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1. Introduction

By H*(RY) we shall understand the space of u € #'(R") such that its Fourier
transform 4 is a locally summable function satisfying

1 N
lulz = (o) §,,181220)de < oo,

where RY is an N-dimensional Euclidean space, ZV its dual Euclidean space and
u is a temperate weight function in Z¥. In our previous paper [2] we have given

a trace theorem for the space H*(RV). Let u=u(&', 1), &=(¢4,..., &), T=(T(5e0 s
l T | 2M

T, N=n+m and assumeS_ l—ﬁ(é,—”dt< oo for a non-negative integer M.

72k

-1/2
Put vk(é')={g mdt} for k=(ky,..., ky), k; being a non-negative
integer, such that |k| <M. Then the mapping

H*(RY) 3 u — {D*u(x', 0)} € ]'_] HY<(R")
|K1<M

is an epimorphism if and only if there exists a positive constant C such that
k
det |k, 4,/ =C Ko With k(& =S e _d.
end 2C TT ko with 0€)=_ o

The purpose of this paper is to investigate the trace mappings for the space
B, (RM), 1<p<oo, which consists of all distributions u € #'(R¥) such that #
is a function and

= (25) || 2O 17u2(&) & < o0.

Here B, ,(R¥)=H"(RN). We shall give some sufficient conditions for the trace
mapping of above type for B, ,(R") to be an epimorphism. We shall also in-
vestigate the trace mappings by making a comparison with the notions of multi-
plication of distributions and section of distributions.

2. Preliminaries

We shall use the same notations and terminologies as in our previous paper
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[2]. For any points x=(x,,..., xy)€ RV and &=(&,,..., £y) € EN the scalar pro-
duct is defined by <x, {>=3;x;{; and the lengths of x, ¢ are defined by |x|
=(X; %1912, |E|=(X; 1¢1»)2. For an N-tuple oa=(ay,...,ay) of non-
negative integers o;, we put |a|=3;a; and a!=a,!---ay!. With D=(D,,..., Dy),
DJ-=% 723 we put D*=D%...DgN and similarly £*=¢31---£8~¥.  For a poly-
nomial P(é):Z,a,é“ in &, we put P(D)=3Y,a,D% P(§)=3,a,t* and P@
=ileID2p,

For any rapidly decreasing C*-function ¢ e &#(RY), its Fourier transform
@ is defined by the formula

B = | pet<xedx

RN

and for any temperate distribution u € &#'(RV), its Fourier transform # is defined
by

<, ¢> = <u, ¢>, YpeF(RY),

where < -, - > means the dualform between &’'(RY) and #(R"). We shall use
the same notation also for the dualform between 2'(RY) and 2(RV).

A positive-valued continuous function u defined in E¥ will be called a tem-
perate weight function if there exist positive constants C and k such that

uE +n) £ CU + [0, V¢ neEN.

g+ Ugy Uys, _IIIT are temperate weight functions with y; and pu,. By B, (RV),

1 <p<oo, we shall understand the space of u € &#'(RV) such that # is a function
satisfying |u]l,,<oo. The discussion on the space B, ,(R") has been in full
detail in L. Hormander [1] and in L.R. Volevich and B. P. Paneyakh [8].
B, (R") is a Banach space with the norm |u|,, and #(R")<=B, (R")c&'(R")
in the topological sense. 2(RN) is dense in B, ,(R") [1, p. 37]. The strong

dual of B, (R") is B, ,(R), % + }%,— —1[1, p. 42] and we have

<w,i> = (57 ) | S@a@

for any ue B, ,(R") and we B, ,,,(R").

Let N=n+m. We shall use the notations: x=(x', t) € R¥, x'=(x,,..., X,),
t=(ty,..., t,) and &=(&, 1)eEN, &' =(,,..., &), 1=(145..., T,,). For any tem-
perate weight function g in EV, the integral v(f’)=§_ u(é)dr diverges for every
point &' € E”, or converges for every point £’ € £ and itisa temperate weight func-
tion in Er [8, p. 10]. For any ¢e#(R") the partial Fourier transforms ¢,.
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and ¢, are defined by the formulas
Bee 0 = [ o, net<erax, G, = | g, peiredr
and for any u € #'(RV) its partial Fourier transforms are defined by

<y, > = <u, ¢.>, <b, ¢> = <u, >, YpeL(R").

For any u=u(x’, t)e 2(R") the trace u(x’, 0) on R" clearly belongs to the
space 2(R")<=2'(R"). 2(R¥) is dense in B, ,(RY). If the mapping u—u(x’, 0)
can be continuously extended to the mapping from B, ,(R") into 2'(R")
with weak topology, then the extended mapping is called the trace mapping on
R" and the image of u € B, ,(R") is called the trace of u and denoted by u(x’, 0).
From its very definition, the trace mapping is defined if and only if ¢®9J
€ B, ;,(R") for any ¢ € 2(R"), where ¢ is the Dirac measure in R™. From this
fact we see that the trace mapping is defined if and only if 1/u(0, t) € L?'(R™).
From the equations

u(x', 0) = gyl |, netsragan = GLE( o, v

for any u € #(R"), we obtain

;‘(;_,,\O)(é,) = (27][)m§ ﬁ(éli 1)dr,

Em

which remains valid for any u € B, ,(R").

3. Trace mappings

LEmMMA 1. For any non-trivial polynomial P(), the function Pp defined
by

P& =( 3 [P@(Q)p)tie
|d[>0
is a temperate weight function in EV.

Proor. From Taylor’s formula

B
P+ p) = L'P(a‘rﬂ)(n) ,
18120 P -

it follows immediately that

PO £ CC X PO (L M),

|a[=0
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where M is the degree of P and C is a constant depending only on M and N.
Thus we obtain

P E+m) S CPp( + €M)
with a constant C’.

ProOPOSITION 1. Let P be a non-trivial polynomial of &é=(&', 1) and p
a temperate weight function in EN. A necessary and sufficient condition that
the trace mapping B, ,(RV)au—[P(D)u](x’, 0)e 2'(R") may be defined is that
one of the following conditions is satisfied:

1 _ F (&', 1) 1’ 7 rem@n
) m_{g.mul’(é r)d} < o  for some point £ eZE",

(2) S_ %%%;C)_‘J)”'dr < for every point &' €Z".

In this case [P(D)u](x’, 0)€ B, iz, (R").
Furthermore, [P(D)u] (x’, O)EB‘, «(R") for every ueB, (R") if and only if
one of the following conditions is satisfied:

(3) &)= Cup (&) with a constant C,.

(4) v (& )S Iﬁ,fé(é,r) l) dt £C, witha constant C,.

Proor. We suppose the trace mapping B, ,(R")3u—-[P(D)ul(x’,0)e
2'(R") is defined. For any ne€ZN the mapping u—ei<*">u is continuous
from B,,(R") into itself and we have P(D)e!<*">u=e'<*">P(D+n)u. For
any ¢ € 2(R") the map

u—> <[P(D + nul(x’,0), > = <u, P(D + n) (¢ @ 6) >
is a continuous linear form on B, ,(R¥) and therefore
P(D + 1) (¢ ® )€ (B, (RY)) = B, 1, (RY),
which implies

P(é + ’7)&(6’) - Sz('f ) by ’7 (a)(é)ELp’(EN) .

u(é) (&) (ioa!

From the fact that {#*} is linearly independent, it follows that G(£")P(&)/u(&)
€ L?'(EM) for each o and then

[ perra| FEED i <o
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As a result,

P (%)) d .-
P2 dr< oo for a.e. eE",
enib &0 :
Since u and F‘,; are temperate weight functions, the integral exists for every
¢’ eE" and it is a temperate weight function in E".

The implication (1)=>(2) is trivial.

Suppose (2) holds. From the equation

[P, 0E) = (agm | POME

for any u € 2(R") we have for any ¢ € 2(R")

| <TPDWIF, 0), > = iymyw | POBOFEI

< oyl ), 1317 | BN aq) ag " 1@ w@az]”.

Since 2(R") is densein B, ,(RY), it suffices to show that S_ %dr is a slowly

increasing function of &. From Taylor’s formula P(&)= Y. —éLP(“')(O, 1)

[ T20 !
. . | (0, 1) |7
and (2) it follows that the integral SEM 270, 7)

SCA+|&|F)u(¢’, t) with constants k and C we have

| P@)(0, 7)|? < , Nk S | P@)(0, 7) |7
S-"————ﬂp' i S U L DL W i

Thus the trace mapping B, ,(R") 3 u—[P(D)u](x’, 0)e 2'(R") is defined.
Furthermore, we have for any u € 2(R¥)

dt exists. Since p(0, 1)

ILPDME Ol = (), b ][ PO 2
< (3) e () (L )
s ()@ ([ ) ([ aiwac)ae

1 \(-1)m
=(22)" " Hulp e

Since 2(R") is dense in B, (RY), [P(D)u](x’, 0)€B,,. (R") for any ue
B, (R™).
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Suppose the trace [P(D)u](x’, 0)€ B, ,(R") for any ue B, ,(RY). As we have
shown before (ﬁ(é’)ﬁpl(é’)/p(é) e L?’(EV) for any ¢ € B, ;,,(R"), that is,

w>{_ 13 Py B ag ac

- L o | )

Thus we have for some constant C, >0

V”'(C')S mi:,-,- 28 dt £ C¥ a.e. ¢'eE"

Since v, u and ﬁp. are temperate weight functions, the estimate remains valid for
every ¢’ € " and therefore we have wW(&') S Cypp (&) for all & e En.

Clearly (3) implies (4).

Suppose (4) holds. For any u e 2(R") we have

2n
() e[, L]t
< (5y)" sl 1arura

2n

1 m(p—1)
_ <7n> Chllullp,,

and therefore

1Pl 0l =(55 )" e[, pracorar|"ay

ILPD] (', Ol = (5)" Coltlpe

Since 2(R¥) is dense in B, ,(RY), the estimate holds true for any u € B, ,(R").

PROPOSITION 2. Suppose the integral

ey = o gt

is finite. A necessary and sufficient condition that the trace mapping
©: B, ,(RN)5u— [P(D)u](x’, 0)€B,,. .(R")
P,p

may be an epimorphism is that one of the following conditions is satisfied:
(1) The range of the transposed map *0 is closed in By ,1//(RY).
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' ’ -1/p’
(2) v,(é’):{S_ |5l(,,€(é,r)TI; dr} " s a temperate weight function in

&3]
=

(3) If f(EYPE)u(E)e LP'(EN) with a locally integrable function f(&),
then fup , € LP'(E").

In this case, v, ~ up ,, namely, there exist two positive constants C, C, such that
CI Vpr éﬂ?,p’ = CZVp"

ProOF. For any fe 2(R") and ve 2(R") we have

<Tf,5> = (57) | [P, 0@

= (45 ), PO f@R@ae

and
<o, 1> =(%)'_Buoi@nue.

N
Since 2(R") is dense in B, ; s, (R"), we have ‘Ov(é)=0(¢")P(¢) for any v
€By iy, (R, If O0=0, then

[ ete(]_ L2ON ac)ar -

and therefore (¢’)=0 a.e. in 2", which implies v=0. Thus the map 0 is an
epimorphism if and only if the range of ‘0 is closed in B, ;(RY).
Suppose (1) holds. Then there exists a constant C such that

“v”p',llu‘g’p, =< C“'r@vnp',l/u

for any ve B (R"), and hence

BCENY P P(OI|” ,
B <cng b v(& LBQL an)ae,
R N I A
which implies 1/up , < C/v, ()< C/up . Thus v, is a temperate weight function
in " and v, ~ip

Suppose (2) holds. We shall first note that v, ~up . For any neZN with
[n| £ 1 there exist two positive constants C;, C, such that

p.tng

LG

c 1 _( |PE+I” | P(E+ )7
() EVE ) S AT B CZSE»- W@

By Taylor's formula P(é+n)= > %LP(“’(é) we can find a positive constant
|e[=0
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C, such that

[N S | P(&)| 7
7 7 — C —l—__d

E) = e @ T

and therefore v, ~pup . Suppose f(&)P(&)/u(¢)e LP'(EN) with f(&') e Li,(E™).

From the relations

NPT
[Lrenr ptemae = e BB gt <

and v, ~ up , We obtain f/llp'p/ e Lr'(E").

Suppose (3) holds. We shall first show that S_ I—ﬁ%‘—,—dr>0 for any
&' eZBn.  Let & be any point of Z" and B be a closed :mit ball with center at &,
Let E be the set of fe L}, (E") such that supp f = B and

_tr@ye(( 12OI” g)ag < oo,
S:n (Lm uP' (&)

Then E is a Banach space with the norm | f||:
g ={f, lr@naet” + § renr(f O ar)ay.

Let feE. Then feL}, (&™) and f(&)P(&)/u(&) e L?’(EN) and therefore f/up ,
e LP(E) by (3). By the closed graph theorem the map f—f/up, , is continuous
from E into L?P'(E"). Let B, be a closed ball with center at £,eE" and radius
e, 0<e<l1. If we take the characteristic function f on B,, then there exists a
positive constant C independent of ¢ (depending on &,) such that

CSIBIP" + [ (.. 'f;ff&')" IEOI” az)ae,

where |B,| stands for the Lebesgue measure of B,. Passing to the limit ¢—0,
we have

P(&o, )17
0<CZ< S I_L“*_
= P (o, T)
Let us now show that the range of ' is closed in B,,1,(RY). Let {vf(f’)}/l)e

any sequence of B _(R™) such that “Ovi tends to u in B,,1,(RY). Then *Ovi

phlleg , X i
= 9I(ENP(E)/u(&) tends to #/u in L (EV) and therefore 97(&") {g %m}”’
is a Cauchy sequence in L?'(Z"). From the fact that S_ I—f;—,é(—)él)idr>0 for

& e B pI(¢') tends to f(&) in L}, (E") and we can write A=f()P(¢). From
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alu=f(E)PE)/u&) e LP'(EV) and (3) we obtain f/ups,eL?(E"), that is, fe
By 1y (R". Thus u belongs to the range of '@, which completes the proof.

WP’

If P(D) is a polynomial in D, and

1 {S | P(7)|? d }1/p'
v (&) zmpP (&', 1)
then v, is a temperate weight function in Z”. By virtue of Proposition 2 the trace

mapping u—[P(D)u](x’, 0) from B, ,(R") into B,, .(R") is an epimorphism in
this case.

4. Trace theorems

Let pu=pu(¢’, 1) be a temperate weight function defined in Z¥. We assume
that for some non-negative integer M

AelP™ < w
ng wr (&', 1) '
For any k=(ky,..., k,,), k; being a non-negative integer, such that [k| <M we put
N o_ | T¢| P }-llp’
v (@) = {{ | AT ae

and consider the trace mapping 0:
B, (RY)3u — {Dtu(x', 0)} € |kl|_sIM B, (R").

For p=2 we have already obtained the following theorem and its corollary in
our previous paper [2].

THEOREM 1. A necessary and sufficient condition that the mapping 0:
B, (R¥)3u—{Dtu(x’, 0)}e I1 B,,, ,(R") may be an epimorphism is that
|k|<M d
one of the following conditions is satisfied:
(1) The range of the transposed mapping *0 is closed in B, 1;,(RM).
(2) There exists a positive constant C such that detlx,|=C XY Ky,
|KI=M

where k,(¢)= ng—yz—(ré’,—r)dr'

3 If uEBz,l/u(RN) and ()= ZMfk(f')Tk, then fk/vk,ZELz(E") for
k| < M. =
4) IfueB,,(R")and 4(¢)= |,"ZSMJ':‘(?)T", then

k

a(f,a Tyseees Tj—b _';_j’ Tj+1,"-, Tm)/#(é) ELZ(EN)
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forj=1,2,..., m

CoROLLARY. If u(&', ty,..., Tj—y, 25 Ty 1seens T) 2 Cu(E), C being a posi-
tive constant, for j=1,2,..., m, then the mapping ‘© considered in the theorem is

an epimorphism.
For any p with 1 <p< oo we have
THEOREM 2. The trace mapping 0 : B, (R") 3 u—{D¥u(x’, 0)} e H

B, ,(R") is an epimorphism if and only if the range of the transposed
mapping "0 is closed in B, ,,(RY).

Proor. We first note that the transposed image ‘0% of & ={y,}e TI

|k|SM
B ,(R™) has the form

P 1/vic,p
To@) = 5 0807
[k|EM
It is sufficient to show this relation when v, € 2(R"). For any fe 2(RY) we have
<, 5> = (3) | DA 0@)n@ae
= (3z) 2|, Pt ROB@a
- (3)" = _Jows@a

and therefore "@v(é)— Z p(&')t%. By this relation we see that the transposed
map ‘O is injective. Thus the map @ is an epimorphism if and only if the range
of ‘D is closed in B, ;,(R").

THeOREM 3. The following conditions are equivalent:

(1) If ueB, ;,(RY) and 4(¢)= IkIZSMfk(é')r", then fi/v € LP’(E") for
any k with |k| <M.

(2 IfueB, ,(R")and ﬁ(£)=lk|ZSMfk(f')‘c", then

A T; e
u<£’9 Tiseees Tj—19 21 s Tj+1"-" Tm)/# eLp (:’N)

for every j=1,2,...,m
(3 IfueB,,,(R") and ﬁ(é)=|k|ZSMfk(€’)r", then

' =N
8(& Fhoes 31) € L7 (2Y)
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for any non-negative integers i;.
In this case, the trace mapping © : B, (RN)3u—{Dku(x’,0)} €

B,...,  (R") is an epimorphism.

|k|<M

Proofr. (1)=(2). Suppose (1) holds. Then fi/v, ,€ LP'(E"), that is,
S(ENTk [ u(€) e LP(EVN), and then fi(&')t*/2%ip(E) € LP'(EN). Thus we have

a(e ey L7 t) i = EALENH250(E) € LP (2Y).

(2)=(3). Suppose (2) holds. Then ﬁ(é’,1:1,...,%,...,r,,,)/ueLP'(EN)

and u<¢ Tyeens 12’“ 1:,,,>=Zk fu(E)tk[2kipe LP'(EY),  which  implies
ﬁ(é’, Tyseen . r,,,)/ueLl"(E"). Repeating this procedure, we have (3).
(3)=(1). Suppose (3) holds. Then a(:', - ;;:'n)//,teLP'(E"’) for any

Tj .
22°

non-negative integers i; and

a(e, St T @ = £ 2 (5" ()" e L@y,

For any fixed iy,..., i, if we take i, =0, 1,..., M, then we have

S () e o e Lr(Ev)

for each k,=0, 1,..., M. Repeating this procedure, we have f,(&')t*/ue LP'(EV)
for any k with |k| <M, which means f,/v, , € LP'(E").
We shall next show that the range of O is closed in B, 1,(RY) when (1)
holds true. Let /= {vj}eH = HMB”"I /v, (R") and suppose 0/ con-
ki< e
verges to u in B, ;,(R"). Namely | IZ Di(E)t*/u converges to @1/u in L?'(EV).
k|<M
From the fact that u is a positive-valued continuous function, we see that
> Di(E)T* converges to # in L},.(EY). Thus we can write i= Y f(&)tk
|KI<M
with f,eL},(E"). By the condition (1) fi/v, € LP'(E") for |k|=M. If we
take v,=F"1(f)), then v,€ B, y,, ,.(R") and @i= IZ D(&)t*. Thus the range
’ KIEM
of 0 is closed in B, 1,(RY). By virtue of Theorem 2 the map © is an epi-
morphism.

kit tkm-1SM—ky,

CoROLLARY. If (&, Ty, Tjmq, 2T Tjn1seens Tw) 2 Cu(E) with a positive
constant C for j = 1, 2,..., m, then the trace mapping 0 : B, (R¥)3u—
{D¥u(x', 0)te T1 B, ,.(R") is an epimorphism.

|K[<M ’

Proor. B, (RY)<B, (R") if and only if there exists a positive constant C
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such that v<Cpu. Hence the condition u(¢', 74,..., 27;,..., 7,,) 2 Cu(£) means that
u<f', Tiseens sz seres T,,,)/ueLP'(EN) for any ueB, ;,(R"). Since the condition
(2) of Theorem 3 is satisfied, the map © is an epimorphism.

ProrosiTION 3. Let {f,} be an arbitrary element of IH B, ,.(R")
1k[<M ’

and suppose for each k there exist a positive valued continuous function A, on
E" and a slowly increasing continuous function &, on E™ such that

(&', 2(&)T) S AEIEmIP () (E) (7).
Let Y € 2(R™) such that y=1 in a neighbourhood of 0. If we put
0,0 = 3 Fu@) Glruen,

then u € B, (RN) and D¥u(x’, 0)=f,(x) for [k| =M.

ProoF. By the equations

10 = 3 I @D yGuetoar
_ —1)! |
- |kIZSM Ju&) /W‘H"' Dkw( )
we have
[, Ja1eua
1 d T ’
SC T ) o I il | DRI ) (e, e

SC 3 i o TN (@048 || IDHI0)17 9(0)7de < co.

Thus u € B, (R") and clearly D¥u(x’, 0)=f,(x") for |[k|SM.

pu

ExAMPLE. Let u be written in the form

M@ = mi(&) + [71°12(E),

where u,; and pu, are temperate weight functions defined in Z” and a is a real num-
ber with a>m/p’. Let M be the largest integer such that M <a—m/p’. Then
we have

Vi, ~ P kIAm) (apllkl+mip)ia for k| < M.

If we take A, =(u,/u,)/® and &,(1)=1+|7|® for |k|<a—m/p’, then
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U, A&)T) < CAPIHmIZ (Y, (8N D7) -

In fact, we have

1 _ Tk|p 1/p
Vi (8) {Ssm (1, (&) + [t]ou(E))Y dt}

_ 1 LR
- #}-(lkl‘*mlp')/aﬂglkl*‘mlp')/a -m(l + |1;|ﬂ)P

and

W&, AEN) = (€)1 + [2]%) ~ AP () o (E) D) -

Then Proposition 3 is applicable to this case; that is, for any given f={f,}e
[T B,,, (R if we take

|k|<M
no@ 0= 3 e ru(()")

with ¥ € 2(R™) such that Y =1 in a neighbourhood of 0, then u e B, (R¥) and
Du(x', 0)=fi(x") for |k| < M.

"5, The relation between trace mappings and other notions
Let us recall the concept of multiplication of distributions. Let u, ve
2'(RY). If the distributional limit hm (u*p,)v exists for every é-sequence {p;}

on R¥, then the limit is uniquely deﬁned and it is called the multiplicative product
of u and v in the strict sense and denoted by u - v [7].  In this case the distributional
limit limu(vsp;) exists for every d-sequence {p;}, p;€ Z(R") and lim (uxp;p
Jj—© Jj—®
=limu(vxp)).
Jjo®

For any ¢ € 2(R") such that ¢ =0 and S ¢ dx=1 we put ¢E(x)=8LN¢<£>

for small e>0. If the distributional limit hm (ux¢,)v exists for any ¢ and does not

10
depend on the choice of ¢, then the limit is called the multiplicative product of
u and v and denoted by uv. The product uv is also defined as the distributional
limit of (u*p;)v for any restricted d-sequence {p;}, which is a sequence {p;},

p; € D(RY), such that (i) supp p;—{0} as j— oo, (ii) S ijdx—»l as j—oo and (iii)
R
SRNIxU"'ID"pjldngk, M, being a constant independent of p; [6, p. 91].
Let ue 2'(RY) and Yy e 2(R%). By <u,y>, we shall denote the dis-
tribution € 2'(RT") defined by

2R3y — <u, Yy ® x>
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and similarly, for any y e 2(R") we shall denote by. <u, y>, the distribution
€ 2'(R%) defined by

D(R™)3Y — <u, Y @ 1>

Let we 2'(R") and ue 2'(RY). If the product (1®w)u exists, then it is
called the partial product of w and u and denoted by wu [3, p. 170]. Let J be
the Dirac measure on R?”. Then the partial product du exists if and only if
d<u, Y > existsin 2'(R?) for any Y € 2(R%). Inthis case <du, Yy>,=0<u,
¥ > .. Also du is defined as the unique limit hm (6*pju = hm pju or equivalently

hm 6(u*, p;) for any restricted J-sequence {pJ}, p,e.@(R"’), where *, means the

partlal convolution with respect to the variable ¢.
In accordance with S. Lojasiewicz [5, p. 15] we say that u € 2'(RY) has the
section € 2'(R") for t=0 if the distributional limit hm u(x’, et) exists and does not

depend on ¢, namely, 11m <u, ¢,>, exists in 9’(R") for any ¢ e 2(R™) with

(1) =0, Sd)(t)dt:l, and it is independent of ¢. By the equation <u, ¢,>,®9J

=0(ux, d;,,) we see that u has the section for =0 if and only if the partial product
ou exists [4, p. 406]. In this case, if ae 2'(R%) is the section of u, then a=
lim <u, ¢,>,, lim u(x', et)=a®1, and Su=a®?4.

ed0
If 11m <u p1> exists in 2’'(R%) for any d-sequence {p;}, p;€ 2(R}"), we

shall say that u has the section for t=0 in the strict sense. Then, by the equation
<u, p;>,®35=0(ux p;) we see that the partial product - u exists if and only if
u has the section for =0 in the strict sense.

THEOREM 4. For the space B, ,(R") the following statements are equivalent:

(1) The trace mapping B, (RY)3 u—u(x’, 0)e 2'(R") is defined.

(2) The section for t=0 exists for every u € B, ,(R").

(2) The condition (2) holds in the strict sense.

(3) The partial product du exists for every ue B, (RN), where J is the
Dirac measure in R?.

(3)" The partial product 6 - u exists for every u € B, ,(R¥).

(4) The distributional limit lim (1®0)(u*p;) exists for a fixed restricted
d-sequence {p;}, pj€ 2(RY), for evejrywu e B, ,(R").

(5) The distributional limit hm 0 pjl exists for a fixed restricted d-sequence

{p;}, pj€ D(RY), for every ue B, ,,(RN)

Proor. We have already noted the equivalences (2)<>(3) and (2)'<>(3)'.
The implications (3)'=(3), (3)’'=(4), (5) are trivial. It suffices to show the im-
plications (1)=>(3)’, (4)=(1) and (5)=>(1).

(1)=(3)". Suppose (1) holds. Then Yy ®é e B, ,,,(R") for every Y € 2(R").
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Let ue B, ,(RY). Then uxp; converges to u in B, (R") for any d-sequence {p;},
p;€ 2(RY). In fact, we have

[ Jwsp, —wriswaz = {100, - Di#ueas

EN

<sup 19, - 17| 1]7wae

g

and p; converges to 1 boundedly and uniformly on every compact subset of =¥
when jooo. For any ¢ € 2(R") we have

<A ®)(uxp)), §> 4,5 = <uxp;, $(x', 0 ®6>p, , 5, .,/

which implies the existence of lim (1®J)(uxp;). Thus the partial product é-u
exists. e

@=(1). Let {p;}, p;€ D(RY), be a fixed restricted d-sequence. For each
Jj the map

B, (RM)3u — (1 ® 8)(u*p;) = (uxp;)(x’, 0) ® 6 € 2'(R")

is continuous, for the map u—u*p; is continuous from 2’(RV) into &(RV).
By the Banach-Steinhaus theorem the map

B, (R¥)5u — lim (1 ® &) (uxp;) € D'(RY)
Jj—®©

is also continuous. Thus, for any ¢ € 2(RV) there exists w, € B, ;,(R¥) such
that

<lim (1 ® &) (uxp;), ¢> 4 6 = <U, W4>p,. , B, 110
J—®©
If we take u=a € 2(RV), then
<ad, §> 4 9 = <a, ¢(x',0) ® 6> = <a, wy>.

Since 2(RY) is dense in B, ,(R"), ¢(x', 0)®@J=w, € B, ,,(RY), which means that
the trace mapping is defined.

(S5)=(1). Let {p;}, p;€ 2(RY), be a fixed restricted d-sequence. Then the
map

B, (RNsu— pue 2'(RY)
is continuous. By the Banach-Steinhaus theorem the map
B, (RM)3u — limp,u e 2'(R")
J—oo

is continuous, and lim p;u =u(x’, 0)®34 for any u € 2(R"). Thus the trace map-
j—»w
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ping is defined.

-1/p’

We suppose 1/u(0, 7)€ LP'(E™) and put vp,(é’)={g_ ﬁadt} Y . Let
toeR™ and ue 2(RY). Then 7_,ue 2(RY) and (1_,014)"=e"<'°">u. In the
proof of Proposition 1 we have shown

1 \m/p
"u('a tO)"p.v - v “u"p,u'
» 2n

Thus the trace u(-, ty) on t=t, belongs to the space B,, (R") for any ue
B, (RY). For any u e B, ,(R") there exists a sequence {u;}, uje Z(R") such that
u=limu; in B, ,(R") and we have

Jjoo

. 1 \m/p’
4y 10) = 6Cs 1)y S (2 ) =l

Thus u(-, t,) converges to u(-, t,) in B
Since t—uy(-, t) are B
sidered as a B
following

oy (R™) uniformly with respect to t,.
»vp(R™)-valued continuous functions, u(-, t) may be con-

sy (R™)-valued continuous function u(f) of . Thus we have the

ProrosiTION 4. Suppose 1/u(0, 1) LP(E™). Then every ueB,, (R") is
identified with the B,, (R")-valued continuous function u(t), where v,(Z’)

ki e Uil
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