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§ 1. Introduction

Let p be an odd prime. L. Smith [9] discovered, for each p^59 an infinite

family {βt} in the stable homotopy groups G* of spheres. The construction of
this family is assured by the existence of the stable complex V(2) for p considered
in [9], [15].

The case p = 3 is quite different from the case p ^ 5 [16, §6], e.g., V(2) does
not exist [15, Th. 1.2] and so the construction of βt for general t is not known;
it is, however, known from the results on G* ([6], [7,Th. B], [11]) that βt, ί<Ξ6
except for ί = 4, exist and that β4 can not be defined.

Let B be a stable mapping cone S° U βle
ι ί of βxsGl0 of order 3, and j : S°-+B

be an inclusion. The purpose of this paper is to construct non-trivial elements
βt e π 1 6 ί_ 6(£) of order 3 for all t^2 such that jβt = βt if βt e G* exists. We shall
also construct non-trivial elements ^ e π 4 8 f _ 1 0 ( 5 ) , ί^l, corresponding to the
elements ptΛ e G* of [8, Th. A].

For the simplicity, we shall denote by M and V the spectra F(0) and V(l)
for p = 3 in [15]. In stable notations, M = 5° U 3 e J and F=Mu aCΣ*M, and we
have the cofiberings S0-^>M-^-^Sί and M-^V-^->Σ5M. Put VB=VΛB.
Its Brown-Peterson homology is given by the direct sum:

BP*(VB) = BP*(V) + Σ"BP*(V) = BPJ(3, Vl) + Z"BPJ(3, v,),

where BPHί = πs!c(BP) = Z(3)[ί;1,ι;2,...], degt;^2(3 i-l) [2] [3]. Let [jBiJ: Σ16M

-+Vand [ π ^ ] : Σ1 ιV-*M be the elements having v(lγ\ and Σ'5(v(2)/v(-γ\)

as their mapping cones [16, § 6].

THEOREM 1.1. There exists a stable map

β:Σί6VB > VB

such that

(a) β induces the multiplication by v2 on each factor of BP*(VB),

and hence BP*l(3,vί,V2) + Σ11BP*l(3,vl9v2) is realizable as the BP homology
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of the mapping cone of β. Moreover, such a β is unique by the equalities

(b) β(h A li) = [/Hi] Λ ίB9 (πx A lB)β = [ π ^ ] Λ 1B.

The theorem, together with some additional properties, will be proved in § 3.
It is known that BP*/(3, vί9 v2) can not be realizable. We also notice that there
are distinct spaces realizing BPJ(39vl9υ2) + ΣίίBPJ(39vl9υ2). Roughly speak-
ing, the element β corresponds to βAlB for p^5, and (a) asserts that V{2) AB
exists (not uniquely) even if F(2) does not.

DEFINITION 1.2. We define βteπ16t_6(B), ί^l, by the following composi-
tion (βί=0):

S16t J > Σ16tB * *tΛ *B, Σ16tVB P* > J/ff π π i Λ l B > Σ6B

D. C. Johnson and R. Zahler ([4], [18]) obtained, for any prime p^39 an
infinite family in Ext^* (£P*, BP*), the £2-term of the Adams-Novikov spectral
sequence, corresponding to the jS-family when p^S. Our family {βt} (except
ί = l) corresponds to their family in Ext for p = 3, and we shall prove in §4 the
non-triviality of βt by Zahler's method [18].

THEOREM 1.3. For ί^2, βt is non-zero element of order 3.

For ί^6, we shall see in §5 that βt=jβt9 tΦ4, and kβ4^O, where k:B-+S11

is the collapsing map. This suggests a definition of /Γs in G* for p = 3: for t^.2
such that kβt = O, fteG16ί_6 is given byjβt = βt.

We shall also consider a similar construction corresponding to the elements
p's of [8]. Put W= M U a2CΣ8M and WB= WA B, whose BP homology is BPJ(39

THEOREM 1.4. There exists a stable map

p\Σ**WB > WB

inducing the multiplication by v\, i.e., the mapping cone of p realizes BP*I(3,

Let us denote the cofibering for W by M -̂ -» W -2±+ Σ9M.

DEFINITION 1.5. Define Ae π48ί-io(^) by the following composition

tβ i2JΛίB> Σ48tWB p t > WBππ2AίB> Σ10B .

THEOREM 1.6. p f #0 and β3te{pt939αj for ί^l .

(1.4) and (1.6) will be proved in § § 3-4.
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In contrast with (1.4), we obtain the following non-realizing result.

THEOREM 1.7. BP%/(3, υ\9 υ\) can not be realized.

In §5 we shall proved (1.7) and the non-realizability of BP^I(3,vl9v
t

2) for
small t. In Appendix, we shall discuss a similar consideration for the 5-primary
y-family9 and show that BP^/(59 υuυ2, v3) + Σ39BP*l(5, vί9υ2, v3) can be reali-
zable.

§2. Some additional results on the algebra stf*(V)

For any (finite) stable complexes (CW-spectra) X and Y, we shall denote by
πk(X; Y) the additive group consisting of all homotopy classes of stable maps
ΣkX-*Y9 and set πk(X) = πk(S°;X), s/k(X) = πk(X\X) and s/*(X)=Σksιίk(X).
The composition of maps induces a product on sf*(X), and s/*(X) forms a graded
ring; lx es#0(X) being the unit.

A space (spectrum) X is called a Z3-space (spectrum) if \x is of order 3, or
s/*(X) is an algebra over Z3 [16, Lemma 1.2]. We introduced in [16, §2]
the operations θ: πk(X; Y)-+πk+ί(X; Y) and λx: s/k(M)^s/k+1(X) and discussed
their properties. In particular, M and V are (non-associative) Z3-spaces [16,
§ 6], and we shall use the same notations as in [16] for the generators
and sf*(V)\

δ = iπe stf _γ(M), αe ja/4(M) the attaching class of V,

a" e J3^2(^) ^ e associator of V,

β' = Λκ(5j8(1)5) = /»! Λ 1 F , [/>δ0]

ίβδj = ίβίjπu lδtβ] = hlπ

The following relation is the mod 3 version of the last equality in [16, Th.
4.2].

LEMMA 2.1. A

PROOF. By [16, Cor. 2.5, (3.7), (2.8) and Th. 6.4],
iifti)=-[ίi/Γ|ii and π1V(iβ(1)δ) = π 1 [ ^ 1 ] . Since

^ii8]} [16» τ h 6 H] ?

 w e n a v e t n e desired result. q. e. d.

Since θ is derivative [16, Th. 2.2], it follows immediately from [16, Th. 6.4]
that
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(2.2)

By [16,(6.1) and Lemma 6.5], we have θ[διβ'] = θlβδ1']-θλv(βil)δ) =

+ cc"λv(δβ(1)δ), and hence

(2.3) ^ ^ ] = αT^o] + )8V.

THEOREM 2.4. In s/12{V) = {[διβ'\ [βδj, β'<x"[βδo], β'β'a"}, the following

relations hold:

(i) [βδ1V = - ίδJ

(ii) lδ,βY = -ί

PROOF. By [16, Th. 2.4 (iii)] with ξ=β(t)δ, we have

for any yes/^V). By using (2.2)-(2.3), the desired relations follow from (*)

for γ = ίβδtl ίδtβl q.e.d.

In the same way as above, we also obtain the following relations.

(2.4)' (i) [βδJWiJs -ΓA/ΓIΓjβy mod Imft,

(ii) \πxβ\ lδ,β-\ = - [π t i8] [βδj mod Im β'*.

An additive basis of ^ * ( F ) for deg<27 is given by [16, Th. 6.11]. We shall

compute st21{y).

THEOREM 2.5. The homomorphisms i\: s?21(V)-*n2j(M; V) and πίjf:

•^27('/)-*π22(F; M) are isomorphic. Define [^j?2] and [j?2<5J by ί ? ^ ^ 2 ]

= C«5tj8] Wi~\ and π^lβ^δ{\ = [ π ^ ] lβδ{\, and put ίβδ^ = [βi{\ [ π ^ ] . Then,

s/27(V) has a basis {D? 2 ^], ίβδiβ}} and there hold the relations [^jδ2]

PROOF. N. Yamamoto [17] computed the algebra s/*(M) for deg<32,

cf. [16,(6.4)], and the obstruction to compute s/32(M) was the composition

OL^\ in G33. The triviality of this composition [13] leads to the result s/32(M)

= {α«}.

From the results on x?k(M), fe = 27, 28, 31, 32, we obtain π 3 2 (M; F) = 0

and π 2 7(F;M) = 0. We have proved in [16, Prop. 6.9] that π 3 i (M;F) = 0, and

dually we can prove π 2 6 (J / ;M)=0. Therefore Ϊ? and π 1 + in the theorem are

isomorphic by the exact sequences:

π 3 2 (M; V) — ^ 2 7 ( F ) - i L π 2 7 ( M ; V) — > π 3 1 (M; F),
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π 2 7 (K M) >^2Ί(V)Λi±+π22(V; M) > π2 6(K; M).

From the results on Λ/*(M), in particular the relation δ<xδ(β{ί)δ)2 = /?(?>

= π1[/J51/Γ|ϊ1 [16, Th. 6.4.(i)], we see that π 2 7 (M K) = {i1/f(2) = [51/Γ|.[i5i1],

[βδJVi) and π 2 2 (K;M) = {jS(2)π1 = [ π 1 ^ ] [ ^ 1 ] , π ^ / ? ] } . Hence,

We put λv(β(2)δ) = χ[β2δi] + y[βδιβ]' Then, [<

[δίβ'][βδί'] and [δ1β']2f are linearly independent by (2.4). Next put λv(β(2)δ)
/ r e O2.~l i ttΓΩSi Ω~~\ T Ί - . ^ r e π~\ Γ/5 5J ~\ 1 //[? S\ S / r e Λ~ι r o c ~i

==x \_OiP j~ry [^poipj. m e n , L ^ I P J L P ^ I J 3 1 1 — ^ K V P C I ) ^ / ^ ! 1 1 1 3 — • * LyiPJL/^iJ

- / U 8 ^ i ] 2 and J C ' = - 1 , / = 0 by (2.4). Thus, we obtain [β2δ{\ = λv(βi2)δ)
= — [ δ ^ 2 ] as desired. q. e. d.

§ 3. Constructing elements

Let us denote the cofibering for B by

(3 1) iS*10 ^ > go J > J5 k > (5*1 A

We write XB, βx,jx and fex for the smash products X /\B, lχΛj8 l 9 lχΛ./ and

lχΛk, respectively, and we have the cofibering

(3Λ)X Σ10X-^XJΪ-+ XB ±2L+ΣιιX.

It is clear that ξβx = βγξ for any ξ e nk(X; 7), i.e.,

(3.2) βx = βγ*: πk{X Y) > π k + 1 0 ( X ; Y).

Consider the element β^ Λ iB = βBes/ί0(B). By [12, Lemma 3.5], βγ Λ 1B

= /c*7*Hc(α*) for some α* e G 2 1 . Since G 2 1 * Z 3 = 0 [11], we obtain

(3.3) ^ ^ 1 ^ = 0 in s/ί0(B).

From (3.2)-(3.3), it follows that βx: πk(X;YB)^>πk+ί0(X;YB) and βγ*:

πk(XB;Y)-+πk+ί0(XB;Y) are trivial for any X and 7. Hence the following

short exact sequences are obtained:

(3.4) 0 > πk+ίί(X; YB) ^ πk(XB; YB) J^ πk(X; YB) > 0

(3.4)* o > πk(XB; Y) 2z± πk(XB; YB) ^ > nk-tl(XB; Y) > 0.

We shall treat the case X, Y=M or V. Then, βx = λx(δβ(1)δ) [16,Th.2.4.

(iv)], and so

(3.5) /?M = J
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LEMMA 3.6. (i) π 1 6 ( M ΰ ; VB) has a Z^basis

{[βii] Λ lB, ULδtPMβiilkM = -Jvίβ

(ii) πιγ(VB\ MB) has a Z3-basis

fl>ij8] Λ lβ, jMLn±n [βδjkv = -jM[n^-] lδxβ]kv} .

PROOF. From πk(M; 7) = 0, fe = 5, 6, and π 1 6 ( M ; 7) = {[]8i1]} [16, Prop.

6.9], it follows that πί6(M;VB) = {jvlβίί']}. Also π 2 7 ( M ; FB) = {M^ii8] [ # i ]

= -JvlβSilίβii]} by using (2.4)' (i). Then, from (3.4) for X = M, Y=V, (i)

follows.

(ii) follows from similar calculations using the following results on πk

} and π 2 2

q.e.d.

The Brown-Peterson homology for M and 7 is given by ([9],cf. [4], [18])

BPm{M) = BPJ(3), BP*(V) = BPJ(39 vt),

where 5P9H = πHc(BP) = Z ( 3 )[ί;1, ί;2,...], the polynomial ring over the integers

localized at 3, vieBP2(3ί-1) [2] and (xί9...9xn) denotes the ideal generated by

*!,..., xn. Applying BP*( ) to (3.1), (3.1)M and (3.1)F, we get

(3.7) (i) BP*(B) = BP

(ii) BP*(MB) =

(iii) BP*(VB) = BPJ(3, t J + I 1 XBPJ(39 υj,

where an n-fold suspension ΣnM of a graded module M = {M^) is given by {ΣnM)ι

= Mί_M, in particular BP*(ΣnX) = ΣnBP*(X).

Now we shall prove Theorem 1.1.

PROOF OF (1.1). The construction of β starts from the stable map [jSίJ:

Σ16M-*V having F ί l ^ - j as its mapping cone [16, p. 239]. This coincides with

φ of L. Smith [9, 2nd line on p. 824] up to sign, and induces the multiplication

by v2. There is a relation [16, Th. 6.7]

Since V=Ca and VB = Cβ, by (3.1)F and (3.5), this relation gives an element

β0: Σ16V-+VB such that βoί1 =jv[βii~\ and kvβ0 = βfδίH-δ^δo]. Since A?16(V)

= 0 and s/5(V)Π Kerβ'* = {β'δί+δί[βδ0]}, β0 is unique and generates π 1 6 ( F ;

VB). By (3.4) for X= Y= V7 there is β such that βjv = β0, and so by (2.5)
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(3.8) J/16(KB) = {/?, jy[β2δ{\ky9 jyίβδ^ky}.

By (3.6), (3.8) and easy calculations, we see that

(3.9) there is βejtfί6(VB) such that ${iγ A \B) = \_βi{\ A lB modjylδ^
'WilkM9 (πx Λ lB)/? = [^i8] Λ lΰmodjM[π i/J] \βδ{\kγ and kyβjy^β'δ.+δ^βδ^
and such β's form a coset of the subgroup I = {jv\_β2δ{]kv, jγίβδ1β']kv} of

For any β in (3.9), β(iί A 1B) and [/fo'J Λ 1B induce the same homomorphism

on BP*( ). Since (i1 A lβ)# is the natural epimorphism to the quotient (3.7)

(iii) of (3.7) (ii), we see that any β in (3.9) satisfies (a).

Put β(i1AlB)-Lβi1']AlB = xjvίδίβnβiί']kM and (πx A ̂ - [ π ^ ] Λ \B =

kv Then,

satisfies (b) by (2.5) and (3.6). The uniqueness of β satisfying (b) follows from

(3.8) and

/ Π Ker(ί! Λ I*)* Π Ker(π x Λ lB)* = 0.

q.e.d.

REMARK 3.10. Let s/ be the Steenrod algebra mod 3. Denote by En

the exterior algebra generated by Milnor's primitive elements βOv » βΠ Iden-

tifying En with a quotient of s/, we may regard En as an j^-module. Then,

Eo and Et are realized by the cohomology of M and V [15, Th. 1.1]. Let Mn

be an extension (as an ̂ 4-module) of En by Σ11En such that 0>3a = Qob in MΠ,

where a and b are the generators corresponding to En and I ' 1 1 £ Π (degα = 0, degfe

= 11). // En is realized, then so is Mn. In fact, H*(F(n) Λ B; Z3) = Mn if V(n)

exists. In particular, M o and Mx are realized by MB and VB. We see also

that the mapping cone VB{2) of β realizes M2, i.e.,

H*(VB{2);Z3) = M2,

though E2 can not be realized [15, Th. 1.2].

THEOREM 3.11. Let δι = δi Λ ίBes/.s(VB). Then the element βδι-δ1β

belongs to the center of s/^VB). In particular, there is a relation

(3.12) βiδi+βδtβ+δj2 = 0.

PROOF. By the definition of λx, λVB(βa)δ)=λv(β(1)δ) MB [16, Th. 2.4.

(ii)], and so λyi/iβιl)δ) = [βδ1 ]MB-[δ1β]MB=βS1-Sίβ by (2.1) and (1.1)

(b). By (3.5), Aκ^δ/ίU )δ) = / f ι Λlκ ί =O, and hence λVB(β(ί)δ)ξ = (-iy^ξλVB
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(β(ι)δ) for any ξ e s/*(VB) by [16, Th. 2.4. (iii)]. Letting ξ = β, we obtain (3.12).

q.e.d.

From (3.12) we have immediately

COROLLARY 3.13. β3S1=Siβ
3.

Now, we denote the cofibering for W= M U aiCΣ8M by M-H->W-Z

There is a sequence of cofiberings [8, Lemma 1.5]

(3.14) Σ*V-*^> W->-+ V-*U Σ5V,

where a and b are given by

(3.15) aiι = ί 2 α , π 2 α = π x ; bi2

 = il9 πίb

PROOF OF (1.4). By (3.14), WB is the mapping cone of δί. Hence, by

(3.13), there is p: Σ**WB-*WB such that pa = aβ3 and Bp = β3B, ά = a Λ1B,

B = bAlB' By (3.15) and (1.1) (a), a and β3 induce the multiplications by

vt and vl, respectively. Hence p induces the multiplication by υ\. q.e.d.

In the above we have obtained

(3.16) pa = aβ3, Ep = β3E (a = a Λ 1B, E = b A 1B).

As a consequence of (3.16), we have

PROPOSITION 3.17. For the elements β3t in (1.2) and ρt in (1.6), there

holds the relation β3t e {pt, 3, α j .

PROOF. β3t = (ππA Λ lB)β3tJvhi

= (ππ 2 Λ l^aβ^jyi.i by (3.15)

= (ππ2 Λ lβψjwahi by (3.16)

= (ππ 2 Λ lβψjwiixί by (3.15).

Since (ππ 2 Λ lβ^Jwh a n < l α ί a r e a n extension of pt and a coextension of
α l s ^ 3 ί lies in the bracket {p,, 3, α j . q. e. d.

§ 4. Proof of Theorems 1.3 and 1.6

R. Zahler [18] [4] defined an invariant taking values in Ext j '* (BP*,BP*\

A = BP*(BP) the Steenrod ring of the Brown-Peterson cohomology theory, whose

coefficient ring is BP*( = BP_Hί) = Z ( 3 )[t;1, u 2 , . . . ] , degt; f= - 2 ( 3 f - l ) [ 2 , §6] cf.

[3] (this Vi is the dual of v( e BP* in the previous sections). This invariant detects
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0's of [9] and p's of [8] for p^5 (cf. [4, Remark at the end of §2]) . We shall

follow his line with minor alteration.

Denote by Wr the mapping cone M U / CΣ4rM(Wί = V,W2= W) and ir: M-+ Wr

the inclusion. Let Hk(r) be the image of ( ί r i )* : πk(Wr; B)-+πk(B). Take ξ

= ηirieHk(r). Since i* = 0: BP*(Wr)->BP*, (ηir)* = 0 and there is a short exact

sequence of ^-modules :

Eη: 0 > Σk+2BP*I(3) > BP*(Cηir) > BP*{B) > 0,

and we obtain the class {Eη}eExt1

A'
k+2(BP*(B), J3P*/(3)). Denote by A: Ext£ '

( - , £P*/(3))^Ext^ + 1 ' y (- ,£P*) the connecting homomorphism associated with

the short exact sequence of A-modules:

0 > BP* ^ L > BP* -*-» ^ P / ( 3 ) • 0 ,

and by r. BP*-+BP*(B) = BP* + Σ11BP* the right inverse of./*: BP*(B)->BP*.

Let η' also satisfy η'irί = ξ. Then ηir = ηΊr m o d π * π f c + 1 ( B ) . If kφ-\ m o d 4

and kΦ 10, any element of π f c + 1 ( θ ) induces the trivial homomorphism, and hence

{Eη} = {Eη,} m o d I m π ^ = K e r A . Therefore A{Eη} depends only on ξ. Thus,

letting er(ξ) = c*Δ{Eη}9ηe(iri)*~ίξ9 we obtain a well-defined homomorphism

(4.1) er: Hk(r) > Exti ' f c + 2 (PP*,BP*), kψ-\ mod4,

Let t = Va, where aφO mod3, α ^ l and/^0. If 1 ̂ r ^ 3 / , the multiplica-

tion Ό\\ I"16iJ3P*-^BP*/(3, υ\) is an ^-homomorphism [18, Lemma2]. Hence

Denote by Δr: ExtVJ'(-,^P*/(3, i ̂ ^-^ExtV 1 ^" 4 ^-, BP*/(3)) the con-

necting homomorphism associated with

£ r : 0 > Σ-4rBP*/(3) -lίί> 5P*/(3) • 5P*/(3, ^ ) > 0,

and put

e(r, t) = A(Ar(vf

2)) e Exti' 1 6 i - 4 r (BP*, BP*)

for l ^ r ^ 3 Λ * = 3'ίi,/^0, α ^ l , α#0mod3. Then, D.C.Johnson and R.

Zahler ([4, § 2], [18, Th. 1. a]) proved

THEOREM 4.2. e(r9

Now we shall prove Theorems 1.4 and 1.6.

PROOF OF (1.4). We shall show eΐ(βt) = e(l,t). Then βtΦθ follows from

(4.2). Put η^iππtMtψjy, k=l6t-6. Then βt = ψΛieHk{\) and et(βt) is
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defined for fi>2.

Since [ π ^ ] is the Spanier-Whitehead dual of [βi^ it follows from (3.9)

that the coset β + I in (3.9) is self-dual. Hence, any β in (3.9) induces the mul-

tiplication by υ2 on the BP-cohomology. So, φ = η* eExt%>ί6t(BP*(B),BP*l(3,

vt)) is given by φc = v2 and φk* = O.

Applying BP*( ) to the cofiber sequences for ix and ηiί9 we obtain the

commutative diagram of short exact sequences:

E1: 0 > Σk+2BP*/(3) > Σk+6BP*I(3) > Σk+6BP*I(39 vt) > 0

II 1II
Eη: 0 > Σk+2BP*/(3) > BP*(Cηiι) > BP*(B) > 0.

Then {Eη} = φ*{Eί} in Ext 1 '*, and we have

c*{Eη}=(φή*{Eί} = Aι(φc) = Ai(υ<2).

Thus, eί(βt) = c*A{Eη} = ΔΔi(v2) = e(\9t). q.e.d.

PROOF OF (1.6). In the same way as above, we see that e2(pt) = e(2,3t)

and pt^O. The relation β3te{pt, 3 ,αJ is proved in (3.17). q.e.d.

§ 5. Remarks for small t and non-realizability

We shall compare our elements βt and pt with the results on G*. The non-

realizability of some cyclic jBP^-modules will be proved. As we only treat the

3-primary elements, we denote simply by G* the 3-component of G*.

It is easy to see from (1.1) (b) that

0i = tfi=O and β2=jβ2

The elements kβt and kpt lie in G 1 6 ί _ 1 7 and G 4 8 ί _ 2 i , which contain the

image of the J-homomorphism [1]. But kβt and kpt can not be contained in

ImJ, because these elements factor through F o r W. Since G 1 6 f _ 1 7 / I m J (t = 3,

5,6) and G 2 7 /ImJ vanish ([11], [7,Th. B], [6]), we have kβt = O for ί = 3,5,6

and kpί=0. Therefore,

Pi = ±jεΐ9 β3 = ±jε2,

where εί = {aί, β\, 3, αj} and ε2 = {εu 3, α j , and

β5=jβ5, βe=Jβe

These two equalities give generators β5 of G 7 4 and β6 of G 9 0 .

We proved [7] that the element β4 does not exist. In fact, the following
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relation is easily seen from [7, Th. B]

kβ4= ±βιε
f (#0),

and /?4 can not lie in the image of j * .

Since ( α 1 ^ 2 ) * : G4 6-»G75 *S monomorphic [7], we have

{ε1 ?3,α2} = {ε2, 3 ,αJ = 0.

The non-existence of /?4 is equivalent to the relation

(5.1) {ε1 ?3,α2,3} = {ε2,3,α l 93} = ±βxe'.

This means that (ππ 2 Λ iβ)PJw (a n c* (ππ t Λ lB)β3Jv als°) c a n n ° t be compressed
to the bottom sphere of B. Furthermore the element kwpjwesf3Ί(W) satisfies

(5.2) kwpjwi2i = Mε'> KKikwPJw = ~ε 'ππ 2 /or suitable sign of ε'.

There are elements &: S 1 6 ί + 4 - > ^ , ί = l , 2, such that ππ2βt = βt. Then,

since β2ε' = O, the element (ππ2 Λ iβΪPJwβican ^ e compressed to the bottom sphere

of B, and the compression is β5. But, since β^'φθ, such a compression does

not exist for ί = l.

From (5.2), we can see A:p2 = (ππ2fc^p)(pm/Vz2θ = ( ± ε i ) ε ' ~ " ε ' ( ± ε i ) = : : O .

Hence we obtain an element ρ2 such that

Pi =JP2> βe = {P253,α!}.

This generates G 8 6 and coincides with Nakamura's p x [6] up to sign.

In the following, we shall discuss the non-realizability of BP^-modules.

We first prove Theorem 1.7.

PROOF OF (1.7). Let assume that there is an X such that B

v\, υ\) as a 2?P*-module. Then, in the same way as L. Smith [10, Lemmas 2.1-

2.2], the homology group of X localized at 3 is calculated and we see that X is

3-equivalent to a complex

59X' = S° U 3e
ι Όe9\J 3e

ί0 U e 4 9 U 3e
50 U e5S U 3e

Let Y be the 10-skeleton of X1 and Y' be Σ'^X'/Y). Then there is a

cofibering Y'-+Y-*X' and we have a short exact sequence

(•) 0 > J3P*( Y') > BP^ίY) > BP*(X') > 0.

The complexes Y and Y' are mapping cones of some elements of j ^ 8 ( M ) = Z 3 ,

generated by α 2 . The BP homology of the mapping cone of xα2 is BPJjs/(3, t f)

or BP*/(3) + Σ9BP*/(3) according as x ^ O o r x = 0. Hence, it follows from (*)

that the attaching classes for Y and Y' are non-zero. Thus, we obtain a map
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/: Σ4SW-*Wrealizing the multiplication by v\.

Put y = π π 2 / ί 2 i e G 3 8 . Then, exactly the same discussion as in [8], [9]

shows y T^O. Hence y is a non-zero multiple of εί and satisfies {y, 3, α2, 3 } Ξ 0 .

This contradicts to (5.1). g. e. d.

The above proof can easily be generalized, and in the same way the following

results are obtained.

(5.3) If BPJii^υ^υ^ is realized, there is a non-zero element yeG16t-6 such

that 3y = 0, {γ, 3,OLJΞΞO and {γ, 3,κl93} = 0.

(5.4) // BP%I(39 v\, υ\ι) is realized, there is a non-zero element y 6 C 4 8 f _ 1 0

such that 3y = 0, {y, 3,α2} = 0 and {y, 3, α2, 3} = 0.

Since {β2, 3 , ^ ) ^ 0 [14, Prop. 15.6], {ε2,3,α l 5 3}#0 and G 5 8 = 0 [7], it

follows from (5.3) that

(5.5) for t = 2, 3, 4, 5P*/(3, vi9 v'2) can not be realized.

Appendix. 5-Primary ^-family

For p = 5, the existence of V(3) (and the construction of the y-family) is

not known. We can, however, construct y's in π ^ ^ ) for p = 5 in a similar manner.

Set B = S°[jβle
39 and VB(2)=V(2)ΛB. A mapμ: 7(2)Λ F(2)->KJ5(2) is

called a multiplication if the restrictions of μ on 7(2)ΛS° = 7(2) and on S°

Λ 7(2)= 7(2) are the inclusions.

By Theorem 5.2 of [15], πί |s(75(2)) is isomorphic, for deg<197, to the

graded vector space A in the theorem, and hence

ί Z 5 for i = 0, 7,39, 54, 86,93,
πi{VB{2))=\

[ 0 otherwise for i < 197.

We can therefore extend any map(7(2)ΛS°) U (S° Λ 7(2))-^ 75(2) over the

whole of 7(2) Λ 7(2). Thus,

(A.I) there exists a multiplication μ: 7(2)Λ 7(2)->7£(2).

The relation β1 Λ 1^ = 0 in (3.3) holds for any p^3, and we have

(A.2) there exists a multiplication μB: BΛB-+B.

Now, we denote by

(A.3) 7 o

an element having V( 2-$-) as its mapping cone. Then,
\ o /

(A.4) 70 induces the multiplication by vd on the BP homology.
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Using the elements of (A.1)-(A.3), we define

(A.5) γ: Σ2*8VB(2) > VB(2)

by the following composition

Σ2**VB(2) = S 2 4 8 Λ VB(2) y o Λ 1 > 7(2) Λ 7(2) Λ B

μA1 > 7(2) Λ B Λ B 1AμB> VB(2).

Let i 0 : S°-»7(2) be the inclusion. Then, we have easily

(A.6) y(ί0 A 1B) = y 0 Λ l β .

From (A.4) and (A.6), it follows that

(A.7) γ induces the multiplication by υ3 on each factor of BP*(VB(2)) = BPJ(5,

υl9 v2) + Σ39BPJ(5, υl9 v2)9 hence BPJ(S9 υί9 υ29 v3) + Σ39BPJ(5, υl9 v2, v3) is rea-

lized by the mapping cone ofy.

Recently, H. R. Miller, D. C. Ravenel and W. S. Wilson [5] have announced

the non-triviality of y ( e G ( ( ί , 2 + ( ί . 1 ) p + ί - 2 ) r 3 , q = 2(p—l), for all ί ^ l and primes

p ^ 7 . So, we expect the non-triviality of the elements γt eπ248t-59(B) defined

by the compositions

S248t_J-+ Σ2*8tB *'oΛlB> Σ248tVB(2) -^U VB(2) π o Λ l B > Σ59B,

where j and ί0 are the inclusions to the bottom spheres and π 0 : V(2)-+S59 is the

collapsing map.

References

[ 1 ] J. F. Adams, On the groups J(X)-IV, Topology 5 (1966), 21-71.

[ 2 ] S. Araki, Typical formal groups in complex cobordism and K-theory, Lectures in Math. Dept.

of Math. Kyoto Univ. 6, Kinokuniya Book-Store Co., Ltd., Tokyo, 1973.

[ 3 ] M. Hazewinkel, Constructing formal groups /, Netherlands School of Economics, Econo-

metric Institute, Report 7119, 1971.

[ 4 ] D. C. Johnson and R. S. Zahler, Detecting stable homotopy with secondary cobordism opera-

tions II, to appear.

[ 5 ] H. R. Miller, D. C. Ravenel and W. S. Wilson, Novikov's Ext2 and the nontriviality of

the gamma family, to appear.

[ 6 ] O. Nakamura, Some differentials in the mod 3 Adams spectral sequence, Bull. Sci. Engrg.

Div. Univ. Ryukyus (Math. Nat. Sci.) 19 (1975), 1-26.

[ 7 ] S. Oka, The stable homotopy groups of spheres II, Hiroshima Math. J . 2 (1972), 99-161.

[ 8 ] , A new family in the stable homotopy groups of spheres, Hiroshima Math. J.

5(1975), 87-114.
[ 9 ] L. Smith, On realizing complex bordism modules. Applications to the homotopy of spheres,

Amer. J. Math. 92 (1970), 793-856.



460 Shichirό OKA and Hirosί TODA

[ 10] , On realizing complex bordism modules III, Amer. J. Math. 94 (1972), 875-890.

[11] H. Toda, p-Primary components of homotopy groups IV. Compositions and toric constructions,

Mem. Coll. Sci. Univ. Kyoto, Ser. A, 32 (1959), 288-332.

[12] , Composition methods in homotopy groups of spheres, Annals of Math. Studies

49, Princeton Univ. Press, Princeton, 1962.

[13] , An important relation in homotopy groups of spheres, Proc. Japan Acad. 43

(1967), 839-842.

[14] , On iterated suspensions HI, J. Math. Kyoto Univ. 8 (1968), 101-130.

[15] , On spectra realizing exterior parts of the Steenrod algebra, Topology 10 (1971),

53-66.

[16] f Algebra of stable homotopy ofZp-spaces and applications, J. Math. Kyoto Univ.

11 (1971), 197-251.

[17] N. Yamamoto, Algebra of stable homotopy of Moore spaces, J. Math. Osaka City Univ.

14 (1963), 45-67.

[18] R. S. Zahler, Fringe families in stable homotopy, to appear.

Department of Mathematics,

Faculty of Science,

Hiroshima University

and

Department of Mathematics,

Faculty of Science,

Kyoto University




