ̂ —- = \—07—^-dv. Consider the
Jβ2(τ, 0) v2(ξ) )β2{r,ξ)

map: 2)(Λn+i) 9 u(t, x)-+r_tQu ζQ)(Rn+1) for any t = t0. Since (t^touy = eitoTύ
and ||^(ίo, )IL^II^II/,C2, p. 15], the mapping is unitary. Thus the trace
u(t0,') for any u e Hμ(Rn+ι) belongs to the space H\Rn). For any u
e Hμ(Rn+ι) there exists a sequence {UJ}, UJ e Q){Rn+ι) such that u = \\muj in

Hμ(Rn+ι). From the inequality

\\uj(t0, ) — u(t0, )\\v<^\\uj—u\\μ

we see that uj(tθ9 •) converges in Hu(Rn) to i*(ί0, •) uniformly with respect
to t0. Since t->uj(t9 •) are /F(/^-valued continuous functions, ^(ί, •) may
be considered as an ϋP(i?w)-valued continuous function of t. Then we have
the following

PROPOSITION 4. Suppose \—27—πY^r< + °° ΓΛew ever̂ / M e Hμ(Rn+ι) is

identified as a distribution with the Hu(Rn)-valued continuous function u(t)

(that is, an element of C(HV)), where
2

 =\~Y7—~t\

PROOF. For any φ e Q)(Rn+1) we put

), φ(t, -)>dt.

If we take u(t) = u(t> x) e Q)(Rn+1), then we have < u , φ> = <u,
Since the space Q)(Rn+ί) is dense in Hμ(Rn+1) we see that this relation holds
true of any u e Hμ(Rn+1), completing the proof.

From the discussions given in the preceding section, we can show the
following

THEOREM 1. For the space Hμ(Rn+ι) the following statements are equi-
valent :

(a) The trace mapping is defined.
(b) The section exists for every u e Hμ.
(by The condition (b) holds in the strict sense.
(c) The product δu exists for every u 6 Hμ.
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(c)' The condition (c) holds in the strict sense.

(d) The distributional limit lim (u*βj)δ exists for a fixed δ-sequence {p,},

(e) The distributional limit lim PJU exists for a fixed δ-sequence {pj},

Pi * ®(Λ).
(f) The boundary value lim u exists for every u e Hμ.

t 10

(f)' The condition (f) holds in the strict sense.
(g) The distributional limit lim Pj u exists for a fixed δ-sequence {p; },

Pj e 2>(Λ) with support C(0, oo),

PROOF. The equivalence of (b) and (c) (resp. (b)' and (c)') is shown in
Section 1. Since the implications (c)'=Kc), (d), (e) are trivial from the de-
finition of the product between distributions, if we can show the implications
(a)=Kc)', (d)=Ka) and (e)=»(a), then we see that the statements (a), (b)', (c)',
(d) and (e) are equivalent and we can therefore conclude that the statements
(a) through (g) are equivalent to each other.

(a)=Kcy. Suppose (a) holds. Then δ(g)ψ e H* for any ψ e Q)(Rn). Let
u e Hμ and let {py}5 pj e Q)(Rn+ι) be any 5-sequence. Then u*Pj converges in
Hμ to u. From the equation <(u*pj)d, <£>&',&= <u*Pj, δζ>ζ)φ(O, X)>H»,H\>

φeQ)(Rn+ι), we see that the distributional limit lim(u*pj)δ exists for any

{pj}, that is, the product δ u exists.

(d)=»(a). Suppose (d) holds for a fixed ^-sequence {py}, pj e Q)(Rn+1).
Then the map Hμ B u->(u*pj)δ = δ(g)(u*pj)(O, x) eQ)'(Rn+ι) is continuous for
each j . Since the space Hμ is barrelled, so the map Hμ D u^>lim(u*Pj)δ

eQ)'(Rn+ι) is continuous. For any φeQ)(Rn+1) there exists wφeH^ such
that

<Um(u*Pj)δ, φ>g>'>g>= <U, Wφ>H*,H-β

If we take u = a e Q)(Rn+ι), then <δa, φy®',®— < α , δ<g)φ(0, χ)> = < α , wφ>.

Q)(Rn+ι) is dense in Hμ. Thus δ(g)φ(09 χ) = wφ€ H*.

(e)=»(a). Suppose (e) holds for a fixed (^-sequence {py}5 py 6 Q)(R). The
map Hμ

 B U^PJU eQ)\Rn+ι) is continuous. From a theorem of Banach-
Steinhaus the map Hμ 9 u-^limpju e Q)f(Rn+1) is continuous. Since limp y^

= ί®^(0, x) for any ί̂  6 2)(i?w+i), we see that the trace mapping is defined.

Thus we complete the proof of the equivalence of the statements (a)
through (g).

REMARK 1. Suppose limu = a exists for every u e Hμ. Then for any δ-
ί 40
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sequence {p,}, py- e Q)(R), l i m p y ^ converges in H(1 + lτir"% σ > l to δ®a, where

—nπr^ = \—o7—^-dx. In fact, u may be considered as an Hu(Rn)-γalued con-
v2(?) Jju2(r,ξ)

tinuous function u(ί). For any ψ e Q)(Rn+ι) we have the estimates with a
constant C

\(Pju, Φ)\ = \\~JίPj(t)u(t), ψ(t, ))dt

which means ||py&||(i+M)-*v^CiMU Consider ^ which can be written in the
form u = φι(t)<g)φ2(χ) with φλeQ){R) and φ2eQ){Rn). Observe that the set
.{Φι(f)<g>φ2(χ)} is total in Hμ. Since ||py(^i(g)02) - ^i(O)5(g)02||(i+iri)-^ =
||p^i-0i(O)ff|| ( 1 + | τ | )-.||^2 | |, and p y ^ converges in ^ 1 + 'T'>"'(Λ) to ^(0)ff, it
follows from the Banach-Steinhaus theorem that limpju converges in H(1+]τl)~"v

to ί 0 o for every & e jSr/l.

Now let P(D) be a differential polynomial such that P(τ, f ) = Σ r7rX?)5
y=o

and r w ( ί ) ^ 0 . We have shown in [2, p. 14] that the trace (P(D)u)(0, •)
exists for every u e Hμ if and only if

(5) ( P

2 , ( r ? ί\ dr< + oo for some J e 5 K

or equivalently

If lim P(D)u exists for every u e Hμ, then in the same way as in the proof
tio

of the implication (e)=Φ(a) in Theorem 1 we see that the trace (P(D)u)(0> •)
exists for every u e Hμ. We note that u, Dtu, •• , Dm

tu have the sections for
-2mΓ rt = 0 if and only if \—^

0)

COROLLARY 1. lim P(D)u exists for every u e Hμ if and only if
10110

^ that is, lim^, limi)^, •••, limD^i^ exist for every u e H
μ
.

ί 4o no no
^ 7 7 W d r < + oo^ that is, lim^, lim

/r(r,0) ί 4o no

PROOF. Suppose lim P(D)u exists for every ueHμ. Then the trace
tϊo
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(P(D)u)(0, •) exists. Taking ξ = ξ0 such that rm(ξo)φθ, we see from (6) that

2(r, 0)

Conversely, suppose \—~—^-dr< + oo. Then u, Dtu, , Dm

tu have the

traces on ί = 0 for every u e Hμ and therefore have the boundary values.
Thus limP(D)u exists.

t ϊo

3. The canonical extension for distributions in the space Hμ

PROPOSITION 5. The canonical extension u+ exists for every u e Hμ(Rn+ί)

if and only if \ ( 1 + r , ^ , ( r > Q ) ^< + βo.

PROOF. Let v be such that u = Dtv — ίυ. Then u+ exists if and only if
1

limz; exists. Since the mapping v-^{Dt — ί)v is an isomorphism of H(1+τ2)2β

tio

onto Hμ, Proposition 5 follows from Theorem 1.

COROLLARY 2. Let P(D) be a differential polynomial considered in
Corollary 1. (P(D)u)+ exists for every u e Hμ(Rn+ι) if and only if

\(Λ A- 2> 2r—(γ\^v<^ ~^0 0 ' ^ a t ^ s ' u+> ^ ί U ) + ' ••'' (Dvtu^+ exist for every u e Hμ.

PROOF. Suppose (P(D) u)+ exists for every u e Hμ. As in the proof
1

of Proposition 5 UmP(D)v exists for every υ e H{1+τ2)2tι and therefore
tio

The converse follows from Corollary 1 and Proposition 5 since limu,
t 1 0

\ιmDtu, ..., limDf~λu(u+ if m = 0) and, a fortiori, u+, (Dtu)+, ...,(Dn}u)+ exist,
t40 t 10

which implies the existence of (P(D)u)+ for every u e Hμ.

If the map Ϋ: Q)(Rn+1) B u^»u+ e Q)'(Rn+ι) can be continuously extended
from Hμ(Rn+ί) into ζb'(Rn+1\ then we shall denote this extended mapping by

the same symbol Ϋ. We note that φ+ e IP for any φ e Q)(Rn+ι) if Ϋ is defined,
since the map Q)(Rn+i) B ψ-+(ψ9 φ+) = (φ+9 φ) can be extended to a continuous
linear form on Hμ.

We shall show the following theorem which is an analogue of Theorem 1.

THEOREM 2. For the space Hμ(Rn+ι) the following statements are equi-
valent :

(a) The map Ϋ is defined.
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(b) The product Yu exists for every u 6 Hμ.

(b)' The condition (b) holds in the strict sense.

(c) The distributional limit \im (u*Pj) Y exists for a fixed d-sequence

(d) The distributional limit lim(Y*Pj)u exists for a fixed δ-sequence

(e) The canonical extension u+ exists for every u e Hμ.

(e)' The condition (e) holds in the strict sense.

(f) The distributional limit lim(Y*Pj)u exists for a fixed δ-sequence

{Pj}, Pj £ 2)(-R) with supportC(0, ©o).

PROOF. Since the implications (b)'=Φ(b), (c) and (d) are trivial, if we
can show the implications (a)=Kb)', (c)=>(a) and (d)=>(a), then we see that
the statements (a), (by, (c) and (d) are equivalent and we can therefore
conclude that the statements (a) through (f) are equivalent to each other.

(a)=Kby. Suppose (a) holds. Then ψY=φ+eHϊ for any φ e Q)(Rn+1).

Let u e Hμ and {py}, Pj e Q)(Rn+ι) be any ^-sequence. Then u*pj converges in

Hμ to u. From the equation <(u*pj)Y9 Φ>Q>',Q>=<U*PJ, Φ+>H\H^-> we see

that the distributional limit lim(^*py) Y exists for any {Pj}^ that is, the pro-

duct Y u exists.
(c)=Φ(a). Suppose (c) holds for a fixed ^-sequence {pj}, pj e Q)(Rn+ι).

Then the map Hμ 9 u^>(u*Pj)Y € Q)'(Rn+1) is continuous and the Banach-
Steinhaus theorem implies that the map Hμ D u-+\im(u*Pj) Y is continuous.

j—»oo

1

For any φ e Q)(Rn+ι) there exists wφζH^ such that <lim(α*py)Γ,
j

= <u,Wφ>H*,HΪ- If we take u=α e ®(ΛΛ + 1), then < α F , 0> = < α , ^ + >
1

= <α, wψ>. Thus we have φ+ = wφe H*.
(d)=Φ(a). In the same way as in the proof of the implication (c)=»(a)

we can prove that mapHμ D u-+limu(Y*pj) 6 Q)'(Rn+1) is continuous, where
y->=o

{p; } is a fixed ^-sequence with pj e ζΰ(R) and we can write limu(F*py) = ẑ +

for any α e ©(!?„+1). This means that Γ is defined.
Thus the proof is complete.

REMARK 2. Suppose u+ exists for every u e Hμ. Then for any ^-sequence

{pj}, pj € Q)(R\ (Y*pj)u converges in © ^ to u+. In fact, let v e H(1+τ2)~2μ be
- 1 Γ 1

such that Dtv — ίv = u and put/*i = (l + r2)2/* and 9 . λ =\—^7—xv ^ r Then

j)v) + ipjv and pyv converges in Hα+τ2)~*1'1 to ί(g)(limt;).
ί 40
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Given ε>0, there exists a j 0 such that Y*(pj—p^) vanishes in | £ | ̂ >ε for every
y, / with /, / ί>/o For any ψ e Q)(Rn+ι) there exists a constant C such that
for every /, /2>/Ό

\((Y*Pj)v-(Y*pr)v,ψ)\

ε

-€

Consequently we can confer that (Y*pj)v — (Y*pi)v is a Cauchy sequence

in # % and therefore (Dt-i)((Y*pj)v-(Y*px)υ) is so in # ( 1 + r 2 ) ~ H Thus

Pj)u — (Y*pι)u is a Cauchy sequence in H^ι+τ2) *Vl. Let σ be such that
Then (Y*pj)u belongs to the space dC{σ)(Rn+ι). If we put

2 )"2 V l 5 (l + r

2 + \ξ \ 2)^)5 then (F*p y)a converges in i/" to

Assume that the product Yu exists for every u e Hμ and, in addition,
that Yu e Hμ. Then Y is a continuous linear map of Hμ into itself. If we

1 1

consider the adjoint map of F, we see that Yυ exists in H* for every v e H*

and, a fortiori, y1 ^ ? J dx < + oo. We denote by #£(resp. Hμ) the subspace
y JL I c

consisting of the elements of Hμ(Rn+ι) with support in /t^+1(resp. support in
R~+ι). Then we have

PROPOSITION 6. Suppose Yu exists for every u 6 Hμ(Rn+ι). Then the fol-
lowing conditions are equivalent:

(a) Yu 6 Hμ for every u e Hμ.
1 1

(b) Yu e H*1 for every u 6 i?>'

(c) φYe H* for every φ e Q)(Rn+ι) and Hμ = Ht + Hμ (topological sum).
I λ i

(d) φYe Hμ for every φ e Q)(Rn+ι) and H'* = Hrm + Hr (topological sum).

PROOF. It suffices to prove the equivalence between (a) and (c).

Suppose (a) holds. Then Yu = u+eHμ and ( 1 - Y)u = u- e Hμ. Thus u
— u+ + u- e Hϊ + Hμ. Owing to Proposition 3 we see that every u e H£ has
no mass on t = 0 and so does for every u e Hμ, and therefore we can conclude
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Conversely, suppose (c) holds. The spaces Q)(R*+1) and Q)(Rn+1) are
dense in H£ and Ht respectively. Consider the map l:Q)(Rϊ+1) + Q)(R-+1) B
Φι + Φ2-+Φi£ 2)(J?ί+i). Then we have the estimate with a constant C

and therefore I can be continuously extended from Hμ into Hζ. It is sufficient
to show that l(φ) = φ+ for every φ e ®(JR£+1) + 2)(Λ~+1) which is dense in Hμ.
This is an immediate consequence of the definition of the map Z. Thus the
proof is complete.

With the aid of a theorem due to E. M. Stein CIO] we can prove the fol-
lowing

PROPOSITION 7. Suppose that β satisfies the inequality:

(7) 1 - <C 1 - <-

Then Yu e Hμ{Rn+{) for every u e Hμ(Rn+1) and (Y*Pj)u converges in Hμ(Rn+{)
to Yu for any δ-sequence {ρ3}, ρ3- e Q)(R).

PROOF. By a simple calculation we obtain

some constant C\ which implies

Yu exists for every u e Hμ.

First we observe that

, so the product

it
\\L2 for any w € L2(Ξn+ι), the

space of square integrable function with respect to dξ = (-^—j dξ. In

fact, owing to the equality - τ - = Ϋ—πδ, we can write
ιx

*τw = |

Now for any φ e ζb(Rn+1)

Here

and
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1 - r

r-r'

In virtue of Lemma 1 in (̂ 10, p. 250], we obtain with a constant CΊ

Combining these inequalities, we obtain with a constant C2

\\Yφ\\μ^C2\\φ\\μ,

which implies that Yu belongs to the space Hμ for every u e Hμ.

Let {py}, Pj e ζb(R) be any ^-sequence. Since we can write

=-7—pj+πδi we obtain, as before
7

*τw L2
for any w e L2(Ξn+1).

Then proceeding along the same line as in the above proof, we can conclude
that for any φ e Q)(Rn+ι) there exists a constant C3 independent of j such
that

and therefore (Y*pf)u 6 Hμ for every u e Hμ.

We shall now show that u(Y*pj) converges in Hμ to Yu as j-> oo for any
u 6 Hμ. To do this, owing to the Banach-Steinhaus theorem it suffices to
confine ourselves to the case where u e«^(Λn+i) and ύ(v\ ξ) = 0 for \rr\^>M,

M being a positive constant. For any w e L2(Ξn+1) we can write -&-. *τw
IV

= 2π((Y*pj)w— Yw)*, so that we have

which converges to 0 as /—• oo, Put
L2

= 2π\\(Y*pj-Y)w\\LHRn+l).

where
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Let A: be a positive constant which will be determined later on. For any
ε>0, we can choose a j 0 such that for every j^>j0 we have | A/(r) — 11 <ε for
I f I ί£ k. Then from the inequality

1 -

we obtain with a constant C4

I ύ(t', ξ) \ μ{τ\ ξ)dτ\

Consider the case β ;> 0. Using the inequalities

r
1 -

1

r-r'

and

we obtain with constants C5, Ce

Let k be chosen so large that we have ττ4τr < ε 2 From these estimates we
k1 lβ

can see that (Y*pj)u converges in Hμ to Yu.
For the case β<0 the proof will be carried out in a similar way. Thus

the proof is complete.

REMARK 3. Let μ be a temperate weight function written in the form

l σ l <

Then the condition (7) is clearly satisfied.
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We shall denote by λ(Dx) the operator with symbol λ(ξ).

THEOREM 3. Let β be a temperate weight function such that for every
u 6 Hμ(Rn+1) the product Yu exists and belongs to the same space Hμ(Rn+ι), and

put βk = (v2 + λ2(ξ))z β for any positive integer k, where λ(ξ) is a temperate
weight function such that r 2 + Λ2(£) is also a temperate weight function. Then
we have

t 40 t 40 MO

In other words, for any u e Hμic the product Yu belongs to the space Hμk if and
only if limu = limD tu— — limDk

t~
lu = 0.

t40 MO t 10

PROOF. Since \—^—^-^r< + oo, for every u e Hμ" u, Dtu, ,Dk

t~
ιu have

the boundary values (or the sections) on ί = 0. It follows then that H%k

{ t t }
t 4 0 t 4 0 14 0

Conversely, if u e Hμic and l i m u ^ l i m ^ u ^ <>=\\mDk

t~
ι u = 0, then

/40 t40 t 10

(Dt-iλ(Dx))kYu= Y(Dt-ίλ(Dx))ku, where (Dt-ίλ(Dx))ku e Hμ. Our assump-
tion then implies Y(Dt-ίλ(Dx))ku e Hμ. Thus we obtain Yu e Hμ

+κ Similarly
we have (1— Y)u e H*Lk. Consequently we can write u = Yu + (1 — Y) u e Hμ

+

k

As an immediate consequence of Theorem 3 we have

COROLLARY 3. Let β, βk be temperate weight functions considered in
Theorem 3, k being a positive integer. Let u 6 Hμk. Then, according to the
cases (1) limu^=0, (2) limu = 0, (3) limu = lim2)^ = 0, ..., (k + 1) limu = l i m A ^

/40 MO MO M0 M0 M 0

= • =\imDk

i~
1u = 0, Yu belongs to the spaces Hμ, Hμ\ ..., Hμ* respectively.

t 40

EXAMPLE 1. Let us consider the space dt{σ>s)(Rn+ι) Ql, p. 51], where

\σ — k\ < - Q - , Λ is a positive integer and σ, 5 are real numbers. The space

dC{σ-k,s)(Rn+ι) satisfies the assumption of the preceding theorem. As a result,
for any u e £6(σfS)(Rn+1), Yu e c%(σ,s)(Rn+ι) if and only if \imu = \imDtu =

M0 M0

= \imDk

t~
1u = 0. This statement is an extension of Proposition 6 in [5, p. 16].

M0

EXAMPLE 2. Every u e 3C(L 5)(j?++1) does not have \\mu in general. In
2 > / 4 0

o

fact, since <^(.i>s)(Λ~+1) is a closed subspace of <^(i>s)(ΛΛ+1), we can write

(i..)(Λ»+i) ^ ( - .
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where Wl is an orthocomplement of dt^yS)(R~+1). For any u e £k(λ>s)(R~+1) and
2 2

t e ^ w e have Ĉ  I ^) = 0 and therefore (ύ | ί)(l + r 2 + | £ 12)2(1+ | £ 12) s)^ = 0. If

we take u £ Q)(R-+1\ then we see that (Dt + iλ(Dx))HDt-ίλ(Dx))h(Dx)
2sv

vanishes in R~+1 and therefore we obtain [1, p. 53; 11, p. 45]

Dt+iλ(Dx)\\ £ (r>+ ,

where λ(ξ) = (l+ |f | 2 ) i If we put g=v-[^\A

))
Λίx{ψυ, then we can show

\Dt — ιλ{Dx)/

that ge dC(t,s-i)(Rn+ι), and so we obtain

(8) % , ) ( * * + 1 ) = dί{x>s){R:+ι) + k{ι,s){R-n+1) + gCq>s_^Rn+1).

If lirnz^ existed for every u e ά(i>s)(R++1), then the equation (8) implies that
t40 . 2 _

lim u would exist for every u 6 dC{i>s)(Rn+i), which is a contradiction.

ί 40

EXAMPLE 3. Every u e dC{^>s){R^+ι) does not have the canonical exten-
2

sion u+ in general. In fact, the map v-+Dtv— ίλ(Dx)v is an isomorphism

from ά(ιs)(R:+1) onto ά(is)(R;+1). If u+ existed for every u e ά(ιs)(R:+1\
Δ 6 Δ

then, as shown in the following section, limi; would exist for every v
t 40

), which is a contradiction as seen from Example 2.

4. The canonical extension and the boundary value for distributions
in the space £f'(Rn+ι)

Let u e Sf"(Rn+ι) and let φ be an arbitrary element of Q)(R) such that

^>0, \φ(t)dt = l and supp^C(0, oo), We shall say that ^r-\\τnu exists
J ί 40

if {φεu} converges in Sf'(Rn+i) as ε | 0 and also say that u has the ^'-canoni-
cal extension u+ if {P(£)u} converges in Sf'(Rn+1), where p=Y*φ. As for
u e yχR++1), a similar terminology will be applied.

LEMMA 1. / / u is &"-canonical, then &?/-\im(Y*tu) = 0.
t 40

PROOF. There exists a positive integer m and a constant C such that

(9) \<u,ψ>\^C sup p
(t,x)€Rn+i \p\<m

Let φ be an arbitrary element of Q)(R) such that ^ ^ 0 , \φ(t)dt = l and supp^
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C(0, oo) and take a e Q)(R) such that α = l in a O-neighbourhood. Then we
can write

where

^(s) φ(s, χ)ds>

) = - < α κ , Y*t(ΦeΦ)>

= <(l-a)u9 Ϋ*t(ΦeΦ)>.

Clearly l imU 3 ) =0. We shall show that Iimli1 ) = <u, a(t)φ(0, χ)> and

limIi2 ) = — <u, a(t) 0(0, x) > . To do this, we write

dώ tm~ι dm~1ώ
ψ(t, x) = ψ(0, x) + t^(0, x)+ ••• + j ^ ^ ~ ^ t (0, x) + rm(t, x),

Then we have

YP = <u,a(t)0(0, x)> + <au, ^(s)ri(s, x)ds>

= <u,a(t)ψ(0, x)> +ε<u,a(t)β£(x)>,

where

βs(x) = ̂ sφ(s)(^^ (θεs, x)dθ)ds.

From (9) we obtain an estimate

sup I (1 +1 2)?(1 + | * | 2 # Z?*(o:(ί) /9β(*)) | ̂  M,
I K

where I is a constant independent of ε. Thus we see that li

<u,a(t)φ(0, x)>.

We can write V€
2) as follows:

m-l 1

y=o y
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(0, x)
j=o

—1)1 Jo Jo

w h e r e εJ'<(Y*t ( t J ' φ ) € ) u , a(t) ^l-(0, x)> t e n d s t o 0 w h e n / > 0 a n d t o
of t

<u, a(t)ψ(0, x)> wheny = 0 as ε I 0, since u is ^'-canonical. Put

Te(t, x)=εm-1 [*3rφ(s)[\l-θr-1%y- (θεs, x) dθ ds.
Jo Jo ot

Then from (9) we have an est imate

sup I ( l + 1 2 ) * ( i +\x\ β
l K

where M is a constant independent of ε. Thus limU2) = — < u, a(t) 0(0, x) >.
eϊo

The proof is complete.

Owing to Theorem VI in [7, p. 239], for a given u e sr'(Rn+ι) we can find
a positive integer k such that Yk ** ^ is an ^-valued continuous function of t

tk-

vanishing for t < 0 , where Yk stands for /Ί

 +

— (A

tk-i

1)!

PROPOSITION 8. Let u, v e ^(Λ^+x) satisfy the equation:

Dtu — iλ(Dx) u = v,

where λ(ζ) e 0M- Then the following conditions are equivalent:

(a) v has the 6?'-canonical extension v^.

(b) y'-Xxm u exists.
tio

PROOF. Let p = F* φ, where φ e Q)(R) is chosen as in the proof of Lemma
1. The implication (b)=Φ(a) is trivial from the equation p(€)(Dtu — ίλ(Dx)u)
= Dt(p(€) u) + ίφε u — iλ(Dx)p(€) u.

Suppose (a) holds. Let Ue &>f(Rn+ι) be such that U=u for t>0. Then
U is written in the form U=Σ D)Dξfktβ(t, χ\ where fkιβ are slowly increas-
ing continuous functions defined on Rn+ι. Put uι = ΣiD

k

tDξ(fkfβ)+. Then
the support of Dtuι — ίλ(Dx)uι — v^ lies in the hyperplane t = 0 and therefore
there exist ctj e Sfr(Rn), j = 0, 1, , m such that

Here we may take m = 0. Indeed, suppose m > 0. Putting
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we can write after simple calculation

Let k be the least positive integer such that ^'-lim ( Γ* *, u0 = 0. Then
HO

we can write

(10) Yk-i*tUi + λ(Dx)(Yk*tuι) = iYh*tυ- + iYh<g)ao.

Suppose k ̂ >2. Applying Lemma 1 together with the relation (10), we obtain
Sf'-\mL(Yh-\*t MI) = 0, which is a contradiction. Thus we see that £ = 1, which

tiO

implies that ^r-\im u = ia0. The proof is complete.
tio

By making use of the preceding proposition we show the following

PROPOSITION 9. Let λ(ξ) be a temperate weight function on Ξn such that
Λ(?)2£c>0, c being a positive constant, and such that r2 + λ2(ξ) is also a
temperate weight function on Ξn+ι. If u, v e Sf'(Rn+i) are related by the
equation

(11) {D* + λ(Dx)
2)*u = υ,

then the following conditions are equivalent:

(a) v has the 9" -canonical extension v+.

(b) y'-lim u exists.
f 40

PROOF. Suppose (a) holds. Setting f=( * ;/^*x)^> w e obtain from

(11)

(Dt-iλ(Dx))f=v.

Applying Proposition 8, we can see that < '̂-lim f exists. Let us write
*40

Then we can find a constant C such that

(13)
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In fact, we put z = -^& . Clearly | * | <Ξ 2. For | z | < -*-, r*(r, f) being

11

considered as the remainder term of Taylor's expansion of (1 — z)2 at z = 0 of

order k, we can find a constant C with the required property. For -~-<ί I *

<:2, Γ 4(r,f) = (i- z )-2_{i- 1 ί + . . . + ( _ i ) * ( τ U * l is bounded since | l - z | =1 2 W J

1, so we can also find a constant C as desired.
Putting w=—] rfλ, /, we show that Sf'Λϊmw exists. To this end, we

t-tιλ{ξ) no{) no

write

Dtw+iλ(Dx)w = 2iλ(Dx)f9

then, since λ(Dx)f has the ̂ '-canonical extension, it follows from Proposition
8 that £fr-\ϊmw exists. Repeated use of this process allows us to infer the

tio

( f f i > ) / e x i s t s for each/,/ = 0, 1, ..., k.
Thus if we can show that Sff-\imrk(Dt, Dx) f exists, we can conclude from

ί 10

(12) that ^'-lirn u exists.
tio

Note that / can be written in the form

where m is a positive integer and we £6(_m)(Rn+1). By a simple calculation
we can verify that for p+\β\<:2m we have with a constant C and a
positive integer kr

From these considerations it will be not difficult to see that rk(Du Dx)f can
be written in the form:

(14) τk(pu Dx)f =
p+

where fPιβ e dt{_m+k+ι}_kΊ(Rn+1). Consequently if we take k = m, it follows
from (14) that y-limrk(Dt, Dx)f exists. Thus we have shown the implica-

tio
tion (a)=»(b).

Conversely, let us suppose (b) holds. Put / = ( n' + ^ n 4 ) ^ T h e n

(Dt — iλ(Dx))f=v a n d u c a n b e w r i t t e n i n t h e f o r m u = (l + t2+ \x\ 2)mw, w h e r e
m is a positive integer and w e dί^m){Rn+ι). In the same way as in the proof
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of the implication (a)=Φ(b) we can show that ^'-lim f exists. Then it follows
ί l O

from Proposition 8 that v has the ^'-canonical extension v+.
Thus the proof is complete.
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