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In his paper [11] S. Mizohata gave a semi-group theoretic treatment of the
Cauchy problem for a regularly p-parabolic equation. This was successfully
done with the aid of an operator matrix Hq(t)=Hq(x, t, Dx) introduced therein.
Recently D. Ellis [2] developed a Hubert space approach to the Cauchy problem
for a uniformly ^-parabolic equation, following in rough outline the method ex-
plored by S. Kaplan [9] in his treatment of the Cauchy problem for a parabolic

operator-^ L(t), where L(t) is uniformly strongly elliptic. Generally, in such

an approach, special attention has been paid to find out energy estimates appro-
priate to the problem. As for the Cauchy problem for a specified parabolic system
(§ 6 in [7]), the present author, in collaboration with K. Yoshida, has tried a gener-
alization of Kaplan's treatment indicated above by introducing a certain type of
energy estimates.

The main purpose of this paper is to investigate the uniqueness and existence
theorems of a solution to the Cauchy problem for a regularly p-parabolic equation
from a Hubert space approach as done by D. Ellis [2], relying upon another type
of energy estimates which will be established with the aid of a prescribed operator
matrix Hq(t), and following the same arguments as in our treatment (§ 6 in [7])
of a parabolic system.

By the Cauchy problem we shall always mean a fine Cauchy problem as des-
cribed in paper [7]. With this in mind, in Section 1, some notations and func-
tional spaces are introduced with a precise formulation of such a Cauchy problem
for a regularly p-parabolic equation, where the notions of the ^2-boundary
value and the ^2-canonical extension of a distribution are discussed in some
detail. In Section 2 the energy inequalities (cf. Theorems 1 and 2 below) for a
regularly p-parabolic operator and for its dual operator are derived by making use
of the operator matrix Hq(t), which was introduced by S. Mizohata [11]. The
former estimate will be of a type very similar to the one obtained in [7, Theorem 8].
These estimates enable us to apply a Hubert space approach to our problem.
Finally in Section 3 the uniqueness and existence theorems for our problem are
discussed along this line of thought. We improve some of the results obtained
by D. Ellis [2]. Combining Corollary 4 with Proposition 5 below, we have a
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refinement of Theorem 9 in his paper [2]. This, in a sense, is a generalization of

a result of S. Mizohata [11, Proposition 5]. We add here that the improvement

itself has been announced in his paper [2] without proof.

1. Preliminaries

We denote by Rn+ί=RnxR an (n + l)-dimensional Euclidean space with a

generic point (x, t)=(xu..., xπ, t) and write DX=(DU..., Dn), D ^ - ί - ^ — ,Dt =
j

-j-^- and D% = D\K..Dl» with α = ( α l v . . , α j . For a point ξ=(ξl9...9 ζn) of the

dual Euclidean space Ξn we write |ξ|=(£iH \-ζlY12 and ξa=ξ\ί...ξft

n.

Let p be a positive integer and let aaJ(^&(H) for oc,j with |α|<; jp,j = l, 2,...,

m, where by 38 (H) we mean the space of C00 functions a on H=Rnx [0, T] such

that α is bounded with its derivatives of every order. In the present paper we shall

consider the differential operator

P=Dψ+ Σ Σ a* i(x, t)DxDψ-J\ (m^l)
j=l \OL\<jp 'J

satisfying the following condition: for every root τ=τ(x, t, ξ), ξ^Ξn, of the poly-

nomial

m
PJx t E τΛ — τm4- Ϋ1 V a (x ή?aτm~J

J = 1 \«\=jp

in τ there exists a positive constant <5, independent of x, t and ξ but depending on T,

such that Im τ Ξ> δ for (x, t) e H and ξ e Ξn with | ξ \ = 1. Then P is called a regularly

p-parabolicin0^ t^ T[ l l , p. 269]. Let P= D™ +Σ Σ a*j(*> 0 DXD?~J, where

aaJ^Cco(R++1)i R++ί=Rnx(09 oo), and their restrictions aaJ\HT=Rnx [0, T] ,

belong to the space &(HT) for any T>0. If for any T>0 there exists a positive

constant δτ such that I m τ ^ 5 Γ for (x, t)^Hτ and <^GΞB with | ξ | = l , then P

is called a regularly ^-parabolic operator in 0 ^ T< oo. It is known that pmust

be a positive even integer. In what follows, we write p=2pf.

By @'t((@'L2)x) we mean the ε-product &'tε(@'L2)x and by @'t((@'L2)x)(H)

the space of distributions ^&'(H) which can be extended to distributions e

@'t((@'L2)x). The quotient topology is introduced in ̂ ( ( ^ L O X X ^ Ό Similarly

the space ®'t((@ί2)x)(Rn x ( - oo, Γ]) will be defined.

Let w e ^ O ί ^ J C t f ) and suppose w(x, εt) converges in @'t((@'L2)x)(H)

to a distribution i; as e I 0. Then we see that v is independent of t and it can be

written in the form <xo(g)Yt, where a 0 e ( ^ £ 2 ) x and Yt is a Heaviside function

[6, p. 375]. α0 is called the ^^2-boundary value of u and denoted by ̂ ^2-lim M

[6, p. 375].
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f 00

Let φ<Ξ@(RΪ) be such that φ^O and \ φdt = l, and put p = Y*φ. Con-
Jo

sider a u^@f

t((&'L2)x)(H). Then p(t/ε)u may be regarded as an element

of @ί((@'L*)x)(Rnx(- °°> TD f o r a n v ε > 0 I f P(ί/β)« converges in
@'t((®'Li)x)(Rn x (— oo, T]) to vφ as ε | 0, then ι;φ does not depend on the choice
of φ. The limit element is called the <3'L2-canonical extension of u over t=0.
The ^^2-canonical extension ŵ  exists whenever ^^2-lim u exists.

l O

(1)

ί l O

In the present paper we shall consider the fine Cauchy problem

[Pu =f in H

= &'L2-lim (u, Dtu,...,
ti o

for preassigned fe&'t((@'L2)x)(H) and α=(α O v . . , αm_1), aj<=(@'L2)x. Suppose
there exists a solution u<=@'t((@'L2)x)(H) of (1). Then / and u must have the
^^2-canonical extensions/^ and ŵ , over t=0 [5, p. 82; 7, p. 404].

If we put F=(0,...,0,/)' and l/=(w1,..., wm)r with uj=D{-ίu, where F r

means the transposed vector of V, we can rewrite (1) in vector form

(2)

with

= DtU-A(t)U=F in H,

U=oc
tiO

A(x9t,Dx) =

(0 1

-an

0 1

,aj= ΣaΛ9j(x9t)Di.

We shall write by M(x, t, ξ) the matrix ^(x, ί, ξ) with α/x, ί, ξ) replaced by
a<j(x,t,ξ)= Σ aaJ(x,t)ξ\

\*\=jp

We shall next introduce some spaces. Let σ, s be any real numbers. By
jίfs = jίfs(Rn) [8, p. 45] we mean the set of all distributions u^y(Rn) such that
ύ is a function and

and by [9, p. 172] the space of all distributions

such that w is a function and

< o o
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In what follows, we shall use the notations

where the norms || ||Dβ and || | |D # . are defined by {|| |L2 + + INI 2- ( m-i),} 1 / 2

and {ll ll^.+ + ll H^-^-Dp}1/2 respectively. We shall denote by D«_s(Rn)
and Dί.σ>_s(jRM+1) the dual spaces of Ds(Rn) and Dσs(Rn + ί) respectively. By

jfσtS(H) we mean the set of all U^L^'(H) such that there exists a distribution

vejΓσs(Rn+ί) with u—υ in H. The norm of u is defined by ||w||σ>s=inf \\v\\σiS,
the infimum being taken over all such v. Especially, the space JfkPiS(H), k being
a non-negative integer, has the equivalent norm

which will also be denoted by the symbol ||w||fclM. We shall consider the space
jtfliS(H), the space of all wejΓσ5(JRM+1) with supp uczH. Then jΓσs(//) and
X_σ-s(H) are anti-dual Hubert spaces with respect to an extension of the ses-

quilinear form [ ^uvdxdt, USΞC%(H\ υ<=ΞC%(H) [7, p. 51]. The spaces

Dσs(H), ύσs(H) and the like are similarly defined.
Consider the space Xσs(R). The ^2-boundary value @'L2-limu exists

no
for every u^J>Γσs(H) if and only if σ>p'. If this is the case, 3>'Lτ-X\m u must

110

belong to the space Jfσ+S__p,(Rn). The ^^2-canonical extension u» exists for
every u^X%

<ftS{H) if and only if σ> -p'. It is also noticed that JίTσs(H) and
jfσs(H) may be identified for |σ |<p' [4, p. 416]. Let k be a positive integer
such that \σ-k\<pf. Then û «= Xσs{Rnx{-oo, T]) for every weXσtS(H)
if and only if ^i,2-lim u=&f

L2-lim Dtu=- =^'L2-\ivcί D^~lu=0 [4, p. 419],
ί l O ί i O ί l O

where the ^2-boundary value coincides with the distributional boundary value
[3, p. 12].

2. Energy inequalities

Let P be a regularly ^-parabolic operator in 0 ^ t ̂  T. We shall derive energy
inequalities for P and for its dual operator P* by making use of the operator
matrix Hq(t), which was constructed by S. Mizohata [11]. He starts for the
construction of Hq(i) with the following consideration.

m

Let P 0 (τ)=τ m + Σ aj(x, t, ξ)τm~J and consider the symmetric polynomial

in τ and τ':
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. . _,•>_ Po(τ)P*o(τ')-Po(τ')PZ(τ) _ A . _„-!_,*-,
> τ 9 τ ) . 2_ι Λhkτ τ >

t T Λ, fc— 1

where P*(τ) stands for P0(r). Then — ιΆΛk is real and coincides with —iAkh.
Since all roots of the polynomial P0(τ) lie in the half-plane I m τ ^ δ Γ > 0 for (x, ί>
e # = K n x [ 0 , T] and £<=£„ with |£ |=1, the Hermitian form

is positive definite [1, p. 64]. Let B be the real symmetric matrix (bhk) with
bhk = - iAhk. Then it follows that - i(BM - (BM)*) ̂  0 for M=M(x, t, ξ) stated
in Section 1, where (x, ί ) G # and ξeΞ n with | ξ | = l . On the basis of these
facts and applying the method of J. Leray [10, pp. 121-127] in connection with
hyperbolic operators to the parabolic case, S. Mizohata has obtained the propo-
sition below.

Let us denote by ES = ES(DX) the operator matrix (ehk), ehh^=S2s-2{h-γ)p,

h = l9...,m and ehk=0 otherwise, where 5 is a pseudo-differential operator with
symbol Λ(O=(l + | ξ | 2 ) 1 / 2 . F o r t w ° Hermitian matrices C^x, t, Dx) and
C2(x, t, Dx) whose components are differential operators with coefficients e
@(H), the inequality Cx(x, t, Dx)^C2(x, t9 Dx) means that (Cx(x, t, Dx)φ9 φ)^
(C2 (x, t, Dx)φ9 φ) for any φ^(@'L2)x and ί e [0, Γ], where ( , ) means the inner
product in L2.. For the system of operators L — Dt — A(t) stated in Section 1
we have

PROPOSITION 1 (S. Mizohata). Let q be any integer. Then there exists
an Hermitian matrix Hq(f)=Hq(x, t, Dx) such that

- i(Hq(ί)A(t) - (Hq(t)A(t))*) >-jEq+p, - γqEq

with positive constants ε, α, ocq and γq, which are independent of (x, t)^H, and
Hq(t) is an &(DS, Ds_2q)-valued C00 function of ί<Ξ[0, T] for any real s.

We shall give an energy inequality for L. We need the following lemma
(cf. Lemma 3 in [7, p. 405]).

LEMMA 1. Let r(i) and p(t) be two real-valued functions defined in the
interval O^t^T and assume that r is continuous and p is non-decreasing.
Then the inequality

r{t')dt') (C>0 is a constant)
o
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implies r{t) ̂  CeCtρ(i).

THEOREM 1. Let s be any real number. Then there exists a constant
CΓ, independent of U and t0, tt but depending on s, such that

Jto

for any t0, ίt with O^toKt^T and any U=(uu...,um)', Uj<=C§(Rn+1).

PROOF . Let U=(uί,..., um)' with M;eCg>(J?n+1)andρut/'=LC/and/i2(ί) =
(H0(t)U(t), 17(0). Then we have

= i(H0(t)A(t)U(t), U(t))-i(H0(t)U(t), A(t)U(t)) +

+ i(H0(t)F(t), U{t))-i{H0(t)U(t), F(t))+(jLH0{t) U(.t),

^ o(EoU(t), U(t)) +

+ 2\lm(H0(t)F(t), U(t))\+

and therefore

hHtΰ-hHto)^-^[' \\U(t)\\2

Dp,dt+ (yo + y'Λ'1 \\U(t)\\2D0<lt +
^ Jto μ Jto

+ 2[1\(H0(t)F(t),U(t))\dt
Jto

with a constant y'o such that -j^H0(t)^γ'0E0, 0 ^ / ^ Γ . Put V=S-*-PΊJ.

Then each component Vj of V is a (@L2)X-valued C°° function of ίe[0, T] and

to

k+P [ , S"'V(»)\dt,
to Jto

\(H0LSs+P'V(t),Ss+P'V(t))\

^\(H0S
S+P'LV, SS+P' V)\ + \H0(ΛSS+P' - SS+P' Λ)V, SS+P'V)\ .

Since H0(i) is a continuous operator from Ds into Dξ for each ίe[0, Γ] and
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Dip, is the dual space of Dp , we have the following estimates:

\(H0S*+''LV, S^"Ύ)\ = \(H0S^LV, S"''V)D$p,,Dp.\

\(H0(ASS+P' -Ss+e'A)V, Ss+r' V)\

-S^'Ά)V, S°+»'V)D*p..Bp.\

P - S^P'A) V\\D*,. II V\\Ds+p

^ C2 \\(AS*+>' - S^' A) V\\D-,.\

with constants C x and C 2 . Here the operator matrix ASS+P'-SS+P'A has the

form (αΛk(<)) with uhk(t)=0 for hΦm. In virtue of Proposition 15 in [6, p.

387] we see that oιmk(t) is the operator of order ^ ( m — k + l)p+s+p' — 1. Thus

there exists a constant C 3 such that

and therefore we have

\(H0LS°+r'V(t),

Let ε' be any positive number. Then there exists a constant C4(ε') such that

and we have the inequalities

II V\\D.+,- , II V\\D.+,

with a constant C5(ε') and consequently

S°+P'V(t))\dt£ε'(l + 2 C 2 C 3 ) ( "
Jto

+ C6(ε')\'1 \\LV(t)\\2

Ddί + CΊ(ε')\tl \\V(t)Udt
Jto Jto
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Lemma 1 we obtain (Es) for V. Thus the proof is complete.

For the regularly /7-parabolic operator P we have the following energy

inequality.

COROLLARY 1. Let s be any real number. Then there exists a constant

CT9 independent of u and tθ9 t1 but depending on s9 such that

j=θ J to

Σ
\j=0

for any t0, tγ with 0 ^ ί o < ί 1 <*T and any u^C^(Rn

Let us consider the formal adjoint operator of P :

Jj Cj(x9 t,

where

aJ(x9t,Dx)= Σ D*aatj9 Cj(x, t, Dx)= Σ aaJDi+ Σ catjD*x.
\<χ\^jp l«l=ip \«\<jp

Let D G C J ( U B + 1 ) and put g=P*v. If we write V=(vί9...9 vm)' with vj=D{'ίv9

7 = 1, 2,..., m and G = (0,..., 0, #)', then P*v=g can be rewritten in the vector

form

LV=DtV-C(t)V=G,

where C(t) = C(x, t, Dx) is the operator matrix Λ(x, t, Dx) with α/x, t,Dx)

replaced by Cj(x, t, Dx). Following the method of construction of Hq(t) =

Hq(x, t9 Dx) obtained by S. Mizohata with the matrix M(x, t, ξ) replaced by

M(x, t, ξ), we can find an operator matrix Hq(t), q being any integer, such that

- i(Hq(t)C(t) - (Hq(t)C(t))*) ^-eEq+p,+ yqEq

with positive constants ε, β9 βq and yq, which are independent of (x, t) e H. Hq(t)

is an Se{Ώ&9 D*_2q)'valued C00 function of ί<=[0, T] for any real 5.

We shall derive the following energy inequality for L by making use of Hq(t).

THEOREM 2. Let q be any integer. Then there exists a constant C Γ ,

independent of u and tθ9 t2 but depending on q, such that

to
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for any tθ9 tt with O^to<tx^T and any V=(υl9...9'vm)'9

PROOF. Let V=(v1,...9vm)' with any Vj^C§(Rn+ί) and put G = LV and
h2(t)=(Hq(t)V(f), V(t)). There exists a positive constant βq, independent of

, such that -4

of Theorem 1 we have

(x, 0 e H, such that -4τBq(t) ^ β'qEq9 O^t^T. In the same way as in the proof

V9 V)-2\\G\\Dq\\HqV\\D*_q\\HqV\\D*_q

>-2Cίh
2(t)-2C2\\G\\Dqh(t)

with Cί=(γq + β'q)l(2β) and a positive constant C2, which implies

-jί(ec

Thus we obtain

to

Since we have the inequalities β\\V(t)\\lq<ίh2(t)£βq\\V(t)\\lq9 our proof is com-
plete.

For the formal adjoint operator P* we have the following

COROLLARY 2. Let q be any integer. Then there exists a constant CΓ,
independent of v and tθ9 tί but depending on q9 such that

7 = 0 \j=0 Jto /

for any t0, tί with 0^to<tί^Tand any v^C(§(R

3. Cauchy problem

Let us consider the fine Cauchy problem (1):

[PUΞ=D>?U+ Σ<*j(x, t9 Dx)Dψ-J'u=f in H9

[ (u, Dtu,...9 Df-lu) = oi
tio

for preassigned f<=@'t((&f

L2)x)(H) and α=(α0,..., α , ^ ) , ajEί(@'L2)X9 where
aXx, t, Dx)= Σ a*Pl with aa ^&(H). As noted in [5, p. 78], aaj can be

\*\<jp

extended to a function ^&(Rn+ί). We assume that aaJ^&(Rn+ί).
Suppose there exists a solution u^^r

t{{^'L2)x){H) of (1). Then /, u have
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the ί̂  ̂ -canonical extensions u^9 /„ as noted in Section 1. In addition, u^ and
/„ satisfy the equation

P(uJ) =/„ + V ^δ(S)yk(O) in Rn x ( - oo, T] ,
fc=0

where

yk(t)=-i Σ JΣ(-l)j-ι-{JIl) DJrι-kam-j(x, t, DJxt^.
j=k+l 1=1 \ * / J

For example, ym-ί = -ioc0, ym-2 = -^ί^o-^u ym-3 = -K<*2-(™-2)Dt(*i)<Xo-
— iaίocί — ίa29 -..[5, p. 82]. In what follows, we shall use the notation Γt(oc) =
(γo(t),...9 y w -i(0) Then Γt is an isomorphism of Ds onto D*_(m-ί)p for any
real s.

Conversely, if v<=£)[{($'L2)x)(Rnx(-oo, Γ]) with support in Rnx[0, T]
is a solution of the equation

that is,

(3) ((v9 P*w))=((/., w)) + (Γ0(α), wo), weCftΛ.xί-oo, Γ)),

where by (( , )) we mean the scalar product between @'t((@'L2)x)(Rn x (— oo, T])

and ^ ( ( — oo, Γ))^ t (^ L 2 ) J C , then the restriction u=υ\H is a solution of the
Cauchy problem (1) and v = u». The equation (3) implies Green's formula:

*))-((!!„, P*w))=-(Γo(M o), w0).

Similarly we have the equation

(((Pu)Z, w))-((uZ, P*w))=(ΓΓ(Mr), wΓ)-(Γ0(u0), wo),

where w r = ̂ £ 2 -l im (w, Dtw,..., D^~ιw), u~ is the @'Li-canonical extension
ί T Γ

of u over ί = Tand (( , )) means the scalar product between @'t((@L*)x)

Let 5 be any real number and let L, L be the differential operator systems
that correspond to the operators P, P* respectively, which are defined in Section 1.
Then we have

PROPOSITION 2. // U^DOs+p(H), LU=FEΞDOS(H) and &f

L2-limU =

oc^Ds+p,(Rn), then U^Dps(H) and U satisfies the inequality
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In particular, ίfF = 0 and α=0, then (7=0.

PROOF. From the relation DtU = F + Λ(t)U e DOs(H) we see that U e Dps(H).
There exists a sequence {Φj, Φ f c G C ^ n + 1 ) x xCj(i?n + 1), such that {Φj
converges in Dps(H) to t/. The sequences {Φfc( ,0)} and {LΦk} converge in
Ds+p, and DOs(H) to α and F respectively. Owing to the energy inequality (£s),
we see that {Φk} is a Cauchy sequence in Do s+p(H). Let Fbe the limit of {Φk}.
Clearly V coincides with U as a distribution and U satisfies the above inequality.

THEOREM 3. // U€=@'t((&'L2)x)(H) x ••• x &f
t((&'L2)x)(H)9 LU=0 in H

and @'LI.-XIXΆ (7=0, then U=0 in H.
T ί l O

PROOF. There exist two integers k9 I such that U^Dkl(H). Suppose
k<p. From the relation DtU=Λ(t)U^Dkι_p(H) it follows that U<=Dk+pl_p(H).
Repeating the procedure, we see that U^Dpk+ι_p(H). Thus Proposition 2 implies
L/=0.

Let us denote by ^(e^Xresp. <??(DS)), 0^t<T, the space of ̂ rs(^M)-valued
(resp. DχRπ)-valued) continuous functions of ίe[0, T). Along the same line
as in the proof of the preceding theorem, we have

PROPOSITION 3. // V^^f

t((^f

L2)x)(H) x ••• x &'t((@'L2)x)(H), L V=0 in H

and ^ίiΛim V=0, then V=0 in H.
t\τ

PROOF. We can find a real 5 such that V ^Dps{H). There exists a sequence
{ΦJ, ΦkςΞC$(Rn+ί)x-xC§(Rn+ι), such that {Φj converges in Dp>s{H) to V.
The sequence {Φk(\ T)} converges in Ds+p, to 0 and therefore it converges in Ds

to 0. On the other hand the sequence {LΦk} converges in DOs(H) to 0. In
virtue of Theorem 2 we have

and therefore {Φk} converges in ^?(DS), 0 ^ ί < T , to 0. Thus V vanishes in H.

COROLLARY 3. // ve&',((&'L2)XXH)9 P*v=0 in H and @'L?.-X\m (υ,
ί T Γ

Dtv,...9 D™~1v)=09 then v=0 in H.

THEOREM 4. For anyf<=X~Os(H) and α e D s + ( n ι _ 1 ) p + J , ( there exists a unique
solution u&JfmPtS(H) of the Cauchy problem (1) and u satisfies the inequality

m-l m-lΓt

(4) Σ \\D{u( ,t)\\fnm-j-i)p+P-+ Σ \ \\D{u(; t)\\2+(m.J)pdt
j=0 j=OJO
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with a constant Cτ.

PROOF. We shall first show that A={(Pφ, Γ0(φ0)): φ^C'§(Rn+ί)} is dense

in JΓOtS(H)xD*+p,(Rn). Let w e jr o,- s(H) and β<ΞD_s_p,(Rn) such that

\T(Pφ(-91), w( , t))dt + (Γo(Φo), β)=0
Jo

for any φ^C§(Rn+ί). If we take φ^C§(H)9 then the relation is reduced to

which means P*w = 0 in H. If we take φ e C%(H) such that φ = 0 near t =0, then

0 = \\pφ{ 9 0, w( , ί))Λ =0V(<M, wτ),
Jo

where φτ=(φ( , Γ), D,φ( , T), ..., Dψ-ιφ{\ T)). Since Γ τ(^) τ) may be arbitrarily

taken, it follows that wτ=0. By Corollary 3 w must vanish in //and therefore

(Γ0(φ0), β)=0 for any φ<=ΞC§(H), which implies β=0.

For any given / e jfOs(H) and α e ^ s + ( W - i ) P + p ' there exists a sequence {</>Λ},

φk<=C<g(H), such that (<£fc( , 0),..., D™-^k(', 0)) converges in D s + ( m _ 1 ) p + p , to

α and {Pφk} converges in JΓOS(H) to /. In virtue of the energy inequality

w e see that ( φ k , . . . 9 Dψ~1φk) is a C a u c h y s e q u e n c e in Do s + m p ( H ) . L e t (vί9..., vm)

be the limit. From the fact that D{φk converges in J Γ - j p s + m p ( H ) to Djv1 and

the space Jf*Os+(m_ j)p belongs to the space JΓ_jps+mp(H) it follows that vj+ί =

DJtVί9j = l9...9m —19 andPvt=f inHwith (vί)0=aί. Since (ι; l9 Dtvί9...9 Dγ~ίvί)

eDOtS+mp(H) and Ώ™vγ=f- Σ*fa U D^Dψ-Jv^XΌ^H) we see that (υu

Dtvl9...9 Dψ~1vί)^Dps+(m-ί)p(H) and therefore v1^^fmPtS{H)9 which is a unique

solution of the Cauchy problem (1) (Theorem 3) and satisfies the above inequality

(4).

REMARK. Theorem 4 is in a sense a generalization of a result of S. Mizohata

[11, Proposition 5].

PROPOSITION 4. Let k be any non-negative integer. For any j"e X'fcp>s(i/)
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and α G ί ) s + ( m + k ) p _ p , there exists a unique solution u^Jf{m+k)p>s(H) of the

Cauchy problem (1) and u satisfies the inequality

(5) Σ

0 constant Cτ.

PROOF. In the case where fc=0, the statement coincides with Theorem 4.

Let us consider the case fe^l. Since/ejΓ f c j,> s(H)cJΓO f S + k p(f/) it follows from

Theorem 4 that there exists a unique solution u^J>Γmps+kp(H) of (1). w

^^mP,s+kp(H) means t/=(u, D,u,..., D Γ ^ y e D ^ + ^ + ^ l ^ f l ) - Then DtU

=A(t)U+FeΞDp>s+(m+k-2)p(H) with F = ( 0 , . . . , 0 , / ) ' and therefore

D 2 p > s + ( m + f c _ 2 ) p ( H ) . Repeating this procedure, we see that l / e D ( f c + 1 ) P ) S + ( w

that is, uzΞX*(m+k)PtS(H).

Let fe = l. For any / e X * p s ( H ) and α G D s + m p + p ( the unique solution M

satisfies

(6) II^WIIi+mP+P. + J V ( 0 l l i + ( m + 1 ) / ^ c Γ ( | | α | | B s t m p + 1 ) , + 5j|/(0lls

2

+ P^)

with a constant Cτ. Put V=D,U. Then F e D O s + m p ( f / ) , D,V-A(f)V=DtF+

D r^(ί) C / e D O s + ( m _ 1 ) p ( H ) , ^ i . 2 - l i m F e D s + ( m _ 1 ) p + p , and therefore V satisfies

with constant CJ-, where

with constants C t and C2. Summing (6) and (7) and applying Lemma 1 to the

result, we have

.Σll^«( , OII2

+(m-J )P + P '+ . Σ J V / « ( , t)\\ϊHm-J+1)pdt
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with a constant C"τ. Repeating this procedure we obtain (5).

Let k be a positive integer and put X)o=^o,Jiβ) > 9 i = ^*p,sC£D Then

n x is dense in x)0 and ||w||0, s^ ||w||fcp>s for any M G ^ and therefore there exists

an unbounded self-adjoint operator J in η 0 with domain η l 5 which generates

a Hubert scale {9A}_00<A<00. In the same way as in the proof of Corollary 4 in

[5, p. 97] we see that τ)χ = Jέrλkp,s(H) within the equivalent norms. From the

preceding proposition the map (/, α)->w which assignes a unique solution u to

the data (/, α) is continuous from X*Os(H)xDs+mp-p, into JfmPtS(H) and from

<#Ίcp,s(H)xDs+(m+k)p-P> into Jr(m+k)p,s(H). By the interpolation theorem we

obtain

COROLLARY 4. Let σ be any non-negative number. For any f ^J>Γσ

and oc^Dσ+s+mp_p, there exists a unique solution u^2>Γσ+mPtS(H) of the Cauchy

problem (1) and (/, α)-»w is a continuous map from ^r

σtS(H)xDσ+s+mp_pf into

We shall denote by X*σs(H_) the space which is a restriction of the space

JT< r f S(J?ί+ 1) to Rnx(-oo9 T) and similarly ύσtS(H_) is defined.

PROPOSITIONS. Let σ be a real number with —p'<σ<0. For any / e

θfσtS{H) and a<=Dσ+s+mp__p, there exists a unique solution u<=Jfσ+mPtS(H) of

the Cauchy problem (1) and (/, α)->w is a continuous map from JΓσJ<H) x

f σ+mptS(H).

PROOF. /Let f^Jfσs(H) and α e Z > ( T + s + w p _ ^ . Since -p'<σ<0 the

^2-canonical extension/^, belongs to the space X*σs(H_). Let # e jfσ+mPtS(H_)

be such that (Dt — iλp(Dx))mg=f^, where A(DJ is the operator with symbol

+ |ξ|2)i/2. Then it follows from Corollary 3 in [6, p. 393] that @'L2-

, Dtg,..., Dψ~1g)=0. The Cauchy problem (1) is reduced to
ί ! 0

[P(D)(u-g)= Σ ((-iy(™y'P(Dx)-aj(x, t, Dx))DΓJg in H
(8) J j = 1 \J J

Uί,2-lim ((u-g), Dt{u-g\...9Dψ-1{u-g))=ciy
ί l O

where Σ t t - O W ' ί D J - α / x , t, Dx))Dγ-JgtΞχ σ+PtS_p(H_) with σ + p>p'. It

follows from Corollary 4 that there exists a unique solution

of the Cauchy problem (8). Thus u=v + g^jrσ+mPtS(H) is a unique solution

of the Cauchy problem (1). In view of the closed graph theorem it follows that

(/, α)->M is a continuous map from ^σ,s(H)xDσ+s+mp_pf into Jίrσ+mPtS{H).

Let σ, s be any real numbers and write σ = kp + σ' with integer k and — p' <

σf ^pf. Then we have the following
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THEOREM 5. For any α<ΞZ>σ+s+mp_p, and f <=JΓσtS(H) with /^eJf*σ j S(i/_)

there exists a unique solution u^$Γσ+mps(H) of the Cauchy problem (1). In

particular, ΐ / α = 0 then u

PROOF. Consider the case where fcΞ>0. By Proposition 5 and Corollary 4

it suffices to show that u^^^Γσ+mpJ<HJ) for α=0. Suppose α=0, that is,

^i,2-lim(w,..., Dtp~1u)=0. If k>0 then f~eX'kp+σ> s (#_) implies ^ ; 2 -

lim(/,..., D^~1/)=0. From the equation P(D)w=/we obtain @'L2-lim(u,...,
tio β tio

Dψ+k-i^^Q f o r fc^0. If σ'<p' then u^(=Jfσ+mPtS(H_). If σ'=p' then ti_e
JΓ σ + ( m _ 1 ) p > s + p ( i ί_). Since i^ 24im(u,..., D ? " ^ ) = 0 , if we put V=(u^

ί ( ) , , 7 ( ^ y , ( , , , / y , σfS+mp(H_) and
F<EOσ>s+(m-1)p(H_) and therefore F e O σ + l , j S + ( m _ 1 ) p ( 7 J _ ) , that is, ι^<Ξ

^σ + mp,s(H-)'

Consider the case where k<0. Assume that the results hold true of any

fe + 1. L e t / . e ^ / / / . ) , σ = kp + σ' and α e D f f + s + m p _ p , Let ^
be such that (Dt-iλP(Dx))mg=f». Then ^ 2 - l im(#, . . . , D^-^g) = 0 and the

f i O

Cauchy problem (1) is reduced to (8), where Σ ( ( - o Y ^ V ^ β J - α / x , ί, Z)x))

PtS^p(H_) and σ + p=(/c+l)jp + σ/. Thus there exists a unique
solution i>e JΓ(T + ( w + ι)p>s.p(H). Consequently, u=v + gεi jrσ+mPfS(H). Since υ»

fσ + (m+1)PtS-p(H_) for α = 0 we can conclude that u»=v^ f

PROPOSITION 6. For any h ^ofσtS{H_) there exists a unique solution v

PROOF. In the case where σ>-p'9 the problem to find a solution v of

Pυ = h is equivalent to the problem to find a solution u of the Cauchy problem

Pu=h\H <=ΞJίTσs(H) with ^2-lim(w,..., Dψ'^) = 0. Thus there exists a

unique solution u<=jrσ+mp>s(H) and w^GJΓσ+mPjS(if_).

In the case where σ ^ — p', our assertion will follow in the same way as in the

proof of Theorem 5.

Let P be a regularly /^-parabolic operator in 0<;Γ<oo and consider the

Cauchy problem

[Pu=f inΛ++ 1,
(9)

^ί,2-lim O, Dtu9..., Dγ~1u) = a
tio

for given α G f ^ x ••• x ($'L2)X and

which has the ^2-canonical extension /„. From the fact that Theorem 3

holds true of any Hτ=Rnx [0, T], the Cauchy problem (9) is unique in
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The spaces jfr

σfS(R++ί) and Jfσ s(R++ί) are defined in the same way as

jTσtS(H)sinά jfσt8(H). By J T ~ S ( J R + + 1 ) we mean the space of M G ^ ( i ? ί + 1 )

such that φu^JfσtS(R++1) for any φ^@(Rt) and the topology is defined by

the semi-norms w-^||φw||σs. Along the same way as in the proof of Theorem 5

and Proposition 6 we have the following

THEOREM 5'. For any aeίDσ+s+rnp_p, and / e j Q 5 ( J R + + 1 ) with /„<=

jf~tS(R++ί) there exists a unique solution u^Jίr~+mps(R++1) of the Cauchy

problem (9). In particular, if α = 0 then u^

PROPOSITION 6'. For any ΛejΓ~ sOR++ 1) there exists a unique solution

Let us denote by &)+ the subspace of Qί't which consists of all one-dimention-

al distributions with support contained in [0, oo) and by (@'t)+((@'L2)x) the ε-

product @'tε(@'L2)x, which is a reflexive, ultrabornological Souslin space [6,

p. 372]. In the same way as in the proof of Theorem 5 [7, p. 415] we have

THEOREM 6. For any h^(@'t)+((@'L2)x) there exists a unique solution

v^(@'t)+((3'L2)x) of Pυ = h and h-*v is a continuous map from (@'t)+((3>'L2)x)

onto itself.

PROOF . Take a sequence {r,} of real numbers such that t0 < 0 < 11 < t2 < ,

l imί J = oo and put Uj=(tj, tj+2). Let {φj} be a partition of unity subordinate
j-*oo

to the covering {^}7=Otl>>> of (ί0, °°) and consider the equations Pvj=φjf9

j=0, 1,..., where </>y/ejΓ~J>Sj.(.R++1). In virtue of Proposition 6' there exists

a unique solution t ; y e j r ; j + m j , f S / Λ + + 1 ) c ( ^ ί ) + ( ( ^ L θ * ) . By our energy in-

equality (Es) we see that ^ = 0 for t<tj. Thus V = ΣVJ is well defined in

( ^ { ) + ( ( ^ L 0 X ) and v is unique in ( # ί

Consider the map

which is linear, continuous and onto. Since the space ( ^ J ) + ( ( ^ L 2 ) X ) is ultra-

bornological and Souslin it follows from the open mapping theorem that ϊ

is an epimorphism. Thus the proof is complete.

As a consequence of Theorem 6 we can state the following

THEOREM 7. For any OL<=(@'L2)X X ••• x (@'L*)X and f<Ξ&'(R+)((@'L2)x)

with f~^(@t)+{(@rL2)x)i the fine Cauchy problem (9) has a unique solution u

and (/„, α)->w^ is a continuous map under the topology of

») and the topology of (^ i

We shall close this paper with some remarks on the Cauchy problem (2):
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(LU = DtU-A(t)U=F in H,

\&'L2-lim U=ot
t l Ό

for preassigned F<Ξ @'t((@'L2)x)(H) x ••• x &'t((9'L2)x)(ff) with ^^i-canonical

extension F» and α G ^ ^ ) , x ••• x (@'L2)X. As shown in Theorem 1 the energy

inequality (Es) holds true for any U —{μu..., um)'9 Uj^C^(Rn+1).

Let s be any real number. If for any F^DOs(H) and oί&Ds+p,(Rn) there

exists a solution U^DOs+p(H) of the Cauchy problem (2) we shall say that (CP)S

holds for L. As shown in Theorem 3, U is uniquely defined if it exists. In the

same way as in the proof of Proposition 7' in [7, p. 434] we have

PROPOSITION 7. (CP)S holds for L if and only if the conditions that

D*o _ s(#), L*Jf=0 in H and Q>'LΛ\m W=0 imply W=0 in H.
ί ί Γ

LEMMA 2. Suppose (CP)S holds for some s. Then, for any

~>xC%(H) and α ε Q ( Λ B ) x ••• xC$(Rn) a unique solution U of the Cauchy

problem (2) belongs to the space Do S,(H) for any s'.

P R O O F . From our assumption it follows that U^DOs+p(H). If we put

Vx =λ(Dx)U, then

i =λ(Dx)F + (A(t)λ(Dx)-λ(Dx)A(t))U in H9

Jr2-lim Vx
f l O

where λ(Dx)F^^(H), λ{Dx)<xtΞSf{Rn) and (A(t)λ(Dx)-λ(Dx)A(t))U^DOtS(H)

[6, p. 387]. From our assumption it follows that Vί=λ(Dx)U^DOtS+p(H)

and therefore U^DOs+p+1(H).

If we put V2 =λ*(Dx)U9 then

Thus V2=λ2(Dx)U&DOs+p(H) and therefore U<=D0s+p+2(H). Repeating this

procedure, we see that U^Γ\DOs(H).
s

PROPOSITION 8. //(CP)S holds for some s, then it does also for any s'.

PROOF. For any given F^DOs,(H) and oc^Ds,+p,(Rn) there exist two

sequences {Fj}9 Fj<=C$(H) x ... x C§(H) and {α,}, 0,-GΞ C$(RJ X — x Cjft/ί,,) such

that {Fj} and {α }̂ converge in DOs(H) and Ds+p(Rn) respectively. Let Uj be

a unique solution of the Cauchy problem (2) for L associated with Fj and α,-.
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Then Uj belongs to the space Γ\DOs(H) and it satisfies the energy inequality
s

with a constant Cτ, which implies that {Uj} is a Cauchy sequence in DOs,+p(H).

By the relation DtU)=Fj-A(t)Uj<=DOs,(H) we see that {Uj} is also a Cauchy

sequence in Dps,(H). Let U be the limit of Uj in Dps,(H). Then U<=Dps,(H)

satisfies LU=F in H and ^2- l im t/=α, which means that (CP)S> holds true.
no

From the energy inequality (Es) and Proposition 8 we can prove the following
proposition in the same arguments as used in [7, Proposition 6].

PROPOSITION 9. If for anyF(=DOs(H) andoc<=Ds+p,(Rn) the Cauchy problem

(2) has a solution U^^f

t((^f

L2)x)(H) x ••• x &'t((&'L2)x)(H)9 then UeΞDps(H).

If we suppose (CP)0 for L, then our discussions on the Cauchy problem for

a specified parabolic system given in Section 6 of [7] can be applied also to

the Cauchy problem for L.
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