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1. Introduction

This paper deals with the mixed problem in the domain D={(t, x); 0<t¢
<+ 00, 0<x< 1} for the Hamilton-Jacobi equation (hereafter called (MP))

(1.1) u,+f(u,) =0, t>0, O0<x<l,
(1.2) O, x) = ug(x), 0<x<I,
(1.3) u(t, 0) =u(t, 1) =0, t>0.

This investigation was strongly motivated by a recent paper [1] by S. Aizawa,
in which the Cauchy problem for the Hamilton-Jacobi equation

(%) u,+f(u,) =0, >0, —w<x<on,

is treated from the viewpoint of the nonlinear semigroup theory. Aizawa suc-
ceeded in constructing a global solution of the Cauchy problem for (*) in the sense
of Kruzkov when the initial value lies in WT(R) and its derivative is continuous
in L'(R) under the assumption that f is merely continuous.

Mixed problems for the Hamilton-Jacobi equation have been treated by sever-
al authors. See, E.D. Conway and E. Hopf [7], S. Aizawa and N. Kikuchi
[3] and S. H. Benton [5, 6]. These authors proved the existence of generalized
solutions of mixed problems by using the variational method under the assumption
that f is convex.

The purpose of this paper is to prove the existence of a generalized solution of
(MP) by using the nonlinear semigroup theory. Our treatment needs no con-
vexity condition on f. Here we define a generalized solution of (MP) in the sense
of Kruzkov [13].

DerFiNiTION 1.1. A Lipschitz continuous function u(t, x) on D=[0, o)
x [0, 1] is called a generalized solution of (MP) if

(i) u satisfies (1.1) a.e. on D as well as (1.2) and (1.3),

(ii) u satisfies the integral inequality
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H ;{'“x""%ﬂigno (uy— k) L () —f ()] }dxdt > O

for every T>O0, every ¢(t, x) € CE((0, T)x (0, 1)) such that ¢ >0 and every k € R.

We shall, as in [1], choose L*(I) as the Banach space associated with (MP),
where I is the interval [0, 1]. Let f: R—R be a continuous function and satisfy
the following condition:

(f.1) (i) f0)<0.

(i) There exists a nonnegative constant p, such that f(p)>0 for
any p:|p|= po.

Then, as we shall see, the semigroup approach enables us to prove the exist-
ence of a nonnegative generalized solution of (MP). Moreover, as an intermedi-
ate step in the development, the existence and uniqueness of nonnegative general-
ized solutions of the boundary value problem for any A>0 (hereafter called
(BVP))

u(x)+1f(u'(x)) = h(x), O<x<l,
(BVP)
u(0) = u(1) =0,

are. established, where h(x) is a given nonnegative and Lipschitz continuous
function defined on I with 1(0)=h(1)=0. In order to solve (BVP), we introduce
the regularized boundary value problem

u(x)+Af(u'(x))—eu"(x) = h(x), 0<x 'S 1,
(BVP)
w(0) = u(l) =0,

for any ¢>0.

In Section 2, we give a fundamental lemma concerning the generation of
nonlinear semigroups and define the operator 4,: v~ f(v,) in L*(I) that may be
associated with (MP). In Section 3, we shall study the existence and uniqueness
of generalized solutions of (BVP). Here the solutions are obtained as the limits
of solutions of (BVP,). Various results concerning (BVP,) are developed as
needed. Section 4 deals with the existence of generalized solutions of (MP).
Here the solution of (MP) is obtained under the assumption that fe C! satisfies
Condition (f. 1) and the initial value u, is nonnegative and Lipschitz continuous
such that uy(0)=uy(1)=0.

The question of uniqueness of our solution will be taken up in a later paper.

The author would like to express his sincere gratitude to Professor Sadakazu
Aizawa of Kobe University for his hearty encouragement, helpful discussions and
kind advices.
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2. Preliminaries and definition of the operator A4,

In this paper we shall work in the Banach space L*(I) of all real-valued, bound-
ed and measurable functions v on the compact interval I with norm |v|,=
ess-sup {|v(x)|; xe I}. Before proceeding to the proof of an existence theorem
for a generalized solution of (MP) in the sense of Definition 1.1, we begin with a
basic lemma which is essentially included in the generation theorem of Crandall
and Liggett [9]. In order to construct a generalized solution of (MP) under the
assumption on f prescribed in this paper, it seems simpler to apply this lemma than
to apply the generation theorem.

Let X be a Banach space and A be an operator in X. As in [9], we interpret
A as a subset of X xX. For real A, J; will denote the set (I+14)~! and D,
=D(J,) its domain.

FUNDAMENTAL LEMMA. Suppose that R is a convex set satisfying the fol-
lowing conditions:

(@) D(A) = R < RUI+1A)  foreach 1>0,

(b) if we restrict the domain of J,=(I+AA)"! to R, then J, is a contraction
mapping (we denote J, restricted on R by J)),

(c) for each heR there is a constant C such that for any A>0, |y,;| <C,
where y, satisfies h=u,+1y,, y,€ Au, and u,=Jh.

Then

(2.1) lim J7,,u

| Bmde el

exists for u eR and t>0. Moreover, if S(Hyu is defined as the limit (2.1), then
S(t) is a contraction semigroup on R:

(1) We have S(t): R>R for t>0; S()S(t)=S(t+1) for t, t>0; |S(t)
—S(w| < |lv—w| for v, weR and t>0; S©)=1I and S(t)v is continuous in the
pair (t, v). R

(2) IfveR, then S(t)v is Lipschitz continuous in t on every compact inter-
val.

(3) If we denote u(t)=J/uy for uy e R, then
lim u?(t) = S(t)u,.
el0

Proor. It is sufficient to prove only the convergence of (2.1). To prove
this, it suffices to check the properties corresponding to Lemmas 1.2 and 1.3 in
[9]. The statements (i) and (iii) of Lemma 1.2 hold under our conditions.
Conditions (b) and (c) imply that
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(2.2) [J,x—x|| < CA for A>0 and xeR.

In fact, for x € R, by (b), there exists uniquely x,=J,x such that x,+4y,=x for
some y, € Ax,;. By (c), we have |J,x—x|=Ilx,—x|=4|ly,l| <CA.

The estimate (2.2) corresponds to (ii) of Lemma 1.2 in [8]. For xeR, A>0
and real p, we have

A= 4 " A—p 3
-%x+7ﬁ—JAxeDu and J,ler”<—%.x+——T“—Jxx>.

In particular, for 2> u>0, these give

. . A—u »
(2.3) Jix = J,‘< bt ~—»IH—J,1x>

by the convexity of R and (b). From this it follows that Lemma 1.3 in [9] is
valid with w=0. Thus the proof is complete.

By applying the above lemma, we shall prove the existence of a generalized
solution of (MP). Assume that the function f satisfies Condition (f.1). Let us
define the operator A, associated with (MP) in L*(I). #(I) denotes the subspace
of L*(I) consisting of all Lipschitz continuous functions. Let

Lol)={uez); u0) = u(l) =0}
and
,%;’0(1) ={uePyl); u(x) >0 on Ij.
DEFINITION 2.1. A, is the operator in L*(l) defined by: ve D(A,) and

w=Agv if ve Lo(I), we Lo(I), w=f(v,) and

(2.4) [, signo (0= k) (L0 ~F (01,4 wyp)dx = 0

for every ¢ € CE(I) such that ¢ >0 and every k € R, where [=(0, 1).
The following remark will clarify our definition of A4,.

ReEMARK 2.1. Let feC!' satisfy Condition (f.1). Then there are a<0
and >0 such that f(a)=f(B)=0. It is easy to verify that if ve C?(I) satisfies
v(x)>0 on I, v(0)=0v(1)=0, v'(0)=p and v'(1)=a, then ve D(A4,) and Agv=[f(v,).

3. The boundary value problem (BVP)

In this section we want to discuss the existence and uniqueness of generalized
solutions of (BVP) for given he .220(1) under the assumption that f satisfies Con-
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dition (f. 1). Throughout this section. we can assume A=1 in (BVP) without loss
of generality. We start with the definition of a generalized solution of (BVP).

DEFINITION 3.1. For each Lipschitz continuous function h, a Lipschitz
continuous function u will be called a generalized solution of (BVP) if u satisfies

(i) ux)+fWw'(x)) = h(x) a.e. on I,
(ii) u(0) = u(1) =0,

(iii) S;signo(u’—k){[ JW)=f(k)]g +TH —u'Jp}dx > 0

for every ¢ € C(I) such that ¢ >0 and every ke R.

If we define a generalized solution without requiring (iii), we can construct
infinitely many generalized solutions. The following example has been used in
[2]. We consider the boundary value problem:

3.1 u(x)+W'(x)?2=0, xel,
(3.2) u(0) = u(1) =0,
in the case of 1=0. For any couple «, f: 0<a<f<1, we define
0 0<x<a or f<x<1,
Upp(X) = ( —(x—a)?/2 a < x < (a+ )2,
—(x=p)22 (a+p)2 <x < B

Then u,z(x) satisfies both (3.1) and (3.2). By the arbitrariness of « and f, we
can construct infinitely many Lipschitz continuous functions that satisfy (i) and
(ii).

First we prove the uniqueness.
THEOREM 3.1. There is at most one generalized solution of (BVP).

In order to prove this, we need the next Lemmas. Letu: I— R be measurable.
We shall denote by signu the set of all measurable a: I—-R such that |a(x)| <1
a.e. on I and a(x)u(x)=|u(x)| a.e. on I.

LemMA 3.1. Let {u"} and u be measurable functions defined on I such that
u"—-u in L'(S), where S is a measurable subset of 1. If a" esignu”, then there
is a subsequence {0a"V} and oesignu (depending, perhaps, on S) such that
{a")} converges to o in the weak-star topology on L*(S).

Proof is clear from the fact that L=(S)=(L!(S))*.
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LEMMA 3.2. Let h, g be Lipschitz continuous functions. If u, v are gener-
alized solutions of (BVP) corresponding to h and g, respectively, then there is an
aesign(u’ —v’') (depending, perhaps, on @) such that

[ # L @) =10 +Tw = Tpddx = 0

for each given ¢ € CZ(I), where w=f(u") and z=f(").

Proor. We can prove this in the same way as in the proof of [8; Prop.
2.1].

ProoF oF THEOREM 3.1. In proving the uniqueness, we may assume, with-
out loss of generality, that 4 and g are Lipschitz continuous functions such that
h(0)=h(1)=0 and g(0)=g(1)=0.

Let {¢,} be a sequence of piecewise C!(I) functions:

0 0<x<1/m,
m(x—1/m) 1/m < x <2/m,

3.3) ou(x) = (1 2im<x<1-2/m,
—m(x—1+1/m) 1-2/m<x<1—1/m,
0 I-1/m<x< 1.

By virtue of Lemma 3.2, we can choose {«,} <sign(u’—0v') such that
[ anlLf@)—1@N0h+ D' =2 Tp,3dx = 0.
We show that
f tnl S @)= @0t = | aul(h—w)— (g —0)]gpdx
tends to 0 as m—oo. Since the integrand of the above converges to 0 as m— oo

for every x€(0, 1), and h(x)—u(x)—g(x)+uv(x) is Lipschitz continuous on I
and vanishes at both of the end points x=0 and x=1, we have

lim § o, [ £ =f ()] phdx = 0.

Using Lemma 3.1, we can find an « € sign (4’ —v’) such that

Sla[h’— u'—g'+0v]dx > 0.
0
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From this, it follows
1 1
(3.4) 3 W' — /| dx sS W —g'|dx.
0 0

Here, assuming h=g, we have u=v. Thus the proof of Theorem 3.1 has been
completed.

REMARK 3.1. The estimate (3.4) will be used essentially in Proposition 4.4,

We now proceed to the construction of a generalized solution of (BVP). As
was stated in the introduction, the generalized solution of (BVP) will be obtained
as a limit of solutions of (BVP,).

We shall first establish a priori bounds for the solutions of (BVP,), and then
prove the existence of solutions of (BVP,) by using the a priori estimates and ex-
istence theorems for C2(I)-solutions of the boundary value problems for the second
order ordinary differential equations.

It is obvious that if f is Lipschitz continuous on R and h € C(I), then there is
a solution u, € C2(I) of (BVP,). Indeed, we have only to apply, for instance, [4;
Theorem 6.3] or [14; Theorem 3.1]. It should be noted that the bound for |u.|
depends, in general, on &.

LeMMA 3.3. Let fe C(R) and u, ve C2(I) satisfy
u+f(u)—eu”" =h on I, u(0) =u(1) =0,
3.5)
v+f(v)—ev" =g on I, v(0) = v(1) =0,
where €>0. Then
(3.6) lu—vllo < |h—glls-
ProoOF. We first assume that fe C'(R). Putting w,(x)=u(x)—v(x), we have
w1 (%) + a(x)w' (x) —ew'i(x) = h(x)—g(x), xel,
wy(0) = w,(1) =0,

where a(x)=f'(v'+0(x) (u'—v")), 0<0(x)<1. Putting w,(x)=|h—gl|l, and W(x)
=w,(x)—w,(x), we have

w+a(x)Ww' —ew”’ = h—g—||h—g|, <0, xel,

and hence W(x) can not have a positive maximum in (0, 1). Since W(0)=w(1)
= —|lh—g|l, <0, we obtain

W(x) = u(x)—ov(x)—||h—g|lo <0 for xel.
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On the other hand, putting w(x)=w,(x)+ w,(x) and proceeding in a similar
way to the above, we have
w(x) = u(x)—v(x)+||h—g|., >0 for xel.

Consequently we have |u(x)—uv(x)|<||h—g],, for xel.
For fe C(R), if we proceed in the same way as in the second step in the proof
of [1; Prop. 3.1], then we see (3.6).

COROLLARY 3.1. Let fe C(R). Then there is at most one solution u € C2(I)
of (BVP,) for any he C(I).

LEMMA 3.4. Let fe C(R) and f(0)<0. Suppose that he C(I) is nonnega-
tive on 1. Then the solution u e C2(I) of (BVP,) is nonnegative on I.

Proor. It is easily verified that u can not have a negative minimum in (0, 1)
so that u(x) >0 for x e I by u(0)=u(1)=0.

LemMA 3.5. Suppose that fe C'(R) satisfies Condition (f.1) and that
heC'(I) is a given nonnegative function with h(0)=h(1)=0. Assume that
u e C2(I) is a solution of (BVP,). Then we have

3.7) lu'llo <L and |ul, <L,
where L=max {||h’'|| ., Po}-
Proor. Differentiation of the equation of (BVP,) yields
wW(x)+f' W (x)u"(x)—eu"(x) = h'(x), xel.
Putting v,(x)=u’(x), v,(x)=L and v=v, —v,, we have
o(x)+f' (v, (x)'(x)—ev"(x) = h'(x)—L < 0.

Thus v(x) can not have a positive maximum in (0, 1). Note that u’(0)>0 and
u'(1)<0 by Lemma 3.4 and u(0)=u(1)=0. Then we have v(l)=u'(1)—L<O0.
We shall show that v(0)=u'(0)—L<0. If u’(0)—L>0, then u"(0)=¢~! f(u'(0))
>0 by Condition (f.1). Since v(1)=u'(1)—L<0, v(x) has a positive maximum
in (0, 1). This leads to a contradiction. Therefore v(x) is nonpositive on I.
In a similar way we have u’(x)+L>0 for xel. Consequently we have |u'(x)|
<L for xel. Thus the proof is complete.

Now we shall prove the existence of a C2(I)-solution of (BVP,).

LeMMA 3.6. Let fe C(R) satisfy Condition (f.1). Then for each h e.éo(l)
there exists a unique solution u e C2(I) of (BVP,) such that u is nonnegative on
I and
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(3.8) lul, <L and |u'|, <L,
where L=max {||h’||,, po}-

Proor. Choose a sequence {f,}>, of functions in C'(R) n W?(R) such that
£,(0)<0 and {f,(p)} converges to f(p) uniformly on the compact set {p; |p|<L}.
Further we approximate h(x) by {h,(x)}%-, of functions in C'(I) such that h,(0)
=h,(1)=0, h(x)=0o0n I, {h,} converges to h uniformly on I and {h,} converges
to h' a.e. on I as n—oo0.

By [4; Theorem 6.3], for each n there exists a unique solution u,e C2(I)
of the boundary value problem:

u(x)+f,(u'(x))—eu"(x) = h,(x), xel,
(BVPY)
u(0) = u(1) = 0.

From Corollary 3.1 and Lemmas 3.4 and 3.5, it follows that each u, is non-
negative and satisfies |u,||, <L and |u,|,<L. Therefore the relation

(%) = &= {u,(x) +f,(u,,(x)) — h,(x)}

implies that {u)(x)} is uniformly bounded on I. Hence we can choose a sub-
sequence {u,;} of {u,} such that {u,;} converges to u in C'(I). Since {u})}
converges to ¢ '{u+f(u’)—h} as n(i)> oo uniformly on I, the limit u € C%(I) is
a solution of (BVP,). The proof is complete.

Denote by u,(x) the solution of (BVP,). We shall prove that {u,(x)},.0
is a precompact set in a certain topology and that the limit function as ¢ | 0 is
our desired (generalized) solution of (BVP).

The following lemma is a slight modification of [8; Prop. 2.3] (see also [1;
Prop. 3.3]).

LEMMA 3.7. Let feC'. Suppose that u, ve C*(I,) satisfy
u(x)+f(u'(x))—eu"(x) = h(x),
v(x) +f(v'(x)) —ev(x) = g(x)

or xelI,, where I, is an arbitrary compact interval I, <I. If h and g are
1 1 p 1 g
Lipschitz continuous, then

3.9) lu’ —UIHLI(I,) < ”h'“g,||L1(1,)+2Hh =Gl +2llu =0l .

Proor. Let I, =[a, b]. Define @(s) as
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-5 if s<—1/l,
(3.10) & (s) = (1/2)s2+1)21 if |s| <1/1,
s if s>1/l,

and define o(s) by o(s)=Pj(s). Let {¢,}2=m, of C(I)-functions, where m, is
sufficiently large, be defined by

1 on I,=[a+1/m, b—1/m],
Pm(x) =0 on outside 1,
linear elsewhere.
It is clear that w=u’—0’ satisfies
w+(fW)—f(@),—ew" =h'—g’ a.e. on I,.

Multiplying the above by ay(w)g,, and integrating over I,, we have

[, 00+ (W) =S @NutWon—ewaw)paldx
(3.11) ‘
=, (=g pndx < 10 =g sy

We will estimate each term on the left hand side of (3.11) from below. Evi-
dently we have

(3.12) [, worouds = wawax={ widx = vl
as |- oo by using the oddness of «,. Integration by parts yields
f, Fa)=f@Namond
= -Sm(f w)—f (U'))ai(W)W'qudx—-g“( f@)—f () (W)ppdx,

where Q={xel,; [WwXx)|=[u'(x)—v'(x)|<1/l}. We estimate the first term of
the above. By the bounded convergence theorem, we have

a3 | )= ondx| < 1510 wlds,

where Q= 7\ Q,. Since u'=v" on 2, w'=0a.e. on Q. Thus S |w'|dx=0. For
=1 Q2

the second term,
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=§, @)=
1

(3.14)

v

= Bu=vlalonlax={ Ih-gllohldc—cf wawgndx

~2u—o] o ~20h=gllo—e| wa(nemdx.

For the last term on the left hand side of (3.11), by the integration by parts
and a; >0, we have

(3.15) —sg w"a,(w)e,dx > ES wo(w)p,dx.
I Iy

Consequently, using (3.11)-(3.15) and letting I, m— o0, we have (3.9). Thus
the proof is complete.

An immediate consequence of Lemma 3.7 is:

LemMMmA 3.8. Let u, be a solution of (BVP,). Then for any compact
interval I, < I, we have

(B.16) ule+ ) ~u iy < I+ 3) = F) | Laery +4L1y]

for any small y so that I,<=(|y|, 1 —|y|), where L is a constant appearing in
Lemma 3.6.

Proor. By the uniqueness of solutions of (BVP,), u,(x+y) is a unique
solution of the boundary value problem:

u(X)+f (W (x)—eu"(x) = h(x+y), —-y<x<l-y,
u(=y) =u(l-y)=0,

for each ye R. Using Lemma 3.7 and (3.9), we get (3.16) for each sufficiently
small y. Note that we can apply Lemma 3.7 under our assumptions, since u(x)
is obtained as the limit of solutions of (BVP?). Thus the proof is complete.

We now establish the existence of a generalized solution of (BVP).

THEOREM 3.2. Let f satisfy Condition (f.1). Then for each he ZI)
there exists a unique generalized solution u of (BVP) such that

(3.17) lulo <L and |u'|, <L
(3.18) u(x) >0 for xel.

Proor. It is sufficient to prove the existence. We proceed in a similar
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way as in the proof of [1; Theorem 3.1].  Let {f,}7>, be a sequence of C!

functions given in the proof of Lemma 3.6. Given he.é’o(l), let u,e C%(I) be
the unique solution of (BVP} ) guaranteed by Lemma 3.6. By (3.8) and Lemma
3.8, there is a subsequence {u,;,} and a nonnegative Lipschitz continuous function
u such that {u,;} converges to u uniformly on I, {u,;,} converges to u’ a.e.
on I and u vanishes at both of the end points x=0 and x=1.

Multiplying the equation of (BVP%,,) by any ¢ € CZ(I) and integrating over
I, we have

1 1
[t siwno+ Luefax=( hpdx.
0 n o
Letting n tend to infinity through the subsequence {n(i)}, we have
1 1
So(u +f(u))pdx = Soh(pdx.

Since ¢ is arbitrary, u+f(u’)=h a.e. on I.
Next we shall prove that u satisfies (iii) of Definition 3.1. Let ¢ e C2(])
and @ have a piecewise continuous second derivative. Multiplying the equation

Wyt [y~ uy =K ae.on I
by @’(u,)e and integrating over I, we have
[, fuerae—Lo@hu) - 0w s
+ [0 )1 ()ds [0+ (9" (w0 - D(uy) 0] fdx

- S () odx
0

1

for every ke R. Assuming, in addition, #” >0 and ¢ >0, we see S " (u))ul2pdx
0

>0. Letting n— oo through the subsequence {n(i)}, we obtain

Hwdw)p—ow) fue +[ (Vo) f()ds |0l dx
¥ :
< S;h’d)’(u’)qodx

for @ € C2(I) such that ¢ >0 and ke R. Hence, choosing ®(s)=®,(s— k), where
@, is given by (3.10), and letting /— oo, we have
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S; signo (u' — k) {[/ W) —f(K)]e'+[h'—u'Jp}dx > 0

for every ¢ € C$(I) such that ¢ >0 and every ke R. This completes the proof.

4. Existence of generalized solutions of (MP)

The aim in this section is to establish our main result, that is, the existence
of a generalized solution of (MP). We shall prove the existence via the theory
of semigroups of nonlinear transformations. To this end, we choose L*(I)

as the Banach space and .S?’O(I) as the convex set R in Fundamental Lemma as-
sociated with (MP). We have to verify the conditions (a), (b) and (c) of Funda-
mental Lemma for the operator A, of Definition 2.1.

By the definition of 4, and Definition 3.1, we have

PrROPOSITION 4.1. Let fe C satisfy Condition (f.1). Then for any 1>0
and every h e.éo(l), u is a generalized solution of

(BVP) u+Af(u') = h, u@ =u(1)=0
if and only if ue D(Ay) and u+AAgu=h.

ProoF. The ‘‘if,, part is evident by Definition 2.1 and the ‘‘only if,, part
is clear by Theorems 3.1 and 3.2.
By Theorem 3.2 and Proposition 4.1, we have

PROPOSITION 4.2. Under Condition (f. 1) on f, we obtain
D(Ao) = Zo(I) = R(I+2A,)

for any A>0, that is, for every he .@0(1) and any 1>0, there is a unique gener-
alized solution u of (BVP) such that |u|,<L and |uyl|,<L, where L

=max {"hx”oo’ pO}'

The next proposition is an immediate consequence of Lemma 3.3.

ProposITION 4.3. Let f satisfy Condition (f.1). If u, ve D(A,) satisfy

u+AAogu=h eéo(l) and v+ AAgv=g e.@o(l), then we have
(4.1 lu—vlle < h—gl.

Proor. By Proposition 4.1, Theorems 3.1 and 3.2, we can regard u, v as
the limits of {u,} and {v,}, respectively, that are C2(I)-solutions of

ut ) —~u, =h on I, u(0)=u(l)=0,
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vHA(v) — v, =g on I v(0)=0(l)=0.
Applying Lemma 3.3, we have |lu,—v,||,<|h—g|, and hence (4.1). The proof
is complete.

According to Propositions 4.2 and 4.3, we can verify that 4, satisfies (a) and

(b) in Fundamental Lemma. Next we will observe(c). Ifve .@0(1), then u=J,0
satisfies u + Af (u,)=v and hence, by (3.17), we have |lu,|,<L=max {[|v,]l», Po}-
Consequently we have

(4.2) [oulleo = Ilf (Ul < Iﬁl&lf (@)

Thus we have

THEOREM 4.1. Let f € C(R) satisfy Condition (f.1). Then the semigroup
S(t) obtained from A, through Fundamental Lemma is the contraction semi-

group on .‘:}O(I).
Let uge .@0(1) and u?(f) be a unique solution of

elu@)—u(t—e)+Au(®) =0 t>0,
4.3)
u(t) = ug t<0.
Then
u(t) = (I +edo) a1y, = Jlerel+1 4
for t>0 and by Proposition 4.2,
(4.4) lus(], <L and (Ol <L

hold for t>0, where L=max {||ug|,, Po}- The following proposition is a core
in our proof of the existence theorem for (MP).

ProrosITION 4.4. Suppose that fe C satisfies Condition (f.1). Let u,

be an element of .S?O(I) such that (uy), is regarded as the limit of {(u,),} in L'(I),
where u, € D(A,). Then for all t>0

@ (1)x — (S(uo), in L'(I)

as €1 0. Assume, in addition, that fe C'. Then this convergence holds for
every uoe.‘z’}o(l) and all t>0.

Proor. Let ueD(A,) and Aoqu=v. Then u,, v,€ L°(I)cL'(I). Define
the operator By: L'(I)->L'(I) by Byu,=v, if ue D(4,) and Aqu=v. We shall
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show that D(By)<= R(I+4B,) for A>0. For each h,e D(B,) we have some u
in D(Ay) such that h=u+ AAyu by Proposition 4.2. From this, it follows that
u, € D(By) and Byu,=A"(h,—u,), and hence h,=u,+ ABou, € R(I+ABy). From
the inequality (3.4) proved in the proof of Theorem 3.1, we find that B, is an ac-
cretive operator in L!(I). We define the operator B as the closed extension of
B, in L1(I). Then B is accretive in L(I). For any /i € D(B) we have a sequence
{h"} = D(B,) such that {h"} converges to & in L(I). Let {u"} be a sequence in
LY(I) such that u?+ABgu"=h". Then by the accretiveness of B,, {u?} is a
Cauchy sequence in L(I). Hence {u?} converges to some # in L!(I). Then
Bou=A"Y(hn—un)— 2" Y(h—i) in L(I). Thus we get i € D(B) and heii + ABii
cR(I+/B). Therefore D(B)<R(I +1B)=R(I+1B) for A>0, since B is accre-
tive and closed.
It is important to note that for u € D(A4,) and 1>0,

u,+ABou, = h, iff u+2iAgu = h.
Then we find that for uy e 5?0(1),
us(t) = (I +edy)~ /a1y,
is equivalent to
(uH(1))x = (I +&Bo)™1/*17 ! (uo),.

Applying the generation theorem of Crandall and Liggett, we can see that for
every ugp € Zo(I) such that (uy), € D(B) and for every t>0, (u’(t)), converges to
some v(t, x) in L1(I). Hence we have

(S(Due)(x) = S:v(t, »)dy

for xel. Consequently (S(t)uy),=uv(t, x) a.e. on I.

Assuming, in addition, that fe C!, we can see easily that h,e D(B) in L!(I)
for every h e.@o(l) by using Remark 2.1 and an approximation argument. Thus
the proof of Proposition 4.4 is complete.

We now prove that (S(t)uy) (x)=u(t, x) is a generalized solution of (MP).
By the definition of A,, u®(t) satisfies the equation

(4.5) e H(u(t) —us(t—e)) +f (u(1),) = 0

for t>0. Let T>0. Since S(f)u, is Lipschitz continuous for 0<¢t< T and
1(S(Hug).llo < L for every t >0, u(t, x) is (totally) differentiable a.e. on [0, T] x I.
Moreover, by Proposition 4.4 and the bounded convergence theorem, we find
that (us(t)), converges to (S(t)uy), in L1([0, T]xI) as ¢} 0. Therefore we find
a subsequence {&(i)} such that {(u*® (1))} converges to (S(t)uy), a.e. on [0, T]
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xI.
Multiply (4.5) by ¢ € C2((0, T)x I) and integrate over [0, T]xI. Integrat-
ing by parts and letting ¢ | 0 through the subsequence {&(i)}, we have
T(1
[0, (= SWuop +£(Swuo)I}dxdt =0,
which implies that u(t, x) satisfies (i) of Definition 1.1. To prove that u(t, x)

satisfies (ii) of Definition 1.1, we proceed as in the case of the Cauchy problem
[1; Theorem 4.3]. Let u®(t, x)=u®(t)(x). By Definition 2.1, we have

@0 | tsigno s, n- Lt x)—1K)o,

+em 1(ui(t—e, x)—ui(t, x))signg (ui(t, x)—k)p}dx > 0

for every ¢ =¢(t, x) € CZ((0, T)x I): ¢=>0 and every keR.
Integrating (4.6) over [0, T], we have

@7 [, tsigno (wstr, )~ O LA, ) ~f ()T

+e [he(t—e, x)— h¥(t, x)]p}dxdt > 0,

where hé(t, x)=(us(t, x)—k)signg, (ui(t, x)—k). Since ui(t, x) converges to u,(t,
x) in LY([0, T] x I), the second term converges to

§T§'|ux<r, )= klodt, x)dxd
J0OJO

as ¢ 0. Letting ¢ | 0 through the subsequence {&(i)} in (4.7), we see that u(t, x)
satisfies (ii).
Thus we conclude

THEOREM 4.2. Suppose that fe C satisfies Condition (f.1). Then for u,
e Zo(I) such that (uy),€ D(Bg) in L'(I), u(t, x)=(S(Huo) (x) is a generalized
solution of (MP). Assume, in addition, that fe C'. Then u(t, x) is a gener-
alized solution of (MP) for u, e .220(1).
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