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Oscillations of Differential Equations with Retardations
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This paper is concerned with the oscillatory and asymptotic behavior of
the n-th order (n>l) differential equation with retarded arguments

where the functions gi9 i = l, 2, ..., m are differentiate on the half line [ί0, oo)
and such that

(I) git)^t for every t^t0

(II) gi(t)^O for every t^t0

(III) ]imgtf) = oo
ί->oo

Our results extend previous ones concerning retarded differential equations
of the form

(Cf. [8] and [2]). Moreover, the results given here can be used in order to obtain
other ones concerning retarded differential equations of a more general form
than (*), i.e., when / depends on the derivatives too. This can be done by the
comparison principle introduced by the authors in [9] and [10]. Thus, recent
related results given by Onose [5] and Kusano and Onose [2] could be improved.

In what follows we consider only solutions of (*) which are defined for
all large t. The oscillatory character is considered in the usual sense, i.e., a
solution of (*) is called oscillatory if it has no last zero, otherwise it is called
nonoscίllatory.

To obtain our results we need the following three lemmas, the first of which
is an adaptation of a lemma due to Kiguradze [1] and the others of lemmas in
[7] and [9].

LEMMA 1. If u is an n-times differentiable function on [α, oo) with w(fe),
fc=0, 1, ..., n — 1, absolutely continuous on [α, oo) and if

u(t)φθ and u(t)u^n\t)£0 for every t^{a, oo)

then there exists an integer I with 0<^l<n, n + l odd and such that

^ 0 for every ί e [α, oo) (fc=0, 1, ..., /)
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O for every ί e [ α , oo) (fc = ί + l, 1 + 2, ..., ή)

and

for every t^\_a9 oo).

LEMMA 2. If u is as in Lemma 1 and for some k=0, 1, ..., n —2 lima
f->oo

= c, C€ΞR9 then lim w^ Λ + 1 ^(ί)=0.
ί-*oo

LEMMA 3. If u is as in Lemma 1 and limu(t)Φθ, then there exists a con-

stant Θ such that for any i = l, 2, ..., m

n

'• n~\( \ fOr a^ lar8e t

THEOREM. Consider the functions pl9 p29 φ9 p subject to the following

conditions:

(0 PD PI a r e nonnegative and locally integrable on \tθ9 oo)

(ii) ψ is defined at least on Rm — {(0, 0, ..., 0)} and such that for any

(Vi = l, 2, ..., m)yi>0^φ(y1, y2, ..., ym)>0

(Vi = l, 2, ..., m)yi<0z$>φ(yu y2, ..., ym)<0

(iii) p is defined at least on R — {0} and such that for any

yp(y)>0

(iv) the function yp(y) is nondecreasing for y>09 nonincreasing for y<0

and such that

\ y, , < oo and \ y, . < oo

(v) the functiony J^'y^y^y^.yJ3 nonincreasing on the set {(yί9

yi> •••> J ϋ ^ ^ ' (VθΛ>O} α n ^ nondecreasing on the set {(yί9 yl9 ...,

j ; m )Gi^ m : (Vθ.Vi<O} w ι ί ^ respect to each y(

(vi) /or et er^ // sufficiently large

Π
< = l
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and

J 2 Ώgrgr pμ
i= 1 /= 1

If for any t^tθ9

Pi(t)φ(yu y * •••> yJ^ftt, y l 9 y2> •••> yj f°r

and

y2> >~,yj for yt<o9 ...,ym<o

then for n even all solutions of (*) are ocsillatory, while for n odd all solutions
of(*) are either oscillatory or tending monotonically to zero as ί-»oo together
with their first n—1 derivatives.

Note. flfpHO stands in place of {git))11'1.

PROOF. Let x be a nonoscillatory solution of (*) with limx(i)^0. This
t-*oo

solution can be supposed with domain [ί0, oo) and positive, since the substitution
u = — x transforms (*) into an equation of the same form satisfying the assumptions
of the theorem. Moreover, by (III), we can choose tί9 tί'^tθ9 so that for any
i = l, 2, ..., m

0,(0 > max {ί0, 0} for every t ̂  tx

Since

it is easy to verify that

x<M>^0 on [ί l 9 oo)

and hence, by Lemma 1,

χ(»-i)^0 on [ίx, oo)

More precisely,

χ(»-i)>0 on [ί l 5 oo)

since, otherwise, for some T> ί0,

χ(n-D=Q on [T, oo)

and consequently

x<">=0 on [T, oo)

Thus, by (i) and (ii), for any t>T,
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and hence

pt=0 on [T, oo)

which contradicts (vi).

Now, by Taylor's formula, we obtain that for any t}ztί and ί = l, 2, ..., m

and consequently that there exist a sufficiently large constant μ and t2 ^ ίi such
that for any i = l, 2, ..., m

(1) ^[^(Ol^μ^ΓHO for every t^t2

As in [8] we consider the following two cases.
Case 1. x'^0 on [ί l 5 oo).
Let

(2) z ( f ) = - * e

Then, for any t^tί9 we have

ί l

ί l

Since, by (III), there exist a constant c t > 0 and ί3 > f2 such that
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by (1) and (v), we shall have

(3) z'(
(3) z p(μmΠigrHt))

where c2 =
2

— , — \ . m .

(n-l)μm

Let us now consider the term

In the case {\mx\t)φθ, by Lemma 3, we have that for some ί 4 ^ί 3 and any
f->00

»-2

ί

(.Πix\_gi(t)'\y

where c3 =x(ί4). Hence (3) gives

ΣtgΓHO

for every ίS ί 4 . Integrating the last inequality from ί4 to t and taking into
account (iv) and (vi), we derive that z is eventually positive, which contradicts
(2). It remains to derive a contradiction in the case limx'(ί)=0. To do this,

r-»oo

we observe that, by Lemma 1, x is nonincreasing on [tu oo) and there exist
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c 4 >0 and t5^t3 such that for any i = l, 2, ..., m
λgi(t)^t3 and x'[_λgi(ϊ)']^cArt

n~2xin-ί\i) for every
where λ=2~n+ι+i, i.e., 0<A^l. Thus, by (I) and (iv), for any

(77 ^[A

where c 5 = x(ί3). Hence, (3) gives

for every <^ί5. Integrating this inequality from ί5 to t and taking into account
(iv) and (vi), we derive again that z is eventually positive, which also contradicts
(2).

Case 2. x <>0 on \tu oo).

We consider an odd integer α > 1 and the ordinary differential equation

(**) yM + p(i)yΛ=0

where
- f(t,χlg1(t)-],...,x[jgm(t) ])
~~ x"(t)

In this case x is nonincreasing on [tί9 oo) and c =limx(0 exists and is positive.
t~*O0

Thus, by (1), for any t^t2 we have
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,«-1 fit,
x«(t)

( π

^ cmp(cm) mt"-1 φίμg ΓHO, - .
-χ«(.t2)μmm Π,grHt) p(μmΠigΓ

and consequently, for some appropriate constant K > 0 and any ί 2: t2

which, by (vi), gives

00

[tn~ip(t)dt = oo

It is well-known (Cf. [4], [6] and [8]) that under the last condition, all
solutions y of (**) with lim y(t)φθ are oscillatory and this is a contradiction,

f-KDO

since x is a such solution of the equation (**).
To complete the proof, we observe that in the case of a nonoscillatory solu-

tion x of (*), Lemma 1 ensures that limx(ί)=0 occurs only when n is odd.
ί-»oo

Hence, the theorem is an immediate consequence of Lemma 2.

NOTE. After this paper was written the authors received a preprint [3]
which Professors Kusano and Onose had kindly sent. In [3] the case ra = l and
f=φ is studied, where the function φ is supposed with nonnegative derivative
and in place of (vi) a closely related condition appears, which does not contain

the parameter μ (This is the case p(y) = ̂ ^-φ(\y\ΐ/(n~1)) sgn y, where φ is a

positive function with nonnegative derivative).
Under the additional assumption that the function ψ is nondecreasing on

the set {0>l5 ..., ym)^Rm: (Vϊ)3Ί)?i>0} with respect to each yt (ΐ = l, 2, ..., m),
condition (vi) can also be stated independently of μ, as follows:

and

P , i t ) Σ i 9 Γ H t ) ^THt), gj-Ht),..., g"m-1it)-]d
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(t)ΣtgΓHt) φt-gΓHt), -gTι(t), - , -gl'^ty],
Λt)Πigr1(t) (-l)m-1p«-l)mΠlgr1(O)

The proof remains essentially the same by using in place of z the function w,

w(t)=-x(n-ίHt)\ =^£i K*JUI\*J ^s

where μ ^ 1 and such that (1) is satisfied.
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