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Introduction

In [4] and [5], the author considered a self-adjoint harmonic space and defin-
ed a notion of energy for functions on such a space. By definition, a self-adjoint
harmonic space is a harmonic space which possesses a symmetric Green function
G(x, y). We showed in [5] that, in order that energies of functions be always
non-negative, it is necessary and sufficient that G(x, y) be of positive type. There
we assumed this property as an additional axiom (Axiom 7). The purpose of
this paper is to show that this property does follow from our assumptions on the
harmonic space, namely Axioms 1~6 in [4] and the assumption that the space
is self-adjoint, so that it is not necessary to introduce Axiom 7 in [5].

§ 1. Preliminaries.

Let (Ω, S) be the harmonic space considered in [4], i.e., Ω is a connected,
locally connected, locally compact, non-compact Hausdorff space with a count-
able base and § is a structure of harmonic space on Ω satisfying Axioms 1, 2, 3
of M. Brelot [2] and the following additional three axioms:

Axiom 4. The constant function 1 is superharmonic.
Axiom 5. There exists a positive potential on Ω.
Axiom 6. Two positive potentials with the same point (harmonic) support

are proportional.
Furthermore we assume that (Ω, §) is self-adjoint, that is, there is a function

G(x, y): Ωχβ->(0, +°o] such that G(x, y) = G(y, x) for all x, JXΞΩ and, for
each yeΩ, x->G(x, y) is a potential on Ω and is harmonic on Ω — {y}. We call
such a function G(x, y), which is uniquely determined up to a multiplicative con-
stant, a Green function for (Ω, §) and fix it throughout.

For a non-negative measure (=a Radon measure, or a regular Borel measure)
μ on Ω, we write

J β ( x , y)dμ(y) and I(μ) = J U*dμ.

Let

Me = {μ; non-negative measure on Ω such that J(μ)<
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The Green function G(x, y) is of positive type if and only if

(1)

for all μ, v ε M £ .

We know ([5; Lemmas 4.1 and 4.3]):

LEMMA 1. Given μ G M £ , there is a sequence {μn} in M £ such that each

μn has compact support in Ω9 each Uμn is bounded continuous and Uμn t Uμ as
tt-*oo.

LEMMA 2. / / μn9 vn, μ, V G M £ (n = l, 2,...), Uμ» t Uμ and Uv» ΐ U\ then

W v n t Jt/"dv, I(μn) ί I(μ) and I(vn) ί /(v).

We shall denote by B the space of all bounded Borel measurable functions

on Ω and by C the space of all bounded continuous functions on Ω. The space

C is a Banach space with respect to the sup-norm: | |/ | | =sup x e β | / (x) | . The space

of all bounded linear operators on C is denoted by Jδf(C). It is also a Banach

space with respect to the norm: ||T"|| =suρπyu^iIITyII-

§ 2. A potential operator and its square root.

In this section, let μ be a non-negative measure on Ω such that ί/ μ GC. It

is easy to see that, for a n y / e B , the function Gμf defined by

, y)f(y)dμ(y)

belongs to C. Furthermore, G μ e j ^ ( C ) ; in fact | |Gμ

LEMMA 3. There exists a family {RμiP}p>o of operators in J?(C) which has
the following properties:

(a) Rμf0 = Gμ;

(b) For any p, q^O, the resolvent equation

holds;

(c) \\Rβ9PU\\Gμ\\forallp>0;
(d) p\\Rμ,pU\ for all p^O.

The proof of this lemma may be carried out as in [6; § 3]. We remark that

the proof there is based on the following "weak principle of positive maximum":

If / G C and ω = | x G Ω ; / ( x ) > 0 } is non-empty, then
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max(0, suρGμ/(x))=max(O, sup Gμf(x)).
xeΩ xeω

In [6], it is assumed that constant functions are harmonic; its proof is still valid

under our Axiom 4.

On account of the above lemma,

is defined as an element of Jδf(C), the integral being norm-convergent. This opera-

tor Qμ is in fact the fractional power of Gμ of order 1/2 as defined in [1 § 1] (also,

cf. [3; § 5]). Thus, by considering fractional powers of Gμ of order α ( 0 < α < 1),

we can prove the following proposition as in [1; Lemmas 2.3 and 2.5]:

PROPOSITION. Ql = Gμ.

Here, we give a direct proof of this proposition without the aid of fractional

powers of general order.

PROOF of PROPOSITION. First we observe

(2)

which can be obtained from an elementary calculus.

For simplicity, let G = Gμ, Q=Qμ and Rp=Rμp. By using (b) of Lemma 3,

we have

π2 JoJoJpqiq-

-dpdq,
p)

where Dε = {(p, q); \p — q\^ε} for ε>0. By integrating with respect to q and

then by making the change of variable p=εt9 we deduce

Using (b) of Lemma13 again and remarking that | | β ε ί # ε ( i + f ) l | < ll^ll2 a n d

for all ί > 0 (Lemma 3, (c) and (d)), we obtain
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Thus, by (2) and Lemma 3,

G-Q2=M

§ 3. Theorems.

Now we are ready to prove what we have aimed at:

THEOREM 1. The Green function G(x9 y) is a kernel of positive type.

PROOF. Let M c = {μεM £ ; the support of μ is compact and

Since G(x, y) is symmetric, we see that

(3)

for all μ e ME and /, g e B. We shall first show that

(4) \(RμJ)9 dμ^KR^g) dμ

for all / I G M C , / , ^IEC and p^O. Fix μ,/and g for a moment and let P be the

set of numbers p ^ 0 for which (4) is valid. If p0 e P, then, for any ε e [0, 1/ ||Gμ ||),

w=0

where the series on the right is norm-convergent in J£?(C). Hence the equality

(4) for p=p0 implies that for p=po + ε whenever εe[0, l/||Gμ | |). Since O G P

by (3), it follows that P = [0, +oo), so that (4) is valid for all p^O. Then, by

the definition of Qμ, (4) implies that

(5)

for all μ e M c and/, # e C . Therefore, by the above proposition,

for all μeMc a n d / e C . It then follows that
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(6)

for all μ e M c a n d / e B . If μ, v ε M c , then μ + v e M c and there i s / e B such
that dμ-dv=fd(μ + v). Hence, by (6)

Therefore, (1) holds for any μ, V G M C . NOW, given μ, vεM £ , Lemma 1 asserts
that there are {μn} and {vn} in M c such that Uμn ί £/" and l/v" | U\ Since
(1) holds for μ—μn and v =vπ, it follows from Lemma 2 that (1) holds for the given
μ, v ε M £ . Thus the theorem is proved.

REMARK.*> This theorem may be proved without using the Proposition
above. Namely, by Lemma 3, we see that dRμpldp=—R%tP for each p>0, so

that Gμ = \ R*pdp. Then, by (4) in the above proof, we have

for all μ e M c and / G C . The rest of the proof is the same as above.

Now the following assertions are consequences of [5; Theorem 4.1]:

THEOREM 2. (i) The Green function G(x, y) satisfies the energy principle;
(ii) The following domination principle holds for (Ω, §): If p is a potential on
Ω which is locally bounded on its (harmonic) support σ(p) and if s is a non-
negative superharmonic function such that s^p on σ(p), then s^p on Ω;
(iii) The continuity principle holds for (Ω, §), i.e., if s is a superharmonic
function on Ω such that s\σ(s) is finite continuous, then s is continuous every-
where on Ω.
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