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0. Introduction and summary

Fractional factorial designs were first introduced by Finney [18] in an

agricultural setting. The theory has found increasing use in various fields of

experimentations, and further developed in orthogonal fractions in which esti-

mates of the effects of interest are mutually uncorrelated. However, orthogonal

fractions are available only for special values of the number of assemblies (or

treatment combinations) and are generally uneconomic in the sense that they

involve more than the desirable number of assemblies. In this sense, one needs

to consider non-orthogonal (or irregular) fractions as well (cf. [4]). The class
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of balanced designs considered here is the next wider class to be looked into.

As a generalization of orthogonal arrays, the concept of balanced arrays

(B-arrays) was first introduced by Chakravarti [7], who called them "partially

balanced" arrays. Several authors (cf. [8, 9, 17, 22, 33, 39, 46, 53]) have con-
tributed to the development of such B-arrays, particularly, their constructions of

2, 3 and, in general, s levels. A connection between a B-array of strength 2£

and a balanced fractional 2m factorial (2m-BFF) design of resolution It +1 was
given by Yamamoto, Shirakura and Kuwada [59]. Furthermore, the same
authors [60] obtained an explicit expression for the characteristic polynomial of
the information matrix of a 2m-BFF design of resolution 2^-hi, by utilizing the
decomposition of triangular multidimensional partially balanced (TMDPB)
association algebra $1 into its two-sided ideals 21̂  for /?=0, !,...,£. This poly-

nomial also yields the results obtained by Srivastava and Chopra [51]. The
concept of MDPB association schemes was first introduced by Bose and Srivastava
[5], as a generalization of association schemes. Optimal 2m-BFF designs of
resolutions V and VII with respect to popular criteria (e.g., the trace, determinant

and maximum root) have been obtained by Shirakura [40-42], Srivastava and/or

Chopra [10-15, 45, 52, 55], and others. Shirakura and/or Kuwada [39-44]
made further investigation into 2m-BFF designs on the basis of the above-men-
tioned results.

Saturated fractions, particularly, saturated main eίfect plans, which are
special cases of fractional factorials, have been studied by several authors (cf.

[31, 32, 34-38]). This theory is very useful in the sense that the number of
assemblies is equal to the minimum value of estimating the unknown effects of
interest. However, this case has no degree of freedom for error.

As mentioned above, most of the authors have dealt with a design of odd
resolution. On the other hand, designs of even resolution have been studied by

Margolin [27, 28], Shirakura [41, 42], Srivastava and/or Anderson [2, 47],

Webb [57], and others.
Recently, an explicit expression for the trace of the covariance matrix of a

balanced fractional (2, 0)-symmetric design of resolution V for 3m factorials was
obtained by Srivastava and Chopra [54]. Special cases of their results were

also considered by Hoke [19,20], who gave the characteristic polynomial of an
information matrix and various properties of a design based on the second-order
model for 3m factorials. Kuwada [24] has obtained a connection between a

B-array of strength 4, size N, m constraints, 3 levels and index set {A oin^o + Ji
+ 1*2=4} (for brevity, B-array [N, m, 3, 4] with index set {AWl,2}) and a 3m-BFF
design of resolution V. In general, a connection between a B-array of strength
It and an sm-BFF design of resolution 2^ + 1 has been given by Kuwada and/or
Nishii [26, 30]. Furthermore, the above first author [25] has derived the char-
acteristic polynomial of information matrix Mτ of a 3m-BFF design, T, of resolu-
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tion V, by use of the algebraic structure of a multidimensional (MD) relationship.
The concept of relationship was introduced by James [21] in an experimental
design. The author believes that the theory of an MD relationship and its
algebra for a 3m-BFF design will be extensible to the theory for an sw-BFF design
by an argument similar to that for 3m factorials.

This paper consists of three parts. In Part I, fractional 3m factorial (3m-FF)
designs and their algebraic structure are discussed. Section 1 gives the linear
model of a 3m-FF design. Section 2 deals with a connection between indices
Aίoίlί2 of a B-array [JV, ra, 3, 4] and the elements of information matrix Mτ of

a 3m-FF design, T. Section 3 gives the definition of a p-MDPB association

scheme. Particularly, an (^-hl)-TMDPB association scheme and its properties
are discussed. As a generalization of an MDPB association scheme, Section 4

deals with an ( ί" j-MD relationship defined among the sets of effects up to

^-factor interaction (particularly, the case £ = 2) and its algebra 21 (called an

MD relationship algebra). By use of the algebraic structure, 21 is, for case £ — 29

decomposed into the direct sum of four two-sided ideals 31̂  for /? = 0, 1, 2, /. The
explicit expressions for irreducible representations Kβ of Mτ for B-array [N, m,
3, 4] T with index set {λioiίh} with respect to ideals *Άβ are also given.

In Part II, practical properties of a 3m-BFF design of resolution V are dis-

cussed, and optimal 34-BFF designs of resolution V with respect to the trace and

determinant criteria are presented for 33^iV^56. Furthermore, under some
restrictions on indices λioiίi2, optimal 34- and 35-BFF designs of resolution V with
respect to the above two criteria are presented for 57^JV^81 and 51^N^70,

respectively. Section 5 shows that a necessary and sufficient condition for design

T to be balanced is that T is a B-array [N, m, 3, 4] with index set {AJoM2}, pro-
vided Mτ is non-singular. In order to obtain an optimal design with respect to
popular criteria, Section 6 gives an explicit expression for the characteristic
polynomial of Mτ (and hence that of Vτ (=Mj1) for a 3W-BFF design of resolu-
tion V) and for the trace and determinant of VΊ. Furthermore, this section
includes, as a by-product, a necessary condition for the existence of a B-array

[N, m, 3, 4] with index set {AίoίlίJ, and a connection between a B-array and its

(0, 2)-interchanged B-array. Utilizing the algebraic structure, Section 7 gives
the elements of covariance matrix Vτσ

2 of a 3m-BFF design, T, of resolution V.

By use of the results obtained in the preceding sections, Sections 8 and 9 present

optimal 34- and 35-BFF designs derived, respectively, from B-arrays [N, 4, 3, 4]

and B-arrays [JV, 5, 3, 5] with respect to the trace and determinant criteria,

under some restrictions on λioiίi2.
In Part III, balanced third-order designs for 3m factorials (briefly, 3m-BTO

designs) are discussed. As a generalization of the second-order model for 3m

factorials (cf. [38]), Section 10 suggests the definition of the third-order model,
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and also gives the relationship defined among the six sets of effects, i.e., the general

mean, the linear and the quadratic components of the main effect, the linear by
linear and the linear by quadratic of the two-factor interaction, and the 3-linear

of the three-factor interaction. Section 11 gives a connection between a B-array

of strength at least six and the elements of information matrix M£ for the third-

order model. The explicit expression for irreducible representations K$ 05 = 0, 1,

2, 3, /) of M£ with respect to ideals 2ί| of algebra 21* is also given. Using the
results mentioned above, this section also gives an explicit expression for the
characteristic polynomial of M£ (hence that of Ff ( = M^~!)) and for the trace

and determinant of F£ for a 3m-BTO design. Under some restrictions on.λ?oίlίa,

Section 12 presents the elements of Ff and optimal 36-BTO designs with respect

to the trace and determinant criteria. As a by-product, this section also gives
some existence condition for B-arrays based on the third-order model and for 3W-
BTO designs.

For convenience sake, the notations and symbols shown below are used

throughout this paper. Unless stated otherwise, their meanings are as follows:

IP Identity matrix of order p.

Gpxq A pxq matrix all of whose elements are unity. As special
cases, GpXp and Gpxί are denoted by Gp and jp9 respectively.

Opxq A pxq matrix all of whose elements are zero.

A' Transpose of matrix A.
tr (A) Trace of matrix A.
det (A) Determinant of matrix A.
\S\ Cardinality of set S.

Var [y] Covariance matrix of vector y.
δ^ Kronecker's delta, i.e., δ^—l or 0 according as i=j or not.
min (u, v) Minimum value of integers u and v.

(nj Binomial coefficient. As a special case, ( n J = 0 if and only

if m>n or m<0.
wr(εu £2» > εk): The number of r's in the vector (εί9 ε2,..., εk).
\_A(

Λ

ab>cd}~\ : Algebra generated by the linear closure of these matrices
indicated in the bracket [ ].

diag{αl9..., α l 9...9 αs9..., αj: A pxp diagonal matrix obtained by juxta-

posing each 0f prtimes (i = l, 2,..., s) for
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Part I. 3m-FF designs and their algebraic structure

1. Linear model of 3ro-FF designs

Consider a factorial experiment with m factors, Fί9 F2,..., Fm, each at three

levels. As usual, the assemblies or treatment combinations will be represented

by (7*1, j2» jJm)> wherein factor Fr has level jr for r = l, 2,..., m and each jr is

equal to 0, 1 or 2. Consider the observations y(Jι, j2>'-Jnϊ) corresponding to

assemblies θΊ,72» ->7m) and their expectations ιj(/ι, J2>— »7m) In this case> it
is well known (cf. [24]) that various factorial effects can be expressed as a linear

combination of all expectations f?(./Ί,72,..., ./',„), i.e.,

(1.1) 0(εlf ε2,..., εm) =

jl, 72» - - 5 7m)

for β, = 0, 1, 2; ί = 1, 2,..., m,

where are given by

in which elements dj(ε) are defined by

(1.2) D =

" d0(0) d^O) d2(0) ~

d0(l) di(l) d2(l)

_d0(2) (̂2) d2(2)_

1 1 1 ~

= - 1 0 1

1 - 2 1

•

Note that D is the coefficient matrix of an orthogonal polynomial of degree 3.

Let

V =

η(0,...,Q, 0)
ιKO,.. , 0, 1)
η(0,...,0, 2) and

_ η(2,..'.,2,2) _

Γ 0(0,. ...0,0)1
0(0,... ,0,1)

<?= 0(0,..., 0,2)

0(2,.:., 2, 2) _

be, respectively, the 3m x 1 vectors of all expectations of observations and effects

arranged in the lexicographic order. Then, from (1.1), θ can be written in

matrix notation as

(1-3)

where ) = D®D®- ®D (m-times Kronecker products of D) and
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D(m)D(m) is the diagonal matrix with diagonal elements 3w°(βl»e2 «m)2*Ί<«ι «2 «»•)
.6"2(ει,δ2,...,εm) corresponding to the (ε13

w-1 + ε23
If|-2+ +εm + l, 813

w"1 + fi23
m~2

+ ... + εm+l)cell.

In particular, the general mean, denoted alternatively by θ(φ), is represented
by 0(0, 0,..., 0), and the linear (the quadratic) component of the main effect of

factor Ft9 denoted alternatively by 0(f*) (0(ί2)), is represented by Θ(εl9 ε2,..., εm)
with ε, = l (ε, = 2) and εr=0 for all r^t. The linear by linear (the quadratic by
quadratic) component of the two-factor interaction of factors Ftl and Ff2, denoted

alternatively by θ(t\t^) (θ(t\t^))9 is represented by 0(ε1? ε2,..., εw) with εrι=ε,2 = l

(είl=εf2=2) and εr=0 for all r^tί9 f2, and the linear by quadratic of the two-
factor interaction of factors Ft3 and Fί4, denoted alternatively by θ(t\t$)9 is repre-
sented by 0(εl5 ε2,..., εm) with εf3 = l, εf4 = 2 and εr = 0 for all r^t39 t4. In general,

for {*!,..., tkί, *i,..., t'k2} being a subset of {1, 2,..., m}, the /^-linear by fc2-
quadratic component of the fc-factor interaction of factors Fti,...,Ftk and

Ffi,..., Ffίe2, where fc=fc1 + fc2, denoted alternatively by βίίί ίt^i2--^), is repre-

sented by Θ(sl9 ε2,..., εm) with είt = = εfkj = 1, εf = = ε^ =2 and the remaining
εr being all equal to zero.

Solving (1.3) with respect to ij yields η = D[m)09 i.e.,

nϋi, h, , ΛΠ) = Σ dί{ίf::iz9(pι, ε2,..., εj.
ει,ε2,...,εm

We shall consider the situation where three-factor and higher-order inter-
actions are assumed to be negligible. In this case, the number of unknown

effects is given by vw=l + w + w-f(^] + (^J+2(^M = l4-2w2, and the v m x l

vector of these effects θVm can be rearranged as follows:

where ίx<ί2 and t3¥
:t4. Since dj(0) = l for all j9 we can obtain the following

model for the expectation of the observation corresponding to assembly (jί9 7*2,...,

0.4) Ί(Jι,J2,...JJ = W) + Σ Σ
£=1 t=l

+ Σ

2. B-arrays and information matrices

Let T be a fraction with N assemblies. Then T can be expressed as a matrix

of size Nxm whose α-th row 0"iβ),Λβ),...,jί,β)) denotes the α-th assembly for
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α = l, 2,..., N and ;<α) are 0, 1 or 2 for i = l, 2,..., m. Let j(T) and ?(Γ) be

the N x 1 observation vector and the corresponding expectation vector with

α-th elements y(j(*\A*\...J&) and η(j[Λ\AΛ\...9j&), respectively. Con-
sider the N observations in j(T) as independent random variables with common

variance σ2. Then, from (1.4), τy(T) and Var [y(T)] can be expressed as follows:

ij(T) = ET0Vm and Var |>(T)] = σ*IN,

where Eτ is called the N x vm design matrix of T. It can be seen from (1.4) that

the element corresponding to Θ(ίf1ί|2)-column in the α-th row of Eτ is given by

d/ίβ)(6ι)d/t(α)(ε2) Here, in the symbol for an effect, when the exponent, εr, of
tr is zero, we shall omit this tr from the symbol. In particular, 0(f?φ means the

general mean, θ(φ).
The normal equation for estimating θVm can be written as

(2.1) Mτ0Vm = £τyCΓ),

where MT = E'TET is the v m x v m information matrix whose row and column

correspond to the elements of 0Vm, respectively.

The term "resolution" was introduced by Box and Hunter [6] to classify the

fractions. A fraction, Γ, is called a fractional 3W factorial (3m-FF) design of

resolution V, if information matrix Mτ is non-singular. In a 3m-FF design of

resolution V, all effects up to two-factor interaction are estimable if three-factor

and higher-order interactions are negligible. For a 3m-FF design of resolution
V, the best linear unbiased estimate (BLUE) of 0Vm can be given by

^
where Vτ = Mγl. Note that 0Vm is the unique solution of (2.1). It can also be

shown that Var [0Vm] is given by

(2.2) Var[0vJ = FΓσ*.

Let ε(tlltε%', ί|3*44) be the element of information matrix Mτ whose row

and column correspond to 0(fff|2) and Θ(tε

3

3tfs), respectively. Then we have

(2.3) ε(/ί'/|2; /f*/J«) = £ dj^ε^dj^^)^^^^^
«=1 1 2 3 4

which yields that ε(tllt^2; ί|3ί|4) is invariant with respect to any permutation of

{1 , 2, 3, 4}. Thus we can write tiίftφ ί|3ί|4) as y?|f γt \* j with the property

Ή&iίi = y«i?ίϊ«ϊ«: for a11 OΊ, ̂  '*3> U = {i, 2, 3, 4} .
Let dί> = (l, 1, 1), di=(-l, 0, 1) and di=(l, -2, 1) be the row vectors of
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matrix D as defined by (1.2). Then, since D is non-singular, we get

LEMMA 2.1 (Kuwada [24]).

d0*d, = df*d0 = dr for r = 0, 1, 2,

dί*dί = (2dQ + d2)/3,
(2.4)

dί*d2 = d2*dί = dί9

d2*d2 — 2d0 — d29

where symbol * denotes Schur product (or Hadamard product), i.e., (aί9 a2, α3)'

*(bι, ί>2> &3)' = («!&

From (2.3) and (2.4), it is easily shown that ε(t\^9 φφ), ε(tγtε

2

2; tγt\*\
s(tyt2

2; ίί3ί4

4), εC^Q2; if3*!4), ε(ίffl2; Q3Q4) and ε^ί1^2; ί|3ff4) can be expressed

as linear combinations of τΛε'° ° τΛε2° ° ^2° ** αΛ8^0

 v

διεi° B* and vει^ε30

as> linear com Dinauons 01 /f 1 f 2 ί 3 ί 4 , / ί ι f 2 ί3f 4 » tt^it^t^ ^t\t^t^^ rtιt2t3t4

 dnϋ / r ι r 2 ί 3 f 4 »
respectively, for ε; = 0, 1, 2 (r=l, 2).

We shall define a balanced array (B-array) of strength ί.

DEFINITION 2.1. An Nxm matrix, T, whose elements are 0, 1 or 2 is called
a balanced array of strength ί, size N, m constraints, 3 levels and index set {Λίoίli2|
io + iι + i2 = t9 IQ, il9 i2^Q} (for brevity, B-array [N, m, 3, ί] with index set
Uioίiίi}), if every subarray Tkίk2...kt composed of /crth, fc2-th,..., ferth columns
of T is such that every 1 x t vector with wr(jkl, jk29...9jk) = ir (r=0, 1, 2) occurs
exactly Aίoίlί2-times as a row of Tklk2...kt. Clearly N=Σ{ίV(ioίiι
where summation Σ extends over i0 + iί + i2 = t and i0, i l5 i2^0.

Especially, a B-array [N, m, 3, ί] with index set {λίoili2} is called an orthogo-
nal array of strength ί, size ΛΓ, m constraints, 3 levels and index λ, if λioίίi2 = λ
for any /0, /15 i2 satisfying i0 + ii + ι2 = t and i0, iί9 i2^0.

The following theorem has been established :

THEOREM 2.2 (Kuwada [24]). A necessary and sufficient condition that,
for any subarray Ttlt2t3t4 of T9 the elements yfj?^3?4, of information matrix
Mτ of a 3m-FF design of resolution V depend on set {εί9 ε29 ε3, ε4} only through
wr(εl9 ε2, ε3, ε4)=pr (r = 0, 1, 2) is that T is a B-array [N, m, 3, 4] with index
set {λioiίi2}.

For (εl9 ε2, ε3, ε4) with wr(εl9 ε2, ε3, ε4) = jpr (r = 0, 1, 2), we denote y f j β f j f j
by 7poplp2. A connection between fifteen possible distinct values yPQpίp2 of the
elements of Mτ and indices λίoiίi2 of a B-array can be expressed as

•(- l)ίo(5oίj(- 2)iι;.iOH.il+ί2 iO + jl+,2
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Γ Λf\ί\ —4UU

040

004

310

301

130

031

103

013

220

202

022

211

121

112

TABLE A.

0 1 0 - 4 0 0 - 4 0 0 6 0 0 0 0

1 16 1 -8 4 -32 -32 4-8 24 6 24 -24 48 -24

_ 0 1 - 3 - 2 - 1 1 2 3 - 3 0 3 - 3 0 3

- 2 1 1 4 - 5 - 5 4 1 - 3 6 - 3 3 - 6 3

0 1 - 1 2 0 0 - 2 1 0 0 0 3 0 - 3

- 0 1 2 2 0 0-2-2 0 0 0 - 6 0 6

- 8 1 - 5 4 4 4 4 - 5 6 6 6 -15 12 -15

- 0 1 6 - 2 8 - 8 2 - 6 - 1 2 0 1 2 6 0 - 6

0 1 2 0 0 0 0 2 1 - 2 1 - 2 - 2 - 2

4 1 - 2 4 4 4 4 - 2 - 3 6 - 3 - 6 - 6 - 6

0 1 - 4 0 0 0 0 - 4 4 - 2 4 4-8 4

0 1 0 - 2 2 - 2 2 0 3 0 - 3 0 0 0

0 1 - 1 0 0 0 0 - 1 - 2 - 2 -2 1 4 1

0 1 3 - 2 - 4 4 2 - 3 0 0 0 3 0 -3 ,̂

5X 400

040

004

310
301

130

031

103

013

220

202

022

211

121

112_

where summation Σ extends over ΐδ+iϊ + i^-Pr* 0^i'!i^Pr (
r» 4 = 0, 1> 2) and

4. This relation is concretely written as Table A.

3. TMDPB association schemes

As a generalization of association schemes, multidimensional partially
balanced (MDPB) association schemes were first introduced by Bose and
Srivastava [5]. Several authors (cf. [1, 3, 48, 49, 59, 61]) have contributed to
the development of the theory of such MDPB association schemes.

Let 5ls S2,..., Sp be p mutually disjoint non-null finite sets of objects with
\Sι\ = ni each. Suppose that a relation of association is defined for each ordered
pair of objects xίa e St and xjb e Sj and that xjb is called the α-th associate of xia

for some α belonging to a set of association indices, Π(i>J\ As in the case of
association schemes, every object is called the 0-th associate of itself and 0^
77(ί|ί) is assumed. The following definition is due to Yamamoto, Shirakura
and Kuwada [59]:

DEFINITION 3.1. The relation of association defined in a collection of sets

(Sl5 S2,..., Sp) is called a p-MDPB association scheme if the following conditions

are satisfied:

( i ) The relation of association is symmetric, i.e., if xjb is the α-th associate
of xia9 then xia is the α-th associate of xjb.

(ii) With respect to any xiaeSh the objects of SJ9 distinct from xία, can be

divided into n(i'J) disjoint classes and the number of objects in the α-th associate

class S/α; xia) is n(

Λ

iJ} for ί, j = l, 2,..., p, the numbers, n(i J) and nfyfl.
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being independent of particular objects xia chosen in St.
(in) Let Si9 Sj and Sk be any three sets which are not necessarily distinct.

Further, let xjb (e Sj) be the α-th associate of xia (e St) and consider sets Sk(β; xia)
and Sk(γ; xjb). Then the number of objects common to sets Sk(β; xίa) and Sk(γ;
xjb) is a number, p(i, j, α; fc, β, y), depending on pair (xia, xjb) and Sk only through
i, j, α, fe, j? and 7.

Note that an association scheme is a special case of a p-MDPB association
scheme, when p=l.

Now let S0, Si,..., S| be the ^ + 1 sets such that S0 = {(̂ )}, 51 = {01)},...,
Sί = {(tίt2'"tjί)}9 where {f l 5 *2,..., ίj is a subset of {1, 2,..., m} and ί1<ί2< -<
ffc for fc=l, 2,..., ,̂ and ^[w/2], in which [jc] is the greatest integer not exceed-

ing x. Then we have \Sk\ = nk=(Ύ\ Suppose that a relation of association is

defined among those sets such that (tίt2'~tu)eSu and (t'ιt2- t'v)eSv are the
α-th associates if

(3.1) |{f l f f2, . , U Π [t'i9 t'29...9 t'Ό}\ = min(M, t;) - α.

In this case, the following theorem was shown by Yamamoto, Shirakura and
Kuwada[59]:

THEOREM 3.1. The relation of association as defined by (3.1) among £ + 1
sets, {(<£)}, {(JO},..., {(tit^ tt)}, is an (^ + 1)-MDPB association scheme with
parameters

\ {1, 2,.. .,11} if u = v,
(3.2) 77<« »> =

I {0, l,...,min(M, v)} if u ϊ v,

{ u if u = v,

min (M, v) + 1 // u ^ v,

m-u

α.5,

/t? - min (t/, t;) + α \ / w - u - v + min (t/, ») — α \
\rnin (v, w) - γ - k)\w - min (u, w) + β - min (v, w) + γ 4- k) '

The scheme thus defined is called a triangular (£ + 1)-MDPB (TMDPB)
association scheme which can be regarded as a generalization of triangular series
of association schemes (cf. [58]).

The local association matrices, "̂ β) = ||αί}^"!ί;;.β|| (α = 0, 1,..., min(M,ι?);w,
v = 0, 1, . . ., £), of size nu x nv are defined as
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fili...fi ί 1 if (*ί*2"Ό is the α-th associate of (fιί2* *•*«)>
atlt2'"tu;» = ]

[ 0 otherwise.

Now consider nuxnv matrices XJ*"'1'* 08 = 0, l,...,min(w, ϋ); M, ι? = 0, 1,..., )̂
which are linear combinations of the local association matrices, A(

a*
 v\ as follows

(see [44, 60]):

1 for 0 ̂  α ̂  u ^ i?,

(3.6) ΛJ<" "> = Σ zfί.^ "* for 0
α=0

>)' for U

Then matrices 4$(tt'ϋ) satisfy the following properties:

(3.7)

The theory of TMDPB association schemes is powerful to obtain various proper-
ties of a 2m-BFF design of resolutions 24 and 2£ + l (cf. [39-44, 59, 60]).

4. MD relationships and their algebra

As seen in the preceding section, the relation of a p-MDPB association scheme

is symmetric. In this section, however, we shall consider the case in which the
relation is not always symmetric. Nair [29] generalized PBIB designs by relaxing

the condition of symmetry in the relation of association.
Consider p mutually disjoint non-null finite sets of objects, Sl9 S29...9Sp9

where the number of objects in set Sf is |Si| = ri, (i = l, 2,...,p). Suppose that
relationship £(α; i, j) is defined for a set of each ordered pair (xia9 xjb) of objects

xiaeSi and xjbeSj. We say that xia is related to xjb by relationship R(α; i, j)>
if ordered pair (xia9 xjb) of objects belongs to R(oc; i, j), where index α belongs to

a set of relationship indices, Ω(i, j).
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DEFINITION 4.1. A collection, '©, of sets, Sl9 S2,...,Sp9 is said to have a
p sets multidimensional (p-MΌ) relationship if the following conditions are
satisfied :

(i) Given any object xia e Sί9 the objects of Sj (j = 1> 2,..., p), which are not

necessarily distinct from xia e Si9 can be partitioned into n(i, j) disjoint subsets,

where xίa is related to each element of the α-th subset by relationship #(α; ί, /).

The number, n(i, j), of such subsets, and the number, n(α; ί, j), of objects in the

α-th subset are independent of particular object xίβ, so long as xia e St.

(ii) Let Si9 Sj and Sk be any three sets in S, where ί, j and k are not neces-

sarily distinct. Further, let xia (e St ) be related to xjb (e Sj) by JR(α; ι, 7). Then
the number of objects xkcεSk such that xίa is related to xhc by Λ()5; f, fc) and ;cftc

is also related to xjb by R(yι k, j)9 is a constant, q(i, j, α; fc, /?, 7), which depends
on ordered pair (xία, xyft) and Sk only through ϊ, , fc, fl(α; ί,/), #(/?; ί, fc) and

R(yιk,j).

Let 6 be a collection of sets of effects Sβ,«2 =

where 0^α + α^^^[m/2]. Then the number of effects in set Saιa2 is nβlβ2

Define relationship l?(a; flιfl2> ̂ 1^2) in suc^ a way
is related to θ^ul ulμ'f -u'fy by /{(α 'α^, ^ι&2X if components αv (ί, 7 =
1, 2) of relationship indices α satisfy the following formulas:

!, - αn,

|{ίι,—, taί} Π {wi,..., W f c J I = min(a!, 62) - α12,
(4.1)

|{*Ί> > C2} Π {M!,..., iift j l = min(α2, bj - α21,

I W,.. , C2} Π {wi,..., w jl = min (α2, 62) - α22,

where α = (αnα12α21α22). Note, from (4.1), that if 00ι *i/ι2 <2

2) is related to

ίX2 ttί2

2)byΛto
^) by .R(ά; fcj^, ^^2), where ά = (α11α21α12α22). In this case, we have

THEOREM 4.1. Among ( ΐ ) 5^5 of effects Saιa2 (0^α1 + α2^^), suppose

that relationship indices a are defined by (4.1). Then the collection of these

sets of effects have a ( "I \MD relationship with parameters

(4.2) Ω(aίa29 b^b2) = {(αnα12α21α22)|0 ^ αJΊ ^

0 ̂  afi ^ min (a2, ί?! - afj,

0 g a
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(4.3) n(α1α2,

m i n ( α ι , 6 ι ) min(αι — α*^,^) min(α 2 ,ί>ι — α^)

= Σ Σ Σ
«ϊι-°

(4.4)

ι
α*

(4.5) q(aίa29 b^ a; c^c2, β, γ)

* *
= Σ Σ Σ Σ Σ Σ Σ Σ ( )(

Aιι=0 Λι 2 =0 Λ 2 ι=0 Λ 2 ι=0 \^

a, - α*.

m - (a + A) + α*. - 4-

w/ierβ α^sminCα,, b^- bj)-yij9 <x$.=

= bί + b2for ί, ; = 1, 2.

PROOF. For any

subsets S6lfca(α; θίίi
tioned, where flCίί-ίi

j^, consider the number of disjoint
into which the objects of SMa can be parti-

related to θίul-iiiXi2-^) (eSWa) by X(α;
} Π {«!,..., ttfcl}|, α*2 = |{ίl5..., ίβl} n {ui,..., uί2}|,
and α?2 = |{ίi,..., CJ n {<,., uίjl Then

x and αf2 such that αf1 = αf2 = αf1 = αf2 = 0,

&2^^. Hence O^αJi^mίnCαi-αJΊ, i>2) and
for αf1 = 0, 1,..., min(α l 9 ί?i). For any αf l f αf2 and

αfj satisfying the above conditions, it holds that 0^αf2^min(α2~α| l5 b2 — αf2).
Therefore, we get (4.2) and (4.3). The cardinality, n(α; α^, ftι&2), of set

^i»ι52(
αί ^( ί̂ ^i^ί2*"^)) in (4-4) will be given by counting the number of sets

{ul9...9ubί9u'l9...9u'b2} with cardinality bί + b2 satisfying af1 = |{i1,..., ίαj n

{MJ,..., U f r | , αf2 = |{ί1,...).ίfl) n {w'is.;., w ^ b αl^K^,..., ί n {«!,..., w & I a n d

there exist integers αf l 5 αf2,
since 0^al + a2^£ and 0^fe
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α*2HW,..., C2}n{w;,...,ι/;2}|, where 0(iψ <w;2 w£)eSM2. Since those

numbers are independent of the particular choice of object 001 ίi/ι2 C2

2) *
n

Sβlβ2, the condition (i) of the MD relationship is satisfied.
The condition (ii) of the MD relationship can be verified by counting the

number of those (Kvl vUf—Ό'g) in SC1C2 such that 0(ίl ίi/ι2 <2

2) is related
to θ(ϋί ι?ίyι2— ϋ^) by R(β;aia29clc2) and 0(f>ί— f^ϋί2— t?;2) is related to
ΘM . ultf. u'ft by R(r; c,c29 b,b2\ where Wl-fί/!2-*;2) is related to
0(Mι Miιwι2 "wί>2) by R(a; a1a29 bίb2). This is equivalent to the counting of
the number of sets {υl9...9 vcι, v'ί9...9 υ'C2} such that [ti9...9 taι}9 {tl9...9 taι}9 {fj,...,
t'a2} and {ίi,..., *;2} have βfl9 #f2, β^ and j?|2 intersections with {t^,..., ι>cj,
M,..., t/C2}, {f>ι,..., ι>Cl} and M,...,ι;;2}, respectively, and {t^,..., ι?cι}, {f? l f...,

^J. (»i»— ̂ 'c2}
 and {V'i*—>vc2}

 have y*ι» y*2> 7*ι and y|2 intersections with
{«!,..., ίifcj, {«i,..., t/ j, {«!,..., iiftj and {t/i,..., ίiίj, respectively. The number,
therefore, is given by (4.5). It can further be seen that the number, q(aίa2ί

bib^a CiC^β.r), is dependent on θίίi ίίjίi2-^2), Θ(«l <tti2 «i2) and
5C1C2 only through 0^2, 6^2, ctc2, Λ(α; a^a29 b^b2\ R(β\ a^a2, CjC 2) and

ί Cιc2> ^1^2)- Thus, the proof is completed.

Note that, for pairs (al9 α2), (6^ b2) and (cl9 c2), if at least one of elements
of each pair is zero, parameters (4.2), (4.3), (4.4) and (4.5) can be reducible to
(3.2), (3.3), (3.4) and (3.5), respectively.

REMARK. For 500, S10, S01, S20 and S02, relationships £(α; αxα2, b^b^
with relationship indices α defined among those sets by (4.1) are similar to the
relations of TMDPB association schemes defined by (3.1).

COROLLARY 4.2. Among six sets of effects {θ(φ)}9 {θ(tl)}9 {Θ(t2)}9 {Θ(t\t2)}9

and {θ(t\t$}9 suppose that relationship indices a are given by (4.1).
Then the collection of those sets of effects has a 6-MD relationship.

Let w/fij,..., εkί) = ar and wr(εi,..., ε'k2) = br for r=l, 2. Then the local

relationship matrices, A(

Λ

aιa2>bib2)=\\a(tlί ~fk

k

l

l:> fiβl fίβ

2

k2)J|, of size naιa2xnbίb2

are defined as

1 if θ(tll - - ίJk») is related to θ(t'^ i£k 2)

0 otherwise.

In Parts I and II, we shall mainly discuss the case where £ = 29 i.e., 500 =
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and{0(*iΦ}> with n00 = l, n10 = "oι =

tively. From (4.1) and Corollary 4.2, we have

««2) = / m for aιa2 = 00, 10, 01, 20, 02,

i.ii) = Λ / W,X

(4.7)

and Su =

nu=2^), respec-

The relationship matrices, D(

a

ai°2>bib2\ of order vm are defined such that every
matrix has thirty-six submatrices M ( M 1"2 t l l l i ; 2 ) of size nulM2 x nυιϋ2, whose row and
column blocks correspond, respectively, to sets {θ(t^ty)} and {Θ(tε

3

3t%?)}9 and
such that all but M(aιa2 bίb2) = A(

a

aίa2 bίb2) are zero submatrices, where ur=
Wr(ει»ε2) an(i I;r==wr(ε3»ε4) f°r 7* = 1,2. From (4.7), some properties of relation-
ship matrices D(

Λ

aιa2>bίb2) are cited in the following:

(4.8)

n(oo,oo) i ndo.io) . n(oι,oι) 4. n(20,20) ι n(02,02)
^(0000) ^ ^(0000) ^ ^(0000) ^ ^(0000) ^ ^(0000)

(αιβ2 f>»ί'2) =
—

(0110)

The symmetric matrices, Bj t

βlf l2>blί>2), of order vm are defined as

= ^ 2̂ = oo, 10, 01, 20, 02,

if 0^2 Φ b\b2 and ava2 = 00, 10, 01,

20,02; b,b2 = 00, 10, 01, 20, 02, 11,

if ava2 = bίb2 = 11 and α = (0110),

(1001), (0111), (1110), (1111),

Dl\kW + D«\ n\? if ^2 = 6^2=11

and α = (1011) or (1101).
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Then we have the following:

THEOREM 4.3. The algebra, M={B(

a

aia2>bib2)}, generated by forty-nine

symmetric matrices B^aίa2>bίb2^ is a semi-simple, completely reducible matrix

algebra containing IVm. 91 can also be represented by [D<e

αια2'fclί>2)| aeΩ(aιa29

bιb2)', α1α2ί b1b2 = QQ, 10, 01, 20, 02, 11] of all eighty-two relationship matrices

PROOF. Since all generators of matrix algebra $ϊ are symmetric, $1 is semi-

simple and completely reducible. From definitions of D(

Λ

aιa2>bίb2) and B[aίa2>bib2\

(4.9)

'2) for £1^2=00, 10,01,20,02, 11

and bγb2 = 00, 10, 01, 20, 02,

'2> for ava2 = 00, 10, 01, 20, 02

and b^2 = 00, 10, 01, 20, 02, 11,

B^ ^Bftlύtf for a^a2 = bfa = 11

and α = (0110), (1001), (0111), (1110), (1111),

for #j#2 == ^1^2 == 11

and α = (1011),

for a±a2 = bίb2 =11

and α = (1101),

0(11,11)0(11,11)
•-°( 1.001) ̂

0(11,11)0(11,11)
^(1001) ^

(4.10)

Relations (4.8) through (4.10) show that ̂ [D

and D\lιou asNote (cf. [5]) that combining two matrices

)) + β((ιίδi)). six matrices D<» "> (α = (0110), (1001), (0111), (1110),
(1**1), (1111)), which are not the linear closure, turn out to be symmetric.

From Appendix I, let D«c«i«i..*iW (0 = 0, 1, 2; a^a29 ^62 = 00, 10, 01, 20, 02,

11) and D^^M2 ^U2) (z,; = l, 2, 3, 4; 1/^2, ϋj^^lO, 01, 20, 02, 11) be, respec-

tively, the matrices obtained by replacing only non-zero submatrices A(

a

aιa2>bίb2)

of D£β'β* *ι»2) by ;Λ*<αια2.* ι* j ) and Xj^i^.t;,^) Then, from (A.4) we have



(4.11)
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n(oo,oo) _ r)*(oo,oo)
•^(0000) ~~ ^0 J

363

4.

(0000)

_ l _.
^(0000) — U§ ^

0K i. »',»i) = 2(m - 2)0*<fl;<1

ίβi,u) _ /y ,„»<«;<.;, ID
~D(«ίβi,u) _ /y ,„»

•^(0000) ~ \ Z X-^O

^Cι

11' + (« -

11) + (m -
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- 2)/2}/)J(» u) -

- 2(ι» -

where α^ίlOOO), (0100), (0001) according as (β^j, fc1&2)=(10, 10), (10, 01), (01,
01); βί =(1000), (0100), (0010), (0001) according as (α^, fcifci)=(10, 20), (10, 02),

(01, 20), (01, 02); £0=(0100), (0001), ^=(1000), (0010), ί2=(1100), (0011) ac-
cording as 0^2 = 10, 01; τ , = (rOOO), (OrOO), (OOOr) (r=l, 2) according as (αiα2,

b',fe2)=(20, 20), (20,02), (02,02); Cι=(0100), (0001), C2=(1000), (0010), C3 =
(1100), (0011) according as aΊa'2=2Q, 02, respectively.

Note that matrices Dfa>a*>b*bl} and /)J.(«i«j.»i»i) satisfy the following properties:

ι α 2 , Z » ι ί » 2 / ) * M ι W 2 , v ι y 2 = / ) * M ι M 2 > t > ι i ; 2
fij ftj

= Q
^ V m X V m *

(4.12)
jT)*(00,00)

i

'

, _

_j_ £#(02,02) _f_ £*(!!, 11) _ .̂

J)#(20,20) _μ Γ)#(02,02) ι
' X X/22 ' *^f22 ~

, __

*(1

, 11)
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ί l if 0-0,

ι.»ι»ϊ>) = φ =\ m(m - 3)/2 if β = 1,

(4.13) ("71) if 0 = 2,

Note that φ0 = Φo, Φι = Φ2 and φ/ = φf, where φj (0=0, 1, 2) are defined
by (3.7).

Let 2l0 = [Z>S(βlβ2 &lί'2)|αι02, 6^2 = 00, 10, 01, 20, 02, 11], tt^Df^a.Ma)

01, 20, 02, 11; 1,7 = 1, 2, 3, 4]. Then, from (4.12), we have 21̂  = 21̂  = ̂ 21.
for α, 0=0, 1, 2,/. From Theorem 4.3 and (4.11) through (4.13), the following
theorem can be established :

THEOREM 4.4 (Kuwada [25]). The MD relationship algebra, 21, which
is generated by forty-nine symmetric matrices B(

Λ

aιa2>bίb2) and is expressed
by the linear closure of all eighty-two relationship matrices D(

a

aιa2 bίb2\ is
also represented by the linear closure of all eighty-two matrices D$(aίa2'bίb2)

and Dγ^U2>vιV2}. The algebra, 21, is decomposed into the direct sum of four
two-sided ideals 9ί0, 2Il5 9ί2 and <Άf. The ideals, 2I0, 2 ,̂ 9I2 and 91̂  are
isomorphic to the complete 6x6, 3x3, 1x1 and 6 x 6 matrix algebras, respec-
tively. The multiplicities of these irreducible representations are given by
ψ, (/?=(), 1, 2, /).

This theorem implies that for any symmetric matrix M belonging to 21 as

M~ Σ Σ

V C ( Λ l β 2 , & i I > 2 ) / ) * ( Λ l β 2 , b l ί ' 2 ) -|- V £ ^(^

bιί> 2 cι<?2 d^.d^

i.il) + Σ Σ Σ4"Λ"2 l"":ι)^J (

(?"2'''"'2)

J
«1"2 f l f 2 »,J

there exists a matrix, P, of order vm such that

FMP = diag[yl0; Λl9...9 Λ^ Λ2,..., Λ2; Af,..., A / ] ,

φl ίΊ Tf

where c^**»**) and c^** **) are the linear combinations of /j£**»**)5 and diag

[Λ0 ,Λ1,...,Λ1',Λ2,...,Λ2;Λf,...,Λf] denotes a (
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+ Φf) diagonal matrix whose diagonal positions are matrices Λ0, Λl9 A2

and Λf such that

c(00,00) £,(00,10) C(00,01) c(00,20) £,(00,02) £,(00,11)

..(10,10) ,,(10,01) ,,(10,20) ..(10,02) ,,(10,11)C c c

Sym.

£,(01,01) £,(01,20) £,(01,02) £,(01,11)

,,(20,20) ,,(20,02) ,,(20,11)
C0 t-o C0

c(02,02) £,(02,11)

cαι,u)

c(20,20) £,(20,02) £,(20,11)

c(02,02) c(02,ll)

Sym. cί l l f l l )

Λ l O . l O ) ,,(10,01) ,,(10,20) ,,(10,02) ,,(10,11) ',.(10,11)
lίll C/ll 6/12 6/12 C/13 6/14

..(01,01) ..(01,20) ..(01,02) ,,(01,11) ..(01,11)
6/ll C/12 6/12 C/13 C/I4

..(20,20) ,,(20,02) ..(20,11) ,,(20,11)
Cf22 Cf22 Cf23 C/24

Sym.

,,(02,02) >,(02,11) ,,(02,11)
6 /22 6 /23 C /24

,,(11,11) ,,(11,11)
C / 3 3 C /34

The matrices, Λβ (β = Q, 1, 2, /), are called irreducible representations of M with

respect to ideals 91̂  and the following notation is used here:

W:M >Λ for = 0 ,1,2, .

Part II. 3m-BFF designs of resolution V and their optimal designs

5. 3m-BFF designs of resolution V

We shall consider a 3m-FF design of resolution V.

DEFINITION 5.1. A 3m-FF design, T9 of resolution V is said to be balanced

(for brevity, 3m-BFF design), if covariance matrix Var[£Vm] given by (2.2) is
invariant under any permutation of m factors, i.e., for any two estimates

Θ(tytε

2

2) and 9(ί|3Q4) in the BLUE 0Vm,



Optimal Balanced Fractional 3m Factorial Designs 367

Cov (0(/| /!*) 5(/§V*0) = Cov (SCτί/^'τfe)")

where Cov(§(ί|'ί|2); δ(ί|3ί5.4)) denotes an element of Vτ whose row and column
correspond to estimates §(t\Π^) and 0(ί|3*44), respectively, and τ is any element

of a permutation group, {τ

LEMMA 5.1 (Kuwada [24]). A maximal invariant of the function of two
sets {*},..., ίjt, ί'ι2,..., t'*2} and {u\,..., w^, i/i2,..., ιι£} wzίfc respecf to the per-
mutation group is (aί9 a2, bί9 ί>2, \{tl9...9 ίαj Π {wls..., wfcl}|, |{ίlf..., ίαj n {w'ι,...,

"lak IW> , ί'«2} n {ιι1>:.., ttdl}|, !{*!,..., ίjj Π {"i,..., ii'ijl), where {ίl5..., ίβl,
ίi,..., r j and {M!,..., wb l, ιιi,..., iiJJ ar^ suhseίs o/{l, 2,..., m}.

This lemma yields

THEOREM 5.2. For a 3m-FF design, T, of resolution V, a necessary and
sufficient condition for T to be balanced is that VT=VTQ holds for design TQ

obtained from Tby TQ = TQ, where Q is any permutation matrix of order m.

PROOF. From Definition 5.1 and Lemma 5.1, it can easily be shown that
for any permutation group τ of degree m, there exists a matrix, Q, of order m
such that

Hence, the proof is completed.

THEOREM 5.3 (Kuwada [24]). A necessary and sufficient condition for a
3m-FF design, T, of resolution Vto be balanced is that Tis a B-array \_N, m, 3, 4]
with index set {λίoiίί2}, provided information matrix Mτ is non-singular.

6. Characteristic polynomials of information matrices

There are in general a large number of possible 3m-BFF designs of resolution
V with N assemblies. Out of these, one must choose a design which allows esti-
mates of all vm effects and,, further, maximizes the information in some sense.
For such purpose, there are many criteria (e.g., the trace, determinant and maxi-

mum root) which are functions of characteristic roots of information matrix MΓ.

Thus, in order to obtain a design which is optimal in a class of balanced designs
with given m and N, the derivation of the characteristic polynomial of Mτ (hence
the characteristic roots of MΓ) is a basic first step.

Let T be a B-array [N, m, 3, 4] with index set {Aίoίll 2}. Then it follows
from Theorem 5.3 that T is a 3m-BFF design of resolution V with N assemblies,

provided Mτ is non-singular.
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When e(tllt2

2) is related to 0(f|3ίi4) by R(a; aίa29 bίb2), we denote the

element of Mτ corresponding to 0(i{1i52)-row and 0(ff3fJ4)-column by p^i^.fti&a^

respectively, where αr = wr(ε1, ε2)
 and i>Γ = wr(ε3, ε4) (r = l, 2). Then a connection

between p<αια2' f t l ί>2) and γPQPlp2 of information matrix Mτ is given as follows:

(6.1)

n(00,00) __ -, — Λf n(00,10) __ n(10,01) — v n(00,0l) — -.
•^(0000) "~ 7400 "~ iy> "(0000) ~~ "(0000) ~~ '310, P(OOOO) "" 7301,

n(00,20) _ n(lO,10) _ n(lO,ll) __ n(01,20) _ n(20,02) __ n(ll,ll) _ Λ.
r(OOOO) ~" P(1000) ~~ P(1000) "~ -^(OOOO) ."" ^(0000) "" -^(lOOl) ~~ f220>

,(00,02) _ n(01,0l) __ v n(00,ll) _ n(10,0l) _ n(10,02) — n(01,ll) _
~" P(θooi) "" 7202, P(oooo) " P(oιoo) ~~ P(oooo) — Λoooi) ~"

_ /O Λ7" J_ <\ι ^ / 7 r%(lO,20) r,(20,ll) / O Λ I _L Λ» Λ / 7
- ^Z/V -f 730U/-3, ^(0000) ~~ ^(0000) ~~ v^7310 "T" 7211^/J,

n(lO,20) _ n(20,ll) _ « n(lO,02) _ n(01,ll) _ n(02,ll) _
^(1000) -^(1000) /130, ^(OlOO) ~~ "(0011) "(0001) ~~

p(lO,ll) = Oy + y )/3 r,(lO,ll) _ 0(01,20) _ 0(20,02) _

_ n(ll,l l) _ v n(01,0l) _ 9ΛΓ — v n(01,02) _ OΛ, _ Λ,
~^(1101) ~~ /121, P(QOOO) — z"ί* /301, /'(OOOO) ~~ ^7301 7202,

n(01,02) __ « n(01,ll) — n(02,ll) _ OΛ,
^(0001) — /103, ^(OOIO) ^(0000) — ^/310

= (4^ + 4y301 + 7202)/9, /^ggδo? = (^220

n(20,02) _ n(ll,ll) — v n(20,ll) _ /OΛ, - \ / o n(20,ll) _ v
^(0200) ""^(llll) "" '022, /'(OlOO) "" V^/211 ~ /112//- ?, /^(IIOO) ~ '031,

= 47V — 47301 4- 7202, ^(ooόi) == ^7202 ~~~ 7io3, -^(ooo^) = )Όθ4,

= ^7211 — 7ll2, ^(OOll) = ^013, ^(OllO) == (^^ ~~ y202)/3,

= (^7202 + 7l03)/3, Al l io) = ^7220 ~" 7l21,

n(20,20)
^(0000)

where pi i >i f t2,aia2) = jpUia2,i»ift2) an(j a connection between ypoplp2 and indices λioiίi2

of a B-array is always given by Table A. From the definition of relationship

matrices D(

Λ

aιa2 blb2\ information matrix Mτ of Tcan be expressed as

Mτ = Σ Σ Σp*aίa2'bίb2)D*aιa2'blb2)

= Σ* Σ* Σp(aιa2tblb2^^Λaιa2iblb

0102 bιb2 Λ

Hence, it follows from Theorem 4.3 that Mτ belongs to MD relationship algebra

91. From (4.11), Mτ can also be expressed as

Mτ = Σ Σ Σ κ$ίa2>bίb2Dfraιa2>blb2)

a\O2 bib2 β—0

+ Σ Σ Σ κufU2^Ό2D}(^U2^V2\JiJ
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where

(6.2)

κ.oo,oo _ n(oo,oo) κθκo — Poobo ' κo

κoo,ιι = (iff -

(m -

v - n(
ββ *

o — /'(oooo)

α'o' 111 2

~ 2\ (αjβj' 1 1)-!

2 y^3 ^'

l, l l) + ,,(11,11)

κl

- 2
2

(11,11)

b _ ( « β . « » ι
"~ /'(OOOO)

_ yry
~ V Z

n(ιι»n
"/'(OHO)

_ n(ιι.n) _ n(ιι,ιι) _ n(n,ιι) — ndi.ii)
^(Olll) ^(lllO) /'(lOll) /'(HOI)

— n l l , H _ n l l , l l __ n l l , l l __ n l l , H )
""-^(OllO) ^(1001) /'(Olll) /'(lllO)

- (m - 3)̂ ^*''̂ , fc^'11

- 2(w - 3)p& '»ll}}, κ}V» =

+ (m -
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*f34 — \V W V W "" ^/^/X^Olll) /'(lllO) / » Λ /44

•^(1101) ' τ\/W ~~ •^y/^Miii) /•

Here β ,̂ 6^2, αi4, 6i62, α l s βί9 γl9 γ29 ξθ9 ξi9 ξ2, Ci, C2 and C3 are the same
as those given by (4.11). Therefore, Theorem 4.4 yields a 6x6 matrix, K09 a
3x3, Kl9 a 1 x 1, K2, and a 6 x 6, Kf9 such that

«,: MΓ—>^

where

(6.3) κf =
In this case, since /Vm belongs to 31, we have

THEOREM 6.1 (Kuwada [25]). The characteristic polynomial, Ψτ(x)9 of
information matrix Mτ of a 3m-BFF design, T9 of resolution Vis given by

= {det (KQ - */6)}*°{det (Kt - x/3)}φl{det (K2 -

where multiplicities φβ (β=09 1, 2,/) are given by (4.13).

Let KJ^IK^.^^II, K^ = \\κ^C2tM2\\9 Xj^ll^nll and K? =
\\κίlu2,viV2\\ Then from the above theorem and 21 (containing /Vm), we have

COROLLARY 6.2. For T being a design of Theorem 6.1, characteristic poly-
nomial Xj{x) of Vτ (=Mτ1) is given by

THEOREM 6.3 (Kuwada [25]). For T being a design of Theorem 6.1,

tr(FΓ) =
(6.4)

det(FΓ) Ξ det(M?1)=
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THEOREM 6.4 (Kuwada [25]). Let The a B-array [JV, m, 3, 4] with index
set {Aioίli2}. Then a necessary condition for the existence of T is that every ir-
reducible representation Kβ of information matrix Mτ corresponding to T is
positive semidefinite for /?=0, 1, 2,/.

THEOREM 6.5 (Kuwada [25]). A necessary and sufficient condition for the
array of Theorem 6.4 to be a 3m-BFF design of resolution V is that every ir-
reducible representation Kβ of MT is positive definite for β=0, 1, 2,f.

From (6.3) and Theorem 6.4, we get

COROLLARY 6.6. A necessary condition for the existence of the B-array
of Theorem 6.4 is that the following relations hold:

(6.5) A211 + A121 + A 1 1 2 £0,

(6.6a) A220 + λ022 + A121 ^ 0,

(6.6b) A220 + A022 + A2 1 1 + A1 1 2 ^ 0,

(6.7a) m(A400 + A004) + (2m + 1)(A310 + A013) + 4(A301 + A103) + A130

+ A03t + (m + 2)(A220 + A022) - {2(m - 4)(A202 + A121)

(6.7b) m(A400 + 4A040 + A004) - (2m - 9)(A310 + A013) + 4m(A301 + A103)

+ (4m + 9)(A130 + A031) - 3(m - 6)(A220 + A022) + 6mA202

- {3(2m - 9)(A211 + A112) + 6(m - 6)A121} ^ 0,

(6.7c) (^)(A400 + A004) + 2(m - 1) (A310 + A013) - 2(m - 1) (m - 4) (A301

+ A103) + A220 + A022 + (3m2 - 19m + 32)A202 - 2(m - 5)(A211

+ A112) + 2A121 ^0,

(6.7d) (J){A400 + 16Ao*o + ^004 + 4(A301 + A103) + 6A202}

- 2(m - l)(2m - 9)(A310 + A013) - 8(m - l)(2m - 9)(A130

+ Λm) + 3(4m2 - 28m + 51)(A220 + A022 + 2A121)

- 6(m - l)(2m - 9)(λ211 + A112) £ 0,
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(6.7e) A
004
) - 2(m - l)(m - 4)(A

310
 + A

013
)

A
031
 + A

103
) + (2m

2
 - 10m + 17)(A

220

- 4)(A
202

4λ
121
) + 4(m - 4)

2
(A
211

2(m - 1)(A
301

λ
022
)

^ 0,

(6.8a) (m - 2){A
310
 + A

013

(6.8b)

(6.8c)

- (4m - 17)(A
220

m{A
310
 + A

301
 -f A

13

- 2(2m - 9)(A
211

+ A
031
) + 3(A

211

2A
121
) ̂ 0,

103
 -f λ

013
 4- 2(Λ,

220

4(A130

A022 +

+ A031 + A

λί2ί + λlί2) ^ 0,

(m - 2){4(A310 + A013) + A301 + A130 + A031 + A103

- (4m - 17)(A220 + A022) - (7m - 32)(A211

2A202

^ 0.

^022)}

8A121}

COROLLARY 6.7. A necessary condition for the B-array of Theorem 6.4

to be a 3m-BFF design of resolution V is that relations (6.5) through (6.8) hold

with strict inequalities.

It was shown by Srivastava, Raktoe and Pesotan [56] that the characteristic

roots of the information matrix of a design in the general factorials relative to

an admissible vector of effects remain invariant under a permutation of levels.

Their approach was essentially based on the orthonormal matrix, i.e.,

l/Λ/3

1/V2

1/V3 1/V3

- 1/V2 0

1/V6 -2/V6

for D as defined by (1.2).

Let T be an array obtained from T by interchanging all of symbols 0 and 2.

Then it is easily shown that if T is a B-array [ΛΓ, m, 3, 4] with index set {AίoίlίJ,

then Tis also a B-array [JV, m, 3, 4] with index set {Aίoίlί 2}, where ^ί0i1i2=Af2ίlίo.

Therefore, T is called a (0, 2)-interchanged balanced array ((0, 2)IB-array) of

B-array T. Let p^a^b^b^ and γpoplp2 be the values of T corresponding to
p(αιβ2,&ιz»2) an(ι ypopιp2 of Γ, respectively. Then we get

LEMMA 6.8. For a B array and its (0, 2)IB-array,

(6 9> ΪPOP1P2 = (- VplyPoPίP2 f°r Po + Pi + P2 = 4

From (6.1) and (6.9), we have
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LEMMA 6.9.

(6.10) pt*ι 2.bιb2)

if (a,a29 b,b2) = (00, 10), (00, 11), (10, 01),
(10, 20), (10,02), (01, 11), (20, 11), (02, 11),

otherwise.

THEOREM 6.10. For a B-array [ΛΓ, m, 3, 4], T, with index set {λioiίi2} and
its (0, 2)IB-array, T,

(6.11) Ψτ(x)=Ψτ(x),

where Ψτ(χ) is the characteristic polynomial of information matrix Mτ based
on T.

PROOF. From (6.1) and (6.10), there exists a matrix, 17, of order vm such
that

Mτ = UMTU,

where l/ = diag{l, -1,..., -1, 1,..., 1, 1,..., 1, 1,..., 1, -1,..., -1}. Hence,

(6.11) can easily be proved.

The above theorem is powerful for finding optimal balanced designs with
respect to popular criteria. For given values of m and N, there exists, in general,
a large number of B-arrays of strength 4 whose indices satisfy N = Λ,400-f A040

+ A1 2ι+A1 1 2). Out of these, we choose a design which is optimal in a sense.
Theorem 6.10, however, implies that it is enough to select a design such that
ίo\ 1 ^ y ΐ f* 3 —f- 2 ^V\^ 2 .̂ .2 ΐ f 2 — .2 cin/Ί >! *-f- .2 fr*\ 3
\cij ^400 *̂* 004' 400 7^ 004> V ) 310 013' 400 ^~ 004 *̂ "V i ^31 o *^ 013> v / 301

^3017^^103' (d) >^130'>^0315 " ^400 = ̂ 004>

, (e) λ </L , if λ =λ , λ —λ

I OΓ 1̂ j Λ 211 ^̂  Λ<ι 12, 11 ^400 ~~" 004' 310 "~~ 013>

It is easily shown from Theorem 2.2 that if T is a 3m-BFF design of resolution
V, Γis also so and is called a (0, 2)-interchanged 3m-BFF (3m-(0, 2)IBFF) design
of T. Theorem 6.10 yields

COROLLARY 6.11. For a 3m-BFF design, T, of resolution V and its 3m-
(0, 2)IBFF design, T,
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7. Covariance matrices of 3m-BFF designs

Using inverse matrices Kj* of Kβ 0?=0, 1, 2,/), we shall obtain explicit
expressions for all distinct elements of Vτ. Let V(

Λ

aιa2 blb2) be the elements of
Vτ corresponding to ^(tyt^2) and Θ(tε

3

3tε

4

4\ where wr(εl5 ε2) = αr and wr(ε3, ε4) = br

(r=l, 2), and βffiφ) is related to 0(ίf3ί4

4) by R(a; ala2, bj)2). Then we have

THEOREM 7.1. For a 3m-BFF design of resolution V,

( 17(00,00) = κ-0 T7(oo,&ιf>2)Y (0000) ^00,00* v (0000) ~

(7.1)

0 F(oo,u) -
' °ob° ~

1 Λ 2 . H )
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, ,
1 2 ' 2'

,β, n - „(„ - 3)κi,β,

αι f l2'

(m -

2(ι« -

- 2(m -

m(m - 3)/ciM1 - 2 w

- 2)}](κn»f«n

Kfr^ + (in - l)(m - 4)/cf-

- 2)κ?ltll - m(m - 3)κl l f l l + 2

2)κ? l t l l + wfc},.,, - 2(m - !)«{,«;•„},
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where α^, bίb2 = lQ, 01 and a(a'29 fc;b'2 = 20, 02, and aί9 βί9 γl9 p2, £0» ξί9

£2» Ci, C2 0rcd £3 ^re f/ie same as f/iose <7/ι?ett by (4.11).

8. Optimal 34-BFF designs of resolution V

We here consider a 34-BFF design of resolution V with given N. Generally,
there are many such designs. Out of these, we choose designs which minimize
tr(FΓ) or det(FΓ). We assume, throughout Sections 8 and 9, that Mτ is positive

definite. In this case, we have

THEOREM 8.1. For any N, there does not exist any B-array [AT, m, 3, 4]
with (i) at least two of λ22θ9 ^202 and λ022 being zero and at least two of λ2iί,
λί21 and λίί2 being zero, and (ii) λ220 = λ2()2 = λ022 = Q and at least one of λ2ίί,

λί21 and λlί2 being zero.

PROOF. It follows from (6.3) that

= 6 [2^220^202^022 + (^220^202 + ^202^022 + ^022^22θ)

^121^112) + ^022(^211^121

which, from the assumptions, is zero. This completes the proof.

THEOREM 8.2. For any N, there does not exist any B array [N, 4, 3, 4]
with (i) λ3ίQ = λ3Qί=λi3o = λ03ί=λί03 = λoi3 = Q and λ21ί +A 1 2 ι+A 1 1 2 = l, and
(n) Λ400 = Λ004 = /l301 =/130 = /031 =/103 = /i220 = /022 = 0.

PROOF. For case (i), if at least one of Λ,220, ^202 an(^ ^022 is zero, the number
of possible distinct assemblies is less than v4 ( = 33). Hence det(MΓ) = 0. On

the other hand, if Λ.22o> ^202* ^022 ̂ 1» it holds that det(Xy) = 0. For case (ii),
from (6.7e), ycJ1»1 1=0. Hence, it follows from Corollary 6.7 that there does
not exist any B-array with the above indices.

Srivastava and Anderson [50] gave a comparison of the determinant, maxi-
mum root and trace optimal criteria. In general, there are many optimal criteria
(e.g., [23]). In this paper, we shall deal with the trace and determinant criteria
for a given value of N. The trace criterion is proportional to the average of vari-
ance of all normalized linear parametric functions. On the other hand, the

determinant criterion is proportional to the volume of the ellipsoid of concentra-
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tion, that is, in a sense, it refers to the volume of the region within which the
true parametric point may lie with a certain probability (see [16, 45]).

Consider 34-BFF designs of resolution V with v4 ( = 33)<ΞN^56. In Table
1, optimal designs with respect to the trace criterion are given with values of
tr(FΓ) and indices λioίli2 of B-arrays for each value of N in the above range.
Furthermore, from (7.1), we can easily obtain forty-nine possible distinct elements
y(aιa2>bιb2) of yτ for each of optimal designs. These are also given in Table 1.

Next, we consider optimal designs with respect to the determinant criterion.
These designs are given in Table 2 together with elements V(

Λ

aιa2 bίb2) of Vτ

for each of optimal designs.
As seen in Tables 1 and 2, optimal 34-BFF designs of resolution V with

33^N^56 are B-arrays [AT, 4, 3, 4] with indices λioίίi2 such that A400, A040 and
λ004 are 0, 1 or 2, and the remaining Aίoίlί2 are either 0 or 1. Therefore, we shall
consider a B-array [N, 4, 3, 4] with index set {λioiίi2} for 57gJV^81, where A400,
A040 and A004 are 0, 1 or 2, and the remaining Aίoίlί2 are either 0 or 1. Optimal
34-BFF designs with respect to the trace and determinant criteria are, respectively,
given in Tables 3 and 4, where indices A loί l ί2 satisfy the above-mentioned restric-
tions. Furthermore, V(

a

aιa2'blb2) of Vτ for each of optimal designs are given in
Tables 3 and 4.

9. Optimal 35-BFF designs of resolution V derivable from B-arrays of
strength 5

Let Tbe a B-array [N, m, 3, ί] with index set {λioili2\iQ + iί + ί2 = t}. Then
for any non-negative integer k (^t\ Γis also a B-array [N, m, 3, t — k] with index

THEOREM 9.1. A connection between indices λioiίί2(iQ + iί + i2 = f) and

Λ iiwa ('0 + 'I + 1>2 = * - Ό « βiven by

(9.1) to = Σ {k!/(fco!fei!fe2!)}Vo+»oi;+*1ii+*2.
fcθ,fclιfc2

where k0, ki and k2 are non-negative integers satisfying fc0-f fc1-K/c2 = k, and

ir = i'r + kJorr = Q9 1,2.

In general, there always exists a B-array [N, m, 3, m] with index set {λioiίi2}

satisfying N = Σ{m!/(ϊo'ίι!ί2 )}^ί0iιi2 F°Γ 2m factorials, such a B-array [N, m,
2, m] with indices λt (ΐ=0, 1,..., m) is called a "simple" array (S-array) by

Shirakura [39]. We consider a case in which m = t = 5 (hence fe = l). Then,

from (9.1), we have
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Λ-400 = Λ-500 + ^410 + ^401> ^040 = ^140 + ^050

Λ 004 = ^104 + Λ-014 + Λ-005> ^310 = ^410 + ^320

^301 = ^-401 Ί" ^311 ~t~ ^302> ^130 = ^230 + ^140

^031 = ^131 + Λ041 + >^032» ^103 = ^203 + ^113
(9.2)

^013 = ^113 + ^023 + Λ)14» ^220 = ^320 + ^230

/-202 = ^302 + ^-212 '+ ^203> ^022 = ^122 + ^032

^112 == ^-212 + ^122 + ^113-

From (9.2) and Theorem 6.10, we obtain

THEOREM 9.2. For a B-array [AT, m, 3, 5], T, with index set {λioiίi2\

h 4- / ! + /2 = 5} and its (0, 2)IB-array, T,

Ψτ(x)=Ψτ(x).

Let The a B-array [JV, 5, 3, 5] with index set {λioiίi2\iQ + iί + i2 — 5}9 where

Λ-soo* ^oso an(i ^oos are 0» 1 OΓ 2, and the remaining A/oίlί2 (ί0 + i^ + i2 = 5) are either
Q or 1. Then in Tables 5 and 6, optimal 35-BFF designs of resolution V with

respect to the trace and determinant criteria are, respectively, presented for v5

( = 51)^N^70, where indices λioiίi2 satisfy the above-mentioned restrictions.
For each of optimal designs of Tables 5 and 6, forty-nine possible distinct ele-
ments of Vτ are also presented.

Part III. Balanced third-order designs for 3m factorials and their optimal
designs

10. Third-order model and relationship

The general second-order model (cf. [38]) in m factors is presented by

(10.1) η(jι,j2,. ,jj

= 0«0+ Σ Σdjt(*WT)+ Σ djti(\)djt2(\)θ(t\t%
ε=l ί=l f ι < f 2

in which the number of unknown effects is v* = l4-m + m-h^J = f / W 2 )»

where dj(ε) are given by (1.2). As its generalization, the third-order model for
3m factorials can be given by
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(10.2) η(Jι,J2, ,Jj

= Θ(Φ) + Σ Σ djt(έ)θ(t>) + Σtϊ djtι(ϊ)djtϊ(\)θ(t\t\)

Σ dΛ3(iK,4

Four-factor and higher-order interactions are assumed to be negligible. Further,
suppose that the quadratic by quadratic component, θ(φi), of two-factor inter-
action, and the 2-linear by quadratic, 0(φiί2), the linear by 2-quadratic, θ(t\tlt$),
and the 3-quadratic, θ(tltft$), of three-factor interaction are negligible, where

Ί < '2, *s < *4> h J* ts, ί4 φ ts and t6 < tΊ < ί8.
Let T be a fraction with N assemblies such that Var [y(Γ)] = σ2V Then

(10.2) can also be written in matrix notation as

where E$ is the design matrix of size Nxμm, 0'μm = ({θ(φ)}; (θ(t1)}; {0(ί2)};

Waft}; (fl(φi)}; {βίίiΦW) and μm=l + m + m + (̂ ) + 2(̂ )

m(m + l)(m-f 5)/6 being the number of elements of effect vector θμm.
The normal equation for estimating θμm can be written as

where Mf = £f ;£J is the information matrix of order μm. If M£ is non-singular,
Γ is called a third-order design for 3m factorials. For a third-order design, the

BLUE §μm of 0μm and Var \βμ J are given by θμm=V$Eΐy(T) and Var[^J
= FJσ2, respectively, where F^M^"1.

Let l^(α; α1α2, ^1^2) t>e Λe relationship defined between the sets of effects
flOi1'!2'!3) and 0(ί|4ί|5ί|6), where wr(el5 ε2, ε3) = αr and wr(ε4, ε5, ε6) = fer for
r = l, 2. Among the six sets of effects {θ(φ)}9 {ΘC*1)}, {0(f2)}, {θ(ί}φ}, Wφ2.)}

and {ΘCί^έ^)}* suppose that relationship indices a are given by (4.1). Then the
collection of these sets of effects has a 6-MD relationship.

11. Characteristic polynomials of information matrices of balanced
third-order designs

We assume throughout that T is a B-array of strength at least six, and that
MJ is positive definite. This guarantees that MJ is invariant under any permu-
tation of m factors, which implies that Tis a balanced design (for brevity, 3m-BTO
design).



380 Masahide KUWADA

REMARK. A sufficient condition for T to be a 3m-BTO design is that T is a

B-array [AT, ra, 3, 6] with index set Ufol l ί2l
ϊ'o + IΊ +J2 = 6}, provided M% is non-

singular. However, this is not a necessary condition.

Let Γbe a B-array [N, m, 3, 6] with index set {λfoiίi2\i0 + il + i2 = 6} and

y*opιp2 (Po + Pi +P2 = 6) be the elements of information matrix M£ whose row

and column correspond to Θ(t\*tε

2

2tγ) and 0(f4

4ί|5ί|6), respectively, where

wr(ε1} ε2,..., β6) = pr for r = 0, 1, 2 and fo, ί2,..., ί6} is a subset of {1, 2,..., m}.

Then a connection between y*oplp2 and indices Af o ί l l 2 of B-array T is given by

Table B.

For (el9 ε2, ε3) and (ε4, ε5, ε6) with wr(εl9 ε2, ε3) = αr and wr(ε4, ε5, ε6) = fer

for r=l, 2, the element of M£ whose row and column correspond to θ(t\ltyt^f)

and 0(ί4

4f|5ί|6), respectively, is denoted by p*<*i*2.bi*2)9 where Θ(tyt2

2ty) is

related to 0(ί4

4f|5f|6) by R(a; a1a29 b^b2). Then information matrix Mf includes

TABLE B.

'6(Xf

060

006

510

501

150

051

105

015

420

402

240

042

204

024

330

303

033

411

141

114

321

312

231

132

213

123

_222̂

= " 1

1

1
1

1

-1

-1

1

-1

1

1

1

1

1

1

-1

1

-1

-1

1

-1

1

-1

-1

-1
i

1

1

1

0

64

0

-2

0

0

-32

0

0

4

0

0

16

0

0

-8

0

0

0

0

0

0

0

0

0

0

0

6 6

0 -6

-12 6

-5 -4

3 6

-1 4

2 4

-9 6

10 -4

4 2

0 6

2 -2

-4 -2

1 -6 6

1 -8 2

1 -3 0

1 -3 6

1 6 0

1 -2 -4

1 -1 -2

1 7 -4

1 1 2

1 1 -4

1 0 0

1 3 0

1 4 -4

1 -5 2

1 -2 2

6

0

-192

-1

-9

0

0

48

32

0

12

0

0

0

0

0

-12

0

2

0

-16

0

-4

0

0

8

0

0

6 6 6 15 15 15 15 15 15

0-6 0 0 15 0 0 15 0

-192 6 -12 60 15 240 240 15 60

1 4 5 -10 -5-5 5 5 10

- 9 6 3 0 15 -15 -15 15 0

0-4 1 0-5 0 0 5 0

0-4-2 0-5 0 0 5 0

48 6 -9 30 15 0 0 15 30

-32 4 -10 -40 -5 -80 80 5 40

0 2 4 6 - 1 1 1 - 1 6

12 6 0 -6 15 9 9 15 -6

0-2 2 1 - 1 0 0 - 1 1

0-2-4 4-1 0 0 - 1 4

0 6 - 6 9 15 -24 -24 15 9

0 2 -8 24 -1 16 16 -1 24

0 0 3-3 3 0 0 - 3 3

-12 6 -3 -3 15 6 6 15 -3

0 0 -6 -12 3 0 0-3 12

- 2 4 2 2-5 7 - 7 5 - 2

0 -2 -1 - 2 - 1 0 0 -1 -2

16 4 -7 -16 -5 16 -16 5 16

0 2 1 - 3 - 1 - 2 -2 -1 -3

4 4 - 1 5 - 5 - 8 8 5 - 5

00 0 3 3 0 0-3-3

0 0 - 3 0 3 0 0 - 3 0

- 8 4 - 4 - 1 - 5 4 - 4 5 1

0 2 - 5 6 - 1 - 8 -8 -1 6

0 2 - 2 - 3 - 1 4 4-1 -3
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at least thirty-two possible distinct elements as follows :

*(oo,oo) — υ* — λr n*(oo,ιo) _ n*(ιo,oι) _ .,* n*(oo,oι) _
(0000) ~ '600 ~" Iy9 "(0000) ~ "(0000) ~ / 5 1 0 » P(QQQQ) ""

n*(00,20) _ 7Ϊ*(10,10) —
P(OOOO) ~~ /'(lOOO) ~"

(11.1)

_ n*(01,20) _ n*(ll,l l) — Λ > *
"~ /XOOOO) ~" P (1001) ~~ '420»

n*(00,ll) __ n*(10,0l) — n*(01,ll) — υ* n*(00,30) _ n*(lO,20) — n*(01,30)
/'(OOOO) ~~ /X0100) "" /'(OOOl) ~ A 4 1 1 » /'(OOOO) ~~ P(IOOO) /'(OOOO)

i v* Λ / 3 ,,*(10,20) _. «*(20,lO
"T 75017/^J P(0000) ΛOOOO)

— n*(01,20)
~

— 7)*(20,11) _ .,* Π , =
"" "" '330> /'(OOOO)

,11) — v* n*(10,30) — n*(20,20) _ n*(ll,30)
1) — /321J /'(OOOO) ~" P(IOQO) ~~ /'(OOOO)

n*(10,30) __ n*(20,20) _ »*(11,30) _ Λ,*
» /'(lOOO) "~ ^(2000) "" /'(lOOO) ~~ '240»

20

0

-160

-10

-10

0

0

-40

80

4

-4

0

0

8

-32

-1

11

8

8

0

8

-5

-1

2
4

-10

4

4

20

-20

20

0

20

0

0

20

0

-4

20

4

4

20

-4

0

20

0

0

4

0
4

0

0

0

0

-4

-4

20

0

-160

10

-10

0

0

-40

-80

4

-4

0

0

8

-32

1

11

-8

-8

0

-8

-5

1

-2

4

10

4

4

TABLE

30 30 30 60

0 0 0 0

-60 480 -60 240

-15 0 15 -20

15 -30 15 0

5 0 - 5 0

-10 0 10 0

-45 0 -45 120

30 0 -30 -80

4 - 2 4 0

0 18 0 -24

-6 0 -6 -4

12 0 12 -16

-30 -48 -30 36

-8 -32 -8 0

3 0 - 3 6

-15 12 -15 -12

-6 0 6 24

- 6 0 6 4

3 0 3 8

21 0 -21 -32

1 4 1 0

3 0 -3 10

0 0 0 - 6

- 3 0 3 0

12 0 -12 -2

-5 16 -5 0

-2 -8 -2 0

B. (continued)

60

0

-120

-10

30

-10

20

-90

20

-8

0

4

-8

-60

16

6

-30

-12

-4
2

14

-2

2

0

-6

8

10

4

60

0

-480

-10

-30

0

0

-120

80

-4

-12

0

0

24

32

3

33

-24

8

0

8

5

-1

-6

12

-10

-4

-4

60

0

-480

10

-30

0

0

-120

-80

-4

-12

0

0

24

32

-3

33

24

-8

0

-8

5

1

6

-12

10

-4

-4

60

0

-120

10

30

10

-20

-90

-20

-8

0

4

-8

-60

16

-6

-30

12

4

-2

-14

-2
_2

0

6

-8

10

4

60

0

240

20

0

0

0

120

80

0

-24

-4

-16

36

0

-6

-12

-24

8̂

32

0

-10

6

0

2

0

0

90~

0

360

0

0

0

0

180

0

-12

-36

6

24

54

-48

0

-18

0

0

-12

0

6

0

0

0

0

-12

6

λ* ~600~

060

006

510

501

150

051

105

015

420

402

240

042

204

024

330

303

033

411

141

114

321

312

231

132

213

123

222^
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*(oι,oι) — O A T Λ,* n*(oι,oι) _ -M* n*(oι,n) _ 9V* __ v*~ ZyV ~" /501> "(0001) ~ /402» /'(0010) ~~ ΛΪ51Q 7411>

n ,
/'(OOll)

= (4N +

='(47fιo + 4yju + yJ12)/9,

n*(01,30) — n*(20,ll) _
/'(OOIO) ~ P(llQO) ~~

n*(20,20)
/'(OOOO)

7J31)/3,

= 7fso, /'foίίό,11' = (4ΛΓ-

*(!!, 11) _ OM* _
lllO) Z/420

„*(!!, 11) _,,* n*(ll,3O) _
/'(ll l i) — /222> /'(OOIO) ~

= (47*20 y2*22)/9, = (2?2*40 + y*4I)/3,

, ^(3000) =

The local relationship matrices, A(

a

aίa2>blb2\ are defined by (4.6), and

the relationship matrices, D(

Λ

aι02 blb2\ are defined by the same way as shown in

Section 4. Let B(

Λ

aιa2>bίb2) be the symmetric matrices of order μm such that

( Z^m.αiαa) if tf^ = bJ2 = 00, 10, 01, 20, 30,

2 and a^a2

= 00, 10, 01, 20, 30; bj)2 = 00, 10, 01, 20, 11, 30,

if aίa2 = b1b2=ll and a = (0110),

(1001), (0111), (1110), (1111),

Z^ίoii1^ + DlH&y if a^2 = b^b2 = 11 and

α = (1011) or (1101).

From Appendix II, we have

LEMMA 11.1. Matrices D$(aιa2>blb2^ and D^iU2tΌ^V2^ satisfy the following

properties:

ftj

Let 21* be a relationship algebra generated by eighty-three relationship

matrices D(

Λ

aιa2 blb2) which is also generated by fifty symmetric matrices
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Let 91*,, 9ί*, 9lf, 91?, and 9ίjf be the matrix algebras generated
by 62 matrices D$(aia2'bib2*9 32 Dl(c*C2>M2\ a D|(11 n), a D|ί3o,3o) an(ι 52
£)*(«ι«2,t;ιt;2)5 respectively, for a±a2, bίb2 = W, 10, 01, 20, 11, 30; c±c2, d1d2=20,
11, 30; UiU2, ^2 = 10, 01, 20, 11, 30; i,; = l, 2, 3, 4, 5. Then 91*91*. = 9I|9I* =
<5αj89l* for α, β = Q, 1, 2, 3, /, that is, these matrix algebras are mutually
annihilated.

THEOREM 11.2. (i) The algebra, 91*, is represented by the linear closure
of eighty-three matrices D*β

(aίa2 bίb2) and D^ίU2 VίV2) for 0 = 0, 1, 2, 3 and i,
7 = 1,2,3,4,5.

(ii) The algebra, 91*, is decomposed into the direct sum of five ideals 9I|
(0 = 0, 1, 2, 3,/), i.e.,

9ί* = 91*. 0 9ί* 0 9If 0 91?. 0 2I*

(in) The ideals, 9Ϊ*,, 91*, 9ΪJ, 91* and 91*-, have D^02^b2\ D^C2^d2\
D|(11 11}, D|(30 30) and D^1"2^^^ as their bases, respectively, which are
isomorphic to the complete 6x6, 3x3, 1x1, 1x1 and 6 x 6 matrix algebras
with multiplicities φβ (0 = 0, 1, 2, 3, /), respectively, where Φo = l, φι =

m(m — 3)/2, Φ2 = \m'^ \ φ3 = m(w —l)(m — 5)/6 and φf = m — l.

Note that Φ0 = φ*, Φι = Φ*> 03 = 0* and φf=φf, where 0*. (jδ=0, 1, 2, 3)
are defined by (3.7).

From the above theorem, information matrix M£ can be expressed as

= Σ Σ£—1 Λ—έ

O\O2 ί> l ί>2 β

= Σ*Σ*

= Σ Σ Σ κ*β
C\C2 t

+ 5
-»,J

where

K oo.3o =

K0*
20'30 =

3(w - - 2)/6
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/ t 1 χ>x
(11.2)

v*30,30 _ n*(30,30)
K0 ~ ̂ (0000)

_ θ\ n#(30,30) n*(30,30)
Λ2000)

— 3

3
, #(30,30)

*(20,30)\ *•*!!, 30 —κι —

* 3° 3° -

,30)

, 30) _ „*(!!, 30) __ n*(ll,30)
ΛOOIO)

- (m -

__ „*(!!, 30)>

κ*2o,3o =

ί-*ll,30 __
—

- 3)/2

*(!!, 30)

^30,30 =

+ (2m - 9)^/^0) + {(w-4)(m-9)/2}^3oό3o)^

and the remaining κ$aιa2>bίb2 and κJ»}U2>VlV2 are the same as those obtained by

replacing j4«i«a.»i»2> (in (6.2)) by p*<«ι«2.*ι»2>. Here d1=(1000), (0010) accord-

ing as α1α2 = 10501> an^ connections between y*oplp2 and λfoiίi2 and between

7*OP1P2 and p*<«ι«2 *ι*2> are given by Table B and (11.1), respectively. Note

that K:|αια2 fclft2 = κ:|[>lZ>2»αιfl2 and κf%
U2>vlV2 = κ!}»}V2 UίU2. From Theorem 11.2,

we can obtain 6 x 6 matrix K$, 3 x 3 Xf , 1x1 Kξ , 1 x 1 Xf and 6 x 6 XJ such

that

«*:Aff for /ί = 0, 1, 2, 3,/,

where

κ*oo,oo κ*oo,ιo κ*oo,oι K*oo,20 κ*oo,n κ*oo,3o

κ*10,10 κ*10,01 κ*10,20 κ*10,ll κ*10.30

v*01,01 ^-*01,20 v+Ol,!! v*01,30
KQ ' KQ ' KQ ' KQ '

κ*20.20 KJ20.11 κ*20.30

Sym. Kj11-11 κj" 30

κ*30,30
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~.*20,20 v*20,ll v*20,30
ίv j IV ̂  ^1

SYm

 κ*30,30

χ.*10,01 ^#10,01 k.*10,20

*20,20 k.*20,ll
Λ

Sym.

Since Iβm belongs to 51*, we have

THEOREM 11.3. The characteristic polynomial,
matrix M£ of a 3m-BTO design, T, is given by

c*10,30

c*20,30

<.*11,30

^.*30,30

of information

= {det (Kξ - x/6)}*o{det (^f - */3)}*>{det (Kf - x)}^

• {det (*3* ~ ̂ )) φ3 {det (ΛΓJ - */«)}*/,

where φ^ (β=0, 1, 2, 3,/) are gfit en in Theorem 11.2.

Let T be a B-array of strength at least four. Then, for the second-order
model defined by (10.1), the characteristic polynomial of information matrix
M$* of T (cf. [20]) can also be obtained by use of the algebraic structure as
follows :

= {det(K** - x/4)}

where Ψ$*(x) is a characteristic polynomial of

and

for the second-order model,

(11.3)

, 01

Sym.
K**20.20
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= [icjf*20,20]f

flί fίί

**fιι

Jί.**ιo,2o
Kfl2

fi2

,.**20,20

in which Kf*a*a2>bib* (j8=0, 1) and fcJ*Ml"2 Plϋa (ί, j = l, 2) are the same as
those obtained by replacing κ$ιa2 bίb* and κy*2 Vί°* (in (6.2)) by κ:|*αια2»6lb2

and ίc**"!"**"!^, respectively, and φβ (/?=Ό, I,/) are given by (4.13).
I^tK0*-ι-||<α^^

and ^/""1 = ||ίcί1 CV,ϋ1t;2ll Then characteristic polynomial, χ*(*)> of covariance
matrix FJσ2 of BLUE ffμm can be obtained by getting that of F£ as follows:

COROLLARY 11.4. When Tis a design of Theorem 11.3, χ$(x) is given by

Theorem 11.2 yields

THEOREM 11.5. For T being a design of Theorem 11.3,

tr (F?) = φ0 tr (^Γ1) + Φi tr (KΓ1) + Φ2 tr (

det (F?) = {det (̂

COROLLARY 11.6. For T being a B-array of strength at least four, when
information matrix MJ* for the second-order model is non-singular,

det(F?*) =

where K$* (β=Q, I,/) are given by (11.3).

If Γis a 3W-BTO design, a (0, 2)IB-array, T, say, of Tis called a 3m-(0, 2)IBTO
design.

THEOREM 11.7. For a B-array, T, and its (0, 2)IB-array9 T,
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PROOF. Let ££ be the design matrix of TV Then E%=E$W, where £J is

the design matrix of Tand W is the diagonal matrix of order μm such that

JF=diag{l, - 1,..., - 1, !,...,!, !,...,!, - 1,..., - 1, -1,..., - 1}.

Hence MJ = WM$W which yields that

!F*(x)==det(M*-x/μm)

COROLLARY 11.8. For a 3m-BTO design, T, and its 3m-(0, 2)1 BTO design,

T,

12. Covariance matrices and optimal balanced third-order designs for 36

factorials

Let Tbe a B-array [JV, m, 3, 6] with index set {A?oίlί2|i0 + iι + ί2 -6}. Then

we obviously obtain the following:

THEOREM 12.1. A necessary and sufficient condition for T to be a 3m-BTO

design is that every irreducible representation K$ (jS = 0, 1, 2, 3,/) of M£ is

positive definite.

Since M£ is positive semidefinite, K| (J?=0, 1, 2, 3,/) are also so. There-

fore, Table B, (11.1) and (11.2) imply

COROLLARY 12.2. A necessary condition for the existence of a B-array

[AT, m, 3, 6] with index set {AfoίlίJ based on the third-order model is that the

following relations hold:

(12.1) λ|n + λ?41 + Af1 4 + A?21 + A3*12 4- AJ31 4- A?32 + Af1 3 + A?23 + A2*22 ̂  0,

(12.2) AJ30 + AJ03 + AJ33 + A3*21 + AJ12 + A2*31 + Af32 + A|13 + A?23 + Af22 ^ 0,

(12.3a) AJ20 + Af40 + AJ42 4-AJ24 + A?3o + A?33 + Aίtl

+ Aϊu + :λJ2ι + Λϊi2 +'-AJ31 +,.Af3a + Ai13;*.Af23^ A|,2 ^ 0,
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(12.3b) (m - 4){Ai20 + 16 (λ&2 + A2*04) + Λ?24} + ^3*30 + AJ33

- 32(m - 6)A3*03 + 8(m - 4)(A4'11 + A?14) + 12(A3*21 + A?23)

- 8(m - 10)(A3*12 + Af13) + 3(λί31 + A?32) - 2(ι» - 16)A2*22 ^ 0,

(12.4a) (m - 2){A?JO + 4(Λ5*01 + A?05) + A0*15> + (2m - 3)(AJ20 + A0*24)

+ 16(Aί02 + λfo*) + Af40 + A$42 + w(lf30 + AJ33) - 8(m - 6)A3-03

+ (9m - lOXAJii + Af I 4) + 2Af41 + 4(m + 3)(A?21 + A?23)

- 2(5m - 38)(A3'12 + Af,3) - (m - 16)(AJ31 + A?32)

-6(2w- 13)Af22^0,

(12.4b) (5m - 6)(A?10 + AJ15) + 4(2m - 3)(AJ01 + Af05) + 2w(A}-50 + AJS1)

- 3(w - 8)(AJ20 + AJ24) + (5m + 6)(AJ02 + AJ04)

+ 2(ifi + 6)(A|40 + AJ42) - 3(w - 10)(A3-30 + AJ33) + 24A?03

+ 3(m + 10)(Aίn + Af,4) + I2(m + 1)A*41

- 2(5m - 54)(Af21 + Af23) - S(2m - 15)(A3*12 + A|13)

+ (5m + 78)(AJ31 + λ?32) - 18(w - 10)Af22 ^ 0,

(12.5a) w(A?oo + AJ06) + (4w + D(A?10 + AJ15) + 2(« + 2)(A?01 + Af05)

+ tfso + AJji + 2(3w + 2)(AJ20 + AJ24) - (m - 16)(AJ02 + A^)

+ (m + 4)(A2-40 + A&2) + 2(2w + 3)(A3«30 + AJ33) - 4(m - 6)A3*o3

+ (4w + 21)(Aίu + Af14) - 2(m - 6)A?41 + 40(A3

k

21 + Af23)

- 2(4m - 29)(A?12 + Af13) - (2m - 17)(A?31 + A?32)

- I2(m - 6)AJ22 ^ 0,

(12.5b) w(A?00 + 4A&o + AJ06) + 9(A?10 + AJ15) + 6m(A?50 + AJ51)

+ 3(4m + 3)(Af50 + AJ51) - 6(m - 6)(AJ20 + AJ24)

+ 15m(AJ02 + A|04) + 9(m + 4)(A|40 + AJ42)

- 2(j« - 27)(A?3o + AJ33) + 20mλ$03 + 45(AJU + Af14)

+ 18(w + 4)Af41 - 24(w - 6)(A3'21 + Af23) + 90(Aί12 + A}13)

- 6(2m - 27)(AJ31 + Af32) - 36(m -. 6)A|22 ^ 0.
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COROLLARY 12.3. A necessary condition for the existence of a 3m-BTO

design is that relations (12.1) through (12.5) hold with strict inequalities.

Let V*(aιa2 bίb2) be the elements of V% corresponding to 0(ff lf52f|3) and

), where wr(el9 ε2, £3) = ̂  and wr(ε4, ε5, ε6) = fer for r=l, 2, and

) is related to 0(ί4

4ί|5ί§6) by #(α; α^, fc1fc2) Then we obtain

THEOREM 12.4. For a 3m-BTO design, T, there are the following fifty pos-

sible distinct elements, V*(aia2 bίb2\ of

!7*(00f30) _
v (0000) —'

• {2N/6(w - 2)κ J?t3

4-•+-

2(w -

- 4) κfίt30

(0010)

1,30

,30)

-2)κfίlδ + (m - 1) (w - 6)κf/& ,

3- 2)K?ί>>30
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- (w - l)V2(m - 4) tfβψ K$8tf0) = [VK™)}]*6*^30

+ 3/w(w — 3)^3*^30 + m(m — l)(/w — 5)κξ§t30 + 6(w — 1)^*0/30} >

- 3)κf<°,3o + w(w - 3)(w - 7)^30

_../' I\/"»M ξΛ fy#3 i O/"»M ^/''>*M Q^ι^''t/'55 \ τ/ Ίt(30,30/
— m\m — ijv^ — 3/^30,30 "" ^\jn — L)\Lτn — "^30,30/9 ^(2000)

30 - m(m - 3)(2m -

m(m — l)(m — 5)^^30 -f (m — l)(m — 4)(m —

o J^so5 30 4" 3/w(/w —
Z / '

( \ ^

^ V*o3.3o - 3(/ιι - l)(m - 4)ιcJ/f|δ|,

remaining V*( CiC2>dίd2) are the same as those obtained by replacing
ίc?ιc2,d1d2 *«<* Kίϊί>.w2 (in ί7-1)) ̂  ̂ ca.diia αW£/ "wί.vtv* respectively.

Let Γbe a B-array [JV, 6, 3, 6] with index set {λfof l ί2 |i0 + i1 + ί2 = 6}. Then,

in Table 7, optimal 36-BTO designs with respect to the trace criterion are presented

for μ6 ( = 78)^ΛΓ^100, where indices λξoθ9 λ$60 and AJoe are 0, 1 or 2, and the

remaining Afo i l < 2 are either 0 or 1.

In Table 8, optimal 36-BTO designs with respect to the determinant criterion

are presented for 78^N^ 100, where λfoili2 has the same restrictions as the trace

criterion. Furthermore, in Tables 7 and 8, possible distinct elements of V$ for

each of optimal designs are presented.

Appendix I. Connection between A(

Λ

aί°2 bίb2\ and A$(cίC2 dld2) and

Since, for ala2ί b^b2, c^c2, ̂ 2 = 00, 10, 01, 20, 02; ulu2, v1v2 = lQ9 01, 20,

02, MD relationships are similar to TMDPB association schemes, it follows from

(3.6) that nClC2xndίd2 matrices A^e^d^d^(β=09 1) and nUίU2 x nVίV2 matrices

V4«.(«ιii2,yιt;2) arej respectively, linear combinations of local relationship matrices

as follows (cf. [60]):

w(OO.OO) _ ι J*(00,6ιft2) — /I / /iϋ\ A(
^0000 — X > A0 — W 7 7 1 -' ^

__ _ , — .
— ^(0000) — X > A0 — WV771-' ^(0000)

\ j(°°» f tΊ&2> J«(αια 2 ,bι ί>2) —
(oooo) » ^o —

_ ίl lΛ/fm\\
— I1/ V I 2/J
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*'»ί>}, ^«ι«2.»ί»2) = {ί/m}{(m - IMfcj

*}. A*f(r> "M = [I/ {m(m - 2)}]

where ataz, bib 2 = 10, 01 and a\a\, b\b'2 = 2Q, 02. Here α t = (1000), (0100),

(0001) according as (α^, f)1ί>2)=(10, 10), (10, 01), (01, 01); ^(lOOO), (0100),

(0010), (0001) according as (ata2, &ί&;)=(10, 20), (10,02), (01,20), (01,02);

7 ,.=(rOOO), (OK)0), (OOOr) according as (a\a'2, b;bi)=(20, 20), (20, 02), (02, 02)

for r=l, 2, respectively.
Kuwada [25] has obtained matrices Λ*<«I«I.II> andΛ^ J"12'1^ by multiplying

Xjdi.u) and -4&1,1'10 by ^<«>«2.") (j8, y =0, 1, 2; i, j, fe, / = ί, 2, 3, 4), respectively.

In this appendix, however, we shall obtain ^4|(<"fl2>11) and 4}(Jl"z>11) by a method

different from the approach of [25] as follows :



392 Masahide KUWADA

(A.2)
- 2)}

- 2)VT}]{2(m -

(m -

(oooo)

ί l l . l l ) , X l l . l l ) , v ί l l . l l ) i >(11,11) , j ( l l . l l ) , y ( Π . l l )
" "

f v ί l l . l l ) ,
1^(0110) +^(0110) +^(1001) "r ^(0111) "Γ ^(1110)

,
T

,
T

> •«!
";̂ ' .<*<<'i''2.βί<12) ̂ (

OO) «1 'Ϊ((OOOO)

j ( l l , l l ) i j ( l l . l l ) , j ( l l , l l ) \
^(1110) τ ^(1011) T ^(1101) J

(l l . l lK , j( l l , lD . j ( l l , lD i ^(11,11)
(1001) ^ ^ ^(0111) ~Γ ^(1110) ^ ^(1011)

jdl.l lh wldl
^(1101) / 5 ^/34

di.ii) _ jdi.ii) , jdi.π) _ ^di.nh _ r vtdi.
(0111) ^(1110) T~ ^(1011) ^(1101) / — 1^/43

»(π,u) = [1/{2(Bf _

- 2)}]{2(m -



Optimal Balanced Fractional 3m Factorial Designs 393

_ j(ιι.ιι) _ j(ιι.ιι) , j(ιι.ιι)""

where §0=(0100), (0001), ^=(1000), (0010), ?2 = (1100), (0011) according as
α1α2 = 10,01, and Cι= (0100), (0001), C2 = (1000), (0010), C3 = (HOO), (0011)
according as αiα2 = 20, 02, respectively.

For matrices >4(00'n) >ί ( βι f l2iι) j(αιror maiπces Λ(0000) , ̂ $0 > ^^t

the following relations hold :

(11,00) _
—

) ^(00
' oo

= (m -

j(oo,π) ,

j ίOO.lDf jd1.*;
^(0000) X^(OOOO)

.
"Γ

= 2(2m -

= (m -

(αιβ2, 11)

(0000)
> 4. jί1

^

= 2{2(m -
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+ (m -

= 0 (̂5),

(A.3)

= 2{2(m -

= 2{(2m -

,(«;0 ,ιi)

.ί(α;αi.»;»i), ,«•;.;, ID r Λ i
^/ii >ι ^(0000) \ Λξί

nfm^ <m^ A^"'*'1" f Jlί bΊb

^^xί™)' ^(0000) 1^(0000)

2{(2m -

where

2{(2m -

, 6^2 = 10, 01 and a\a'2, b\b'2=2§, 02.

From (3.6), (3.7) and (A.3), matrices y4*<«ι«2 »'»*> and J4*(jι«ι.»ι''j> satisfy
the following properties (cf. [25]):
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, t>ι V2 — /
~

, , = (

J ik J Ij * » J tj

Solving (A.I) and (A.2) with respect to A(

Λ

aιa2 blb*\ we get

j(OO.OO) — J*(00,00) J(00,bιd 2)— /
^(0000) •" ^0 ' ^(0000) "" V

.(00,11) __
—

_L
~

- 2)/2

(m -

2(m -

- (m -

»;»i) , .*(«'i«
T Λ j

2)4c'i'i>*i*i

) = /w - 2\

- 2) Λjfr ' 1

) + (m-4)

(A.4) - ̂ Oi.

- 2) 4(">i'U) - 4< >i
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- 4)/2}Λ}(

4γ
 n>,

> + {(m

= (m -

- {(m -

+ {(m -

REMARK. Let 93 = [̂ 11 11) |αeΩ(ll, 11)] = [ |̂(11*11), A}(

ίJ
1 11)|β=0, 1, 2;

i,j = 3, 4]. Then algebra S is a special case of the relationship algebra of a

BIB design with parameters v = m, b = (*%\ r = m — l9 k = 2 and λ = 1 as shown by

James [21].

Appendix II. MD relationship algebra for balanced third-order designs

Let D(

Λ

aιa2'bίb2) be the relationship matrices defined among the sets of effects

}, {θ(tm, {θ(tbΐ)}9 {θ(tWW Then, from Section 4,
^ faa* b,b2\ (b±b29 α1α2) = (00, 10), (00, 01), (00,

20), (00, 11), (10, 01), (10, 20), (10, 11), (01, 20), (01, 11), (20, 11); a,a2 = b,b2

= 00, 10, 01, 20, 11] is the algebra generated by fifty-five relationship matrices

and is also generated by thirty-four symmetric matrices B(

a

aιa2>bίb2\ A connec-
tion between D^a2>bίb2\ andD|(cιC2 dld2) and D}(^lM2 ϋll)2) is referred to Section

4 for (α^2, M2), (c,c2, d1W2) = (00, 00), (00, 10), (00, 01), (00, 20), (00, 11), (10,
10), (10, 01), (10, 20), (10, 11), (01, 01), (01, 20), (01, 11), (20, 20), (20, 11), (11,
11); (Ulu2, ^t;2) = (10, 10), (10, 01), (10, 20), (10, 11), (01, 01), (01, 20), (01, 11),
(20, 20), (20, 11), (11, 11). The relation between θ(t?φty) and 0(fiφέ) is
similar to that of the TMDPB association scheme (see [59]), where (w^, ε2, ε3)
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w2(ε1, ε2, ε3)) = (00), (10), (01), (20), (30). In this appendix, therefore, we mainly
discuss the properties of relationship matrices jD<n 30), where α=(0000), (0010),
(1000), (1010). From (4.5), we then obtain the following:

£(11,30)^30,11) = £0(11, Πj α. 30j βy r )/)<ιι.ιι>,

^(30,11)^(11,30) = £0(30, 30, α; 11, β,

Especially, we have

(A.5) D\^D{1°0'^ = 6(m-2)Z)S(11 n) + 2(m -

+ 4(w - 3)£>}(

4V
>n)

We shall define matrices D<|(11 30) (0=0, 1) and D^».30> (i=3, 4) as follows:

•{Σ Di

2)V^Γ=~3}] {2(m -

+ (m -

Note that D|(30 11) = {ί)^11 30>}'forjS=0, l.andDJί^'MD'y,1,-30'}' for i = 3,4.
From (A.3) and (A.5), matrices DJ(11'30) ()?=0, 1) and DJ.<».M> (i = 3, 4) satisfy
the following:

n f ( l l , 3 0 ) n f ( t i ι i i 2 , t > ι V 2 )
" ^

_ r)«(ll,30)Γ)l!(θιβ2,*ι*z) _
~ U flί V* —

, j
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Solving (A. 6) with respect to D(^l ί0), we have

- 2)Z>S(11-30> + V2(/w - 4)/>f<»'30>

- 2)/2}DS(11 30)

{(in - 6)V^^Γ3/2}JD}V/'30), A'ίόόSf = {(« - 3) V6(m - 2)/2}

- 6) V^Γ^

- 4)/)}(" 30> - (w -
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TABLE 2. Determinant-optimal 34-BFF designs of resolution V

N

33a
*33b

33c
*34a
34b
35a
35b
36a
36b
37a
37b
38a
38b
39
40a
40b
41 a
41b
*42a
42b
43
44a
44b
45a
45b
46
47a
47b
48a
48b
49a
49b
50a
50b
51a
51b
51c
52
53
54a
54b
55a
55b
56a
56b

λ'

001101000011010
001101000011100
010010010101100

101101000011100
011010010101001
111101000011100
111010010101100
000101010011010
000101001011100
001101100011100
001111000011010
101101100011100
011110010101001
001010100111001
000101110011100
000110110101001
001111100011001
010110011101010
101001000011101
011100000011011
111001000011101
011011010001101
101101001010110
111000000111101
111000000111110
011110000011011
111010010101101
111101000011110
011010000111011
011100000111011
111001000111101
111100000111011
011111000011011
011110010101011
001111110001101
010111011001110
001111101010011
011110000111011
001110101110011
011110101110011
101011110101101
111011110101101
111110101110011
112011110101101
112110101110011

det (V
τ
)

0.82576E-50

0.1 8561 E-50

0.69404E-51

0.2621 5E-51

0.57023E-52

0.16528E-52

0.66896E-53
0.19486E-53

0.40478E-54

0.11309E-54

0.41553E-55
0.20723E-55

0.6221 8E-56

0.19513E-56
0.86870E-57

0.29374E-57

0.11557E-57

0.43914E-58

0.19350E-58

0.59747E-59
0.31083E-59
0.12088E-59

0.65934E-60

0.40968E-60

τy(OO.OO)
y
 (0000)

0.03288
0.03288
0.03288
0.03262
0.03262
0.03230
0.03230
0.02932
0.02932
0.03189
0.03189
0.03065
0.03065
0.02806
0.02930
0.02930
0.03002
0.03002
0.02728
0.02728
0.02663
0.02923
0.02923
0.02417
0.02417
0.02604
0.02337
0.02337
0.02315
0.02315
0.02125
0.02125
0.02097
0.02097
0.02021
0.02021
0.02021
0.01984
0.01940
0.01852
0.01852
0.01833
0.01833
0.01811
0.01811

p-(OO.lO)
v
 (0000)

0.00071
0.00567

0.00496

0.00446
-0.00414
0.00462
0.00342

-0.00116
0.00231
0.00663
0.00243
0.00421

-0.00170
-0.00337
0.00532

-0.00445
-0.00351
0.00000

-0.00322
-0.00434
-0.00381
-0.00829
0.00650
0.00000
0.00294

-0.00304
0.00000
0.00393

-0.00270
-0.00193
0.00046
0.00000

-0.00076
-0.00098
-0.00079
0.00094

-0.00174
0.00099
0.00000
0.00000
0.00000
0.00000
0.00028

-0.00033
-0.00004

1/(00.(H)
v
 (0000)

0.00354
-0.00142
-0.00213

-0.00127
-0.00159
-0.00074
-0.00194
0.00193

-0.00154
-0.00059
0.00361
0.00027

-0.00224
-0.00112
-0.00119
-0.00206
-0.00117
0.00234

-0.00182
-0.00070
-0.00106
-0.00157
-0.00336
-0.00196
0.00098

-0.00188
-0.00262
0.00131
0.00039
0.00116

-0.00015
0.00030
0.00040
0.00018

-0.00089
0.00084
0.00005

-0.00033
-0.00088
0.00000
0.00000
0.00019

-0.00009
0.00008

-0.00021

This design is also optimal with respect to the trace criterion.

A =(^4oo, ̂ 040, ̂ 004, Λ
810
, ̂

80
ι, ̂ι

80
, ̂ 031» ^103, ̂ 013> ^220s ̂ 203) ̂ 022>
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TABLE 2. (continued-1)

ry(00,20)
" (0000)

-0.00113

-0.00213

-0.00567

-0.00096

-0.00255

-0.00089

-0.00419

0.00116

-0.00231

-0.00302

-0.00218

-0.00066

-0.00632

0.00084

0.00016

-0.00987

-0.00234

-0.00819

0.00384

0.00186

0.00450

0.01137

0.00022

0.00129

0.00188

0.00130

-0.00060

0.00119

0.00502

0.00193

0.00182

0.00000

0.00168

-0.00152

-0.00015

-0.00147

0.00060

0.00099

0.00000

0.00000

0.00000
0.00028

-0.00056

-0.00037

-0.00091

1̂ (00.02)
v
 (0000)

-0.00161

-0.00128

-0.00009

-0.00057

-0.00004

-0.00114

-0.00004

-0.00116

0.00000

-0.00257

-0.00285

-0.00161

0.00028

-0.00028

-0.00273

0.00061

-0.00208

-0.00013

0.00001

0.00068

-0.00082

-0.00159

0.00213

0.00069

0.00050

0.00024

0.00060

0.00000

0.00013

0.00116

0.00020

0.00081

-0.00031

0.00076

-0.00018

0.00026

-0.00043

0.00055

0.00088

0.00000

0.00000

-0.00028

-0.00000

-0.00029

-0.00011

τ/
r(00,ll)
y
 (0000)

0.00118

0.00151

0.00033

0.00068

-0.00015

0.00094

-0.00016

-0.00000

0.00116

0.00291

0.00263

0.00169

0.00020

0.00084

0.00251

0.00083

0.00195

0.00000

0.00058

0.00124

0.00098

0.00063

-0.00435

0.00000

0.00020

0.00260

0.00000

0.00060

-0.00026

-0.00129

-0.00061

0.00000

0.00083

-0.00024

0.00069

0.00025

0.00044

0.00033

0.00044

0.00000

0.00000

0.00000

0.00028

-0.00011

0.00007

i/do.io)
Moooo)

0.05315

0.06803

0.06250

0.06240

0.05992

0.06232

0.05827

0.05221

0.06597

0.06114

0.04679

0.05642

0.05653

0.05322

0.04594

0.05353

0.04261

0.04411

0.03839

0.04362

0.03786

0.04077

0.04234

0.03307

0.04380

0.03461

0.03063

0.04097

0.03488

0.03797

0.03223

0.03601

0.03186

0.03242

0.02918

0.03242

0.03060

0.02922

0.02778

0.02778

0.02778

0.02778

0.02736

0.02730

0.02691

τ/(10,10)
V
 (1000)

0.00106

-0.00142

-0.00347

-0.00704

-0.00605

-0.00712

-0.00771

0.00459

-0.00347

-0.00037

-0.00083

-0.00509

-0.00894

-0.00091

0.00487

-0.00113

-0.00041

-0.00574

0.00556

0.00195

0.00503

0.00836

0.00067

0.00220

0.00136

0.00313

-0.00024

-0.00008

0.00505

0.00196

0.00239

0.00000

0.00268

-0.00098

-0.00000

-0.00098

0.00141

0.00144

0.00000

0.00000

0.00000

0.00000

-0.00042

-0.00048

-0.00087

τy(lθ.θl)
V (0000)

0.00184

-0.00312

-0.00496

-0.00245

0.00328

-0.00273

-0.00408

0.00227

-0.00231

-0.00492

-0.00013

-0.00325

0.00321

0.00065

-0.00285

0.00032

-0.00050

0.00000

-0.00151

-0.00326

-0.00083

-0.00105

0.00157

0.00000

0.00358

-0.00132

0.00000

0.00345

-0.00190

-0.00087

0.00126

0.00000

-0.00063

-0.00044

-0.00061

0.00047

-0.00108

0.00045

0.00000

0.00000

0.00000

0.00000

0.00014

-0.00015

-0.00002

yydo.oi)
v
 (0100)

0.00068

0.00151

0.00083

0.00218

-0.00251

0.00190

0.00171

-0.00037

0.00231

0.00104

0.00119

0.00270

-0.00142

-0.00078

0.00001

0.00199

0.00178

0.00000

0.00017

0.00137

0.00086

0.00050

-0.00306

0.00000

-0.00028

0.00238

0.00000

0.00005

0.00016

-0.00087

-0.00080

0.00000

0.00078

-0.00044

0.00080

0.00047

0.00033

0.00045

0.00000

0.00000

0.00000

0.00000

0.00014

-0.00015

-0.00002
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TABLE 2. (continued-2)

τ/ dθ.20)
γ
 (0000)

-0.00170
0.01616
0.00298

0.02160
-0.01281
0.02157
0.00904

-0.00459
0.01736
0.01554
0.00905
0.02015

-0.00814
-0.01331
0.00389
0.00469

-0.00402
0.00000

-0.00563
-0.00977

-0.00504
-0.01325
0.01008
0.00000
0.01090

-0.00015
0.00000
0.01038

-0.00383
-0.00711
-0.00124
-0.00514
0.00054

-0.00072
0.00021
0.00069

-0.00081
0.00144
0.00000
0.00000
0.00000
0.00000
0.00084

-0.00094
0.00035

τ^Uθ.20)
v
 (1000)

-0.00170
-0.02551
-0.01786
-0.02007
0.00803

-0.02010
-0.01179
0.01327

-0.02431
-0.02315
-0.00880
-0.01854
0.01270
0.00699

-0.00275
0.01843
0.00795
0.00000
0.00005
0.01107

0.00064
-0.01094
-0.01075
0.00000

-0.01225
0.00263
0.00000

-0.00860
-0.00228
0.00833
0.00108
0.01029
0.00159
0.00456
0.00009

-0.00452
0.00018
0.00144
0.00000
0.00000
0.00000
0.00000
0.00084

-0.00094
0.00035

τ/ dθ.02)
v
 (0000)

-0.00125
-0.00605
0.00017

-0.00278
-0.00033
-0.00249
0.00034

-0.00070
-0.00463
-0.00198
-0.00032
-0.00010
-0.00130
0.00444

-0.00219
0.00162
0.00114
0.00000
0.00111
0.00109
0.00036
0.00126

-0.00030
0.00000
0.00161
0.00131
0.00000
0.00091

-0.00038
-0.00035
-0.00082
0.00000
0.00037

-0.00018
0.00028
0.00012
0.00026
0.00018
0.00000
0.00000
0.00000
0.00000
0.00000

-0.00001
-0.00015

77(10.02)
v
 (0100)

-0.00241
-0.00142
-0.00099

0.00185
0.00083

0.00214
-0.00082
-0.00335
0.00000

-0.00297
0.00100

-0.00110
0.00101

-0.00233
-0.00303
-0.00158
0.00086
0.00000
0.00216

-0.00123

0.00141
0.00203
0.00202
0.00000

-0.00224
-0.00054
0.00000

-0.00109
0.00168

-0.00035
0.00098
0.00000
0.00089

-0.00018
-0.00051
0.00021
0.00076
0.00018
0.00000
0.00000
0.00000
0.00000
0.00000

-0.00001
-0.00015

τrdθ.11)
γ
 (0100)

0.00524
-0.00269
-0.01042

-0.00656
-0.01099
-0.00669
-0.01170
0.00496

-0.00174
0.00091
0.00160

-0.00147
-0.01056
-0.01046
-0.00083
-0.00498
-0.00506
0.00294

-0.00339
0.00043

-0.00303
-0.00343
-0.00302
-0.00243
0.00292

-0.00262
-0.00344
0.00269
0.00101
0.00371

-0.00130
0.00240

-0.00051
0.00156

-0.00122
0.00158

-0.00095
0.00048
0.00000
0.00000
0.00000
0.00000

-0.00042
-0.00016
-0.00072

τ/dθ.11)
Miooo)

0.00177

-0.00269
-0.00694
-0.00656
-0.00752
-0.00669
-0.00823
0.00298

-0.00174
-0.00107
-0.00038
-0.00346
-0.00659
-0.00761
0.00183

-0.00439
-0.00221
-0.00276
0.00166
0.00043
0.00202
0.00119

-0.00302
0.00066
0.00138
0.00109

-0.00036
0.00115
0.00306

-0.00041
0.00076

-0.00171
0.00090

-0.00125
0.00019

-0.00123
0.00045
0.00048
0.00000
0.00000
0.00000
0.00000

-0.00042
-0.00016
-0.00072

iv-dO. 11)
Miioo)

0.00177
0.01120
0.01042

0.00733
0.00984
0.00719
0.00913
0.00298
0.01215
0.00587

-0.00038
0.00349
0.00829
0.01198
0.00552
0.00610
0.00349
0.00080

-0.00087
0.00043

-0.00050
-0.00112
-0.00302
0.00220

-0.00055
-0.00123
0.00119

-0.00147
0.00024
0.00216
0.00178
0.00086

-0.00059
-0.00037
0.00002

-0.00041
-0.00107
0.00048
0.00000
0.00000
0.00000
0.00000

-0.00042
-0.00016
-0.00072
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TABLE 2. (continued-3)

τ^(Ol.Ol)
v
 (0000)

0.02310
0.01814
0.01998
0.01806
0.01889
0.01715
0.01850
0.02200
0.01742
0.01728
0.02206
0.01669
0.01665
0.01731
0.01679
0.01426
0.01454
0.01404
0.01613
0.01438
0.01524
0.01498
0.01446
0.01579
0.01222
0.01320
0.01481
0.01136
0.01173
0.01071
0.01158
0.01032
0.01045
0.01026
0.01076
0.00968
0.01029
0.01004
0.01014
0.00926
0.00926
0.00907
0.00921
0.00903
0.00916

τy(Ol.Ol)
y
 (0001)

-0.00120
-0.00038
0.00031

-0.00046
-0.00079
-0.00137
-0.00117
-0.00181
0.00088

-0.00102
-0.00086
-0.00161
-0.00032
0.00022

-0.00104
0.00096

-0.00132
0.00045
0.00014
0.00134

-0.00075
-0.00096
0.00160
0.00036
0.00064
0.00024

-0.00001
-0.00006
0.00042
0.00145
0.00027
0.00106

-0.00021
0.00101
0.00010
0.00042

-0.00038
0.00078
0.00088
0.00000
0.00000

-0.00019
-0.00005
-0.00023
-0.00010

τXθl.20)
v
 (0000)

-0.00850
-0.00404
0.00468

-0.00468
-0.00172
-0.00479
-0.00354
-0.00426
-0.00364
-0.00354
-0.00347
-0.00516
-0.00296
-0.00016
-0.00018
0.00158

-0.00125
-0.00468
0.00231
0.00311
0.00155
0.00016
0.00192

-0.00209
0.00275
0.00176

-0.00118
0.00156
0.00209
0.00087

-0.00010
0.00000
0.00073

-0.00068
-0.00006
-0.00074
0.00020
0.00045

-0.00000
0.00000
0.00000

-0.00028
-0.00028
-0.00058
-0.00046

τXθl.20)
y
 (0010)

0.00539
0.00638
0.01162
0.00573
0.00522
0.00563
0.00341
0.00368
0.00827
0.00738
0.00049
0.00575
0.00399
0.00732
0.00588
0.00439
0.00345
0.00088
0.00042

-0.00131
-0.00034
-0.00061
-0.00348
0.00486

-0.00188
-0.00102
0.00160

-0.00168
0.00055
0.00087
0.00221
0.00000

-0.00033
-0.00068
0.00006

-0.00074
-0.00079
0.00045

-0.00000
0.00000
0.00000

-0.00028
-0.00028
-0.00058
-0.00046

τr(01.02)
γ
 (0000)

0.00300
0.00035

-0.00073
-0.00003
-0.00084
0.00093

-0.00084
0.00293

-0.00066
0.00191
0.00239
0.00125

-0.00209
0.00005
0.00188

-0.00099
0.00035
0.00169

-0.00196
-0.00083
-0.00099
-0.00104
-0.00173
-0.00280
0.00083

-0.00122
-0.00252
0.00094
0.00057

-0.00010
-0.00070
-0.00025
0.00022

-0.00028
-0.00010
0.00013
0.00017

-0.00037
-0.00088

0.00000
0.00000
0.00028

-0.00000
0.00028

-0.00005

17(01.02)
γ
 (0001)

-0.00742
-0.00080
0.00043

-0.00119
0.00032

-0.00023
0.00032

-0.00699
0.00066

-0.00018
-0.00665
-0.00084
0.00177

-0.00244
-0.00024
-0.00035
0.00002

-0.00263
0.00078
0.00107
0.00174
0.00179

-0.00044
0.00260

-0.00148
0.00063
0.00211

-0.00076
-0.00149
-0.00010
0.00110

-0.00025
-0.00031
-0.00028
0.00068
0.00013

-0.00033
-0.00037
-0.00088
0.00000
0.00000
0.00028

-0.00000
0.00028

-0.00005

17(01,11)
V
 (0001)

0.00307
0.00125
0.00314
0.00171

-0.00351
0.00127
0.00317
0.00298
0.00083
0.00091
0.00235
0.00175

-0.00137
-0.00301
0.00112
0.00097
0.00018
0.00000

-0.00089
-0.00024
-0.00136
-0.00169
0.00066
0.00000
0.00024
0.00120
0.00000
0.00050
0.00015

-0.00058
-0.00168
0.00000
0.00069

-0.00011
0.00053
0.00013
0.00051
0.00015

-0.00044
0.00000
0.00000
0.00000
0.00014

-0.00005
0.00004



408 Masahide KUWADA

TABLE 2. (continued-4)

l/ίOl.ll)
y
 (0010)

0.00423

0.00357

0.00430

0.00402

-0.00467

0.00359

0.00433

0.00364

0.00215

0.00289

0.00434

0.00373

-0.00137

-0.00586

0.00240

-0.00100

-0.00267

0.00000

-0.00258

-0.00361

-0.00305

-0.00324

0.00375

0.00000

0.00178

-0.00250

0.00000

0.00205

-0.00191

-0.00058

0.00038

0.00000

-0.00072

-0.00011

-0.00088

0.00013

-0.00090

0.00015

-0.00044

0.00000

0.00000

0.00000

0.00014

-0.00005

0.00004

17(01,11)
v
 (0011)

-0.00040

-0.00222

-0.00380

-0.00176

0.00343

-0.00220

-0.00377

-0.00099

0.00083

-0.00405

-0.00029

-0.00321

0.00094

0.00233

-0.00405

-0.00125

0.00090

0.00000

0.00289

-0.00151

0.00242

0.00217

0.00220

0.00000

-0.00092

-0.00019

0.00000

-0.00089

0.00092

-0.00058

0.00141

0.00000

0.00078

-0.00011

-0.00071

0.00013

0.00063

0.00015

-0.00044

0.00000

0.00000

0.00000

0.00014

-0.00005

0.00004

77(20,20)
y
 (0000)

0.15689

0.11894

0.17219

0.11368

0.13475

0.11366

0.12618

0.09090

0.11954

0.11702

0.08435

0.11251

0.12752

0.08757

0.07254

0.13939

0.07901

0.12193

0.06601

0.09482

0.06536

0.06615

0.08639

0.06555

0.09124

0.06257

0.04973

0.07724

0.05957

0.08272

0.06024

0.08076

0.06124

0.07278

0.04759

0.07189

0.05601

0.05352

0.04861

0.04861

0.04861

0.04819

0.04693

0.04633

0.04639

17(20.20)
v
 (1000)

0.00064

0.00175

0.01594

-0.00351

-0.02150

-0.00352

-0.03007

0.00608

0.00347

0.00094

-0.00047

-0.00356

-0.02873

0.00808

0.00671

-0.01221

-0.00048

-0.02807

0.00493

-0.00177

0.00428

0.01638

-0.00504

0.00305

0.00096

-0.00202

-0.00027

-0.00054

0.00633

0.00170

0.00295

-0.00026

-0.00205

-0.01029

-0.00022

-0.01014

-0.00351

0.00144

0.00000

0.00000

0.00000

-0.00042

-0.00168

-0.00228

-0.00222

τr(20>20)

M2000)

-0.09311

-0.05293

0.10969

-0.05820

0.07225

-0.05821

0.06368

-0.01625

-0.05010

-0.05263

-0.02279

-0.05713

0.06502

-0.02141

0.00339

0.08620

-0.01747

0.07193

-0.02490

-0.03586

-0.02555

0.02911

-0.03398

-0.02820

-0.04765

-0.00410

0.01223

-0.03665

-0.00524

-0.03765

-0.02309

-0.03961

-0.00284

0.03164

0.01448

0.03283

-0.00054

-0.00898

-0.00694

-0.00694

0.01389

0.01347

-0.00863

0.01161

-0.00917

17(20.02)
v
 (0000)

-0.00865

-0.00641

-0.00581

-0.00957

-0.00643

-0.00946

-0.00642

-0.00360

-0.00794

-0.00548

-0.00004

-0.00731

-0.00583

-0.00697

-0.00574

-0.00877

0.00378

-0.00468

0.00117

0.00047

0.00200

-0.00319

-0.00294

0.00731

0.00443

0.00109

0.00027

-0.00110

0.00121

0.00035

0.00335

0.00000

0.00292

-0.00028

-0.00218

-0.00135

0.00100

0.00018

-0.00231

-0.00231

-0.00231

-0.00189

-0.00231

-0.00192

-0.00248

τ/
r(20.02)
v
 (0100)

0.00177

0.00661

0.00461

0.00345

0.00398

0.00356

0.00400

0.00087

0.00694

0.00543

0.00045

0.00361

0.00459

0.00008

0.00541

0.00526

-0.00028

0.00088

-0.00088

-0.00080

-0.00005

-0.00126

-0.00101

0.00037

-0.00020

-0.00099

0.00027

-0.00018

-0.00033

0.00035

0.00046

0.00000

-0.00095

-0.00028

0.00061

-0.00005

-0.00098

0.00018

0.00000

0.00000

0.00000

0.00042

-0.00000

0.00039

-0.00017
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TABLE 2. (continued-5)

ιy(20,02)
M0200)

0.01913
-0.00120
-0.01276
-0.00436
-0.01338
-0.00425
-0.01336
0.01228
0.00099

-0.00449
0.00789

-0.00631
-0.01277
0.00158

-0.00427
-0.00848
0.00261
0.00643

-0.00640
0.00489

-0.00557
-0.00628
0.00787

-0.01005
-0.00483
0.00387

-0.00668
0.00075

-0.00188
0.00035

-0.00591
0.00000
0.00213

-0.00028
-0.00354
0.00125
0.00398
0.00018
0.00231
0.00231

-0.00463
-0.00421
0.00231

-0.00424
0.00215

r^(20>ll)
V
 (0000)

-0.00978
-0.00680
0.00298

-0.00306
-0.00516
-0.00311
0.00354

-0.00992
-0.00818
-0.00256
-0.00527
-0.00023
-0.00449
0.01862
0.00049

-0.00708
0.00554
0.00000
0.00130

-0.00244
0.00090
0.00050
0.00325
0.00000

-0.00004
-0.00265
0.00000
0.00253
0.00015
0.00272
0.00242
0.00403

-0.00276
-0.00563
0.00088
0.00617

-0.00529
0.00222
0.00000
0.00000
0.00000

0.00000
0.00084

-0.00031
0.00052

1̂ (20,11)
Moioo)

0.00064
-0.00420
-0.00744
-0.00045
0.00526

-0.00050
-0.00688
0.00050

-0.00223
-0.00256
0.00515

-0.00023
0.00593

-0.00018
-0.00461
0.00622
0.00340
0.00000
0.00414
0.00040
0.00374
0.00166

-0.00254
0.00000
0.00111
0.00430
0.00000
0.00160
0.00054

-0.00384
0.00127

-0.00253
0.00357
0.00136

-0.00036
-0.00164
0.00314
0.00048
0.00000
0.00000
0.00000

0.00000
0.00084

-0.00031
0.00052

1̂ (20,11)
v
 (1000)

0.00064
-0.00941
-0.00744
-0.00566
0.00526

-0.00571
-0.00688
0.00645

-0.00818
-0.00851
-0.00080
-0.00619
0.00593

-0.00125
-0.00328
0.00843
0.00233
0.00000

-0.00154
0.00419

-0.00194
-0.00065
-0.00485
0.00000

-0.00352
0.00152
0.00000

-0.00303
-0.00101
0.00388

-0.00105
0.00519
0.00251
0.00399

-0.00023
-0.00424
0.00215
0.00048
0.00000
0.00000
0.00000
0.00000
0.00084

-0.00031
0.00052

τ>r(20»ll)
γ
 (1100)

-0.00978
0.01403
0.02381
0.01778

-0.02599
0.01772
0.02437

-0.00397
0.01860
0.01232

-0.01122
0.01465

-0.02532
-0.02839
0.01245

-0.01994
-0.02064
0.00000
0.00130

-0.01380
0.00090
0.00050
0.01019
0.00000
0.00458

-0.01237
0.00000
0.00299

-0.00757
-0.00962
-0.00221
-0.00832
-0.01199
-0.00985
-0.00147
0.00878

-0.01025
-0.00820
-0.00694
-0.00694
0.00000
0.00000

-0.00610
-0.00031
-0.00643

T̂ (02,02)
v
 (0000)

0.01688
0.01961
0.01329
0.01771
0.01328
0.01670
0.01328
0.01638
0.01609
0.01392
0.01393
0.01318
0.01053
0.01014
0.01392
0.00851
0.01008
0.01095
0.01110
0.00837

0.01004
0.01014
0.00772
0.00981
0.00888
0.00819
0.00899
0.00685
0.00859
0.00659
0.00657
0.00653
0.00567
0.00652
0.00860
0.00535
0.00555
0.00648
0.00628
0.00540
0.00540
0.00498
0.00540
0.00498
0.00535

(̂02,02)
M0001)

0.00299
-0.00036
-0.00060
-0.00225
-0.00061
-0.00327
-0.00061
0.00299

-0.00077
-0.00206
0.00142

-0.00280
-0.00066
0.00069

-0.00206
0.00014

-0.00184

0.00045
-0.00060
0.00009

-0.00166
-0.00156
0.00065

-0.00022
0.00039

-0.00006
-0.00027
0.00006
0.00036
0.00042

-0.00031
0.00035

-0.00012
0.00034

-0.00150
0.00004

-0.00008
0.00031
0.00088
0.00000
0.00000

-0.00042

0.00000
-0.00042
-0.00005
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TABLE 2. (continued-6)

(̂02,02)
V (0002)

-0.00395
0.00514

-0.00523
0.00325

-0.00524
0.00223

-0.00524
-0.00346
0.00783
0.00742

-0.00415
0.00668

-0.00259
-0.00197
0.00742
0.00103
0.00553

-0.00695
0.00352

-0.00279
0.00246
0.00294
0.00052

-0.00370
-0.00501
-0.00292
-0.00258
-0.00210
-0.00478
-0.00267
-0.00063
-0.00273
-0.00051
-0.00274
0.00459

-0.00064
0.00125

-0.00278
0.00011

-0.00077
0.00154
0.00112

-0.00077
0.00112

-0.00082

77(02,11)
y (0000)

-0.00286
-0.00038
0.00248
0.00187

-0.00252
0.00233
0.00252

-0.00265
-0.00496
-0.00417
-0.00145
-0.00322
0.00264

-0.00682
-0.00421
-0.00001
-0.00379
0.00000

-0.00014
-0.00186
0.00037
0.00032
0.00077
0.00000
0.00191

-0.00136
0.00000
0.00176

-0.00166
-0.00024
0.00170
0.00000

-0.00122
-0.00004
-0.00127
-0.00006
-0.00121
0.00006
0.00044

-0.00000
0.00000
0.00000

-0.00000
-0.00000
-0.00010

77(02,1!)
V (0001)

-0.00170
-0.00067
0.00017
0.00158

-0.00020
0.00204
0.00020

-0.00149
0.00033
0.00046

-0.00029
0.00141

-0.00084
0.00037
0.00040

-0.00124
0.00155
0.00000
0.00038

-0.00060
0.00089
0.00070

-0.00116
0.00000

-0.00079
-0.00021
0.00000

-0.00071
0.00116

-0.00024
0.00080
0.00000
0.00079

-0.00004
0.00013
0.00006
0.00069
0.00006
0.00044
0.00000
0.00000
0.00000

-0.00000
-0.00000
-0.00010

7/(02,ll)
V (0010)

-0.00054
-0.00009
0.00132
0.00216

-0.00136
0.00262
0.00136

-0.00083
-0.00033
0.00245
0.00169
0.00339

-0.00084
0.00073
0.00242
0.00048
0.00190
0.00000

-0.00067
0.00108

-0.00016
-0.00007
-0.00194
0.00000
0.00075
0.00164
0.00000
0.00083

-0.00089
-0.00024
-0.00100
0.00000
0.00026

-0.00004
0.00092
0.00010
0.00019
0.00006
0.00044
0.00000
0.00000
0.00000

-0.00000
-0.00000
-0.00010

17(02,11)
M0011)

-0.01096
-0.01658
-0.00562
-0.01433
0.00559

-0.01387
-0.00558
-0.01124
-0.01124
-0.00913
-0.00872
-0.00818
0.00032
0.00884

-0.00918
0.00388

-0.00433
0.00000

-0.00477
-0.00228
-0.00426
-0.00431
-0.00155
0.00000

-0.00195
-0.00183
0.00000

-0.00395
0.00194

-0.00024
-0.00190
0.00000

-0.00236
-0.00004
-0.00231
-0.00209
-0.00022
0.00006
0.00276
0.00231
0.00000
0.00000
0.00231

-0.00000
0.00221

77(11>11)
v (0110)

0.03883
0.04106
0.04167
0.03840
0.04154
0.03819
0.04123
0.03869
0.03435
0.03091
0.03634
0.02970
0.03118
0.04246
0.03040
0.02737
0.02893
0.02047
0.02423
0.02352
0.02398
0.02348
0.02374
0.02149
0.01861
0.02133
0.02107
0.01970
0.01820
0.01735
0.01983
0.01648
0.01951
0.01631
0.01648
0.01731
0.01966
0.01550
0.01642
0.01620
0.01620
0.01620
0.01578
0.01615
0.01559

77(11,11)
Miooi)

0.01453
0.01676
0.01736
0.01410
0.01723
0.01389
0.01693
0.01488
0.01054
0.00710
0.01253
0.00589
0.00737
0.02038
0.00765
0.00462
0.00685

-0.00161
0.00529
0.00458
0.00504
0.00497
0.00522
0.00452
0.00163
0.00373
0.00410
0.00272
0.00226
0.00140
0.00388
0.00053
0.00421
0.00102
0.00119
0.00201
0.00437
0.00161
0.00254
0.00231
0.00231
0.00231
0.00189
0.00226
0.00170
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TABLE 2. (continued-?)

r/Ul.ll)
Mom)

-0.00631
0.00027
0.00000

-0.00240
-0.00013
-0.00261
-0.00043
-0.00645
0.00360

-0.00382
-0.00880
-0.00502
0.00192

-0.00142
-0.00380
-0.00011
-0.00383
-0.00161
0.00213
0.00158
0.00188
0.00149
0.00175
0.00452

-0.00068
-0.00009
0.00410

-0.00098
-0.00102
0.00121
0.00311
0.00034

-0.00161
0.00012
0.00094
0.00003

-0.00202
0.00016
0.00022
0.00000
0.00000
0.00000

-0.00042
-0.00005
-0.00062

r/dl.ll)
r (1110)

-0.00283
0.00027

-0.00347
-0.00240
-0.00360
-0.00261
-0.00391
-0.00248
-0.00037
0.00015

-0.00483
-0.00105
-0.00602
-0.00070
-0.00026
-0.00425
-0.00312
-0.00303
0.00213
0.00284
0.00188
0.00149
0.00175

-0.00165
0.00241
0.00084

-0.00208
0.00211
0.00258
0.00172

-0.00101
0.00085

-0.00003
-0.00041
-0.00013
-0.00055
-0.00037
0.00016
0.00022
0.00000
0.00000
0.00000

-0.00042
-0.00005
-0.00062

(̂1011)' — ̂(1101)

-0.00283
0.00200
0.00000

-0.00066
-0.00013
-0.00087
-0.00043
-0.00248
0.00360
0.00015

-0.00483
-0.00105
-0.00007
0.00179
0.00048
0.00033

-0.00063
0.00053

-0.00039
-0.00031
-0.00064
-0.00082
-0.00057
-0.00011
-0.00068
-0.00148
-0.00053
-0.00098
-0.00025
0.00044
0.00002

-0.00044
-0.00152
-0.00085
-0.00030
-0.00096
-0.00189
0.00016
0.00022
0.00000
0.00000
0.00000

-0.00042
-0.00005
-0.00062

T/UMl)
Mini)

0.01453
-0.00581
-0.01736
-0.00847
-0.01749
-0.00868
-0.01780
0.01488
0.00360
0.00015
0.01253

-0.00105
-0.00751
-0.02236
0.00026

-0.00395
-0.00116
0.00267

-0.00608
0.00521

-0.00633
-0.00661
0.00753

-0.00705
-0.00184
0.00373

-0.00748
-0.00005
-0.00160
0.00063

-0.00615
-0.00024
0.00316
0.00075

-0.00179
0.00301
0.00573

-0.00013
0.00254
0.00231

-0.00463
-0.00463
0.00189

-0.00468
0.00170
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TABLE 4. Determinant-optimal 34-BFF designs of resolution V

417

N

57
58
59
60a
60b
61a
61b
61c
62a
62b
63
64
65
66a
66b
67a
67b
67c
*68a
68b
69a
69b
70a
70b
*71a
71b
72a
72b
73a
73b
74a
74b
75a
75b
76a
76b
77a
77b
78
79
*80a

80b
*81

λ'

010111011011110
011110111110011
111111011011110
101101101111101
011111010111011

111111001111011
111101101111101

111110110111011
101111111101101

011111111110011
010111011111110

011110111111011
111111011111110

011111010011111
101101101011111

111111010011111

111111010101111

111101101011111

101111111111101

011111111111011
010111011011111
001111110101111

011111011011111

101101111011111
111111011011111
111101111011111
000111111101111

000111111011111
010111111101111

001111111011111
011111111101111

011111111011111
111111111101111

111111111011111

101111101111111

101111110111111

111111101111111

111111110111111

000111111111111
001111111111111

101111111111111

011111111111111
111111111111111

det (K
P
)

0.19202E-60
0.10700E-60

0.60360E-61
0.31857E-61

0.18235E-61

0.10835E-61

0.57380E-62

0.31979E-62
0.18654E-62
0.10465E-62

0.59918E-63

0.34807E-63

0.201 20E-63

0.11327E-63

0.66048E-64

0.38764E-64

0.22205E-64

0.13107E-64

0.77673E-65

0.4621 3E-65

0.26958E-65

0.16172E-65
0.95038E-66

0.56099E-66

0.33244E-66

(̂00,00)
v
 (0000)

0.01787
0.01777

0.01741
0.01721
0.01721

0.01665
0.01665

0.01665
0.01725

0.01725
0.01637

0.01626
0.01612

0.01640
0.01640
0.01581

0.01581
0.01581

0.01535
0.01535
0.01544

0.01544
0.01505
0.01505
0.01467
0.01467
0.01517

0.01517

0.01454

0.01454
0.01425

0.01425
0.01399
0.01399

0.01378
0.01352

0.01337

0.01337
0.01323
0.01289

0.01260

0.01260

0.01235

τy(OO.lO)
Y
 (0000)

0.00031
-0.00056

0.00024
0.00000

0.00008
-0.00000
0.00000

-0.00049
0.00000

-0.00024

0.00142

-0.00169
0.00141
0.00005

-0.00095
0.00047

0.00144
-0.00097

0.00000

-0.00141
-0.00090

0.00044
-0.00122

-0.00179
-0.00079

-0.00174
0.00000

-0.00120
0.00000

-0.00165
-0.00039
-0.00162

0.00000
-0.00123
0.00083

0.00110
0.00077
0.00116

0.00000
-0.00041

0.00000

-0.00039

0.00000

(̂00,01)
v
 (0000)

-0.00033
-0.00037

-0.00055
0.00005

-0.00003
0.00033
0.00033

-0.00016
-0.00016

0.00008
-0.00012

-0.00017
-0.00030

-0.00065
0.00035

-0.00080
0.00017

0.00063

-0.00094
0.00047

-0.00059

0.00075
-0.00079
-0.00022

-0.00090
0.00005

0.00080
-0.00040
0.00110

-0.00055
0.00095

-0.00028
0.00082

-0.00041
0.00023

-0.00007

0.00051
0.00013
0.00000

-0.00014

-0.00026

0.00013

0.00000

*This design is also optimal with respect to the trace criterion.

'̂ = (^400> ^040> ^004> ^810» ^301> ^130> *031> M08> *018> /220> *202» *022> *211f Λ l
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TABLE 4. (continued-1)

τ̂ (00,20)
V (0000)

0.00070
0.00028

-0.00047

-0.00090
0.00114

-0.00098
-0.00091
-0.00014
-0.00237
0.00047

-0.00015
-0.00059
-0.00103
0.00277
0.00054
0.00177

-0.00007
0.00055

-0.00103
-0.00045
0.00208
0.00046
0.00126
0.00055
0.00055
0.00055
0.00000
0.00227
0.00000
0.00123

-0.00066
0.00120

-0.00123
0.00062
0.00000
0.00110
0.00000
0.00116
0.00132
0.00062
0.00000
0.00058

0.00000

τ,r(00,02)
" (0000)

-0.00021
-0.00028
-0.00032

0.00061
-0.00007
0.00009
0.00016

-0.00019
0.00047

-0.00047
0.00002

-0.00005
-0.00009
0.00003
0.00077

-0.00009
0.00052
0.00032

-0.00009
-0.00028
0.00017
0.00071

0.00013
0.00036
0.00003
0.00003
0.00101
0.00025
0.00055
0.00014
0.00048

-0.00014
0.00041

-0.00021
0.00060
0.00007
0.00026

-0.00013
0.00044
0.00034
0.00026
0.00006
0.00000

τ̂ (00,ll)
v
 10000)

0.00043
-0.00056

0.00024

0.00000
-0.00068
0.00007
0.00000
0.00035

0.00000
-0.00095
-0.00036
0.00022

-0.00039
-0.00014
0.00060
0.00021

-0.00041
0.00061
0.00000

-0.00019
0.00029

-0.00025
-0.00004
0.00020
0.00024
0.00024
0.00000
0.00076
0.00000
0.00041

-0.00019
0.00042
0.00000
0.00062
0.00042
0.00000
0.00039
0.00000
0.00000

-0.00021
0.00000

-0.00019

0.00000

T^UO.IO)
V (0000)

0.02677
0.02609
0.02580
0.02602
0.02628
0.02602
0.02602
0.02598
0.02493
0.02528
0.02546
0.02477
0.02426
0.02319
0.02428
0.02289
0.02408
0.02428
0.02249
0.02395
0.02164
0.02422
0.02138
0.02261
0.02089
0.02260
0.02288
0.02116
0.02288
0.02084
0.02237
0.02084
0.02179
0.02026
0.02084
0.02028
0.02083
0.02025
0.01961
0.01910
0.01852
0.01910
0.01852

i/dO.lO)
V (1000)

0.00067
0.00000

-0.00029

-0.00105
0.00066

-0.00105
-0.00105
0.00037

-0.00214
0.00000
0.00000

-0.00069
-0.00121
0.00231
0.00052
0.00201
0.00020
0.00052

-0.00132
-0.00052
0.00158
0.00045
0.00132
0.00039
0.00083
0.00038
0.00000
0.00156
0.00000
0.00123

-0.00051
0.00123

-0.00109
0.00065
0.00001
0.00118
0.00000
0.00116
0.00109
0.00058
0.00000
0.00058
0.00000

ι/(10,01)
γ
 (0000)

0.00015

-0.00028
0.00012

0.00000
-0.00009
0.00000
0.00000

-0.00001
0.00000

-0.00012
0.00058

-0.00071
0.00047

-0.00004
-0.00040
0.00007
0.00046

-0.00040
0.00000

-0.00049
-0.00036
0.00049

-0.00052
-0.00093
-0.00040
-0.00097
0.00000

-0.00057
0.00000

-0.00068
-0.00019
-0.00070
0.00000

-0.00051
0.00034
0.00065
0.00039
0.00058
0.00000

-0.00017
0.00000

-0.00019
0.00000

17(10. oi)
Moioo)

0.00015
-0.00028
0.00012

0.00000
-0.00057

0.00000
0.00000
0.00047

0.00000
-0.00071
-0.00019
0.00006

-0.00031
-0.00000
0.00060
0.00011

-0.00050
0.00060
0.00000

-0.00027
0.00015

-0.00023
-0.00001
0.00030
0.00012
0.00027

0.00000
0.00052
0.00000
0.00041

-0.00019
0.00039
0.00000
0.00058
0.00034
0.00008
0.00039
0.00000
0.00000

-0.00017
0.00000

-0.00019

0.00000



Optimal Balanced Fractional 3m Factorial Designs 419

TABLE 4. (continued-2)

τ/(10,20)
γ
 (0000)

0.00057
-0.00168
0.00100
0.00000

-0.00082
-0.00013
0.00000

-0.00009
0.00000

-0.00160
0.00162

-0.00276
0.00193
0.00020

-0.00109

0.00091
0.00208

-0.00109
0.00000

-0.00263
-0.00102
0.00130

-0.00169
-0.00273
-0.00089
-0.00273
0.00000

-0.00100
0.00000

-0.00174
-0.00087
-0.00174
0.00000

-0.00087

0.00174
0.00176

0.00174
0.00174
0.00000

-0.00087

0.00000
-0.00087
0.00000

17(10.20)
V (1000)

-0.00322
0.00210

-0.00278
0.00000
0.00323
0.00094
0.00000
0.00396
0.00000
0.00178

-0.00301
0.00187

-0.00270
0.00005
0.00026
0.00076
0.00103
0.00026
0.00000
0.00167

-0.00025
0.00022

-0.00091
0.00190

-0.00012
0.00190
0.00000

-0.00018
0.00000

-0.00093
-0.00087
-0.00092
0.00000

-0.00005
-0.00174
0.00089

-0.00174
0.00087
0.00000

-0.00087

0.00000
-0.00087
0.00000

τ/(10,02)
y
 (0000)

-0.00018
-0.00000
-0.00003
0.00000

-0.00042
-0.00013
0.00000
0.00034
0.00000

-0.00030
-0.00052
0.00035

-0.00042
0.00019
0.00031
0.00027

-0.00005
0.00030
0.00000

-0.00002
0.00010

-0.00022
0.00006
0.00009
0.00018
0.00013
0.00000
0.00025
0.00000
0.00017

-0.00010
0.00019
0.00000
0.00029
0.00024

-0.00008
0.00019

-0.00000
0.00000

-0.00012

0.00000
-0.00010
0.00000

17(10,02)
V (0100)

0.00025
-0.00042
0,00039
0.00000
0.00054
0.00094
0.00000

-0.00063
0.00000
0.00012
0.00025

-0.00042
0.00035
0.00000
0.00006
0.00008

-0.00014
0.00005
0.00000
0.00009
0.00036

-0.00058
0.00032

-0.00022
0.00044

-0.00017
0.00000

-0.00002
0.00000

-0.00010
-0.00010
-0.00008
0.00000
0.00002
0.00024

-0.00037
0.00019

-0.00029
0.00000

-0.00012

0.00000
-0.00010
0.00000

τ̂ (lθ.ll)
V
 (0100)

-0.00091
-0.00126
-0.00155
0.00019

-0.00057
0.00031
0.00019

-0.00081
-0.00036
-0.00053
-0.00006
-0.00041
-0.00072
-0.00130
0.00129

-0.00154
0.00128
0.00129

-0.00198
0.00029

-0.00091
0.00194

-0.00118
0.00029

-0.00148
0.00028
0.00218

-0.00033
0.00218

-0.00058
0.00192

-0.00058
0.00163

-0.00087
0.00116
0.00000
0.00116
0.00000
0.00054
0.00029
0.00000
0.00029
0.00000

T^lO.ll)
(̂1000)

-0.00007
-0.00042
-0.00071
-0.00052
-0.00021
-0.00040
-0.00052
-0.00045
-0.00107
-0.00018
-0.00006
-0.00041
-0.00072
0.00106
0.00017
0.00082

0.00004
0.00017

-0.00066
-0.00037
0.00063
0.00040
0.00037
0.00029
0.00006
0.00028
0.00000
0.00076
0.00000
0.00051

-0.00026
0.00051

-0.00054
0.00022
0.00000
0.00058

-0.00000
0.00058
0.00054
0.00029
0.00000
0.00029
0.00000

ι/(10,ll)
V (1100)

0.00035
0.00000

-0.00029
0.00126
0.00046
0.00031
0.00126
0.00022
0.00071
0.00000
0.00109
0.00074
0.00043

-0.00089
-0.00058
-0.00113
-0.00101
-0.00058
0.00132
0.00062

-0.00014
-0.00068
-0.00040
-0.00064
-0.00071
-0.00064
0.00000

-0.00006
0.00000

-0.00031
-0.00026
-0.00031
-0.00054
-0.00060
0.00000

-0.00029
0.00000

-0.00029
0.00054
0.00029
0.00000
0.00029
0.00000
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TABLE 4. (continued-3)

τr(Ol.Ol)
MOOOO)

0.00910
0.00907

0.00898
0.00879
0.00870
0.00866
0.00866
0.00867
0.00847
0.00835
0.00836
0.00834
0.00823
0.00824
0.00788
0.00820
0.00781
0.00774
0.00814
0.00766
0.00812
0.00726
0.00802
0.00761
0.00799
0.00742
0.00686
0.00744
0.00672
0.00740
0.00665
0.00716
0.00658
0.00709
0.00663
0.00690
0.00643
0.00662
0.00654
0.00648
0.00643
0.00624
0.00617

17(01,01)
y
 (0001)

-0.00016
-0.00019

-0.00028
0.00041

-0.00016
0.00028
0.00028

-0.00019
0.00024

-0.00047
0.00004
0.00002

-0.00009
-0.00003
0.00057

-0.00006
0.00054
0.00043

-0.00009
-0.00035
0.00012
0.00050
0.00003
0.00034

-0.00000
0.00015
0.00069
0.00017
0.00055
0.00014
0.00048

-0.00011
0.00041

-0.00017
0.00046
0.00015
0.00026

-0.00013
0.00036
0.00031
0.00026
0.00006
0.00000

τy(01,20)
y
 (0000)

0.00035
0.00014

-0.00024
-0.00116
0.00010

-0.00117
-0.00115
0.00014

-0.00107
-0.00018
-0.00005
-0.00026
-0.00064
0.00095
0.00057

0.00070
-0.00023
0.00056

-0.00051
-0.00045
0.00094
0.00032
0.00053
0.00032
0.00033
0.00032
0.00000
0.00076
0.00000
0.00051

-0.00033
0.00054

-0.00062
0.00025
0.00000
0.00065
0.00000
0.00058
0.00054
0.00025
0.00000
0.00029
0.00000

T/
r(01,20)
V
 (0010)

0.00035
0.00014

-0.00024
0.00181
0.00018
0.00082
0.00182
0.00006
0.00047
0.00012
0.00098
0.00077
0.00039

-0.00046
-0.00096
-0.00071

-0.00104
-0.00097
0.00103
0.00077
0.00006

-0.00056
-0.00034
-0.00071
-0.00055
-0.00071
0.00000

-0.00006
0.00000

-0.00031
-0.00033
-0.00027
-0.00062
-0.00056
0.00000

-0.00021
0.00000

-0.00029
0.00054
0.00025
0.00000
0.00029
0.00000

τ/(01,02)
v
 (0000)

-0.00011
-0.00014
-0.00016
-0.00008
0.00020
0.00013
0.00014
0.00017

-0.00020
0.00034
0.00008
0.00004
0.00001

-0.00044
-0.00000
-0.00047
-0.00009
0.00022

-0.00043
0.00045

-0.00054
0.00013

-0.00056
-0.00017
-0.00059
0.00007
0.00005

-0.00028
0.00027

-0.00031
0.00024

-0.00005
0.00021

-0.00008
-0.00011
-0.00015
0.00013
0.00013

-0.00018
-0.00022
-0.00026
0.00003
0.00000

τ/(01,02)
MOOO!)

-0.00011
-0.00014
-0.00016
0.00048

-0.00060
-0.00031
0.00069

-0.00063
0.00032

-0.00028
-0.00035
-0.00039
-0.00042
0.00025
0.00028
0.00022
0.00019
0.00050
0.00009

-0.00047

0.00041
-0.00016
0.00039
0.00011
0.00036
0.00035
0.00005

-0.00001
0.00027

-0.00003
0.00024
0.00022
0.00021
0.00019

-0.00011
-0.00044
0.00013

-0.00016
-0.00018
-0.00022
-0.00026
0.00003
0.00000

r^(Ol.ll)
MOOOl)

0.00021
-0.00028
0.00012
0.00000

-0.00010
0.00001
0.00000
0.00002
0.00000

-0.00030
0.00000

-0.00006
-0.00008
-0.00004
0.00026
0.00005

-0.00022
0.00025
0.00000

-0.00010
0.00015

-0.00004
-0.00001
-0.00003
0.00007

-0.00006
0.00000
0.00025
0.00000
0.00017

-0.00010
0.00016
0.00000
0.00025
0.00017
0.00000
0.00019
0.00000
0.00000

-0.00008
0.00000

-0.00010
0.00000
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TABLE 4. (continued-4)

Γ/
r(01,ll)
M0010)

0.00021
-0.00028
0.00012
0.00000
0.00025
0.00001
0.00000

-0.00033
0.00000
0.00006
0.00103

-0.00109
0.00095

-0.00008
-0.00094
0.00001
0.00094

-0.00095
0.00000

-0.00076
-0.00037
0.00047

-0.00053
-0.00106
-0.00045
-0.00108
0.00000

-0.00084
0.00000

-0.00092
-0.00010
-0.00093
0.00000

-0.00084
0.00017
0.00058
0.00019
0.00058
0.00000

-0.00008
0.00000

-0.00010
0.00000

rXOl ll)
r (0011)

0.00021
-0.00028
0.00012
0.00000
0.00027
0.00100
0.00000

-0.00035
0.00000
0.00024
0.00013

-0.00019
0.00005
0.00011

-0.00009
0.00020
0.00013

-0.00010
0.00000
0.00023
0.00051

-0.00040
0.00035

-0.00024
0.00043

-0.00026
0.00000

-0.00002
0.00000

-0.00010
-0.00010
-0.00011
0.00000

-0.00002
0.00017

-0.00029
0.00019

-0.00029
0.00000

-0.00008
0.00000

-0.00010
0.00000

TX20.20)
y
 (0000)

0.04182
0.03998
0.03840
0.04446
0.04256
0.04409
0.04446
0.04077
0.04184
0.03971
0.04022
0.03836
0.03704
0.03314
0.04165
0.03143
0.03915
0.04165
0.03048
0.03823
0.03212

0.04096
0.03040
0.03465
0.02910
0.03465
0.03889
0.03212
0.03889
0.03039
0.03741
0.03039
0.03611
0.02908
0.03299
0.03040
0.03299
0.03038
0.03058
0.02908
0.02778
0.02908
0.02778

Kgίή?
0.00173

-0.00011
-0.00169
-0.00018
0.00135

-0.00192
-0.00018
-0.00044
-0.00445
-0.00018
0.00125

-0.00061
-0.00193
0.00301
0.00001
0.00130

-0.00106
0.00001

-0.00019
-0.00063
0.00303
0.00076
0.00131
0.00001
0.00001
0.00001
0.00000
0.00304
0.00000
0.00131

-0.00148
0.00130

-0.00278
0.00000
0.00000
0.00132
0.00000
0.00130
0.00280
0.00131

0.00000
0.00130
0.00000

7̂ (20,20)
M2000)

0.00331
0.00147

-0.00011
-0.01358
0.00181

-0.00627
-0.01358
0.00002
0.01175
0.00160
0.00395
0.00209
0.00077
0.00204

-0.01248
0.00034
0.00874

-0.01248
0.00039
0.00218
0.00310
0.01056
0.00138

-0.00547
0.00008

-0.00547
0.01111
0.00312
0.01111
0.00139
0.00964
0.00138
0.00833
0.00008

-0.00521
0.00002

-0.00521
0.00000
0.00280
0.00131

0.00000
0.00130
0.00000

τ̂ (20,02)
v
 (0000)

-0.00097
-0.00126
-0.00134
-0.00024
0.00040

-0.00047
-0.00025
-0.00019
-0.00220
-0.00077
-0.00037
-0.00066
-0.00077
0.00068

-0.00003
0.00049

-0.00001
-0.00002
-0.00064
-0.00033
0.00038

-0.00015
0.00029
0.00010
0.00011
0.00011
0.00000
0.00056
0.00000
0.00036

-0.00016
0.00833

-0.00031
0.00018
0.00000
0.00021
0.00000
0.00029
0.00039
0.00018
0.00000
0.00014
0.00000

τy(20.02)
v
 (0100)

0.00040
0.00011
0.00003
0.00076
0.00025
0.00014
0.00075

-0.00004
0.00089
0.00018
0.00053
0.00024
0.00013

-0.00026
-0.00034
-0.00045
-0.00052
-0.00033
0.00071
0.00027

-0.00006

-0.00059
-0.00014
-0.00034
-0.00033
-0.00033
0.00000
0.00007
0.00000

-0.00013
-0.00016
-0.00016
-0.00031
-0.00031
0.00000

-0.00022
0.00000

-0.00014
0.00039
0.00018
0.00000
0.00014
0.00000
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TABLE 4. (continued-5)

τ̂ (20.02)
MQ200)

0.00176
0.00147
0.00140

-0.00172
0.00009
0.00075

-0.00173
0.00011

-0.00297
0.00113
0.00143
0.00114
0.00103
0.00019
0.00074

-0.00001
-0.00103
0.00075

-0.00141
0.00088
0.00090

-0.00103
0.00081
0.00062
0.00062
0.00062
0.00000
0.00096
0.00000
0.00077

-0.00016
0.00073

-0.00031
0.00059
0.00000

-0.00065
0.00000

-0.00058
0.00039
0.00018
0.00000
0.00014
0.00000

y(20,ll)
γ
 (0000)

0.00110
-0.00168
0.00100

0.00000
-0.00063
0.00010
0.00000

-0.00005
0.00000

-0.00178
0.00108

-0.00165
0.00116

-0.00018
-0.00053
0.00041
0.00094

-0.00054
0.00000

-0.00176
-0.00025
0.00043

-0.00093
-0.00135
-0.00043
-0.00135
0.00000

-0.00029
0.00000

-0.00087
-0.00043
-0.00087
0.00000

-0.00044
0.00087
0.00087
0.00087
0.00087

0.00000
-0.00044
0.00000

-0.00043
0.00000

τ/(20.11)
v
 (0100)

0.00016

-0.00074
0.00006

0.00000
-0.00056
0.00166
0.00000
0.00003
0.00000

-0.00071
-0.00085
0.00028

-0.00077
-0.00020
0.00131
0.00039

-0.00038
0.00131
0.00000
0.00023
0.00106

-0.00089
0.00038
0.00011
0.00088
0.00011
0.00000
0.00101
0.00000
0.00044

-0.00043
0.00044
0.00000
0.00087
0.00087

-0.00043
0.00087

-0.00043
0.00000

-0.00044
0.00000

-0.00043
0.00000

τr(20.11)
v
 (1000)

-0.00174
0.00116

-0.00184

0.00000
0.00158
0.00060
0.00000
0.00217
0.00000
0.00142

-0.00162
0.00105

-0.00154
-0.00005
-0.00031
0.00054
0.00031

-0.00031
0.00000
0.00122
0.00029

-0.00011
-0.00039
0.00088
0.00011
0.00088
0.00000
0.00020
0.00000

-0.00038
-0.00043
-0.00038
0.00000
0.00005

-0.00087
0.00043

-0.00087

0.00043
0.00000

-0.00044
0.00000

-0.00043
0.00000

τ/(20,ll)
M1100)

0.00426
-0.00484
0.00416
0.00000

-0.00529
-0.00478
0.00000

-0.00470
0.00000

-0.00445
0.00340

-0.00397
0.00347

-0.00145
0.00014

-0.00087
-0.00101
0.00014
0.00000

-0.00374
0.00021

-0.00143
-0.00047
0.00096
0.00004
0.00096
0.00000
0.00011
0.00000

-0.00046
-0.00043
-0.00046
0.00000

-0.00003
-0.00087
-0.00087
-0.00087
-0.00087
0.00000

-0.00044
0.00000

-0.00043
0.00000

τ/(02»02)
V (0000)

0.00524
0.00519
0.00519

0.00494
0.00473
0.00452
0.00459
0.00471
0.00497
0.00425
0.00449
0.00445
0.00444
0.00462
0.00415
0.00460
0.00407
0.00380
0.00467
0.00360
0.00437
0.00374
0.00437
0.00402
0.00434
0.00372
0.00357
0.00395
0.00322
0.00393
0.00321
0.00366
0.00319
0.00364
0.00345
0.00353
0.00315
0.00325
0.00340
0.00337
0.00334
0.00310
0.00309

τ,(02,02)
M0001)

-0.00006
-0.00011
-0.00011
-0.00002
0.00015
0.00017

-0.00037
0.00013

-0.00018
-0.00018
0.00016
0.00012
0.00011

-0.00009
0.00030

-0.00011
0.00019

-0.00005

-0.00028
0.00006

-0.00009
0.00051

-0.00010
0.00017

-0.00013
-0.00013
0.00048
0.00010
0.00014
0.00008
0.00012

-0.00019
0.00010

-0.00021
0.00036
0.00029
0.00006
0.00002
0.00031
0.00028
0.00026
0.00002
0.00000
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TABLE 4. (continued-6)

τ/(02.02)
y
 (0002)

-0.00073
-0.00077
-0.00078
0.00158

-0.00134
-0.00110
0.00123

-0.00137
0.00162
0.00002

-0.00108
-0.00113
-0.00114
-0.00033
0.00092

-0.00035
-0.00060
0.00057
0.00133

-0.00040
-0.00009
0.00037

-0.00009
0.00080

-0.00012
0.00050
0.00048
0.00072
0.00014
0.00070
0.00012
0.00044
0.00010
0.00042
0.00036
0.00015
0.00006

-0.00013
0.00031
0.00028

0.00026
0.00002
0.00000

τ/(02,ll)
V (0000)

-0.00009
-0.00000
-0.00003
0.00000
0.00021

-0.00005
0.00000

-0.00028
0.00000
0.00036
0.00063

-0.00072
0.00068
0.00007

-0.00052
0.00014
0.00065

-0.00051
0.00000

-0.00038
-0.00032
0.00026

-0.00036
-0.00063
-0.00028
-0.00059
0.00000

-0.00047
0.00000

-0.00053
-0.00005
-0.00052
0.00000

-0.00047
0.00012
0.00029
0.00010
0.00029

0.00000
-0.00006

0.00000
-0.00005
0.00000

y(02,ll)
V
 (0001)

0.00001
-0.00011
0.00007
0.00000
0.00019
0.00052
0.00000

-0.00025
0.00000
0.00000

-0.00002
-0.00007
0.00003

-0.00014
-0.00004
-0.00007
0.00014

-0.00003
0.00000
0.00012
0.00011

-0.00018
0.00008

-0.00014
0.00015

-0.00010
0.00000
0.00002
0.00000

-0.00004
-0.00005
-0.00003
0.00000
0.00002
0.00012

-0.00014
0.00010

-0.00014
0.00000

-0.00006

0.00000

-0.00005
0.00000

τ/(02,ll)
y
 (0010)

0.00022
-0.00032
0.00028
0.00000

-0.00053
-0.00054
0.00000
0.00046
0.00000

-0.00071
-0.00027
0.00018

-0.00023
0.00005
0.00026
0.00012

-0.00033
0.00027

0.00000
-0.00021
-0.00014
0.00008

-0.00018
0.00012

-0.00010
0.00015
0.00000
0.00029
0.00000
0.00023

-0.00005
0.00024
0.00000
0.00029
0.00012
0.00014
0.00010
0.00014
0.00000

-0.00006
0.00000

-0.00005
0.00000

τy(02.11)
Y
 (0011)

-0.00199
0.00189

-0.00193
0.00000

-0.00055
0.00003
0.00000
0.00048
0.00000
0.00125

-0.00092
0.00083

-0.00087
-0.00154
-0.00064
-0.00147
-0.00084
-0.00064
0.00000
0.00028

-0.00109
-0.00036
-0.00113
-0.00078
-0.00106
-0.00075
0.00000

-0.00060
0.00000

-0.00067
-0.00005
-0.00066
0.00000

-0.00061
0.00012

-0.00029
0.00010

-0.00029
0.00000

-0.00006
0.00000

-0.00005
0.00000

T^ll.ll)
v
 (0110)

0.01533
0.01515
0.01486
0.01327
0.01390
0.01344
0.01327
0.01371
0.01300
0.01442
0.01305
0.01287
0.01268
0.01251
0.01180
0.01231
0.01180
0.01180
0.01190
0.01221
0.01164
0.01110
0.01137
0.01117
0.01117
0.01117
0.01035
0.01090
0.01035
0.01071
0.01022
0.01071
0.01008
0.01057
0.00984
0.01013
0.00984
0.01013
0.00953
0.00940

0.00926
0.00940
0.00926

r/ Ul IDy
 (looi)

0.00187

0.00168

0.00139
0.00009
0.00073
0.00026
0.00009
0.00053

-0.00018
0.00125
0.00070
0.00052
0.00034
0.00089
0.00018
0.00069
0.00019
0.00018
0.00000
0.00031
0.00083
0.00030
0.00056
0.00037
0.00037
0.00037
0.00000
0.00056
0.00000
0.00036

-0.00013
0.00036

-0.00027
0.00022
0.00000
0.00029

-0.00000
0.00029
0.00027
0.00015
0.00000
0.00014
0.00000
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TABLE 4. (continued-7)

ι/(ll>ll)
"(0111)

-0.00076
-0.00095
-0.00124
0.00152

-0.00113
-0.00007
0.00152

-0.00132
0.00125

-0.00160
-0.00046
-0.00063
-0.00082
0.00024
0.00121
0.00003
0.00123
0.00121
0.00017

-0.00126
0.00107
0.00053
0.00080
0.00060
0.00060
0.00060
0.00109
0.00034
0.00109
0.00015
0.00096
0.00014
0.00082

-0.00000
0.00058

-0.00043
0.00058

-0.00043
0.00027
0.00015
0.00000
0.00014
0.00000

y(ll.ll)
"(mo)

0.00008
-0.00011
-0.00040
-0.00133
0.00030

-0.00078
-0.00133
0.00010

-0.00160
-0.00018
-0.00046
-0.00063
-0.00082
0.00178
0.00065
0.00157
0.00025
0.00065

-0.00116
-0.00060
0.00107
0.00053
0.00080
0.00060
0.00060
0.00060
0.00000
0.00088
0.00000
0.00069

-0.00013
0.00069

-0.00027
0.00054
0.00000
0.00072
0.00000
0.00072
0.00027
0.00015
0.00000
0.00014
0.00000

τ/
r(ll.ll)_ τj (llιll)
y
 (1011) ~

v
 (1101)

-0.00013
-0.00032
-0.00061
0.00045

-0.00006
-0.00007
0.00045

-0.00025
0.00018

-0.00053
0.00031
0.00014

-0.00005
-0.00017
-0.00025
-0.00038
-0.00044
-0.00025
0.00050
0.00006
0.00029

-0.00024
0.00002

-0.00017
-0.00017
-0.00017
0.00000
0.00007
0.00000

-0.00013
-0.00013
-0.00013
-0.00027
-0.00027
0.00000

-0.00014
0.00000

-0.00014
0.00027
0.00015
0.00000
0.00014
0.00000

i/di.ii)
Y
 (1111)

0.00250
0.00231
0.00202

-0.00151
0.00031
0.00076

-0.00151
0.00012

-0.00178
0.00231
0.00109
0.00091
0.00072
0.00015
0.00070

-0.00005
-0.00107
0.00070

-0.00132
0.00097
0.00114

-0.00078
0.00087
0.00068
0.00068
0.00068

-0.00000
0.00096

-0.00000
0.00077

-0.00013
0.00077

-0.00027
0.00063
0.00000

-0.00058
0.00000

-0.00058
0.00027
0.00015
0.00000
0.00014
0.00000
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TABLE 6. Determinant-optimal 35-BFF designs of resolution V

N

*51

*52

53a

53b

53c

54a

54b

54c

55a

*55b

56a

56b

57a

57b

58a

58b

58c

*59a

59b

60a

60b

61a

61b

61c

old

61e

62a

62b

63

64

65a

65b

66

67a

67b

67c

68

*69

70

λ'

100001001000110100000

200001001000110100000

210001001000110100000

210000011001100100000

201001100000011100000

220000011001100100000

211001001000110100000

202001100000011100000

000100110001001100000

0001001 1001 1000001000

100000111010000000100

100011010000001000100

110010000100000011000

110000100001000101000

111100000010000011000

111010000100000011000

111001000000100101000

121001000000100101000

211010000100000011000

000101110000001000010

000110110001000000001

100001010010001000100

100000110010001000100

100001010110000000001

100000110110000000001

010100010011000000001

110000000001100101000

101000000110000011000

111000000001100101000

121000000001100101000

000100110010001000100

000100110011000000001

100011001000110000100

101001000000010100001

110000010001000100001

110000001100000010010

111010000000100001100

211000100010000001100

000110101001010000001

det (V
τ
)

0.19350E-86

0.96752E-87

0.53825E-87

0.30709E-87

0.95051E-88

0.46404E-90

0.90107E-91

0.22389E-91

0.11849E-91

0.18214E-92

0.16994E-93

0.32998E-94

0.88735E-95

0.44367E-95

0.10224E-95

0.51687E-96

0.22224E-96

0.89610E-97

0.461 12E-97

0.62939E-98

(̂00,00)
γ
 (0000)

0.03406

0.03085

0.02977

0.02977

0.02977

0.02975

0.02975

0.02975

0.03492

0.03492

0.02349

0.03105

0.02362

0.02362

0.02188

0.02188

0.02188

0.02160

0.02160

0.02322

0.02322

0.01685

0.01685

0.01685

0.01685

0.01685

0.01901

0.01901

0.01844

0.01776

0.01604

0.01604

0.01593

0.01656

0.01656

0.01656

0.01649

0.01551

0.01552

Γ/
r(00,10)

" (0000)

0.00021

-0.00091

-0.00087

0.00258

-0.00087

0.00259

-0.00090

-0.00090

0.00325

-0.00089

0.01029

0.01016

-0.00695

0.00238

-0.00722

-0.00402

-0.00321

-0.00285

-0.00335

-0.00203

-0.00588

0.00106

-0.00106

0.00106

-0.00106

0.00106

-0.00084

0.00083

0.00000

0.00000

0.00078

0.00000

0.00042

0.00035

0.00146

0.00111

-0.00112

0.00048

-0.00121

τ/(00,01)
" (0000)

-0.00245

-0.00183

-0.00201

0.00144

-0.00201

0.00146

-0.00203

-0.00203

0.00049

-0.00187

0.00146

0.00200

0.00390

-0.00543

0.00027

0.00348

-0.00375

-0.00318

0.00302

-0.00459

0.00331

-0.00035

-0.00035

-0.00035

-0.00035

-0.00035

0.00027

0.00028

0.00067

0.00053

-0.00026

0.00052

0.00048

-0.00086

0.00025

0.00060

0.00033

-0.00083

0.00040

This design is also optimal with respect to the trace criterion.
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TABLE 6. (continued-1)

(̂00.20)
MOOOO)

-0.00319

-0.00152

-0.00151

-0.00644

-0.00151

-0.00640

-0.00166

-0.00166

-0.00958

-0.00532

-0.00347

-0.01659

-0.01043

-0.00158

-0.00218

-0.00660

0.00101

0.00035

-0.00554

0.00010

-0.00923

-0.00087

0.00087

0.00087

-0.00087

0.00087

-0.00609

0.00013

-0.00405

-0.00343

-0.00090

0.00000

-0.00043

0.00220

-0.00078

0.00052

-0.00144

0.00113

-0.00137

,7(00,02)
γ
 (0000)

-0.00301

-0.00233

-0.00186

-0.00021

-0.00186

-0.00028

-0.00186

-0.00186

-0.00129

-0.00271

-0.00204

0.00234

0.00008

-0.00287

-0.00100

0.00048

-0.00206

-0.00164

0.00032

-0.00251

0.00060

-0.00003

-0.00003

-0.00003

-0.00003

-0.00003

0.00052

-0.00155

0.00063

0.00015

-0.00010

-0.00040

-0.00042

-0.00030

0.00069

0.00026

0.00076

-0.00038

-0.00039

77(00,11)

Moooo)

0.00195

0.00140

0.00126

-0.00039

0.00126

-0.00038

0.00120

0.00120

0.00002

-0.00144

-0.00344

-0.00379

0.00057

-0.00238

0.00254

0.00106

0.00148

0.00129

0.00067

0.00240

0.00071

-0.00048

0.00048

-0.00048

0.00048

-0.00048

-0.00032

-0.00175

0.00000

0.00000

0.00030

0.00000

0.00002

0.00043

-0.00056

-0.00099

0.00059

-0.00030

0.00010

T/UO.IO)
V (0000)

0.04994

0.04955

0.04955

0.05273

0.04955

0.05273

0.04950

0.04950

0.04824

0.04795

0.04900

0.03858

0.04346

0.02947

0.04387

0.03851

0.02908

0.02864

0.03695

0.02803

0.03812

0.03009

0.03009

0.03009

0.03009

0.03009

0.02691

0.02653

0.02568

0.02568

0.02621

0.02687

0.02524

0.02681

0.02656

0.02510

0.02494

0.02539

0.02425

T/UO.IO)
V (1000)

-0.00660

-0.00699

-0.00699

-0.00900

-0.00699

-0.00900

-0.00704

-0.00704

-0.00775

-0.00564

0.01968

0.00463

0.00974

0.00038

0.01548

0.00479

-0.00001

-0.00045

0.00323

-0.00118

0.00460

0.00231

0.00231

0.00231

0.00231

0.00231

-0.00087

0.00084

-0.00210

-0.00210

-0.00099

0.00141

-0.00023

0.00528

0.00156

0.00080

-0.00006

0.00386

-0.00114

77(10,01)
' (0000)

-0.00693

-0.00672

-0.00671

-0.00565

-0.00671

-0.00566

-0.00674

-0.00674

-0.00530

0.00540

0.00514

0.00064

-0.00565

-0.00099

-0.00315

-0.00493

0.00179

0.00109

-0.00386

-0.00108

-0.00229

-0.00106

0.00106

-0.00106

0.00106

-0.00106

0.00059

-0.00046

0.00000

0.00000

0.00022

0.00000

0.00016

-0.00049

-0.00057

-0.00008

0.00021

0.00002

0.00006

77(10,01)
v
 (0100)

0.00220

0.00242

0.00242

0.00176

0.00242

0.00175

0.00240

0.00240

0.00127

-0.00197

0.00360

0.00064

-0.00588

-0.00276

-0.00160

-0.00516

0.00356

0.00286

-0.00409

0.00036

-0.00229

-0.00106

0.00106

-0.00106

0.00106

-0.00106

0.00059

-0.00115

0.00000

0.00000

0.00080

0.00000

0.00016

-0.00025

-0.00149

-0.00124

0.00114

-0.00021

-0.00016
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TABLE 6. (continued-2)

τ/(10.20)
V (0000)

0.01037

0.01095

0.01095

0.00955

0.01095

0.00954

0.01076

0.01076

0.00690

-0.00634

-0.00521

-0.00926

0.01311

0.00478

0.00203

0.00666

-0.00354

-0.00272

0.00418

-0.00298

0.00787

-0.00000

-0.00000

0.00000

0.00000

0.00000

0.00301

-0.00010

0.00000

0.00000

0.00197

-0.00042

0.00209

0.00125

0.00570

0.00182

-0.00251

-0.00075

-0.00209

T
y(10,20)
" (1000)

-0.00898

-0.00840

-0.00840

-0.00804

-0.00840

-0.00805

-0.00860

-0.00860

-0.00582

0.00786

-0.01215

-0.01389

0.01705

0.00408

0.00689

0.01060

-0.00285

-0.00202

0.00811

0.00205

0.01218

-0.00694

-0.00694

0.00694

0.00694

0.00694

0.00301

0.00372

0.00000

0.00000

-0.00295

0.00536

-0.00370

0.00079

0.00431

-0.00049

-0.00112

-0.00029

0.00301

τy(10.02)
(̂0000)

-0.00084

-0.00061

-0.00063

-0.00037

-0.00063

-0.00034

-0.00063

-0.00063

-0.00090

0.00060

-0.00273

0.00129

-0.00107

-0.00134

0.00035

-0.00174

0.00173

0.00120

-0.00138

0.00008

-0.00082

-0.00096

0.00096

-0.00096

0.00096

-0.00096

0.00017

0.00002

0.00000

0.00000

0.00064

0.00000

0.00006

0.00164

-0.00000

-0.00077

-0.00033

-0.00105

0.00026

7y(10»02)
V (0100)

0.00052

0.00076

0.00074

0.00015

0.00074

0.00017

0.00074

0.00074

-0.00012

-0.00040

-0.00402

0.00231

-0.00081

-0.00113

0.00032

-0.00149

0.00152

0.00100

-0.00113

-0.00000

-0.00082

0.00135

-0.00135

0.00135

-0.00135

0.00135

0.00017

0.00013

0.00000

0.00000

-0.00100

0.00000

0.00006

0.00095

-0.00078

-0.00039

0.00044

-0.00035

0.00015

ly(lθ.ll)
V (0100)

-0.00772

-0.00791

-0.00790

-0.00641

-0.00790

-0.00641

-0.00798

-0.00798

-0.00413

-0.00646

-0.00834

-0.00154

-0.00053

-0.00239

-0.00875

-0.00136

-0.00282

-0.00259

-0.00045

-0.00230

0.00135

-0.00231

-0.00231

-0.00231

-0.00231

-0.00231

-0.00087

-0.00147

-0.00134

-0.00134

-0.00143

-0.00054

-0.00061

-0.00330

0.00208

0.00077

0.00195

-0.00267

-0.00029

τ/(10,ll)
V
 (1000)

-0.00654

-0.00674

-0.00673

-0.00764

-0.00673

-0.00764

-0.00680

-0.00680

-0.00493

-0.00560

-0.00680

-0.00463

-0.00385

-0.00108

-0.00674

-0.00468

-0.00151

-0.00128

-0.00377

-0.00038

-0.00248

-0.00231

-0.00231

-0.00231

-0.00231

-0.00231

-0.00087

-0.00147

-0.00134

-0.00134

-0.00085

-0.00169

-0.00177

-0.00029

0.00023

-0.00039

0.00010

0.00034

-0.00116

T^UO.ll)
r(HOO)

0.00423

0.00404

0.00404

0.00440

0.00404

0.00439

0.00397

0.00397

0.00330

0.00331

-0.00603

-0.00309

-0.00277

0.00008

-0.00759

-0.00360

-0.00035

-0.00012

-0.00269

0.00081

-0.00104

-0.00000

-0.00000

-0.00000

-0.00000

-0.00000

0.00145

-0.00089

0.00097

0.00097

0.00021

0.00024

0.00016

-0.00314

-0.00147

-0.00116

-0.00160

-0.00252

0.00032
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TABLE 6. (continued-3)

τ/(oι.oi)
v
 (0000)

0.01361

0.01349

0.01346

0.01240

0.01346

0.01237

0.01344

0.01344

0.01241

0.01251

0.01102

0.00970

0.01204

0.01670

0.01015

0.01193

0.01508

0.01396

0.01119

0.01311

0.00975

0.00932

0.00932

0.00932

0.00932

0.00932

0.00919

0.00932

0.00891

0.00889

0.00888

0.00866

0.00865

0.00850

0.00858

0.00907

0.00851

0.00824

0.00812

τ/(01,01)
V
 (0001)

-0.00146

-0.00158

-0.00161

-0.00094

-0.00161

-0.00096

-0.00162

-0.00162

-0.00080

-0.00150

0.00021

0.00044

0.00301

0.00613

-0,00066

0.00290

0.00451

0.00339

0.00217

0.00241

0.00049

0.00006

0.00006

0.00006

0.00006

0.00006

0.00086

0.00029

0.00058

0.00055

0.00020

-0.00060

-0.00061

-0.00006

0.00118

0.00143

0.00110

-0.00032

-0.00048

τ/(01 20)
V (0000)

-0.00409

-0.00442

-0.00441

-0.00502

-0.00441

-0.00506

-0.00451

-0.00451

-0.00388

-0.00223

-0.00174

-0.00193

-0.00732

-0.00320

-0.00084

-0.00638

-0.00570

-0.00439

-0.00468

-0.00147

-0.00359

0.00087

-0.00087

-0.00087

0.00087

-0.00087

-0.00046

-0.00159

-0.00189

-0.00177

-0.00170

0.00000

-0.00017

0.00062

-0.00257

0.00149

-0.00187

0.00045

-0.00146

-̂(01,20)
V (0010)

0.00303

0.00271

0.00271

0.00165

0.00271

0.00161

0.00261

0.00261

0.00208

0.00183

-0.00174

-0.00193

-0.00662

-0.00251

-0.00084

-0.00569

-0.00501

-0.00370

-0.00398

0.00045

-0.00359

0.00087

-0.00087

-0.00087

0.00087

-0.00087

0.00093

-0.00055

-0.00050

-0.00038

0.00032

0.00000

-0.00017

-0.00076

-0.00326

-0.00175

-0.00256

-0.00094

0.00061

τ/(01,02)
Moooo)

0.00065

0.00052

0.00060

0.00060

0.00060

0.00066

0.00060

0.00060

0.00076

0.00031

-0.00050

0.00101

0.00151

0.00318

0.00030

0.00160

0.00240

0.00157

0.00136

0.00139

0.00120

0.00061

0.00061

0.00061

0.00061

0.00061

0.00053

-0.00025

0.00045

0.00036

0.00023

0.00082

0.00081

-0.00079

0.00011

0.00082

0.00004

-0.00047

0.00063

y(01,02)
V (0001)

0.00015

0.00002

0.00010

-0.00002

0.00010

0.00004

0.00009

0.00009

0.00010

0.00002

-0.00102

-0.00054

0.00074

0.00401

-0.00021

0.00083

0.00322

0.00239

0.00059

0.00224

-0.00034

-0.00093

-0.00093

-0.00093

-0.00093

-0.00093

0.00099

-0.00106

0.00092

0.00082

-0.00064

-0.00073

-0.00073

0.00022

0.00050

0.00121

0.00043

0.00053

-0.00058

τ/(01,ll)
v
 (0001)

0.00181

0.00192

0.00189

0.00205

0.00189

0.00205

0.00186

0.00186

0.00170

-0.00122

-0.00172

-0.00006

0.00150

0.00168

0.00118

0.00162

-0.00081

-0.00044

0.00100

-0.00102

0.00028

0.00048

-0.00048

0.00048

-0.00048

0.00048

0.00023

-0.00022

0.00000

0.00000

-0.00021

0.00000

0.00001

0.00009

-0.00033

0.00046

0.00030

0.00033

-0.00004
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TABLE 6. (continued-4)

τ/(01,ll)
"(0010)

0.00138

0.00149

0.00146

0.00242

0.00146

0.00242

0.00142

0.00142

0.00201

-0.00098

-0.00018

-0.00006

0.00173

0.00345

-0.00036

0.00185

-0.00258

-0.00222

0.00123

-0.00294

0.00028

0.00048

-0.00048

0.00048

-0.00048

0.00048

0.00023

-0.00022

0.00000

0.00000

0.00037

0.00000

0.00001

-0.00014

0.00106

0.00208

-0.00109

0.00057

-0.00091

T^ (01.11)
y
 (0011)

-0.00162

-0.00151

-0.00153

-0.00165

-0.00153

-0.00166

-0.00157

-0.00157

-0.00151

0.00091

-0.00172

-0.00006

0.00220

0.00230

0.00118

0.00232

-0.00143

-0.00106

0.00169

-0.00182

0.00028

0.00048

-0.00048

0.00048

-0.00048

0.00048

0.00023

0.00036

0.00000

0.00000

-0.00088

0.00000

0.00001

0.00055

0.00021

0.00100

-0.00024

-0.00013

0.00043

τ/(20,20)
y (OΌOO)

0.06292

0.06205

0.06205

0.15002

0.06205

0.14997

0.06124

0.06124

0.14676

0.05410

0.06250

0.10069

0.09710

0.05497

0.05421

0.08869

0.05111

0.04956

0.08476

0.04091

0.09433

0.05208

0.05208

0.05208

0.05208

0.05208

0.05497

0.04451

0.04762

0.04707

0.04063

0.05047

0.04878

0.03222

0.04959

0.05753

0.04328

0.03097

0.03982

τ̂ (20.20)
y (1000)

-0.00181

-0.00267

-0.00267

-0.03387

-0.00267

-0.03392

-0.00348

-0.00348

-0.03299

-0.00162

-0.00000

0.00347

0.00196

0.00497

-0.00360

-0.00645

0.00111

-0.00044

-0.01038

0,00117

-0.00265

0.00347

0.00347

0.00347

0.00347

0.00347

0.00497

0.00059

-0.00238

-0.00293

-0.00089

0.00244

0.00075

0.00167

0.00740

0.00406

0.00110

0.00041

-0.00168

(̂20,20)
" (2000)

-0.00403

-0.00490

-0.00490

0.03224

-0.00490

0.03219

-0.00570

-0.00570

0.03725

0.00515

-0.00000

0.03125

0.03182

0.01747

0.00109

0.02341

0.01361

0.01206

0.01948

-0.00731

0.02536

-0.00347

-0.00347

-0.00347

-0.00347

-0.00347

0.01747

-0.00167

0.01012

0.00957

-0.00075

-0.00392

-0.00562

0.00028

0.01522

-0.02024

0.00891

-0.00098

-0.00152

7̂ (20,02)
v
 (0000)

-0.01175

-0.01211

-0.01211

-0.01460

-0.01211

-0.01450

-0.01214

-0.01214

-0.01408

-0.01079

0.00608

-0.00386

-0.00276

-0.00468

0.00150

-0.00364

-0.00589

-0.00491

-0.00307

-0.00142

-0.00128

-0.00174

0.00174

0.00174

-0.00174

0.00174

-0.00350

-0.00224

-0.00391

-0.00348

-0.00116

0.00000

-0.00006

0.00100

-0.00062

-0.00093

0.00004

0.00116

-0.00111

τ,r(20.02)
y (oioo)

0.00355

0.00320

0.00320

0.00423

0.00320

0.00432

0.00317

0.00317

0.00497

0.00388

0.00029

-0.00309

-0.00122

-0.00029

-0.00134

-0.00210

-0.00149

-0.00051

-0.00153

0.00045

-0.00128

-0.00058

0.00058

0.00058

-0.00058

0.00058

0.00066

-0.00010

0.00025

0.00069

0.00004

0.00000

-0.00006

-0.00039

-0.00149

-0.00069

-0.00083

-0.00023

-0.00008
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TABLE 6. (continued-5)

τ̂ (20.02)
M0200)

-0.00197

-0.00232

-0.00233

-0.00472

-0.00233

-0.00463

-0.00235

-0.00235

-0.00376

-0.00228

0.00145

-0.00231

0.00033

-0.00283

0.00277

-0.00055

-0.00404

-0.00306

0.00002

-0.00115

-0.00128

0.00058

-0.00058

-0.00058

0.00058

-0.00058

-0.00212

0.00204

-0.00252

-0.00209

0.00125

0.00000

-0.00006

-0.00039

-0.00236

0.00093

-0.00169

-0.00023

0.00095

τ̂ (20,ll)
V (0000)

0.00199

0.00228

0.00228

0.01321

0.00228

0.01320

0.00197

0.00197

0.01669

-0.00619

0.00651

0.01100

-0.01052

-0.00061

-0.00964

-0.01160

0.00196

0.00153

-0.01016

-0.00146

-0.00765

-0.00174

-0.00174

0.00174

0.00174

0.00174

0.00116

-0.00131

0.00000

0.00000

0.00172

0.00167

-0.00159

0.00087

0.00134

0.00047

-0.00108

-0.00040

-0.00123

ι/(20.11)
v
 (0100)

-0.00375

-0.00346

-0.00346

-0.00790

-0.00346

-0.00791

-0.00377

-0.00377

-0.00765

0.00280

-0.00043

0.00174

0.00013

-0.00061

0.00095

-0.00095

0.00196

0.00153

0.00049

-0.00087

0.00168

0.00058

0.00058

-0.00058

-0.00058

-0.00058

0.00116

-0.00102

0.00000

0.00000

-0.00035

-0.00046

0.00053

0.00041

-0.00023

-0.00254

0.00048

0.00007

0.00089

1̂ (20,11)
v
 (1000)

-0.00551

-0.00522

-0.00522

-0.00809

-0.00522

-0.00809

-0.00553

-0.00553

-0.00746

0.00510

-0.00391

-0.00058

0.00314

0.00008

0.00338

0.00206

0.00126

0.00083

0.00350

0.00110

0.00456

-0.00289

-0.00289

0.00289

0.00289

0.00289

0.00116

0.00245

0.00000

0.00000

-0.00180

0.00359

-0.00352

0.00087

0.00012

0.00116

0.00013

-0.00040

0.00219

ι/(20,ll)
' (1100)

0.00958

0.00987

0.00987

0.01247

0.00987

0.01246

0.00956

0.00956

0.00987

-0.00674

0.00998

0.01100

-0.00705

0.00008

-0.00687

-0.00813

0.00126

0.00083

-0.00668

0.00169

-0.00694

0.00637

0.00637

-0.00637

-0.00637

-0.00637

0.00116

-0.00421

0.00000

0.00000

0.00307

-0.00547

0.00555

-0.00098

-0.00144

-0.00046

0.00169

0.00145

-0.00264

(̂02.02)
V (0000)

0.01502

0.01488

0.01467

0.00656

0.01467

0.00639

0.01467

0.01467

0.00670

0.01480

0.00748

0.00742

0.00525

0.01121

0.00556

0.00516

0.01084

0.01021

0.00508

0.01017

0.00414

0.00682

0.00682

0.00682

0.00682

0.00682

0.00542

0.00574

0.00540

0.00506

0.00587

0.00400

0.00400

0.00596

0.00510

0.00442

0.00503

0.00557

0.00382

•̂(02,02)
V (0001)

-0.00325

-0.00339

-0.00360

-0.00082

-0.00360

-0.00098

-0.00360

-0.00360

-0.00066

-0.00342

0.00062

0.00107

0.00045

-0.00051

-0.00046

0.00036

-0.00088

-0.00151

0.00027

-0.00130

0.00028

0.00064

0.00064

0.00064

0.00064

0.00064

-0.00013

0.00086

-0.00016

-0.00049

0.00049

0.00014

0.00014

0.00048

0.00057

0.00041

0.00050

0.00009

0.00012
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TABLE 6. (continued-6)

(̂02,02)
v (0002)

0.00395
0.00380
0.00360
0.00107
0.00360
0.00090
0.00360

0.00360
0.00124
0.00382

-0.00084
-0.00219
0.00028
0.00398
0.00045
0.00018
0.00360
0.00298
0.00010
0.00305

-0.00049
-0.00244
-0.00244
-0.00244
-0.00244
-0.00244
0.00125
0.00061
0.00123
0.00090

-0.00181
-0.00063
-0.00063
-0.00053
-0.00088
0.00087

-0.00095
-0.00091
-0.00049

r/-(02,ll)
r (0000)

-0.00717
-0.00705
-0.00699
-0.00168
-0.00699
-0.00167

-0.00699
-0.00699
-0.00158
0.00727
0.00172
0.00064
0.00117
0.00319

-0.00171
0.00106

-0.00277
-0.00250
0.00085

-0.00304
0.00010
0.00096

-0.00096
0.00096

-0.00096
0.00096
0.00006
0.00073
0.00000
0.00000
0.00035
0.00000
0.00000
0.00049
0.00173
0.00123

-0.00175
-0.00100
-0.00050

1̂ (02,11)
MOOOI)

0.00229
0.00241
0.00247
0.00079
0.00247
0.00080
0.00246
0.00246
0.00072

-0.00241
0.00005
0.00039
0.00091
0.00049
0.00071
0.00080

-0.00007
0.00020
0.00059

-0.00032
0.00010
0.00058

-0.00058
0.00058

-0.00058
0.00058
0.00006
0.00063
0.00000
0.00000

-0.00072
0.00000
0.00000

-0.00067
0.00067
0.00069

-0.00069
0.00016
0.00017

17(02,11)
" (0010)

0.00283
0.00295
0.00301
0.00089
0.00301
0.00090

0.00301
0.00301
0.00084

-0.00300
0.00018

-0.00141
-0.00011
0.00029

-0.00007
-0.00023
0.00014
0.00041

-0.00044
-0.00003
0.00010

-0.00058

0.00058
-0.00058
0.00058

-0.00058
0.00006

-0.00053
0.00000
0.00000
0.00111
0.00000
0.00000
0.00003

-0.00030
0.00031
0.00027

-0.00053
-0.00027

17(02,11)
y (0011)

-0.00391

-0.00380
-0.00373
-0.00127

-0.00373
-0.00126
-0.00374
-0.00374
-0.00149
0.00352
0.00313

-0.00167
0.00194
0.00221
0.00004
0.00183

-0.00179
-0.00152
0.00162

-0.00194
0.00010

-0.00096

0.00096
-0.00096
0.00096

-0.00096
0.00006
0.00169
0.00000
0.00000
0.00003
0.00000
0.00000

-0.00252
-0.00136
0.00116
0.00133
0.00201
0.00040

17(11.11)
" (0110)

0.02860
0.02850
0.02848
0.02599
0.02848
0.02599
0.02836
0.02836
0.02343
0.02672
0.02353
0.01861
0.01890
0.01697
0.02389
0.01876
0.01650
0.01638
0.01822
0.01607

0.01620
0.01591
0.01591
0.01591
0.01591
0.01591
0.01534
0.01660
0.01515
0.01515
0.01370
0.01486
0.01486
0.01515
0.01353
0.01323
0.01352
0.01443
0.01272

77(11,11)
" (1001)

0.00724
0.00714
0.00712
0.00463
0.00712
0.00463
0.00700
0.00700
0.00210
0.00540
0.00810
0.00318
0,00370
0.00177
0.00869

0.00356
0.00130
0.00118

0.00302
0.00194
0.00208
0.00203

0.00203
0.00203
0.00203
0.00203
0.00145
0.00271
0.00126
0.00126
0.00039
0.00155
0.00155
0.00288
0.00126
0.00096
0.00125
0.00216
0.00057
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TABLE 6. (continued-?)

r/ dl.ll)
" (0111)

-0.00360

-0.00369

-0.00371

-0.00123

-0.00371

-0.00123

-0.00383

-0.00383

-0.00128

-0.00430

-0.00116

0.00087

-0.00024

0.00308

-0.00028

-0.00038

0.00261

0.00250

-0.00091

0.00219

-0.00152

-0.00106

-0.00106

-0.00106

-0.00106

-0.00106

0.00299

-0.00124

0.00281

0.00281

-0.00056

-0.00205

-0.00205

0.00103

0.00236

0.00235

0.00235

0.00031

-0.00144

r^Ul'll)
MlllO)

-0.00279

-0.00289

-0.00291

-0.00333

-0.00291

-0.00333

-0.00303

-0.00303

-0.00392

-0.00307

0.00270

0.00087

0.00092

-0.00054

0.00219

0.00078

-0.00101

-0.00113

0.00025

-0.00008

0.00016

0.00125

0.00125

0.00125

0.00125

0.00125

-0.00164

0.00107

-0.00182

-0.00182

-0.00018

0.00123

0.00123

0.00373

0.00020

0.00181

0.00019

0.00301

-0.00057

τy(HΊl)_τ/(ll»ll)
V (1011) —V (1101)

0.00002

-0.00008

-0.00010

0.00093

-0.00010

0.00093

-0.00022

-0.00022

0.00063

-0.00046

-0.00000

0.00010

-0.00032

0.00061

0.00030

-0.00046

0.00015

0.00003

-0.00099

0.00094

-0.00080

0.00010

0.00010

0.00010

0.00010

0.00010

0.00068

-0.00009

0.00049

0.00049

-0.00008

-0.00012

-0.00012

0.00087

-0.00022

0.00057

-0.00023

0.00016

-0.00013

τ̂ (lMl)
Mini)

-0.00026

-0.00036

-0.00038

-0.00277

-0.00038

-0.00277

-0.00050

-0.00050

-0.00085

0.00064

0.00231

0.00048

0.00261

-0.00054

0.00580

0.00248

-0.00101

-0.00113

0.00194

-0.00007

-0.00020

-0.00068

-0.00068

-0.00068

-0.00068

-0.00068

-0.00241

0.00175

-0.00259

-0.00259

0.00061

-0.00064

-0.00064

0.00026

-0.00171

0.00158

-0.00172

-0.00046

0.00032
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O Ĵ"

o o o o o o o o o o o o o o o o o o o o o o o

8 8 8 8 8 8 8

8

8888888
S S Q S Q o o

^ , 2 2 2 2 2 2 2 2 8 8 8
§ 2 ^ S r 3 o § 2 ® 2 2 ® O τ ~ H § ® o ® ^ ° ^ H § 2

<υ «o
•s ^
S J
8 "a
α, *s

•£ *̂."tί x

13 *«

O ^X*
o s

f3f
|TT
^ i tϋ



444 Masahide KUWADA

00

I

88888 i 8 8 8 S S 3 8 I 'έ S I 8 8 S 3
d d d o* d d d d d d d d d d d d d d d d o d o

I I I I I I I

t-
ON

O O O' O* O' O' O O O O O O O' O O O O' O* O O O* O O
I I I I I I I I I I I I

O ^ ON O

O O O O O O O O O O O O O O O O O O O O O O O
I I I I I I I I

8800000000000000000000
o" o* o" d o* d d o* d d d d d d d d d o* o* o" d d d

I I I I I I I I I I I I I I I I I I I I

i — l O N 8O ^ o m r - i — l O N O N O N o

p p p p p p p p p p p p p p p o p p p p p p p
d d d d d d o* o* d d d o" o" d d o* d d d d d d d

I I I I I I I I I I I I I I I I I I I I I I I
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