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0. Introduction and summary

Fractional factorial designs were first introduced by Finney [18] in an
agricultural setting. The theory has found increasing use in various fields of
experimentations, and further developed in orthogonal fractions in which esti-
mates of the effects of interest are mutually uncorrelated. However, orthogonal
fractions are available only for special values of the number of assemblies (or
treatment combinations) and are generally uneconomic in the sense that they
involve more than the desirable number of assemblies. In this sense, one needs
to consider non-orthogonal (or irregular) fractions as well (cf. [4]). The class
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of balanced designs considered here is the next wider class to be looked into.

As a generalization of orthogonal arrays, the concept of balanced arrays
(B-arrays) was first introduced by Chakravarti [7], who called them ‘‘partially
balanced” arrays. Several authors (cf. [8, 9, 17, 22, 33, 39, 46, 53]) have con-
tributed to the development of such B-arrays, particularly, their constructions of
2, 3 and, in general, s levels. A connection between a B-array of strength 2¢
and a balanced fractional 2™ factorial (2"-BFF) design of resolution 2£+1 was
given by Yamamoto, Shirakura and Kuwada [59]. Furthermore, the same
authors [60] obtained an explicit expression for the characteristic polynomial of
the information matrix of a 2"-BFF design of resolution 24+ 1, by utilizing the
decomposition of triangular multidimensional partially balanced (TMDPB)
association algebra U into its two-sided ideals A, for =0, 1,..., £. This poly-
nomial also yields the results obtained by Srivastava and Chopra [51]. The
concept of MDPB association schemes was first introduced by Bose and Srivastava
[5], as a generalization of association schemes. Optimal 2™-BFF designs of
resolutions V and VII with respect to popular criteria (e.g., the trace, determinant
and maximum root) have been obtained by Shirakura [40-42], Srivastava and/or
Chopra [10-15, 45, 52, 55], and others. Shirakura and/or Kuwada [39-44]
made further investigation into 2”-BFF designs on the basis of the above-men-
tioned results.

Saturated fractions, particularly, saturated main effect plans, which are
special cases of fractional factorials, have been studied by several authors (cf.
[31, 32, 34-38]). This theory is very useful in the sense that the number of
assemblies is equal to the minimum value of estimating the unknown effects of
interest. However, this case has no degree of freedom for error.

As mentioned above, most of the authors have dealt with a design of odd
resolution. On the other hand, designs of even resolution have been studied by
Margolin [27, 28], Shirakura [41, 42], Srivastava and/or Anderson [2, 47],
Webb [57], and others.

Recently, an explicit expression for the trace of the covariance matrix of a
balanced fractional (2, 0)-symmetric design of resolution V for 3™ factorials was
obtained by Srivastava and Chopra [54]. Special cases of their results were
also considered by Hoke [19, 20], who gave the characteristic polynomial of an
information matrix and various properties of a design based on the second-order
model for 3™ factorials. Kuwada [24] has obtained a connection between a
B-array of strength 4, size N, m constraints, 3 levels and index set {4, ;,|io+i;
+i,=4} (for brevity, B-array [N, m, 3, 4] with index set {4,;,;,}) and a 3m-BFF
design of resolution V. In general, a connection between a B-array of strength
24 and an s™-BFF design of resolution 2¢+1 has been given by Kuwada and/or
Nishii [26, 30]. Furthermore, the above first author [25] has derived the char-
acteristic polynomial of information matrix My of a 3™-BFF design, T, of resolu-
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tion V, by use of the algebraic structure of a multidimensional (MD) relationship.
The concept of relationship was introduced by James [21] in an experimental
design. The author believes that the theory of an MD relationship and its
algebra for a 3m-BFF design will be extensible to the theory for an s™-BFF design
by an argument similar to that for 3™ factorials.

This paper consists of three parts. In Part I, fractional 3™ factorial (3™-FF)
designs and their algebraic structure are discussed. Section 1 gives the linear
model of a 3™-FF design. Section 2 deals with a connection between indices
Aigiyi, of a B-array [N, m, 3, 4] and the elements of information matrix My of
a 3m-FF design, T. Section 3 gives the definition of a p-MDPB association
scheme. Particularly, an (4+1)-TMDPB association scheme and its properties
are discussed. As a generalization of an MDPB association scheme, Section 4

deals with an (Z;Z)-MD relationship defined among the sets of effects up to

{-factor interaction (particularly, the case ¢=2) and its algebra 2 (called an
MD relationship algebra). By use of the algebraic structure, U is, for case £=2,
decomposed into the direct sum of four two-sided ideals %, for $=0, 1, 2, f. The
explicit expressions for irreducible representations K, of M for B-array [N, m,
3, 4] T with index set {4,; ;,} with respect to ideals %, are also given.

In Part II, practical properties of a 3™-BFF design of resolution V are dis-
cussed, and optimal 34-BFF designs of resolution V with respect to the trace and
determinant criteria are presented for 33<N<56. Furthermore, under some
restrictions on indices 4, ;,, optimal 34- and 35-BFF designs of resolution V with
respect to the above two criteria are presented for 57<N<81 and 51<N<70,
respectively. Section 5 shows that a necessary and sufficient condition for design
T to be balanced is that T is a B-array [N, m, 3, 4] with index set {4, ;,}, pro-
vided M is non-singular. In order to obtain an optimal design with respect to
popular criteria, Section 6 gives an explicit expression for the characteristic
polynomial of M (and hence that of V; (=M7!) for a 3"-BFF design of resolu-
tion V) and for the trace and determinant of V;. Furthermore, this section
includes, as a by-product, a necessary condition for the existence of a B-array
[N, m, 3, 4] with index set {4;,,;,}, and a connection between a B-array and its
(0, 2)-interchanged B-array. Utilizing the algebraic structure, Section 7 gives
the elements of covariance matrix V;o2 of a 3™-BFF design, T, of resolution V.
By use of the results obtained in the preceding sections, Sections 8 and 9 present
optimal 34- and 3%-BFF designs derived, respectively, from B-arrays [N, 4, 3, 4]
and B-arrays [N, 5, 3, 5] with respect to the trace and determinant criteria,
under some restrictions on A, ;,.

In Part III, balanced third-order designs for 3™ factorials (briefly, 3”-BTO
designs) are discussed. As a generalization of the second-order model for 3=
factorials (cf. [38]), Section 10 suggests the definition of the third-order model,
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and also gives the relationship defined among the six sets of effects, i.e., the general
mean, the linear and the quadratic components of the main effect, the linear by
linear and the linear by quadratic of the two-factor interaction, and the 3-linear
of the three-factor interaction. Section 11 gives a connection between a B-array
of strength at least six and the elements of information matrix M¥ for the third-
order model. The explicit expression for irreducible representations Kf (=0, 1,
2, 3, f) of M% with respect to ideals A of algebra A* is also given. Using the
results mentioned above, this section also gives an explicit expression for the
characteristic polynomial of M#* (hence that of V¥ (=M#%~1)) and for the trace
and determinant of V¥ for a 3™-BTO design. Under some restrictions on A¥; ..,
Section 12 presents the elements of V¥ and optimal 36-BTO .designs with respect
to the trace and determinant criteria. As a by-product, this section also gives
some existence condition for B-arrays based on the third-order model and for 3™-

BTO designs.

For convenience sake, the notations and symbols shown below are used
throughout this paper. Unless stated otherwise, their meanings are as follows:

I, Identity matrix of order p.

Gpoxq A pxg matrix all of whose elements are unity. As special
cases, G, ., and G, are denoted by G, and j,, respectively.

(0 A p x q matrix all of whose elements are zero.

A’ : Transpose of matrix A.

tr (A) : Trace of matrix A.

det (A) : Determinant of matrix A.

|S] : Cardinality of set S.

Var[y] : Covariance matrix of vector y.

0;; . Kronecker’s delta, i.e., J;;=1 or 0 according as i=j or not.

min (4, v) : Minimum value of integers u and v.

(Z) : Binomial coefficient. As a special case, (:1>=0 if and only

if m>n or m<O.

w,(ey €55-.., &): The number of r’s in the vector (gy, &,,..., &)-

[Aleb.ed)] . Algebra generated by the linear closure of these matrices
indicated in the bracket [ ].

diag {a,,..., ay,..., dg..., a;}: A pxp diagonal matrix obtained by juxta-

p Ps
1 posing each g; p-times (i=1, 2,...,5) for

P=pi+:+Ps
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Part I. 3™-FF designs and their algebraic structure

1. Linear model of 3™-FF designs

Consider a factorial experiment with m factors, F,, F,,..., F,,, each at three
levels. As usual, the assemblies or treatment combinations will be represented
by (jis j2.-» jm)» Wherein factor F, has level j, for r=1, 2,..., m and each j, is
equal to 0,1 or 2. Consider the observations y(jy, js,..., jm) corresponding to
assemblies (j;, j;,...,jm) and their expectations #(jy, js,.--» j)- In this case, it
is well known (cf. [24]) that various factorial effects can be expressed as a linear
combination of all expectations #(j, jzs--+s jm)> 1.€.5

(1.1) 0(&q, €35eney &) = Z 3=WO(EL122500esEm) D~ W1(E1€2 5001 8m) G~ W2 (E11€2 1002 8m)
J1sd 25000 Jm
Jiigdmaf s 3 .
'dhlzzz‘"tm '1(]11 J23:0s Jm)

for =0,1,2; i=1,2,..,m,

Jidadm
£182°*'€m

where d are given by

dlzin = 4, (e))d;(e5)+d;, (em)

in which elements d () are defined by

do(0) dy(0) d,y(0) 1 1 1
(1.2) D= dyl) dy(1) dy()) [=| =1 0 1
do(2) dy(2) dy(2) 1 -2 1

Note that D is the coefficient matrix of an orthogonal polynomial of degree 3.
Let

70, ..., 0, 0) 6(0, ..., 0, 0)
7(0,..., 0, 1) 6(0,..., 0, 1)
p=| 10,.,0,2) | and 6= 6(,...,0,2)
12,2, 2) 0(2,...,2,2)

be, respectively, the 3™ x 1 vectors of all expectations of observations and effects
arranged in the lexicographic order. Then, from (1.1), @ can be written in
matrix notation as

(1.3) 0 = 433D myn,

where D,,=D®D®---@D (m-times Kronecker products of D) and 4%, =
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D (yDim) is the diagonal matrix with diagonal elements 3o(e12:. em)2Wi(e1,e2,..08m)
-6w2(21,22:02m) corresponding to the (g,3™"1+¢,3" 2+ .- +¢,+1, g,3m 1 46,372
+---+g,+1) cell.

In particular, the general mean, denoted alternatively by 8(¢), is represented
by 6(0, 0,..., 0), and the linear (the quadratic) component of the main effect of
factor F,, denoted alternatively by 6(t!) (6(t?)), is represented by 6(g,, ,,..., &)
with g=1 (¢,=2) and ¢,=0 for all r#¢. The linear by linear (the quadratic by
quadratic) component of the two-factor interaction of factors F,, and F,,, denoted
alternatively by 0(tit}) (6(t3t3)), is represented by 0(e;, &,,..., &,) With &, =¢,=1
(&,=¢,=2) and ¢,=0 for all r#t,, t,, and the linear by quadratic of the two-
factor interaction of factors F,, and F,,, denoted alternatively by 6(¢}#2), is repre-
sented by 0(e,, &,,..., &,) With &,=1, &,=2 and ¢,=0 for all r#¢;, t,. In general,
for {ty,..., t,,, t3,..., tr,} being a subset of {1, 2,..., m}, the k,-linear by k,-
quadratic component of the k-factor interaction of factors Fy,...,F, and
Fyseess Fyy,, Where k=k, +k,, denoted alternatively by 6(¢{---t; t}%---t;2), is repre-
sented by 6(¢y, &5,..., &) With &, =--=¢, =1, &; =--- =e,;‘2=2 and the remaining
¢, being all equal to zero.

Solving (1.3) with respect to # yields =D, i.e.,

Nps s ) = X dBlZ0Im0Ges, eg9-..s ).

€1,82540.98m

We shall consider the situation where three-factor and higher-order inter-
actions are assumed to be negligible. In this case, the number of unknown

effects is given by v,=14+m+m +(’g>+ ('3) +2('Z>= 14+2m?2, and the v, x1
vector of these effects @, can be rearranged as follows:
0., = ({6(#)}; {6(t")}; {6()}; {6(:1tD)}; {6(1313)}; {615},

where t; <t, and t3#t,. Since dj0)=1 for all j, we can obtain the following
model for the expectation of the observation corresponding to assembly (j,, j,,-...,

)
(1.4) Mss Jaeesdad) = 09) + 2 34,0009

2
+ egl t g,z dj‘l(s)dftz(e)e(tel 1)

+ t 2;;:. dj“(l)dfu(z)e(tét%) .

2. B-arrays and information matrices

Let T be a fraction with N assemblies. Then T can be expressed as a matrix

of size Nxm whose a-th row (j{®, j$,..., j%) denotes the a-th assembly for



Optimal Balanced Fractional 3™ Factorial Designs 353

a=1,2,..., N and j{® are 0,1 or 2 for i=1,2,..,m. Let y(T) and 7(T) be
the N x1 observation vector and the corresponding expectation vector with
a-th elements y(j{®, j$9,...,j$) and n(j{®, j$2,..., %), respectively. Con-
sider the N observations in y(T) as independent random variables with common
variance ¢2. ‘Then, from (1.4), %(T) and Var [y(T)] can be expressed as follows:

9(T) = E;0,, and Var[y(T)] = o2ly,

where Ep is called the N x v, design matrix of T. It can be seen from (1.4) that
the element corresponding to 6(#5!¢52)-column in the a-th row of E; is given by
dji(e1)dji(e;). Here, in the symbol for an effect, when the exponent, ¢,, of
t, is zero, we shall omit this ¢, from the symbol. In particular, 6(¢9t3) means the
general mean, 6(¢).

The normal equation for estimating €, can be written as

@1 M;b,, = Exy(T),

where M;=ErE; is the v,xv, information matrix whose row and column
correspond to the elements of &, , respectively.

The term “‘resolution” was introduced by Box and Hunter [6] to classify the
fractions. A fraction, T, is called a fractional 3™ factorial (3”-FF) design of
resolution V, if information matrix M is non-singular. In a 3™-FF design of
resolution V, all effects up to two-factor interaction are estimable if three-factor
and higher-order interactions are negligible. For a 3™-FF design of resolution
V, the best linear unbiased estimate (BLUE) of 8, can be given by

8,, = ViEry(T),

where Vry=M7!. Note that 3% is the unique solution of (2.1). It can also be
shown that Var [5vm] is given by

2.2) Var[@,, ] = V5o
Let g(#511°3; t5°t54) be the element of information matrix M; whose row
and column correspond to 6(#5!152) and 6(t5°t5+), respectively. Then we have

N
(2.3) e(1y15; 15°05) = gl djff’(Sl)djﬁ‘;’(sz)dj}:’(ss)djf“"(%),

which yields that e(#5'#52; t5°15¢) is invariant with respect to any permutation of
{1, 2, 3, 4}. Thus we can write e(t51£52; 52¢5+) as y5152¢324 with the property
Vi = vifiziie forall {iy, ip, i3, i4} = {1, 2, 3, 4}.

Let dy=(1, 1, 1), di=(—1, 0, 1) and d3=(1, —2, 1) be the row vectors of
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matrix D as defined by (1.2). Then, since D is non-singular, we get
LemMA 2.1 (Kuwada [24]).
dysd, =dsrdy=d, for r=0,1,2,
dxd; = (2d, + d,)/3,
dxd, =d,*d, =d,,
d,xd, = 2d, — d,,

(2.4)

where symbol * denotes Schur product (or Hadamard product), i.e., (a;, a,, az)’
#(by, by, b3) =(a;by, azb,, asb;)'.

From (2.3) and (2.4), it is easily shown that e(#5'#52; 15315¢), e(#5!152; 15315%),
a(151152; 15315), e(t51152; 153154), e(151152; t53154) and e(#5!t52; t5°t54) can be expressed
. . . £72,0 0 £7£50 0 £2.0 e g 2.0 26,0 ¢ & 0e. 0
as linear combinations of Vertatastas Peitatstas 7:;:§t3t:, Vere2tdees Veltatats and y,le3eieas
respectively, for ¢,=0, 1, 2 (r=1, 2).
We shall define a balanced array (B-array) of strength t.

DEFINITION 2.1. An N x m matrix, T, whose elements are 0, 1 or 2 is called
a balanced array of strength ¢, size N, m constraints, 3 levels and index set {4;;;,;,|
ig+iy+iy=t, iy, iy, i,=20} (for brevity, B-array [N, m, 3, ¢f] with index set
{Aigiin})s if every subarray T, ;,..., composed of ki-th, k,-th,..., k-th columns
of T is such that every 1x¢ vector with w,(ji,, jiy-+-» Jk) =14 (r=0, 1, 2) occurs
exactly A;;-times as a row of T,,,...,. Clearly N=3{t!/(io!i;!i2)}igi,ir
where summation Y. extends over iy+i;, +i,=t and iy, iy, i, =0.

Especially, a B-array [N, m, 3, t] with index set {4;;,;,} is called an orthogo-
nal array of strength ¢, size N, m constraints, 3 levels and index A, if A,;,;,=4
for any iy, iy, i, satisfying i, +i, +i,=t and iy, iy, i, =0.

The following theorem has been established:

THEOREM 2.2 (Kuwada [24]). A necessary and sufficient condition that,
for any subarray T,,,.., of T, the elements y::283t4 of information matrix
M7 of a 3™-FF design of resolution V depend on set {g,, &,, &3, &4} only through
w,(e1, &, &3, €4)=D, (r=0, 1, 2) is that T is a B-array [N, m, 3, 4] with index
set {Aigiyir}

FOI' (81’ 82’ 83: 84) Wlth W,.(EI, 82’ 83’ s4)=pt' (r=05 15 2): we den0te Yfﬁifif:
bY Ypopip,» A connection between fifteen possible distinct values y,,,,,, of the

elements of My and indices 4,,,;, of a B-array can be expressed as

Vropsp2 = 2 {Po!/(i81213D} {p1 /(33111 i3 D} {p,!/(i8i}!i31)}

1 2
(= 1)i — )
(= D%°00ii(— D" Aig it iz 9+l +2 Q+i+i2>
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TABLE A.
y(4001=( 1 11 4 4 4 4 4 4 6 6 6 12 12 127 2(400)
040 1 01 0 -4 0 0—-4 O 0 6 0 0 O 0 040
004 1 16 1 —8 4 —32 —32 4 —8 24 6 24 —24 48 —24 004
310 -1 01-3 -2 -1 1 2 3 -3 0 3 -3 0 3 310
301 1-21 1 4 -5 -5 4 1 -3 6 -3 3 —6 3 301
130 -1 01 -1 2 0 0—-2 1 0o 0 O 3 0 -3 130 |
031 -1 01 2 2 0 0 -2 -2 0 0 0 —6 O 6 031
103 1-81-5 4 4 4 4 -5 6 6 6 —15 12 —15 103 -
013 -1 01 6 -2 8§ —8 2-6-12 0 12 6 0 —6 013
220 1 01 2 O 0 0o 0 2 1-2 1 -2-2 =2 220
202 1 41 -2 4 4 4 4-2 -3 6-3 —6—-6 —6 202
022 1 01 -4 O 0 0 0-4 4-2 4 4 -8 4 022
211 -1 01 0-2 2 -2 2 0 3 0-3 0 0 0 211
121 1 01 -1 O 0 0 0—-1 —-2-2-2 1 4 1 121
112 -1 01 3 -2 —4 4 2 -3 0 0 O 3 0 -3 L1124

where summation Y extends over iy+ij+i5=p, 0=Zii<p, (r, ¢=0, 1, 2) and
Po+p1+p,=4. This relation is concretely written as Table A.

3. TMDPB association schemes

As a generalization of association schemes, multidimensional partially'
balanced (MDPB) association schemes were first introduced by Bose and
Srivastava [5]. Several authors (cf. [1, 3, 48, 49, 59, 61]) have contributed to
the development of the theory of such MDPB association schemes.

Let S;, S,,..., S, be p mutually disjoint non-null finite sets of objects with
|S;|=n; each. Suppose that a relation of association is defined for each ordered
pair of objects x;,€S; and x;,€S; and that x, is called the a-th associate of x;,
for some o belonging to a set of association indices, IT¢:/). As in the case of
association schemes, every object is called the O-th associate of itself and O¢&
6.9 is assumed. The following definition is due to Yamamoto, Shirakura
and Kuwada [59]:

DerINITION 3.1. The relation of association defined in a collection of sets
(S, S,..., Sp) is called a p-MDPB association scheme if the following conditions
are satisfied:

(i) The relation of association is symmetric, i.e., if xj, is the a-th associate
of x;,, then x;, is the a-th associate of x .

(ii) With respect to any x;, € S;, the objects of S, distinct from x,,, can be
divided into n‘:/) disjoint classes and the number of objects in the a-th associate
class Sj«; x;,) is nd? for i, j=1, 2,..., p, the numbers, n and n{
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being independent of particular objects x;, chosen in S;.

(iii) Let S; S; and S, be any three sets which are not necessarily distinct.
Further, let x;, (€ S;) be the a-th associate of x;, (¢ S;) and consider sets Sy(8; x;,)
and S,(y; x;;). Then the number of objects common to sets Si(8; x;,) and Si(y;
x ;) is a number, p(i, j, a; k, B, y), depending on pair (x;,, x;;) and S; only through
i, j, a, k, B and y.

Note that an association scheme is a special case of a p-MDPB association
scheme, when p=1.

Now let Sy, Sy,..., S; be the £+1 sets such that So={(¢)}, S;={(t)},...,
S;={(t,t,---t,)}, where {t,, t,,..., 1} is a subset of {1, 2,..., m} and t; <t,<:-:<
t.for k=1, 2,..., ¢, and £ =<[m/2], in which [x] is the greatest integer not exceed-
ing x. Then we have |Sk|=nk=(']?). Suppose that a relation of association is
defined among those sets such that (¢;¢,---t,)€ S, and (#jt5---t;)€ S, are the
a-th associates if

(3-1) l{tla tz,---, t,,} n {tia téa-“s t:)}l = min (“7 0) - .

In this case, the following theorem was shown by Yamamoto, Shirakura and
Kuwada [59]:

THEOREM 3.1. The relation of association as defined by (3.1) among ¢+1
sets, {(P)}, {(tD}--., {(t1t5:+-1y)}, is an (£+1)-MDPB association scheme with
parameters

[ {1, 2,..., u} if u=vo,
(3.2) oy =
{0, 1,..., min (u, v)} if u#v,
u if u=nv,
(3.3) n#?) = [
min (u, v) + 1 if u#v,
(G4 ng? = (mm (u,v) — a) (v — min (u,uv) + a>
min(u,v)~a — mi
69 s im o = "L (BI04 = ) (= min G ) 4
v—-mm(u,v)+a>( m—u— v+ min (u, v) —
min (v, w) —y — k w—mm(u,w)+ﬁ min (v,w) +y + k/°

The scheme thus defined is called a triangular (4+1)-MDPB (TMDPB)
association scheme which can be regarded as a generalization of triangular series
of association schemes (cf. [58]).

The local association matrices, 4= llaif:':::::':;,ll (=0, 1,..., min (u, v); u,
v=0, 1,..., ¢), of size n, x n, are defined as ’
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titatusax T

i 1 if (tit5--t,) is the a-th associate of (¢¢,---t,),
0 otherwise.

Now consider n,xn, matrices Ag(“’") (B=0, 1,..., min (u, v); u, v=0, 1,..., &)
which are linear combinations of the local association matrices, A{*), as follows
(see [44, 60]):

U
AQew = 3 ZfyO 4 for 0sasusy,

(3.6) A0 = Z zf2 AW for 0SB <u<=y,

A:(u.v) = (A;(v,u))l for u>uv,

w551 § (105 ) (1) (- 1+0) (P (1

(). om0 ()G

Then matrices A§(#-* satisfy the following properties:

pz A#(u u) — In..’

A0 = {1/\/(—':)—('5} Gruxnys

Az(u.w)Ag(w,u) = 5aﬁA£(u,v),

3.7

rank (43®) = $}.

The theory of TMDPB association schemes is powerful to obtain various proper-
ties of a 2m-BFF design of resolutions 2¢ and 24 +1 (cf. [39-44, 59, 60]).

4. MD relationships and their algebra

As seen in the preceding section, the relation of a p-MDPB association scheme
is symmetric. In this section, however, we shall consider the case in which the
relation is not always symmetric. Nair [29] generalized PBIB designs by relaxing
the condition of symmetry in the relation of association.

Consider p mutually disjoint non-null finite sets of objects, S;, S,,..., Sp,
where the number of objects in set S; is |S;|=n; (i=1, 2,..., p). Suppose that
relationship R(«; i, j) is defined for a set of each ordered pair (x,,, x;;) of objects
x,€8S; and x;,€S;. We say that x;, is related to xj, by relationship R(«; i, j),
if ordered pair (x;, x;;) of objects belongs to R(«; i, j), where index « belongs to
a set of relationship indices, Q(i, j).
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DEFINITION 4.1. A collection, &, of sets, Sy, S,,..., S,, is said to have a
p sets multidimensional (p-MD) relationship if the following conditions are
satisfied :

(i) Given any object x;, € S;, the objects of S; (j=1, 2,..., p), which are not
necessarily distinct from x;,€ S;, can be partitioned into n(i, j) disjoint subsets,
where x;, is related to each element of the a-th subset by relationship R(«; i, j).
The number, n(i, j), of such subsets, and the number, n(x; i, j), of objects in the
a-th subset are independent of particular object x;,, so long as x;, € S;.

(i) Let S;, S; and S, be any three sets in &, where i, j and k are not neces-
sarily distinct. Further, let x;, (€ S;) be related to xj, (€ S;) by R(x; i, j). Then
the number of objects x,. € S, such that x;, is related to x,. by R(B; i, k) and x,,
is also related to x,, by R(y; k, j), is a constant, q(i, j, «; k, f, y), which depends
on ordered pair (x;,, Xx;;) and S, only through i, j, k, R(«; i, j), R(B; i, k) and
R(y; k, j).

Let S be a collection of (6-24-,7.) sets of effects S, ,,={0(t]---tL t12---1;2)},
where 0<a;+a,<¢=<[m/2]. Then the number of effects in set S, ,, is n,,,
=|Sa1azl=<;n> ma_al>.

1 2

Define relationship R(a; aja,, byb,) in such a way that 6(t}---t! t2---1;2
is related to O(u}---u} ui?---ui2) by R(a; asa,, bib,), if components o;; (i, j=
1, 2) of relationship indices & satisfy the following formulas:

{tss..os ta,} N {ug,e.., up}| = min(ay, by) — a4y,

I{tl,..., ta‘} n {u;,..., u;,z}l = min (al’ bz) - 0612,

4.1

{t5-.os 15,3 N {uy,..., up,}| = min(a,, by) — a,;,
{t1,..., to,} N {ul,..., up,}| = min (a,, by) — a,,,
where @ =(0;101205,%,,). Note, from (4.1), that if 0(¢1---t1 ti2---1;2) is related to

O(u}---up,u?---u2) by R(a; a,a,, bib,), then O(u}---upui?---u;?) is related to 6(t}---
tl,t2---t;2) by R(a; byb,, a,a,), where @=(x;;0,,%;,%,,). In this case, we have

THEOREM 4.1. Among <g-52> sets of effects S, ., (0=5a,+a,=<?), suppose

that relationship indices a are defined by (4.1). Then the collection of these
sets of effects have a <4'2*_2>-MD relationship with parameters

(4.2)  ajay, biby) = {(o11%12021%22) |0 < of; < min(ay, by),
0 < of, < min (a; — afy, by),

0 < of; < min (a,, by — afy),

0 < a3, < min(a, — af;, by — afy)},
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(4.3) n(aya,, byb,)

min(ag,b1) min(ai—aj,,b2) min(az,bi~aj,)

= 2 z 2z {min (a; — oy, b, — afy) + 1},

* * *
a;,=0 a;/,=0 a;,=0

(4.4) n(a; a,a,, bib,)

= () (™)) () ) (" T h )
afy afy a3y af, by —a¥ b,—a¥, ’
(4.5) q(aay, biby, @ cicy, B, 7)

* * *
d‘

11 12 21 52 li=kis %ia—kiz ®3i—kag Z35—ks2 o a¥ — k
SO0 VD S0 YD SIS S I (1 | Pty
k11=0k12=0k21=0k22=0 h11=0 h12=0 h21=0 h32=0 11 11
<°‘f2><“12 - k12> (“a)(“;l — k21> (“3‘2)(9‘;2 - k22>< a*x —af.
k k21 h21 kzz hzz ﬂll - k1-
(‘11 “1 —ﬂ +k1.)<a2—a§.><a2—a§. — B3 + kz-)
- 31— ks, B3 —h,.

.<b1 - (x .1 >(b1 - d* - ')’Tl + k.1>(b2 - a’.kz >(b2 - a?.kz - )’fz + k.z)
-k Y31—h.y 7 —k.o/ 13 — h.y '

m — (a + b) + o¥. )(m—(a+b)+a* —c; + B¥% +y’{‘.-—k..>
- (Y +yT)+ k.. ’

2= (B +v3)+ A

where “?j=min (ai, bj)—“ij, ﬁ’ikj=min (a;, cj)—ﬂij’ y’,-"j=min (cis bj)"?ij, af =_°"ik1
+aly, of=af;+af;, oF =of taftaf+ad,, B =B +B3, VE=vhtyhs
ki'=kil+ki2’ k.j=k1j+k2j, k..=k11+k12+k21+k22, hi°=hi1+hi2’ h.1=h11
+th! h..=hll+h12+h21+h22, a=a1+a2 and b=b1+b2 for i,j-'_—l, 2.

Proor. For any 0(t}---t} ti2---t;2)eS,,,,, consider the number of disjoint
subsets S, ,,(a; 6(t}---t1 ti2---t;2)) into which the objects of S, can be parti-
tioned, where 0(t}---1} t2---1;2) is related to O(u}---u} ui?---u2) (€ Spp,) by R(a;
aya,, bib,). Letof;=|{ty,..., t;,} 0 {uy,.ce, up 3, aFa={t1,e.0, 15,3 N {UY,- ., up, 3,
o ={th.., tay N {uy,..., up 3| and o =[{t1,..., t,,} n{u,..., up,}|. Then
there exist integers of;, af,, of; and of, such that of, =af,=af; =0af,=0,
since 0<a,;+a,<¢ and 0<b, +b,<¢. Hence 0<af,<min(a,—af;, b,) and
0=<a} <min(a,, by —a¥) for af; =0, 1,..., min(a,, b;). For any ofy, af, and
o3, satisfying the above conditions, it holds that 0<a%, <min (a, —afy, b, —af,).
Therefore, we get (4.2) and (4.3). The cardinality, n(a; a,a,, byb,), of set
Spyp(@; O(t]---t! ti2---1;2)) in (4.4) will be given by counting the number of sets
{u1,e.0s Up,, uy,..., up,} with cardinality b;+b, satisfying of;=I[{ty,..., ,,} N
{tgsees up 3y 0o =1{t1se s ta} N {uisis up My o3y =Htiseoo, 15,3 0 {tg,00, U, and
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afy=|{t3,..., ta,} N {uy,..., up,}, where O(u}:---u} ui?--u;2)€S,;, Since those
numbers are independent of the particular choice of object 6(t}---t} ti2---t;2) in
S,.ap the condition (i) of the MD relationship is satisfied.

The condition (ii) of the MD relationship can be verified by counting the
number of those O(v}:--vl vi?---v2) in S, such that (t]---t} t;2---1;2) is related
to O(v}---vlvi%--v2) by R(B; aya,, ¢;c;) and O(v}---vl vi?---v2) is related to
O(ul---u},us? u,,z) by R(y; cycy, byb,), where 6O(t]---t! ti2---1;2) is related to
O(u}---u} u?---ui2) by R(a; a,a,, bib,). This is equivalent to the counting of
the number of sets {vy,..., v,,, v},..., v,} such that {t,,..., 2, }, {t1,..., ta,}s {thseees
t,,} and {t},..., t;,} have Bf;, Bf,, B4 and B%, intersections with {vy,..., v},
{vses 05, {045y 0.} and {v5,..., v,,}, respectively, and {v,..., v}, {v,...,
v}, {05, v,} and {v},...,v,,} have ¥, v%,, 3 and 9%, intersections with
{ug,.. up,}, {u,..., up,}, {uy,..., up,} and {ug,..., up,}, respectively. The number,
therefore, is given by (4.5). It can further be seen that the number, g(a,a,,
b,b,, @; cic;, B, 7), is dependent on O(t}---1} ti?---t;2), O(ul---uf ui?---ui2) and
S..c, only through aa,, b;b,, cic,, R(a; aja,, b;b,), R(B; aja,, cyc;) and
R(y; cicq, byby). Thus, the proof is completed.

Note that, for pairs (ay, a,), (by, b;) and (cq, c,), if at least one of elements
of each pair is zero, parameters (4.2), (4.3), (4.4) and (4.5) can be reducible to
(3.2), (3.3), (3.4) and (3.5), respectively.

ReMARK. For Sy, Si0, So1> S;0 and Sy,, relationships R(a; aja,, bib,)
with relationship indices @ defined among those sets by (4.1) are similar to the
relations of TMDPB association schemes defined by (3.1).

COROLLARY 4.2. Among six sets of effects {0(d)}, {6(t)}, {0(t?)}, {0(tit8)},
{60(1313)} and {0(tit2)}, suppose that relationship indices a are given by (4.1).
Then the collection of those sets of effects has a 6-MD relationship.

Let w,(e,..., &,)=a, and wy(e,..., &,)=b, for r=1,2. Then the local

relationship matrices, Al192:0:52) = |[q(f51---£2%1; £ ""2),|| of size ng ., X Ny,
are defined as

(4.6) a(t?l. 1 ; t’sl I‘kz)a
J 1 if 6(ty---ter) s related to (157 17?)
= by R(a; aia,, biby),
l 0 otherwise.

In Parts I and II, we shall mainly discuss the case where ¢=2, i.e., Sgo=
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{0(0)}, S1o={0(t")}, Sor={0(12)}, So={0(tit})}, So,={0(t}1})} and S;,=
{0(t323)}, with ngo=1, "1o="o1=<r1n)a "zo="oz=(’;) and "11=2<’£1), respec-
tively. From (4.1) and Corollary 4.2, we have

AE%%’)"'”) = I( ) for a,a, = 00, 10, 01, 20, 02,

ajtaz

(11,11 —
A@B110) 12('2")’

A%lnbz,a;az) = (Agalaz,hbz))/,

4.7
ZAgalaz,blbz) = G

r Rajay;XRbyby?

Agﬂlaz,blbz)j”“bz = n(a; 0102, ble) j"a1a19

Ag(ta'“’c‘cz)A(yc'c”b'b’) = Y q(a,a;, bybs, @; ¢ c;, B, 1) AL192:0152),
a

The relationship matrices, D{s122:51%2) of order v,, are defined such that every
matrix has thirty-six submatrices M(1v2:01v2) of size n,,, X n,,,,, whose row and
column blocks correspond, respectively, to sets {0(#5t5?)} and {6(t5*t54)}, and
such that all but M(a:a2.bib2) = glaia2,b:1b2) are zero submatrices, where u,=
w,(&,, &;) and v,=w,(e;,¢,) for r=1,2. From (4.7), some properties of relation-
ship matrices D{s122:6152) are cited in the following:

(00,00) (10,10) (01,01) (20,20) (02,02) (11,11) —
D(ooom + D(ooom + D(0000) + D(ooom + D(0000) + D(0110) = Ivm’

D(_blb;,ala;) = (Dgalaz,blbz))’,
[ 3

S B T Dk =G,

ajaz bibs a

D;alaz,clc;)D(ydldz,hb;) = 5cld1502d1; q(alab b1b2s a; C1C29 ﬁ9 r)DLa;a;,b:bz).

(4.8)

The symmetric matrices, B{s122:0162) of order v,, are defined as
D{aaz.a1a2) if aja, = bb, = 00, 10, 01, 20, 02,
D(anaz,blbz) + D(_hbz,alaz)
@ @
if a,a #* b1b2 and aa, = OO, 10, 01,
20,02; b,b, = 00, 10, 01, 20, 02, 11,
Bi‘“az'blhz) .
Dgll'll) if aa, = ble =1land &= (0110),
(1001), (OL11), (1110), (1111),

Dg(l)’llll))'*'Dgi’lll)) if alaz = b1b2 = 11

and @ = (1011) or (1101).
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Then we have the following:

THEOREM 4.3. The algebra, A={B{ma2.5162)} " generated by forty-nine
symmetric matrices B{a192:6162) s q semi-simple, completely reducible matrix
algebra containing I, . 9 can also be represented by [Di192:0152)| @ € Q(a,a,,
b.b,); aa,, b;b,=00, 10, 01, 20, 02, 11] of all eighty-two relationship matrices
Daalaz,blbz)-

Proor. Since all generators of matrix algebra 2 are symmetric, 2 is semi-
simple and completely reducible. From definitions of D{#192:b182) and Basaz.b152),

B{a1az,b1b2) Blbibaibiba)  for g,a, =00, 10,01, 20, 02, 11
and b,b, = 00, 10, 01, 20, 02,
Bgraziaraz) Blaa,b1b2) - for  g,a, = 00, 10, 01, 20, 02
and b,b, =00, 10, 01, 20, 02, 11,
(11,11) p(11,11) = —
(49) Dgamz,bxbz) —_ B,“ " B((l)}l}ﬁ fOI aax = bl'bz - 11
' and a = (0110), (1001), (0111), (1110), (1111),
Biisot) Bii1io) for aja, =bb; =11

and a = (1011),

BULAVBLD for aja, = by, = 11

and a=(1101),

(4_ 10) Bgalaz,blbz)ngcz,dxdz)

—_ D‘('alaz,blbz)Dgclcz,dxdz) + D"alaz,blbz)D;didZ»Clcz)
+ D(_bxbz,alaz)D‘(’cwz,dxdz) + D{bnbz,anaz)D%dndz.cxcz).
a a

Relations (4.8) through (4.10) show that 2 =[D{a192:51b2)],

Note (cf. [5]) that combining two matrices D{3;i} and D{11piY as D{ILLY
=D{4iV+ DD, six matrices D11V (@=(0110), (1001), (0111), (1110),
(1%x1), (1111)), which are not the linear closure, turn out to be symmetric.

From Appendix I, let Dj(@:42:0162) (8=0, 1, 2; a,a,, b,b,=00, 10, 01, 20, 02,
11) and D¥wmwz.eva) (i, j=1, 2, 3, 4; uyu,, v,v,=10, 01, 20, 02, 11) be, respec-
tively, the matrices obtained by replacing only non-zero submatrices A{a192.b1b2)
of D{a192:0162) by A%(aiaz,biba) and Af{muz.0102) Then, from (A.4) we have
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(00,00) — p#(oo, 00)
D(OOO D

,bib2) _

D?ggo(;) D= Dg(oo,b,bz)’
DLO0.biby) _ \/ m n(oo b, bz)
D 0000)

D@ = /(3 Dgeo,

ng&r)%),)bxbz) = Dg(a“ll:blbl) + D.#r(ll:lazyblbz)’

D{@1a2:b152) = (p — 1) Dlaraz:b1b2) — D¥araz,biba),
. biby TR ,blb ,
D{gsenii® = /2(m — 1) Dg™“1* D4 Jm = 2D b}by)

D(al b0 _ (m — Z)Jng(alaz,b; \/m — ZD#(" A )
D(&,az,u) = \[”l—jiDg(alaz,ll) + \/—nml)}(lglaz,ll)
(m— 2)/2D“f(l‘:'“1'“),
D({l:laz,ll) = \/ﬁDg(mnz,u) _ MD}(I.;,“,H)
BN CE T T
D(ga;a;,ll) =(m— Z)JmDS(“'“'”) — \/Z(T—Z)D}(,‘:‘“'“),

(ajay, byby) _ #(ajay, biby) #(ajas, biby) #(ayay, byb))
D5y ' > = Dy ¥+ Dy P+ Dy, Y,

‘ol b b a' b b 2(a'al.b’ b’ " bb
D(v‘:x"z 1 2)=2(m___2)D0(”1”z 1 2)_2D1(a1a2 1 2)+(m—4)Df(2"2‘ 2 b1 z),

‘al,b’b’ -_ # ,b b # ,b b, #(alal,b’b’
D;"zt“z 1b2) =<m > 2>D (aja; 2)+D (aya;,bib}) —(m-— 3)Df(2“21"2 1 2),

(a)a,, = $(ajal, 11) %(ajas, 11) #(aja,, 11)
D(obozo) \/2 {Do "™ "+ Dy ® T+ Dy Y

ll

(411) D(a 1851 {1/\/7}{2(’”__2)[)#(41 1a5,11) 2Di(ain’2’“)
+ ‘/m(m—_z)Dj(:,l‘a;'m + (m — &) D5 0y,
D(a azr {l/\/Z}{Z(m _ 2)D#(ala2,11) ZD:(“;"’z’ll)

— \/mb#(a 1a2:11) + (m — 4)Ds}(2a4;a'2,11)}’

al ol \/2 {(m 2>D$(a,a2,11) + Dili(a;a;,ll) _ (m_3)D;(2a‘;a;,ll)}’
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Dzéh})l) D111 4 pHALID 4 pEALIY 4 pEaLID 4 pHILLL),

(11,11) _ s s
D(1001 Dz(u 1) 4 Du(u 11) _ Dg(u,u) — D}(;sl 1 4 D}(}‘l 11)’

D =(m - 2)D“(“ 1) _ D{(“'”) — Dg(u,u)
+ {(m - 2)/2}D_‘,(3‘3’ 1) 4 {\/m(m -2)/2} {Dt(u ,11)
+ D#(}Sl,ll)} + {(m — 4)/2}D“f(“4"1”,
) = (m — 2)DEIt.1V _ p3aL1D _ pEa1,in)
+ {(m — 2)/2}D}(3‘31 ,11) {\/m(m —-2)/2} {D}(Sl‘l,ll)
+ DYDY 4 {(m — 4)/2} DY,
Dﬁiéi‘d’ = (m — 2)D§11:1) _ piat.11) 4 prQt,11)
—{(m - 2)/2}D}(3131'11) + {m/Z} {D}(,‘.l ,11)
— D}(‘lal,ll)} + {(m — 4)/2}D}(‘1}'”),
Dfﬁolxl)) = (m — 2)D§11.1) _ paL1y 4 psai,i
- {(m - 2)/2}0}(3131 ,11) _ {\/m(m —-2)/2} {D“(“ ,11)
— D}(‘lsl,ll)} + {(m — 4)/2}D}(41‘1'“),

(11,11
D(nw)

m—2
Dghlll)) = 2( 2 )Dg(n,u) + 2011:(11,11) —2(m — 3)D}(}}'”),

where a, =(1000), (0100), (0001) according as (a;a,, b,b,)=(10, 10), (10, 01), (01,

01); B,

=(1000), (0100), (0010), (0001) according as (a,a,, b}bs)=(10, 20), (10, 02),

(01, 20), (01, 02); §,=(0100), (0001), &, =(1000), (0010), &,=(1100), (0011) ac-
cording as a,a,=10, 01; 7,=(r000), (0r00), (000r) (r=1, 2) according as (aja3,
bib%)=(20, 20), (20, 02), (02, 02); &, =(0100), (0001), £,=(1000), (0010), {;=
(1100), (0011) according as ajaj =20, 02, respectively.

Note that matrices Dj(a192:8162) and D{u142,2102) satisfy the following properties:

(4.12)

D:(ﬂxaz,Clcz)D;(Jldhbxbz) = 501dléczd25¢ﬂD:(alaz.bxbz),
D;(ulaz,btbz)D}(‘ljllllz.vlvz) —_ D;(‘l;xuz,0101)D5(41a2,b1b1) — Ovmxvm’
D}(,',‘““z'"1W2)D}(,'j.“1'”“’2) = 5““5",2“5“1)#("1"2,vnvz)

D(#)(O0,00) + Dé(lO,lO) + Dg(Ol,Ol) + 03(20,20) + D(S)(OZ,OZ) + Dg(ll,ll)
+ D{(20,20) + D{(OZ,OZ) + D{(ll,ll) + Dzi(ll,ll) + D}(AO,IO)

#(01,01) #(20,20) $(02,02) #(11,11) $(11,11)
+Dfu +szz +szz +Df33 +Df44 _Ivm’
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1 it =0,
rank (D§(a192:002)) = ¢y = ( m(m — 3)/2 if B=1,
(4.13) (’" 5 1) it p=2,

rank (D¥uu200d) = ¢ =m — 1.

Note that ¢,=08, ¢, =¢% and ¢,=¢F, where ¢ (B=0, 1, 2) are defined
by (3.7).

Let Uy=[DEla102:0152)|g.a, b b, =00, 10, 01, 20, 02, 11], A, =[Dilc1c2.did2)
leses, did;=20, 02, 11], W, =[D§A1:10] and A, =[D¥us2-v192)|y u,, v;v, =10,
01, 20, 02, 11; i, j=1, 2, 3, 4]. Then, from (4.12), we have U, A, =W, A, =4,,%,
for o, =0, 1,2, f. From Theorem 4.3 and (4.11) through (4.13), the following
theorem can be established :

THEOREM 4.4 (Kuwada [25]). The MD relationship algebra, U, which
is generated by forty-nine symmetric matrices B{9192:01b2) gnd is expressed
by the linear closure of all eighty-two relationship matrices D{192:b1b2) js
also represented by the linear closure of all eighty-two matrices Dj(a192:b1b2)
and D¥#w2.01v2) The algebra, U, is decomposed into the direct sum of four
two-sided ideals Wy, W;, A, and ,. The ideals, Wy, N, A, and U, are
isomorphic to the complete 6 x6, 3x3, 1 x1 and 6 x 6 matrix algebras, respec-
tively. The multiplicities of these irreducible representations are given by

¢p (ﬁ=0’ 15 2’ f)
This theorem implies that for any symmetric matrix M belonging to U as

M= Z 2 Zhg"‘“""“)Dg"l"lvblbz)

ajaz bibz a

= z* 2* Zh‘('a.uz,b,bz)B‘('a,az,b,u)

ajaz bib2 a

Z 2 caanaz.bxbz)Dg(ﬂlnz.hbz) + Z z c(lcl(-‘Z,dldz)D{(ClL‘2:dld2)

ayaz bib2 cicz2 did2

+ c(zu,n)D;(n,u)_*_ Z Z 2c}uiljuz,vw;)D}(‘l;;uz,vlvz)’

iUz v1v2i,J
there exists a matrix, P, of order v, such that
P’MP = diag [Ao; Al""’ Al; Az,..., Az; Af""’ Af]’
1 $2 br

where cg****) and c(**** are the linear combinations of h{**:**), and diag
[Ao; Ay,..., Ay; Ay, Ay Af,.is, Ag] denotes a (¢o+ @1+ 02+ ,) X (do+ ¢y
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+¢,+¢,) diagonal matrix whose diagonal positions are matrices Aoy, 45, 4,
and A, such that

B cgoo,oo) cgoo,xo) cgoo,on cgoo,zo) c‘()oo,oz) cgoo,u)
cglo,lo) cgw,on 0510,20) cho,oz) C‘()w,u)
0801'0” cgox,zo) 0601,02) 0801,11)

cgzo,zo) cgzo,oz) ngo,u)

Sym.
Cg)oz,oz) cgoz,u)
cf,“'“)
~ _
C(lzo,zo) c(lzo,oz) ngo,u) l
Al — c(1°2’°2) c(loz,u) , Az = [cgu,n)]’
Sym. cgu,u)
[ A(10,10) (10,01) (10,20) (10,02) (10,11) (10,11) ")
Crn Cfu Cfia Cfia Cris Cfia

(01,01) (01,20) (01,02) (01,11) (01,11)
Crun Cri2 iz Cfis a

(20,20) (20,02) (20,11) (20,11)
Cfas Cf2a Cfas ¢

J2a
Af = .
(02,02) (02,11) (02,11)
Craz Cras Craa

Sym.

(11,11) (11,11)
Cfas Cfaa

(11,11)
L Cfaa J

The matrices, A, (=0, 1, 2, f), are called irreducible representations of M with
respect to ideals 2, and the following notation is used here:

Wy: M — A, for f=0,1,2,f.

Part II. 3™-BFF designs of resolution V and their optimal designs

5. 3m-BFF designs of resolution V

We shall consider a 3™-FF design of resolution V.

DerFINITION 5.1. A 3™-FF design, T, of resolution V is said to be balanced
(for brevity, 3m-BFF design), if covariance matrix Var [@vM] given by (2.2) is
invariant under any permutation of m factors, i.e., for any two estimates
d(t3115?) and A(15°t3*) in the BLUE 6, ,
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Cov (B(151152) ; 0(t5°254)) = Cov (B(z(2y)*17(12)%2) ; B(1(13)*31(24)*4)),

where Cov (8(t5't52); 8(t5°t5+)) denotes an element of V; whose row and column
correspond to estimates H(z51¢52) and (t5215+), respectively, and 7 is any element

of a permutation group, {1 t=(1%1)1%2):::1(rfn)>} .

Lemma 5.1 (Kuwada [24]). A maximal invariant of the function of two
sets {t,..., 1, t%,..., t:2} and {u},...,u}l,, ui,..., ui2} with respect to the per-
mutation group is (ay, a,, by, by, |{ty,..., t,l}_n {ug,es up 3l oo 10,3 0 {uge s
Uyl Htheeos tad N {ugsees w3, it 25,30 {ulseees up,}), where {ty,...,t,,
Hseens by} and {uy,..., Uy, uj,..., uy,} are subsets of {1, 2,..., m}.

This lemma yields

THEOREM 5.2. For a 3m-FF design, T, of resolution V, a necessary and
sufficient condition for T to be balanced is that Vy=Vr, holds for design T,
obtained from T by To=TQ, where Q is any permutation matrix of order m.

Proor. From Definition 5.1 and Lemma 5.1, it can easily be shown that
for any permutation group t of degree m, there exists a matrix, Q, of order m
such that

V), (2),..., t(m)) = (1, 2,..., m)Q.

Hence, the proof is completed.

THEOREM 5.3 (Kuwada [24]). A necessary and sufficient condition for a
3m-FF design, T, of resolution V to be balanced is that Tis a B-array [N, m, 3, 4]
with index set {},;,}, provided information matrix My is non-singular.

6. Characteristic polynomials of information matrices

There are in general a large number of possible 3"-BFF designs of resolution
V with N assemblies. Out of these, one must choose a design which allows esti-
mates of all v, effects and, further, maximizes the information in some sense.
For such purpose, there are many criteria (e.g., the trace, determinant and maxi-
mum root) which are functions of characteristic roots of information matrix M.
Thus, in order to obtain a design which is optimal in a class of balanced designs
with given m and N, the derivation of the characteristic polynomial of M (hence
the characteristic roots of M) is a basic first step.

Let T be a B-array [N, m, 3, 4] with index set {A,;,;,}. Then it follows
from Theorem 5.3 that T is a 3m-BFF design of resolution V with N assemblies,
provided M is non-singular.
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When 6(#51152) is related to 6(t5°t;*) by R(a; aja,, b;b,), we denote the
element of M, corresponding to 0(#5:t52)-row and 6(t53t5¢)-column by p{ara2.b1b2),
respectively, where a,=w,(g,, €,) and b,=w,(e3, &,) (r=1, 2). Then a connection
between p{a1a2:b162) and y, , . of information matrix M is given as follows:

(00,00) — - (00,10) — ,(10,01) — (00,01) —
P00b0)y = Ya00 = N, P(0060) = P(oooo)y = V3100 Poodoy = Y3o1s

(00,20) — 4(10,10) — ,(10,11) — ,,(01,20) — ,(20,02) — ,(11,11)
P00b0)y = P(1000) = P(1000) = P0000) — P(0000)y = P(1001) = V2205

p(oo,oz) = p(o1,01)

— (00,11) — ,(10,01) — ,(10,02) — ,(01,11)
(0000) (0001) = V2025 P =P =P =p

0000) 0100) (0000) 0001) = Y2115

piégbb‘i) = (2N + 7301)/3, pféga%‘i’ = pﬁﬁga%})’ = (2¥310 + Y211)/3;

(10,20) _ ,(20,11) _ (10,02) — ,(01,11) — ,(02,11) _
P00y = P(1060y = Y1305 Po160)y — Pooi1) = Piood1) = V112
(10,11) — (10,11) — ,(01,20) — ,(20,02) — ,(11,11)
Po1o0)y = (27301 + 7202)/3, P(1160) = Pooioy = Po1d0) = P(10i1)
(6.1) =P8}<’)111)) = Y121 pfgéa%ﬁ’ = 2N — Y301 ngé(')%z)) = 2Y301 — Y202

(01,02) — (01,11) — »(02,11) — — (20,20)
Pood1)y = Y103 Piooio)y = P(0060) = 2Y310 — Y2115 P (0000)

= (4N +4y301 + Y202)/9; ng(’)%g) = (27220 + Y120)/3, pﬁ%&',%‘;’ = Y040,

PEggb%z)) = pﬁiiilﬁ’ = Yo22; Pfg(l)bﬁl)) = (2y211 + 7112)/3, pﬁi?z,ﬁ,‘,’ = Yo315

p{%a%ﬁ’ = 4N — 4y301 + V202 ng%qu)) = 29202 — V103 pﬁg%a%’ = Yoo4»

pf&z,i%ﬁ’ = 2311 — Y112 P§83i111)) = Yo13» Pféii{;l)) = (4N — 7202)/3,

Pf(l){illl)) = (27202 + 7103)/3; Pﬂiibl)) = 27320 = Y1215

where pibib2.a:02) = p(a1a2,b:1b2) and a connection between 7,,,,,,, and indices A,;,
of a B-array is always given by Table A. From the definition of relationship
matrices D{#192:b162)_ information matrix M, of T can be expressed as

M=% X Zpg‘a;az,b1bz)D£a1az,bxbz)

ajaz bibx a

=Y *y* Zpgaxaz.b;bz)Bgﬂmz.blbz)_

aiaz b1b: a

Hence, it follows from Theorem 4.3 that M, belongs to MD relationship algebra
A. From (4.11), M can also be expressed as

2
M = DI K;xﬂz.bxbng(amz.bxbz)

ajaz byba p=0

+3>X 3 ZK;xi-jlz,vwzpj,(‘l;xuz.mz),

uiuz v1v2 1,j



where

(6.2)
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k30,00 — P§386?)(;)’ k300162 = \/Zpgggbg.)b,)’ KgO.b'.b; - J@nggb%%b;)’
k§0 11 = ‘/@pggg&f))’ Kg182:bib2 ___ngb%,)b,bz) + (m— l)pgmz.blb;)’
kg = Jim = DI2{2p(5hs "2 + (m = Dpgyi "7},

Ks.az,ll =.m -1 {p(c?az,ll) +p(‘.:1az,11) + (m - 2)],&?«:;.11)}’
K;;“;'b;b; = p:;gz)}d)”ibé) + 2(m - 2)1,;:;"5:"1"3) + (m ; 2>p;:§¢5-b153)’
ket = 7 {plasy ) + (m = 2 (pf ) + pliirt)

("3 D)y R = P + Y + (m — 2)
(P + P + P + A + 2™ 5 )iy

xlienbibs pg;l)%'zd)bib;) ) p:in;'b’xb’z) + pf,:iaé-bib'z)’

K:;a;,u = \/? {PE;’{)‘B;O')H) _ pg;a;,ll) _ pé:’la;,n) + pé:;a;,ll)},

K%l,ll = P{cl)ii“) +p(11,11) _p(u.u)

(11,11) (11,11) (11,11)
0) (1001)

©111) —P@1ioy ~Pol1) ~P(1161)

(11,11) 11,11 — p(11,11) __ ,(11,11) _ ,(11,11) _ ,,(11,11)
+ 2piiin s K2 = P(o1i0oy ~ Pod1) — Piotiny — P(iiio)

(11,11) (11,11) Wbiba — pf Wb1b2) . p( ,b1b2)
+ Pioiny T Paibrys KR = DPGoooy T — Payt Y,

a,a,,b1by (a,a,,b;b’) (a,a,,b;b5) 1
fo“z 172 /m — 2{17(06020)1 2 __phx 209102 }, K?az.l

13

= \/;n—/-2{p(¢‘f,'“’“) _pgallnz,ll)}, K;l‘ﬂ‘z,ll _ (m . 2)/2{p(‘:1n1,11)

aja,, bib; (aja5,b b5) (aa%,bb’)
+p(€¢:,a2,ll) —_ Zp(‘azxaz.ll)}’ fouz 192 =p(0(l)020)l LR (m_4)p,lx 220192

(ajay, biby) ajas, 11 7 Av7A ( .(a1a5,11) (ayay,11)
- (m - 3)p1zl »o2 9 ,Cflzgz = m(m - 2)/2{p 11 2 _pczl 2 }’

ke = (V21200 + Om = (™Y + pi )

1

143,11
= 20m = 3L K = (12 200 - PR

(11,11) (11,11) _ (11,11 _ (11,11
+ (m — 2)(P(01u) + P11i0) ~ Puoin) P(uol)))}’
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K = (= D/ R ~ ), R
= {1/2} {2(1’2(1)%111) +1’(1001 N+ (m— 4)(1’561111) +P811u) +P§}(1>’111§)
+ pi1ei)) — 4(m — 3)p{i1iY}

Here a,a,, b;b,, ajas, bibs, @y, Bis 7157280, 61,62, €1, ¢, and ¢, are the same

as those given by (4.11). Therefore, Theorem 4.4 yields a 6 x 6 matrix, K,, a
3x3,K;,alx1, K,, and a 6x6, K, such that

QIﬂ:MT__)Kﬂ fOl‘ ﬁ=0, 1, 2’.f’
where
Ko = [giesbibs], Ky = [ependidz], K, = fht1],
(6.3)
Kj "Kuxuz.v:vz"_

In this case, since I, belongs to 2, we have

THEOREM 6.1 (Kuwada [25]). The characteristic polynomial, ¥ (x), of
information matrix My of a 3-BFF design, T, of resolution V is given by

¥V (x) =det(My — xI, )
= {det (Ko — xI¢)}¢o{det (K; — xI53)}**{det (K, — x)}**
-{det (K, — xIg)}*,
where multiplicities ¢4 (=0, 1, 2, f) are given by (4.13).

I‘et K51=||Kgla;,b1bzll’ KI1=”K£‘1C2.dld2”’ K51="K§1,11” and K}1=

[l Then from the above theorem and U (containing I, ), we have

uxdz,vxvz"‘

COROLLARY 6.2. For T being a design of Theorem 6.1, characteristic poly-
nomial y(x) of Vy (=M7?) is given by

x2(x) = det (Vp — x1,)
= {det (K5 — xI¢)}#o{det (K1 — xI3)}* {det (K3 — x)}*2
-{det (K7 — xI¢)}#+.
THEOREM 6.3 (Kuwada [25]). For T being a design of Theorem 6.1,

tr (Vy) = tr (M7?) = ¢o tr (Kg!) + ¢, tr (K7') + ¢, tr (K3Y) + ¢, tr (KFY),
(6.4)
det(Vy) = det (M7Y) = {det (K51)}¢o{det (KT )} % {det (K3 1)}$2{det (K71)} 7.
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THEOREM 6.4 (Kuwada [25]). Let T be a B-array [N, m, 3, 4] with index
set {Aii,i,}. Then a necessary condition for the existence of T is that every ir-
reducible representation Kz of information matrix My corresponding to T is
positive semidefinite for §=0, 1, 2, f.

THEokEM 6.5 (Kuwada [25]). A necessary and sufficient condition for the
array of Theorem 6.4 to be a 3™-BFF design of resolution V is that every ir-
reducible representation Kz of My is positive definite for =0, 1, 2, f.

From (6.3) and Theorem 6.4, we get

COROLLARY 6.6. A necessary condition for the existence of the B-array
of Theorem 6.4 is that the following relations hold:

(6.5)  Aggs + Agg + 12 20,
(6.62) Ayzo + Aozs + Arzg 20,
(6.6b) 350 + Agaz + A211 + 414220,
(6.72)  mM(d400 + Ao0a) + Cm + 1)(A310 + A013) + 4(A301 + A103) + A130
+ Aozt + (M + 2 (Azz0 + Aozz) — {2(m — 4) (307 + A13y)
+(@2m = 1) (4215 + 4112)} 20,
(6.75)  M(Aaoo + 4020 + Aoos) — 2 — 9)(As1o + Aors) + 4m(hse; + Agos)
+ (@m + 9)(Ag30 + Ap31) — 3(m —6)(Aaz0 + Ag33) + 6miz0,
— {32m = 9)(Ayry + Arys) + 6(m — 6)A15,} 20,
(6.7¢) (’5’)(/1400 + Aoga) + 2(m — 1) (Ao + Aors) — 2(m — 1)(m — 4)(Aso,

+ A103) + A220 + Aozz + Bm? — 19m + 32)150, — 2(m — 5) (A2,
+ A112) + 2445, 20,

(6.7d) (?){1400 + 164040 + Aoos + HA301 + A103) + 64302}

= 2(m — 1)(2m — 9)(A310 + 4013) — 8(m — 1)(2m — 9) (443
+ Ao31) + 3(4m? — 28m + 51)(Az20 + Aozz + 24421)
= 6(m — )(2m — 9) (2311 + A115) 26,
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6.7¢) ('3 Jtaoo + Zo0) = 2m = DY = 4) (a0 + Ao13) + 20m = D(Asor
+ Aus0 + Aoas + Ares) + @m? — 10m + 17)(Ayz0 + F022)
— (m = 1)(m = 9)(ha0; + 4A121) + 4m — 8%0hay, + Ayyz) 2 O,
(6.82) (M — 2 {Aaso + dora + 4hizo + Jost) + 3Chars + Au1a)}
— (4m = 1T)(haz0 + Aozz + 2y21) 2 O,
(6.8b)  m{lsso + Asor + Ayzo + Aozt + Aros + Jors + 20az0 + 20z + Z022)}
—202m = 9) a1y + Arar + A112) 20,
(6.80)  (m — 2 {8(hs10 + Ao1a) + As01 + Auzo + Joss + Aros + 2A20z + 84121}
— (4m = 1T)(Ayz0 + Ao22) — (Tm — 3) (11 + A112) 2 O.

COROLLARY 6.7. A necessary condition for the B-array of Theorem 6.4
to be a 3™-BFF design of resolution V is that relations (6.5) through (6.8) hold
with strict inequalities. ’

It was shown by Srivastava, Raktoe and Pesotan [56] that the characteristic
roots of the information matrix of a design in the general factorials relative to
an admissible vector of effects remain invariant under a permutation of levels.
Their approach was essentially based on the orthonormal matrix, i.e.,

U3 U3 13
-1/{2 0 1/J2 |,
6 —2/J6 1/6

for D as defined by (1.2).

Let T be an array obtained from T by interchanging all of symbols 0 and 2.
Then it is easily shown that if T is a B-array [N, m, 3, 4] with index set {4,;,;,},
then T is also a B-array [N, m, 3, 4] with index set {1, ;;,}, where ;=200
Therefore, T is called a (0, 2)-interchanged balanced array ((0, 2)IB-array) of
B-array T. Let p{®e2:%1%2) and j,,,, be the values of T corresponding to
plaezbibd and y, . o of T, respectively. Then we get

LemMA 6.8. For a B-array and its (0, 2)IB-array,

(6.9)  Tpopips = (= DPVpopup,  Jor po+pi+p2=4 and
Pos P15 P2 g 0.

From (6.1) and (6.9), we have
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LemMA 6.9.
(6.10)  plaraz.biba)

J_ panbibd f (aia,, biby) = (00, 10), (00, 11), (10, 01),
(10, 20, (10,02), (01, 11), (20, 11), (02, 11),

1p§“1“2"”"2’ otherwise.

THEOREM 6.10. For a B-array [N, m, 3, 4], T, with index set {4,
its (0, 2)IB-array, T,

} and

oi1i2

(6.11) ¥r(x) = ¥r(x),

where Wy(x) is the characteristic polynomial of information matrix My based
onT.

Proor. From (6.1) and (6.10), there exists a matrix, U, of order v, such
that

My = UM,U,

where U=diag {1, —1,..., —1,1,...,1, 1,..., 1, 1,..., 1, —1,..., —1}. Hence,
—— —— —— e~ N——
" m @
(6.11) can easily be proved.

The above theorem is powerful for finding optimal balanced designs with
respect to popular criteria. For given values of m and N, there exists, in general,
a large number of B-arrays of strength 4 whose indices satisfy N=2,00+ 2040
+ 2004 +4A310+ 301+ 130+ Ao31 4103+ Ao13) + 6(2220 + A202 + Ao22) + 12(4514
+Ay21+4412). Out of these, we choose a design which is optimal in a sense.
Theorem 6.10, however, implies that it is enough to select a design such that
(@) 4400 <Ao04s If 2400 # A004s (D) A310> 2013, if A400=72004 aNd A3107# 4013, (€) 4301
> 2103 if A400="2004s A310=4013 and A3o1 #4103, (d) A130> 40315 If A400=4004>
A310=72013> A301=~103 and A1307#do31, (€) 4220 <022, If A400="004> A310="2013,
4301 =4%103> A130=4031 a0d 4350 # Ao22 O (f) 4211 > 24112, if A4oo=1004s 2310 =4013,
A301="%103> A130=420315 4220 =402z and d311 #2115

It is easily shown from Theorem 2.2 that if T'is a 3™-BFF design of resolution
V, Tis also so and is called a (0, 2)-interchanged 3”-BFF (3"-(0, 2)IBFF) design
of T. Theorem 6.10 yields

CoROLLARY 6.11. For a 3™-BFF design, T, of resolution V and its 3™-
(0, 2)IBFF design, T,

tr(Vy) = tr (Vo),

det (Vy) = det (Vy).
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7. Covariance matrices of 3™-BFF designs

Using inverse matrices Kz! of K, (=0, 1, 2, f), we shall obtain explicit

expressions for all distinct elements of V. Let V{#a2.5162) be the elements of
Vp corresponding to H(t5:t5?) and 8(132t5+), where w,(e;, &;)=a, and w,(e;, &,)=b,
(r=1,2), and 8(t2:152) is related to 6(t5°t5¢) by R(a; aia,, byb,). Then we have

THEOREM 7.1. For a 3™-BFF design of resolution V,

(7.1)

Vﬁggo%?) = k80,005 V§880%3b’) = {1//m}x8o, b5,

(oo bbl) m m
N G PRI N ) P
VES:)‘:J%)')ble) = {l/m} {Kglaz.bnbz + (m - I)K{:}lz,blbz}’

Vg‘:laz,bxbz) = {l/m} {thahblbz - Kl{l‘lllz.blbz}’ Vz(a)(l)‘z)z(),)blbz)
Tm — 1\
=[l/{m«/<m2 )}]{\/m zxglaz bis .+ (m=2)J/(m-1) ZK{.: . b
(ajay,biby) m—1 o B _ .
Ve, =1V (75 ) [Wm=2x J2m=T)x
2bib;

@48y,

o
viment) = [1/{mJm — 1}1{k%,a,,11 + x/( > kli2, 1
(75 Delitands Vet = 01 onfm = 118,01
()t + ("5 ettt v
[ D= =0
Vs =[1 [k |@x sy, + mm = Bt
F2m = Dl ), VD < [1 /{6@)}}{2@1 ~ DK

B e s (a}a},bb)
mim = 3)i, oy, T O = Dlm = Ol b Ve

= [1/{ < )}]{(m - 2)K2lavb b, + mK larb T 2(m — 1),(;“!‘::2 b, .1
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ViSb‘éS)“’ = [1/{2<31>\/5}]{2K2;a;,11 + m(m — 3)K:;a;,ll

(ajay11) m\ /5
+2(m — I)K‘{;z:;,“}, yiet = [1/{6<3>\/2}]{2(m - Z)Kg'la;,u
—m(m - 3)Ki1"2-“ + (m— 1)(m—4)icuf,‘2:;,“} + {1/\/2m(m—2)}x‘{;2:,2.11,

v =[5 )vet e - ot mom =3
+ On = 1)m = xlze |} — {1420 = D)clzs

1a5,11°
v = [ le(3 Wz em -2, |+ o,
—am = etz 3 v = 15} Jextin

mOm = 3yt + A" 5 D)+ 20m = DOy, + xfea))s
VL = [l'/{4<gz>ﬂ{2'€?1,u + m(m — 3kl — 2(m 5 1)"%1,11
— 20m = V({3 — K4}, VLD = [1 / {12(’5’)}]{2@1 — 2)Ky 11
— m(m — 3)Kiy, 1y — z(m 5 1)"%1,11 + 2<m 2 1)"7{1’,’11

+ (m - D(m — 4refpy ) + [/ 2mm = 2)}1(x {34, + ©{82),
Vi = [1/{12(’5’)}]{2(;11 — D)K. —m(m—3)kly 1y

- 2<m N 1>K%1.11 + 2<m 2 1)"{1’,311 + (m = 1)(m = dxfiy,

— [/ {2Jm(m = DYIefpy, + {23, VEGD = Vit

= [1/{12(?»]{2(’" = 2)k%1,11 — m(m — 3)Kiy 4 + 2<m 2_ 1)"%1,11

=25 Delin + On = Dm =l ), VALY

= [l/{6(’g)}i|{(m = 2)k91,11 + mxlyy — 2(m — I)K{f,‘u}’



376 Masahide KuwADA

where aa,, b;b,=10, 01 and a,a,, b,b,=20, 02, and a,, B, 71, 72> §0> &1
§,,¢,, L, and £, are the same as those given by (4.11).

8. Optimal 3*-BFF designs of resolution V

We here consider a 34-BFF design of resolution V with given N. Generally,
there are many such designs. Out of these, we choose designs which minimize
tr (Vp) or det (Vy). We assume, throughout Sections 8 and 9, that M is positive
definite. In this case, we have

THEOREM 8.1. For any N, there does not exist any B-array [N, m, 3, 4]
with (i) at least two of A,59, Az, and lg,, being zero and at least two of 2,4,
Arz21 and Ay, being zero, and (ii) Ay,0=~2,02 =402, =0 and at least one of A,,,,
A121 and Ay, being zero.

Proor. It follows from (6.3) that

det (K) = 65[232042024022 + (A2204202 + 42024022 + A0224220)
“(Aarr + 2121 + A112) + 2{A230(A1214112 + A2114112)
+ A302(A2114121 + A1214112) + Ao22(Ra114121 + A2114112)

+ 42211412141121]5

which, from the assumptions, is zero. This completes the proof.

THEOREM 8.2. For any N, there does not exist any B-array [N, 4, 3, 4]
with (i) A310=2301 =A130=4031 =A103=42013=0 and A3y +24;5;+4,,=1, and
(ﬁ) )»4oo=loo4=1301 =/1130 -‘-’1031 =/1103='1220=/1022=0'

Proor. For case (i), if at least one of 4,50, 4,02 and 4,5, is zero, the number
of possible distinct assemblies is less than v, (=33). Hence det(M;)=0. On
the other hand, if 2,50, 4202, 402221, it holds that det(K,)=0. For case (ii),
from (6.7¢), x}!>11=0. Hence, it follows from Corollary 6.7 that there does
not exist any B-array with the above indices.

Srivastava and Anderson [50] gave a comparison of the determinant, maxi-
mum root and trace optimal criteria. In general, there are many optimal criteria
(e.g., [23]). In this paper, we shall deal with the trace and determinant criteria
for a given value of N. The trace criterion is proportional to the average of vari-
ance of all normalized linear parametric functions. On the other hand, the
determinant criterion is proportional to the volume of the ellipsoid of concentra-
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tion, that is, in a sense, it refers to the volume of the region within which the
true parametric point may lie with a certain probability (see [16, 45]).

Consider 34-BFF designs of resolution V with v, (=33)<N<56. In Table
1, optimal designs with respect to the trace criterion are given with values of
tr (V) and indices A,;,;, of B-arrays for each value of N in the above range.
Furthermore, from (7.1), we can easily obtain forty-nine possible distinct elements
Va1a2,b162) of V. for each of optimal designs. These are also given in Table 1.
Next, we consider optimal designs with respect to the determinant criterion.
These designs are given in Table 2 together with elements V{aa2.b152) of V.
for each of optimal designs.

As seen in Tables 1 and 2, optimal 34-BFF designs of resolution V with
33N <56 are B-arrays [N, 4, 3, 4] with indices 1,,,;, such that 1,40, 040 and
4004 are 0, 1 or 2, and the remaining 4, ;, are either 0 or 1. Therefore, we shall
consider a B-array [N, 4, 3, 4] with index set {4;;,;,} for 57<N <81, where 1,4,
Ao4o and Agp4 are 0, 1 or 2, and the remaining 4, ;, are either 0 or 1. Optimal
34.BFF designs with respect to the trace and determinant criteria are, respectively,
given in Tables 3 and 4, where indices 4, ;, satisfy the above-mentioned restric-
tions. Furthermore, V{a1a2:6162) of V. for each of optimal designs are given in
Tables 3 and 4.

9. Optimal 33-BFF designs of resolution V derivable from B-arrays of
strength §

Let T be a B-array [N, m, 3, t] with index set {1;; ;,lio+i;+i,=t}. Then
for any non-negative integer k (£t), Tis also a B-array [N, m, 3, t—k] with index
set {A;iinlio+iy+is=t—k}.

THEOREM 9.1. A connection between indices A, (ip+ij+i,=t) and
Ainiiy (o410 +i,=t—k) is given by

.1 Aigiliy = . kZ {k!(kok i 1ka)} Ay 4 kg i ks i 42 s
0,K1,K2

where ko, k, and k, are non-negative integers satisfying ko+k,+k,=k, and

i,=i,+k, for r=0, 1, 2.

In general, there always exists a B-array [N, m, 3, m] with index set {4, ;,}
satisfying N =3 {m!/(io!i;'i,))}Ai;,i,» For 2™ factorials, such a B-array [N, m,
2, m] with indices A; (i=0, 1,..., m) is called a ‘‘simple” array (S-array) by
Shirakura [39]. We consider a case in which m=t=5 (hence k=1). Then,
from (9.1), we have
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A400 = As00 + Aa10 + Aa01> Aoso = A140 + Aoso + Aoas,
Aooa = Atoa + Aors + Aooss A310 = Aato + 4320 t 43115
A301 = Aao1 + A311 + 3025 A130 = A230 + Arao + Aia1s

©92) Aos1 = Ay31 + Aoar + Aoz A103 = 4203 * 4113 t Aross
Ao13 = A1z + Aozs + Ao1as Az20 = A320 + A230 + 221,
A202 = A302 + 4212 + 4203, o2z = A122 + Aozz + Ao2s,
Aagy = Azgr + Aza1 + Aa12, Aran = Aaag + Agsy + Aiaas
A1z = Az12 + Ay2a + Aqga.

From (9.2) and Theorem 6.10, we obtain

THEOREM 9.2. For a B-array [N, m,3,5], T, with index set {A ;|
ip+1i,+i,=5} and its (0, 2)IB-array, T,

Pr(x) = ¥r(x).

Let T be a B-array [N, 5, 3, 5] with index set {4;;,;,lio+i; +i,=>5}, where
25005 4050 and Aggs are 0, 1 or 2, and the remaining A,;,;, (ip +i; +i,=>5) are either
0 or 1. Then in Tables 5 and 6, optimal 35-BFF designs of resolution V with
respect to the trace and determinant criteria are, respectively, presented for Vs
(=51)SN <70, where indices A, satisfy the above-mentioned restrictions.
For each of optimal designs of Tables 5 and 6, forty-nine possible distinct ele-
ments of Vy are also presented.

Part III. Balanced third-order designs for 3™ factorials and their optimal
designs

10. Third-order model and relationship

The general second-order model (cf. [38]) in m factors is presented by
(10'1) r’(jl: j2’---’jm)
2 m
=0@)+ 3§ d000) + T d;, (D, (D0
in which the number of unknown effects is vi=14+m+m +<gt>=(m;- 2),

where d(e) are given by (1.2). As its generalization, the third-order model for
3m factorials can be given by
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(102) sy ares )
=00+ 3§ @009+ 3 d,(0d, (0001
+ Ty, (0d;, Q00

+ 2 d;, (Dd;, (Dd;, (DO(E5251)) .
ts<teg<ty
Four-factor and higher-order interactions are assumed to be negligible. Further,
suppose that the quadratic by quadratic component, 6(t2t2), of two-factor inter-
action, and the 2-linear by quadratic, 0(t5tit2), the linear by 2-quadratic, 6(t1¢312),
and the 3-quadratic, 6(t2t312), of three-factor interaction are negligible, where
1<ty t3<ty, ty#ts, ta#ts and te<t;<tg.
Let T be a fraction with N assemblies such that Var [y(T)]=02Iy. Then
(10.2) can also be written in matrix notation as
9(T) = E6

HUm?
where E% is the design matrix of size Nxu,, 0, ={0(d)}; {0(t1)}; {0(t2)};
eI} 000} 0@a) and p=1+mem+(F)+25)+(F)=1+

m(m+1) (m+5)/6 being the number of elements of effect vector 8, .
The normal equation for estimating 8, can be written as

M#6,, = E¥'y(T),

where M%=E%'E% is the information matrix of order u,. If M¥ is non-singular,
T is called a third-order design for 3™ factorials. For a third-order design, the
BLUE 4, of 6, and Var[d, ] are given by 8, =V$E¥y(T) and Var[6, ]
= V%02, respectively, where Vi=M%"1,

Let R(a; a,a,, bib,) be the relationship defined between the sets of effects
O(51t52152) and O(s54t55tss), where w,(eq, €5, €3)=a, and w,(e,, &5, £g)=b, for
r=1,2. Among the six sets of effects {0(¢)}, {0(t!)}, {6(t?)}, {0(t113)}, {6(1}13)}
and {6(titit})}, suppose that relationship indices @ are given by (4.1). Then the
collection of these sets of effects has a 6-MD relationship.

11. Characteristic polynomials of information matrices of balanced
third-order designs

We assume throughout that T is a B-array of strength at least six, and that
M% is positive definite. This guarantees that M¥ is invariant under any permu-
tation of m factors, which implies that T'is a balanced design (for brevity, 3»-BTO
design).
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ReMARK. A sufficient condition for T to be a 3m-BTO design is that T is a
B-array [N, m, 3, 6] with index set {1}, lio+i, +i,=6}, provided M¥} is non-
singular. However, this is not a necessary condition.

Let T be a B-array [N, m, 3, 6] with index set {i}; ;lio+i;+i,=6} and
Yropip2 (Po+P1+p,=6) be the elements of information matrix M%¥ whose row
and column correspond to O(t5152¢5*) and O(t5135t¢¢), respectively, where
Wiy, €35..., 86)=p, for r=0, 1,2 and {t,, t,,..., t¢} is a subset of {1, 2,..., m}.
Then a connection between 7y}, ,, and indices A¥;; of B-array T is given by
Table B.

For (g4, €, €3) and (e, &5, &) With w,(e;, &;, £5)=a, and w,(e,, &5, &) =Db,
for r=1, 2, the element of M¥ whose row and column correspond to 6(#;:t52t5*)
and 0(t5t5°t5¢), respectively, is denoted by pX(aie2.b1b2) where O(t5115215) is
related to (t54155t¢) by R(a; aa,, b,b,). Then information matrix M#¥ includes

TABLE B.

7*¥(600) = (1 1 1 6 6 6 6 6 6 15 15 15 15 15 15
060 1 0 1 0 —6 0 0 —6 0 0 15 0 015 0
006 1 64 1 —-12 6 —192 —192 6 —12 60 15 240 240 15 60
510 —1 0 1 —-5—-4 -1 1 4 5-10 -5 -5 5 510
501 1 -2 1 3 6 -9 -9 6 3 0 15 —-15-15 15 O
150 -1 0 1 —1 4 0 0 —4 1 0 -5 0 0 5 0
051 -1 0 1 2 4 0 0 —4 -2 0 -5 0 0 5
105 1-32 1 -9 6 48 48 6 —9 30 15 0 0 15 30
015 —1 0 1 10 —4 32 —32 4 —-10 —40 —5 —80 80 5 40
420 1 0 1 4 2 0 0 2 4 6 —1 1 1 -1 6
402 1 4 1 0 6 12 12 6 0 —6 15 9 9 15 —6
240 1 0 1 2 -2 0 0 —2 2 1 -1 0 0-1 1
042 1 0 1 —4 -2 0 0 —2 —4 4 —1 0 0-—-1 4
204 1 16 1 —6 6 0 0 6 —6 9 15 —-24 —24 15 9
024 1 0o 1 -8 2 0 0 2 -8 24 —1 16 16 —1 24
330 —1 0 1 -3 0 0 0o o0 3 -3 3 0 0-3 3
303 1 -8 1 -3 6 —12 —-12 6 -3 -3 15 6 6 15 —3
033 -1 0 1 6 0 0 0 0 —6 —12 3 0 0 -3 12
411 —1 0 1 —2 -4 2 -2 4 2 2 -5 7 -7 5 =2
141 1 0 1 -1 -2 0 0 -2 —-1 -2 -1 0 0 -1 -2
114 —1 0 1 7 -4 -—16 16 4 —-7 —16 —5 16 —16 5 16
321 1 0 1 1 2 0 0 2 1 -3 -1 -2 -2 —-1-3
312 -1 0 1 1 -4 —4 4 4 -1 -5 -8 8 5 -5
231 —1 0 1 0 O 0 0o o0 0 3 3 0 0 -3 -3
132 —1 0 1 3 0 0 0o 0 -3 0 3 0 0-3 0
213 -1 0 1 4 —4 8 -8 4 —4 —1 -5 4 —4 5 1
123 1 0 1 -5 2 0 0 2 -5 6 -1 -8 —8—-1 6
222 ! 0o 1 -2 2 0 0o 2 -2 -3 -1 4 4 —1 -3
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at least thirty-two possible distinct elements as follows:

*(00,00) — %k *(00,10) — ,,*(10,01) _— % *(00,01) — %
Pooody = Veoo = N, Pood)y = Poood)y = Y5105 Poood) — V501s
%*(00,20) — ,,*(10,10) — ,H*(10,11) — ,%(01,20) — ,*(11,11) — %
P0006) = P(1000) = P(1000) = Poood)y = P (1061) = Y420
*(00,11) — H*(10,01) — ,H*(01,11) — % *(00,30) — ,*(10,20) — ,*(01,30)
P0006) = = P0106) = Poooi) )=yl Poood) = P1006) = P(0000)
= p*(20,11) — % *(10,10) — * *(10,20) — ,*(20,11)
- p(1000) - ')’330, p(oooo) - (2N + ySOI)/S: p(oooo) - p(oooo)
- ,11) — 1) — ,%(01,20)
= (2y%10 + 7511)/3, P?o(1180)u) = (27%01 + 7502)/3, pz“l‘}(‘,’o} = P{oo}o)
— %(11,11) — ok(11,11) — % %(10,30) — ,%(20,20) _ ,*(11,30)
=PhoiD) T Pgoiy T V3215 Poood) — P(1006) — P(000d)
(11.1) * * #(10,30) %(20,20) *(11,30) *
= (2% + 'YSZI)/3! P1006) = P(2000) = P(1000) — V240

TABLE B. (continued)
20 20 20 30 30 30 60 60 60 60 60 60 907 2* ~600—}

0 —20 0 0 0 0 0 0 0 0 0 0 0 060
—160 20 —160 —60 480 —60 240 —120 —480 —480 —120 240 360 006
—10 0 10 —15 0 15 -20 —10 -10 10 10 20 0 510
—-10 20 -—10 15 =30 15 0 30 —-30 —30 30 0 0 501

0 0 0 5 0 -5 0 —10 0 0 10 0 0 150

0 0 0 —10 0 10 0 20 0 0 =20 0 0 051
—40 20 —40 —45 0 —45 120 -9 —120 —120 —9% 120 180 105

80 0 —80 30 0 —30 —80 20 80 —80 —20 80 0 015

4 —4 4 4 -2 4 0 -8 —4 -4 -8 0 —12 420

—4 20 —4 0 18 0 —24 0 —12 -—-12 0 —24 36 402

0 4 0 —6 0 -6 —4 4 0 0 4 —4 6 240

0 4 0 12 0 12 —-16 -8 0 0 -8 —16 24 042

8 20 8 —30 —48 —30 36 —60 24 24 —60 36 54 204
—-32 —4 -—-32 -8 -32 -8 0 16 32 32 16 0 —48 024

—1 0 1 3 0 -3 6 6 3 -3 —6 —6 0 330
11 20 11 —-15 12 —15 —-12 =30 33 33 —30 —12 —18 303
8 0 -8 —6 0 6 24 —12 24 24 12 —24 0 033

0 -8 —6 0 6 4 —4 8§ -8 4 —4 0 411
4 0 3 0 3 8 -2 0 0 -2 8 —12 141

8 0o -8 21 0 —21 -32 14 8§ -8 —14 32 0 114

-5 -4 -5 1 4 1 0 -2 5 5 =2 0 6 321

-1 0 1 3 0 -3 10 2 -1 1 -2 -10 0 312
2 0 -2 0 0 —6 0 —6 6 6 0 231

—4 0 4 -3 0 3 0 -6 12 —-12 6 0 0 132

-10 O 10 12 0 —-12 -2 8 —10 10 -8 2 0 213
4 —4 4 -5 16 -5 0 10 —4 -4 10 0 —12 123
4 —4 4 -2 -8 -2 0 4 —4 —4 4 0 6 222 |
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PRI = 2N — y¥o,, PESadY = vhas Ploiel? = 2940 — v

Poi” = vha PENE”Y = PEG0s Y = v P8

= (4N + 4y%; + v%62)/9, P?‘o(lzgd)ll) = (2y%1;+7312)/3, Pto(ggd?m

= (49%0 + 4211 + 7312)/9, p?‘,‘é&?“ = (29330 + 7331)/3,

PEIEY =50, PlaiielV = (AN —9302)[3, PELIY = (29F02+7%03) /3,
*(11,30)

prl(;xlé)“) = 2)’:20 - 7’3*21’ p:1(11111')“) = V;ZZa p(oom) = (272‘21 + 7;22)/3’

P = Y Pi3Ss3? = (8N + 12y%; + 6y%02 + 1%03)/27,

p}"l‘é‘&?w = (4y%0 + 31 + 7522)/19,  Phases® = (2v%a0 + vie)/3s

*(30,30) — %
P3006) = Yoso-

The local relationship matrices, Ae122:01%2)  are defined by (4.6), and

the relationship matrices, D{#122:b162) are defined by the same way as shown in
Section 4. Let B{#142,b152) be the symmetric matrices of order g, such that

D@ezed  if gg, = bb, = 00, 10, 01, 20, 30,
Dialaz,bxbz) + nglbz’alaz) if alaz¢b1b2 and a,a,

= 00, 10, 01, 20, 30; 5,5, = 00, 10, 01, 20, 11, 30,

B(aa2,b1b2) = | D{11,10) if aa,=5bb,=11 and a = (0110),

(1001), (0111), (1110), (1111),

DULIY 4 DD if aa,=bb, =11 and

a = (1011) or (1101).

From Appendix II, we have

LemMA 11.1.  Matrices Dj(a1a2:b162) gnd D¥uiuz,0192) satisfy the following

properties:

0

D:(alaz,CICZ)D;(dldz,blbz) —_ 6 6apDz(a1nz,b|bz),

c1d1¥c2d2

D;(axaz,bnbz)D}(‘l;ﬂlz,v]Uz) - D}(‘l;luz,ulvz)Dg(alaz,blbz) —_ 0

BmX ptm®

D}(‘l:‘xuz,waz)D}(I?sz.vnvz) = 5w“15w2‘25“D}(‘lewz,vn-'z).

Let UA* be a relationship algebra generated by eighty-three relationship

matrices D{#192:b152) which is also generated by fifty symmetric matrices
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B{maz.b1b2)  Tet A¥, A, A%, AL and A% be the matrix algebras generated
by 62 matrices Dg(alaz,bﬂlz)’ 32 Dg(clcz,d,dz)’ a Dz"(”'“), a Dg(ao,so) and 62
D¥uu2.0102) respectively, for aja,, bib, =00, 10, 01, 20, 11, 30; ¢,c,, did, =20,
11, 30; Uytty, 0,0, =10, 01, 20, 11, 30; 4, j=1,2, 3,4, 5. Then A} =AA* =

,,,QI for o, f=0,1, 2,3, f, that is, these matrix algebras are mutually
annihilated.

TueoreM 11.2. (i) The algebra, U*, is represented by the linear closure
of eighty-three matrices D§(@192:b102) gnd D¥(uuz.v102) for =0, 1,2, 3 and i,
j=1,2,3,4,5.

(i) The algebra, A*, is decomposed into the direct sum of five ideals U}
(8=0,1,2,3,/),ie,

A = AL O AL O U D UL D US

(i) The ideals, ¥, t, AL, A% and A}, have Di(a1a2,b1b2) | Dileica,dida)
Di11,10, p¥(30.30) gpg DHuiua.vwa) gs their bases, respectively, which are
isomorphic to the complete 6x6,3x3,1x1,1x1 and 6x6 matrix algebras
with multiplicities ¢, (B=0, 1, 2, 3, f), respectively, where ¢o=1, ¢,=
m(m—3)/2, ¢2=(’"2‘1>, by=m(m—1)(m—5)/6 and ¢,=m—1.

Note that ¢o=0¢g, ¢, =03, ¢3=0¢% and ¢,=¢%, where ¢} (=0, 1, 2, 3)
are defined by (3.7).

From the above theorem, information matrix M¥ can be expressed as

M:=Y T Ep:(a;az.blbz)Damaz,bxbz)

ajaz biby

—_ Z* 2* 2p:(alaz,blbz)Bgaxaz,blbz)

aiaz bib2 a

2 Z i 102.4142D;(0102.dxd2)

cicz didz =

+ Z E 2 K*u;uz vlv;D#(unuz vwz)

uiu2 v1v2 i,J

where

140030 — J( )F?()(ggo?o), KE9162,30 = ( )/3{317*0(3632'30)

+ (m - 3)p:‘(ma2.30)}’ ngo,ao =./(m— 2)/3 {3p:0(§86?0)

-3 S
+30m = )psa” + (™5 ) paged), w1 = Jim = D6

-3
{61888 + 30m ~ Do + pdis™) + A" 5 %) pie),
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%30,30 — ,%(30,30) _ (30,30) m — 3\ x(30,30)
Ko = Plocosy. T 3(m — 3)p{is0s3° + 3( 2 >1’(2000)

+(7 37 )pts, w0 = Ym =AY - 2038°
+PERE) K = 2 = ) (P — P — P
+ p{l((;llé)a())}’ K=1|=30,30 = pfo(g(())é?O) + (m — 7);,:1(336)30)

— m — 1D + (m — G, #I00 = S

_ %(30,30) _ ,%(30,30)) __ ,,*(30,30) * ,30_J m—2 *(aya2,30)
3(1’(1000) P2000) ) — P3600; > KFiier30= ( 2 {P(o&')gf

— PO}, K2 = i = D2 QPGS + (m = )P

= (m — )pE3s0Y, kR0 = {mlm = 2)(m = 3)/2} {p¥3{s3”

~ DAY, R = (32 A + (- O
11,300y _ _ (11,30) #30,30 — ,%(30,30)

+ P{1000) ) — 2(m 4)1’?1010) b kRN = P:ooom

—4
+ (2m — ) pE3” + {(m — ) (m — 9)[2}pE3%3” — (m 2 )pfs‘éé’ai‘“,

and the remaining xj®192:b1b2 and x}¥1#2.01°2 are the same as those obtained by
replacing p(s1e2.b152) (in (6.2)) by p*(etez:b1b2), Here 3, =(1000), (0010) accord-
ing as a,a,=10, 01, and connections between y} ,,, and Af,. and between

*
yFOPlPZ

and p¥(a1a2,b1b2) are given by Table B and (11.1), respectively. Note

that rxjai02:b1b2 = gfbib2,a102 and gjurvz,01v2=g}r1v2,4142, From Theorem 11.2,
J
we can obtain 6x 6 matrix K§, 3x3 K¥, 1x1 K¥, 1 x1 K¥ and 6x6 K¥ such

that

where

Ay Mf— K5 for $=0,1,2,3,f

[’ Ka:OO,OO Ka:OO,IO KgOO,Ol KgOO,ZO Kgoo.u KgOO,SO _)
Kglo,lo KglO,OI KglO,ZO Ka:lo,u KglO,SO
KgOI,Ol K-gOI,ZO Ka‘OI,ll KgOI,SO

KgZO.ZO K:ZO,II x3=20.30

Sym Kgll,ll Kgll,BO

K330,30



Optimal Balanced Fractional 3™ Factorial Designs 385

[ ,-%20,20 ..%20,11 %20,30 * _ [e*11,11
Ki K Kj K3 =[x} 1
= 1 *11,30 — [4%*30,3
Kt= RHLAL HL30 | RE = [x330:30],
Sym. K *30,30
L 1

[ 4%*10,01 *10,01 %10,20 *10,11 *10,11 %10,30
Krn Krn Kfia Kris' Kfia Kfis' _1
*01,01 %*01,20 *01,11 %*01,11 %*01,30

Kfn Kria Kpys Kria Kris

*20,20 *20,11 *20,11 *20,30
Kf22 Kfas Kfaa Kfas

*
Kf - K*ll,ll x*ll,ll Ktll.BO
J33 J34 S3s
*11,11 *11,30
Sym- Kfas Kras'
%*30,30
- Krss J

Since I, belongs to A*, we have

THEOREM 11.3. The characteristic polynomial, W¥(x), of information
matrix M% of a 3"-BTO design, T, is given by

Yi(x) =det (M¥ — x1I,)
= {det (K} — xIg)}¢o{det (K} — xI;)}¢'{det (K} — x)}¢2
-{det (K3 —x)}#2{det (K} — xI¢)} %7,
where ¢, (=0, 1, 2, 3, f) are given in Theorem 11.2.

Let T be a B-array of strength at least four. Then, for the second-order
model defined by (10.1), the characteristic polynomial of information matrix
M3¥* of T (cf. [20]) can also be obtained by use of the algebraic structure as
follows:

PE*(x) = det (ME* — xI,,)
= {det (K§* — xI,)}¢o{det (K}* — x)}¢1{det (K}* — xI3)}¢s,

where ¥3*(x) is a characteristic polynomial of M¥$* for the second-order model,
and

KE*00,00  (RX00,10  ; %%00,01  1c%#00,20
KE¥10,10 110,01 4 *%10,20
*%01,01  ,.%%01,20

Ko Ko

Sym.
(11.3) K3*20,20
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K¥* = [K3%20,20],
*%10,10 *%10,01 *%10,20
Krn Kii Kfiz
Kk *%%01,01 *%%01,20
Kf - Kfn Kfi2
Sym. ;**20,20
fa2
in which xj*ae2bibz (=0, 1) and x}Fuv2v10z (i, j=1,2) are the same as
those obtained by replacing x§:®2:b152 and K%i“2:*1°2 (in (6.2)) by Kj*e1az.bib2
and r¥Fuuz. 0192, respectively, and ¢, (B=0, 1, f) are given by (4.13).
Let K& 1=Kkt 00,0l K¥ ' =llx¥l, 000,05 KE =]t 11ll, K31 =533 30l

and K¥ '=|k¥fy, ,.I|l. Then characteristic polynomial, y¥(x), of covariance
matrix V¥o2 of BLUE 0,,m can be obtained by getting that of V¥ as follows:

COROLLARY 11.4. When Tis a design of Theorem 11.3, y¥(x) is given by

xt(x) =det (V¥ —xI, )
= {det (K§~! — xIg)}?°{det (K} — xI3)}#

{det (K31 — x)}%2{det (K3~ — x)}¢3{det (K¥™! — xI)}¢+.
Theorem 11.2 yields
THEOREM 11.5. For T being a design of Theorem 11.3,
tr (V'F) = ¢otr (KE™) + ¢y tr (K71 + o tr (K37H)
+ @str (K371) + ¢, tr (K371,
det (V'}) = {det (K3™!)}¢{det (KT™1)} ¢ {det (KI™1)}*>
-{det (K371)}#2{det (K}F71)}¢7.

COROLLARY 11.6. For T being a B-array of strength at least four, when
information matrix M¥* for the second-order model is non-singular,

tr (V%) = @otr (K3*71) + ¢y tr (KT*71) + ¢, tr (KF*7H),
det (V$*) = {det (K§*~1)¢o{det (K}* 1)} ¢ {det (KF*1)} ¢,
where K3* (=0, 1, f) are given by (11.3).

If Tis a 3*-BTO design, a (0, 2)IB-array, T, say, of T'is called a 3"-(0, 2)IBTO
design.

THEOREM 11.7. For a B-array, T, and its (0, 2)IB-array, T,
Pi(x) = PH(x).
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ProoF. Let E} be the design matrix of T. Then E}=E}W, where E¥ is
the design matrix of T and W is the diagonal matrix of order p,, such that

W=diag{l, - 1,..., -1, 1,.., 1, 1,..,1, — L., -1, —1,.., —1}.
C N——— ~—— ~—— ~—— N———
" " 9 2(%) ®

Hence M= WMZW which yields that
Yi(x) = det (M3 — xI,, )
= det (W(M¥ — xI, )W)
= det(M$ — xI, )
= VY¥(x).

CoROLLARY 11.8. For a 3™-BTO design, T, and its 3™-(0, 2)IBTO design,
T,

tr(Vy) =tr (Vh),

det (VT) = det (V%)

12. Covariance matrices and optimal balanced third-order designs for 3¢
factorials

Let T'be a B-array [N, m, 3, 6] with index set {Af;|io+i;+i,=6}. Then
we obviously obtain the following:

THEOREM 12.1. A necessary and sufficient condition for T to be a 3™-BTO

design is that every irreducible representation Kj (=0, 1,2, 3, f) of M¥ is
positive definite.

Since M#% is positive semidefinite, K (8=0, 1, 2, 3, f) are also so. There-
fore, Table B, (11.1) and (11.2) imply

COROLLARY 12.2. A necessary condition for the existence of a B-array
[N, m, 3, 6] with index set {Af;,;,} based on the third-order model is that the
following relations hold:

(12.1)  Adyy + Afag + Af1a + A%y + A3 + A3 + Afs + 4315 + A3 + 455, 20,
(12.2)  Af30 + Ados + Adss + A2y + A312 + Af5 + Al + A3 + Al + 455, 20,
(12.3a)  Adyo + Afgo + Adsz + Ad2a + A30 + Adss + Adyy

+ A A A A A+ St AL+ AS 2
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(12.3b) (m — 4) {Atz0 +16 (A%ozr + A30s) + Ad24} + A30 + a3
— 32(m — 6)A%o; + 8(m — 4)(A¥1; + Af1a) + 12(A% + Afys
— 8(m — 10)(A%12 + A313) + 3(A%s + A¥sz) — 2(m — 16)A%,, =
(12.42) (m — 2){A%10 + 4(A3; + Afos) + Af1s} + (2m — 3)(Adz0 + AS24)
+ 16(Afo2 + A304) + AFa0 + Adsz + m(Ad50 + Ad33) — 8(m — 6)A30;
+ Om — 10)(Ady; + Afya) + 2484y + 4(m + 3)(A%; + Ay
= 2(5m — 38)(A%y2 + A%13) — (m — 16)(A%5, + Afs2)
- 6(2m — 13)A%,, =0,
(12.4b) (5m — 6)(A¥o + Ad1s) + 402m — 3)(Ady + Afos) + 2m(A¥so + Adsy)
— 3(m — 8)(Az0 + 4824) + (5m + 6)(Ado; + 204
+ 2(m + 6)(A340 + Ad42) — 3(m — 10)(/1330 Ad33) + 242353
+ 3(m + 10)(Af;, + Afe) + 12(m + DAYy,
—2(5m — 54)(A%,, + Ahhs) — 8(2m — 15)(A%y, + A313)
+ (5m + 78)(A%s, + Af5,) — 18(m — 10)2%,, =
(12.5a) m(Adoo + Ados) + (4m + 1)(A¥10 + Adys) + 2(m + 2)(Adyy + Afos
+ Afso + Adsy + 2(3m + 2)(Adao + Ad24) — (m — 16)(A%o2 + Ados
+ (m + 4) (A0 + Ads2) + 202m + 3)(A¥30 + Ad33) — 4(m — 6)A%o;
+ (4m + 21)(A%; + Ate) — 2(m — 6)AY,, + 4013, + A%,
— 2(4m — 29)(A%, + A%3) — Cm — 1T)(A%5, + A52)
— 12(m — 6)A%, =
(12.5b) m(Agoo + 4480 + Ados) + I(A¥0 + Adys) + 6m(Afse + Adsy)
+ 3(4m + 3)(Afso + Ads) — 6(m — 6)(Afy0 + Ad2s
+ 15m(Afo; + A30s) + O(m + 4)(A340 + A4z
— 2(m — 2T)(A%50 + Ads3) + 20mA%os + 45(A% 1 + Ate)
+ 18(m + A4y — 24(m — 6)(A%5, + Ay3) + 90(A%, + A%i3)
— 6(2m — 27)(Af3; + Afsy) — 36(m — 6)A%,, =
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COROLLARY 12.3. A necessary condition for the existence of a 3™-BTO
design is that relations (12.1) through (12.5) hold with strict inequalities.

Let V*(aa2.612) be the elements of V¥ corresponding to A(t5t52t5?) and
B(tz#tz512), where w,(ey, &5, £3)=a, and w,(e,, &5, &)=b, for r=1,2, and
B(tz115215%) is related to A(t5¢tz5t25) by R(a; a,a,, byb,). Then we obtain

THEOREM 12.4. For a 3™-BTO design, T, there are the following fifty pos-
sible distinct elements, V*(a1a2,0102)  of V%

pA00.30) _ { /J( )}xa‘(‘,’,go, Vissss? = [1/ {m«/( )H

A3 KE%, 30 + (m = D)(m — 335 50},

viwen s = [1/lmy(" 3 D} [ym= 7w, 5

= 3= Dkt Ve =[1/{6(5)} |ev3en = Dixsss0
+ m(m — 3)/m — & k3§ 30 + 2(m — 1)/2(m = 3) x3{33},
visgss =15 =3} Jov's(™ 5 P )etta

= 2mf2(™ 5 it z0 + IO — Vm - )3, VAR
=[GV VA" 5 2t 4 mym =T et
~m—)JZm=3) <z}, ViR =[1/{2(F)}]
{ZWK 130 + m(m — 3)/2(m — 4) k¥ 3

+4(m — 1)Jm =3 Ku,‘sﬁ}, V?‘é&f&?‘”

= [ () =3} J 2o 3 2 ettan = 2l (7 3 et
+ (m = 1) Jmm = D33+ (m = Dm = {5}, Vie”
[N A 2 - (75 et

~ (m = DJmlm =DK% +0m = D0m — Ot} VELE

= [/ (EW0 S V2™ 5 2ettso + my = 3wt
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~ (m = DI =D ils), Ve =[1/{(F)} it
+ 3m(m — 3)Kk34 30 + m(m — 1)(m — 5)k33 30 + 6(m — Dr3d 5},

vesss® = [ 1/ AT 160 = Dxsso + mlm = 3)m = et

%(30,30)
V( 2000)

[ et~ 50m - 10

+ m(m — 1)(m — S)k23 30 + (m — 1)(m — 4)(m — 9)x§({,5350},

vessss” = 1/{20(E)} [{2(™ 3 2 )estiso + 3mm — 330

= 2" )etiz0 = 30m — D0m — Dx33},

- m(m — 1)(m — 5)"30 30+ 2(m — DH2m — 9)"’3“({53%},

and the remaining V*(cic2.d142) gre the same as those obtained by replacing
8 ey, and K1Y @n (7.1)) by x*F and K*Ju respectively.

Ugu2,0102 c1c2,d1d2 uluz v102%

Let T be a B-array [N, 6, 3, 6] with index set {Af; ;lioc+i;+i,=6}. Then,
in Table 7, optimal 36-BTO designs with respect to the trace criterion are presented
for ug (=78)< N =100, where indices Ao, &0 and Afos are 0, 1 or 2, and the
remaining A, ;. are either O or 1.

In Table 8, optimal 36-BTO designs with respect to the determinant criterion
are presented for 78 <N <100, where A¥,; ;, has the same restrictions as the trace
criterion. Furthermore, in Tables 7 and 8, possible distinct elements of V¥ for
each of optimal designs are presented.

Appendix I. Connection between 4(:92:0152) and Aj}(c1c2.4142) gnd
A}(uu‘z,lﬂl}z)
ij

Since, for a,a,, b,b,, ¢,c,, d;d,=00, 10, 01, 20, 02; u,u,, v,v,=10, 01, 20,
02, MD relationships are similar to TMDPB association schemes, it follows from
(3.6) that n, . xn,, matrices Aj(c1c2.4142)(8=0, 1) and n,,,xn,,, matrices
Af{umu2.9192) are, respectively, linear combinations of local relationship matrices
Afara2,b152) g5 follows (cf. [60]):

(00,00) 1 4(00,b4b2)
Ag(oo.oo) A 000y =1, Ag(oo,blbz) = {1/\/m} A(ooooi) 2),

Agosiso = ()} e, aggmenined = (1)) (it
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Ao}, gifmension) = (1m} {(m — 1) AG?

— Aoy, ALY = [ 2] (m /= T Al
(a,a,,byb}) #(a a,,bib3) — S a,a,,bib}
(A | FASTY ALY [1/{mym = 2}1{(m — 2) Algse5 ">

(aja,,bib3) #(ayay, by b; ) _ (ajas, bibj) (ajay, byb3)
_2‘45112 12}, A 20 2 {1/( )}{A(obozo)xz +A,:‘a2 172

AR, A < [ fm(m — 2)}1{20m — 2) 4G

+ (m — 4)A;‘:;";-b;”’z) - 4A:“1'1“;-"'1”;)}’ A:(";“;vb’nbé)

- [1/ {2<m2— 1)}]{2('"2— Z)Aﬁﬁéﬁ%f )

(aja3, bibj)
+ 24y,

where aja,, b;b,=10,01 and ajaj, b1b;=20,02. Here a;=(1000), (0100),
(0001) according as (a;a;, byb)=(10, 10), (10, O1), (01, 01); B, =(1000), (0100),
(0010), (0001) according as (a,a,, bib3)=(10, 20), (10, 02), (01, 20), (01, 02);
#,=(r000), (0r00), (000r) according as (a;a3, biby)=(20, 20), (20, 02), (02, 02)
for r=1, 2, respectively. -

Kuwada [25] has obtained matrices Aj(@192:11) and 4% 2.0 by multiplying

A3UL1D gnd ALLID by 4{ae2.1D (B,9=0, 1,2; i, j, k, =1, 2, 3,4), respectively.
In this appendlx however, we shall obtain Aj(a:92.10 and 4%142.10 by a method
different from the approach of [25] as follows

A300,11) — {1/«/2('3)}#‘(00 oo)A(oo 11) { /‘/2( )} %886%)1)):
Ag(maz,ll) = {l/\/-’n__~-l_}Ag(alaz,alaz)A(gaulnz,ll)

= [1/{mm = DI{dggez1V + AotV + AigentVy,

A}(‘?az.ll) = {1/\/E}A%?la;,alaz){Aglaz,u) — A(gtllxaz,ll)}

= {1/\/%} {Ag:mz.u) - A(dlaz,ll)}’ A;(la‘laz,ll)

= {1/ﬁ(m—_T)}A}(:m,.alaz){A(ﬁa;,u) + A({Tlaz,ll)}

= [1/{,”\/2(_,”:"2")‘}]{(”, - Z)A(%ulz,ll) + A(naz,ll) - 2A(‘azla;,1l)}’

A#(ataz.ll) {1/\/2}A8(a 1a5.a] az)A(a,az.u) [ /{2< )}'J

,{A%Sb%z»“)_*_ A(alaz 11) + A(alaz.ll) + A(dldz 11)} A’(“ a;,11)
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(A.2)
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- v ar s A <[ (s W]
'{2<m;2)AE3;‘)‘(’);6)“) —(m— 3)(A(a 1D A(n 1a% 1y ZAE‘:;“;'“)},
G = (1]l = DA D g

4G} = (1) 2mlm = D) (4D - A,

AT = [ {(m = 3) 21470 (A5,

+ A 4 AT = [ {mm — 2)J 2} 1{20m — 2)AGEs Y

+ (m = 4) (A 4 A1) gDy e

= {1/2} AQooy™ 451173 g(gpe! ) = [1/ {2<’;)} :,

LG + ALY + AGY + AL + AL + Al
+ AR A0 = (172} AGonss AL D A
=[1/{a(" 3 (™ 3 2)ishiy) + Attty = em = Al
A + A + A + 2400}, g
= [1/{2m(m — 2)}1{dg """ — 4{"D)

-A}‘;’j“i'“i"”{Aé:"“i'“’ — A0y = 1/ {2m) 124815

(11 11) (11,11) (11,11) (11,11) (11 11) s
Agobry) + Apiiny + Aaiioy + Adoiny + Aaion ) A}(sl.l 10

= [1) (20m = 3)mlm = DY (4G5 — Aoy gy sioiied
-{Aégé,‘:,z(;)“’ + A 4 810} = (1) 2mm = 2)}]
TAGHE — AGE + 4G — Q) = LAy,
AL = [1{20m = DT {dioaie™ + 45D + L)
AR (Ot 4 g0 1) + A

22

= [1/{2m(m — 2)}]1{2(m — 2)(,4;3,;;;1,) ALY + (m—a)(AQ4E

(11,11) (11, 1 4 401,11 1)
+ A(lllO) + A(loll) 51101))) - 4A }’ Ag(ll,ll)
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=Iz(';) _ Ag(u,n) — A3aL10 A}(alsl.u) — A}(‘l‘l,ll) = [1/{2m}]

(11,11) (11 11) (11,11) (11,11) (11,11)
{(m — 2)(Ao1i0y — Arobny ) — Aoriny — Aaiioy + Aioin)

+ A1,
where &,=(0100), (0001), &, =(1000), (0010), &,=(1100), (0011) according as
aia,=10, 01, and §{,=(0100), (0001), {,=(1000), (0010), &5=(1100), (0011)

according as aja; =20, 02, respectively.

: 185,11 . ‘a’),
For matrices Aiggb}f)), Af:‘f,‘“zll), A(c':‘“'“), A:(l;(l)':)zo) ) A(alaz and Aé:‘"z ll)’
the following relations hold:

(00,11) 4(11,00) __ #(00, oo) (00,11) 4(11,b1b2)
A(ooom A(ooom = 2( )A A(ooom Az., 1o

000

= — $(00,b1b2) (00,11) f 4(11,b1b2) __ 4(11,b1b3)
(m— 1) /m A§ , A {A Al 1b2)}

= O xm> gggolx)){A(u Wbib2) A(“ blb:)} =2(m — 1)\/*‘4:(00 ,,l,,z)
At Aldoo0y ) = 2J(m>A"°° RV L i)
= 01x(p), Azggéhl)){AE(lxl)b%’,)b;) + Aé:1,i;b;) + Agl,b;b;)}

=202m - 3) J(—'g)Ag(OO,b;b;)’ Ag:wz,ll)A(ELl.blb;)

=(m— 1){A$(a1az,b‘bz) + A#(a,az,b.bz)}’ A(‘.;laz.ll){A(al.b.bz)
— A(u blbz)} = mA#(a.az,b,b,) Agzlaz,ll){A(Eil,bnbz) + A(él.blbz)}
= 2(m — 1)Ajle1a2:b152) 4 (m — 2) A% @ra2.b1bD), A({.;.az,u)A:(l)(l)b'(’)i)"'z)
_ \/Z—(m_—_l) Az(alaz,b;b'z) + \/r—n-——_Z_ A;(lazlaz,b;b'z),
Ag?az,ll){Aélll'b'll;) _ Aéil’b;b;)} m\/—2 A#(a ayb
Aé:,az,ll){Aé(l,éb’gn)b’z) + Agl’b;b;)-f-Agl’b;b;)}
= 2(’;)\/(7ni1—)/§ AL {Afna 1) — glaaz 1D}

,{A(Et’l,blbz) - Agl,b,bz)} = zmAvf(ln:mz.b,bz)’ {A(‘%laz,ll)

— A(‘al,az,n)} {A(Ell,blbz) + A(Ell,bgb;)} = 2{2(m — I)Ag(aluz,lnb;)
o 1
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(11,b3b2)
+ (m — 2)A?(ll:1a2,b1bz)}’ {Agaolaz,ll) — A(C‘:lazyll)}A(OOOOl) 2

= Oun(gye {Afyenrt? — digrens V) (A1H0D — 11000
=2m/m — 2 A;EZ.az,bib;)’ {Ag,a,,m _ A‘g‘:"”'“’} {Az(l)éblz);)b;)
(A.3) | + Agl,bib;) + Aghb;b;)} — Omx(';), {A‘e';l"z’“) " A(ﬁwhm}
,{A(é)l,blbz) + A(Eilbl,bz)} — 2{2(m - I)Ag(alaz,blbz)
+ (m — 2) A ean by {Ag’.a'z,u) + Aél:laz,ll)}A((tl)(l)b‘(’);)blz)
= 2\/%:-1143‘“1“2"’1"3’, (A1) 4 glaraz 1D}
.{Agl,b;bg) _ Agl,h’;b;)} = Opx(2), {Afgiaz.1D
+ Al D} (Afores’ + AL 4 g1y
= 2{(2m — 3)J2(m = 1) AJ 2" _ =2 4w ”z’},
AGRAD JALBOD o fhmenbibD . gheienbib)
+ A#(a;az.b 1b5 )}’ Azg(;);%,)u){Aé_lu,b;b;)“_ 481,»;»;)}
= O(aye(e) A AGKED & A0 4 gty
= 2{(2m — 3) AL VD _ e bie) | 3) A1 oDy,
{Aét:;a'z,ll) A(a,az,m} {Agl,b;b;) _ Agl,b;b;)}
= 2m(m — Z)A”(a 183, b] bz)’ {Ag;a;,u) A(a‘ 2.11)} {Aftl)(l)b’(’)i)b;)

(ajaj,11)

(11,b.b%) (11,b7b%)
T A AT = 0px(p), {Aioboly

(ajay,11) (aja;,11) (11,bb%) (11,b;b%) (11,b7b%)
+ Acll 2 + Aczl 2 }{A(OOOOI) 2 + Ac.l 172 + AEZ ! z}

= 2{(2m — DAZEEID 4 gL | (= 3) ),

where a,a,, b,b, =10, 01 and a}aj, b}b}=20, 02.

From (3.6), (3.7) and (A.3), matrices Aj(@:122:5152) and A“"“"v”'”” satisfy
the fol]owmg properties (cf. [25]):
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A:(alaz,clcz)Ag(clcz,blbz)=5aﬂA:(anaz,b1bz),
A}(‘tjluz,wlwz)Az(wlwz,vxv;)=A:(uluz,wlwz)A}(‘\rWLsz)=0

RBuyu, Xny vy

A}(‘l:‘mz,w;wz)Aﬁ;v;wz,vwz) =5“A}('t;1uz.vw:).

Solving (A.1) and (A.2) with respect to A{9192:5162) we get

(00,00) — 4%(00,00) 4(00,b152) — /3y 4%(00,b1b2)
AGos0y = 43 » 400002 =/m A§00:bib2),

gggoz)b) ‘/< ) ALY 4 ALY = \/2< )Ag(oo,u)’
Aggbg%),)blbz) =A#galaz,b1bz) + A}(la‘laz,bxbz)’ A(.Taz,b;bz)

= (m — 1) A§a1a2.b162) _ g3a1az,b12), Aégb’(’)zo')blxb’z)
= J20m — Dy @ 4 fm =2 A gty
= (m = 2)/(m — D)J2 45" — fm =3 AfiartitD),
Aa.a,,u) = \/rTz_——l Ag(alaz,u) + \/mA}(Slaz,ll)
+mA}(l.:,az,11), Agla,,u):\/m—:IAg(alaz,n)
...\/m-/ZA}(‘ﬂ:laz,ll)_*_ \/(m——f)/_ZA}(;"l“l'“), A(gﬂzmz,ll)
= (m — 2)ym — 1 Ag@a21D — [2(m — 2) A¥@maz.1D), A(a a3, b1b3)

0000)

=A3(a;a‘,.b;b;)+A§(a;a;,b;b;)+A}(2a2;a;,b;b’2) A(a;a;,b;b;)

’ b4
=2(m — 2)At!(a 183, b1b3) 2At:(a'la'2,b'lb'2) + (m_4) AS(a a3, b} bz)

f22
40 _ <m;- 2> Ag(a;n;,b;b;) + Atlt(a;a;.b;b;)
72

- (m— 3)A;(:2;a;,b1b;)’ AES;,)::);O,)U) _ \/_2—{,43“’1“3"“

+A§(a;a;.11) +A;(2a4’,a’2,11)}’ A(" 1) \/2_[(m—2)Ag“’1"3*“’
(Ad) | — A:(ala;.ll) + {Jm(m = 2)/2} A#}(:J;a’z,u) + {(m - 4)/2}‘4},(;:;0;,“)],
A(a ay,11) _ \/2 [(m -2) A#(a 183,11) A:(“"alz'll)

— {Jm(m = 2)2} A;(zasia;.u) + {(m - 4)/2}A;(2a‘;a2,11)]’ A(a a3, 11)

- \/—2~{(m2— 2)Ag(a;a'z,ll) + A:(a;a;,ll) — (m - 3)Aj(2a4;a;,11)},
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(11,11) _
A5110) _Ag(n,u) + A{(“’”)+ Ag(u,u)_*_ A}(3131'11)+A}(““'“),

(11,11) __
A(1001) —AS(“-“)+ A#(111,11)__ Ag(“'“)—A}(3131'11)+A}(‘141'“),

Agtl){.llll)) = (m — 2)43011D _ 430110 _ 48011,11)

+ {(m - 2)/2}A}(3'31 ,11) + {\/rn(m———Z/Z}(A“(“ ,11) + A#(}al,ll))
+ {(m — 4)/2}A}(‘u,n)’ AE“:BI)) (m - 2)A“(“ ,11) A:(u,u)
— Ag(u,u) + {(m — 2)/2}/1“‘;13‘3“) _ {\/m(m — 2)/2}(A“(“ ,11)

+ A#(l 1, 11)) + {(m — 4)/2}A“(“ 11) A(lédﬁ) (m— 2)A3(“'“)
— A{(u,u) + Ag(ll,u) - {(m —_ 2)/2}A’(13"“)

+ {\/m(m 2)/2}(/1”(“ ,11) #(11 11)) + {(m 4)/2}A“(“ 11)
Agﬁblﬁ) =(m— 2)A8(“’“) - Ag(n,u)_’_ Ag(n,u)

— {(m — 2)/2}14}(3131 ,11) _ {\/—m/z}(A#(ll ,11) _ A}(}:x,u))

+ {(m - 4)/2}A}(}‘1'“), AHL‘A’ = 2<m 2)A“(11 A1) 4 2A“(“ 11)

- 2(m - 3)A}(4141’“),

REMARK. Let B=[4{11D|ge Q(11, 11)]=[450111, A}(_.}_l'”)lﬁ=0, 1,2;
i, j=3,4]. Then algebra B is a special case of the relationship algebra of a

BIB design with parameters v=m, b =('g>, r=m—1, k=2 and A=1 as shown by
James [21].

Appendix II. MD relationship algebra for balanced third-order designs

Let D{a1a2.b1b2) be the relationship matrices defined among the sets of effects
{6(¢)}, {001}, {62}, {6C1ird)}, {6(r3r)}, {6(shestd)}. Then, from Section 4,
[D{mia2:0182)|@ € Q(a,a,, byby); (a1a,, biby), (biby, aia,)=(00, 10), (00, O1), (00,
20), (00, 11), (10, O1), (10, 20), (10, 11), (01, 20), (01, 11), (20, 11); aya,=b,b,
=00, 10, 01, 20, 11] is the algebra generated by fifty-five relationship matrices
and is also generated by thirty-four symmetric matrices B{#192:0152), A connec-
tion between D{#142:0182), and Dj(c1¢2.4142) and D¥uiu2.v102) js referred to Section
4 for (a,a,, bib,), (cyc,, did,)=(00, 00), (00, 10), (00, 01), (00, 20), (00, 11), (10,
10), (10, 01), (10, 20), (10, 11), (01, O1), (01, 20), (01, 11), (20, 20), (20, 11), (11,
11); (u,u,, v,v,)=(10, 10), (10, 01), (10, 20), (10, 11), (01, 01), (01, 20), (01, 11),
(20, 20), (20, 11), (11, 11). The relation between 6(#5¢52152) and 6(tieitd) is
similar to that of the TMDPB association scheme (see [59]), where (w,(e;, &, €3)
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wy(€y, &5, €3))=(00), (10), (01), (20), (30). In this appendix, therefore, we mainly
discuss the properties of relationship matrices D{!1-39), where a=(0000), (0010),
(1000), (1010). From (4.5), we then obtain the following:

D§11'3°)D(73°'“) — Z q(ll, 11, a; 30, ‘3, r)Dgu.n)’
a

D(30 11)D(11 30) — 24(30 30, a;ll, ﬂ r)D(3° 30),
Especially, we have
(A.5) D@5 Didosoy = 6(m—2)DF 1110 + 2(m — 4)DF111D

+ 4(m — 3)D¥L1D,
We shall define matrices D§(11:39 (=0, 1) and D§{!1-39 (i=3, 4) as follows:
DI = (11 /6(m = 2} DD = [ 1127 ) ym =2}
A DAY, DI = {1]/2(m = 4)} DI 110 Dges)
a
-1\ — —

=[5 Ve = (™5 *)ps - om - 9083
(A6) | + DHLGD) + 3D}, DI = [1/{2y/m = 31D DR
= {1/V2m(™3 DG - DU, D0 =11/ 2ym=3}]
DY VDR = [1/{m(m — 2)\/m = 3}1{2(m — 3)Disbeey)

(11,30) 11,30 (11,30)
+ (m — 6)(Dooi0) + 21000))) 6D(1070) } -

Note that D§(30:11 = {D$(11.30}" for =0, 1, and D¥30:11) = {D*{L.30}" for =3, 4.
From (A.3) and (A.5), matrices D§(11:39 (8=0, 1) and D*{11:39 (i=3, 4) satisfy
the following:

D:(II,SO)D;(alaz,blbz) — 63a|50a251ﬁD:(“’hb2)5
D:(a;az,blbz)D;(ll,SO) — 5b116b215¢ﬂDZ(a1a2,30)’
D2(11,30)D}(jl:‘1u1,vwz) _ D}Sl:(luz,v;vz)D:(HJO)

— D}(llsl,SO)D:(alaz,bgbz) = D:(alaz,b,bz)Daf(i151,3o) = Oﬂmxﬂm’

Dif130DY 12 0102) = 53, 80,05, D1 0102,

D}(Jl:‘luz,vlvz)D}(‘lsl,SO) = 501160215“D#f(;;1u2,30).
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Solving (A.6) with respect to D{!1:39 we have

5(1)30%‘;) = \/6(m — z)D#(u 300 4 WD#(II ,30)
+ 2\/m =3D¥11:39, DALY = {(m — 3),/6(m — 2)/2} D§11.30)

— J2(m — 4)D§011.30 4 {‘/2m<m2— 2) 2}1)1}(3151.30)
+ {(m — 6)\/m = 3/2} D139, D353 = {(m — 3) \/6(m — 2)/2}

.Dg(ll,ao) — \/Z(T—@D‘{(“""O) — {\/2’"(1712— 2)/2}]_)}(3151,30)

+ {m = 0)m =305, D = {(™53) Jem =23}

,Dg(n,ao) + /2(m — 4)D{“1’3°) - (m —_ 4)\/,7__3 D‘}(}s‘-”).
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TABLE 2. Determinant-optimal 3¢-BFF designs of resolution V

N v det (V1) V Gon Vg Vo
332 001101000011010 0.82576E-50 0.03288 0.00071 0.00354
*33b  001101000011100 0.03288 0.00567 —0.00142
33c  010010010101100 0.03288 0.00496 —0.00213
*34a  101101000011100 0.18561E-50 0.03262 0.00446 —0.00127
34b  011010010101001 0.03262 —0.00414 —0.00159
35a  111101000011100 0.69404E-51 0.03230 0.00462 —0.00074
35b  111010010101100 0.03230 0.00342 —0.00194
36a  000101010011010 0.26215E-51 0.02932 —0.00116 0.00193
36b 000101001011100 0.02932 0.00231 —0.00154
37a  001101100011100 0.57023E-52 0.03189 0.00663 —0.00059
37b  001111000011010 0.03189 0.00243 0.00361
38a 101101100011100 0.16528E-52 0.03065 0.00421 0.00027
38b  011110010101001 0.03065 —0.00170 —0.00224
39  001010100111001 0.66896E-53 0.02806 —0.00337 —0.00112
40a  000101110011100 0.19486E-53 0.02930 0.00532 —0.00119
40b  000110110101001 0.02930 —0.00445 —0.00206
41a  001111100011001 0.40478E-54 0.03002 —0.00351 —0.00117
41b  010110011101010 0.03002 0.00000 0.00234
*42a  101001000011101 0.11309E-54 0.02728 —0.00322 —0.00182
42b  011100000011011 0.02728 —0.00434 —0.00070
43 111001000011101 0.41553E-55 0.02663 —0.00381 —0.00106
44a  011011010001101 0.20723E-55 0.02923 —0.00829 —0.00157
44b  101101001010110 0.02923 0.00650 —0.00336
45a  111000000111101 0.62218E-56 0.02417 0.00000 —0.00196
45b  111000000111110 0.02417 0.00294 0.00098
46  011110000011011 0.19513E-56 0.02604 —0.00304 —0.00188
47a  11101001010110t1 0.86870E--57 0.02337 0.00000 —0.00262
47b  111101000011110 0.02337 0.00393 0.00131
48a  011010000111011 0.29374E-57 0.02315 —0.00270 0.00039
48b  011100000111011 0.02315 —0.00193 0.00116
49a  111001000111101 0.11557E-57 0.02125 0.00046 —0.00015
49b  111100000111011 0.02125 0.00000 0.00030
50a  011111000011011 0.43914E-58 0.02097 —0.00076 0.00040
50b  011110010101011 0.02097 —0.00098 0.00018
5l1a  001111110001101 0.19350E-58 0.02021 —0.00079 —0.00089
51b  010111011001110 0.02021 0.00094 0.00084
51c  001111101010011 0.02021 —0.00174 0.00005
52 011110000111011 0.59747E-59 0.01984 0.00099 —0.00033
53 001110101110011 0.31083E-59 0.01940 0.00000 —0.00088
54a  011110101110011 0.12088E-59 0.01852 0.00000 0.00000
54b  101011110101101 0.01852 0.00000 0.00000
55a 111011110101101 0.65934E-60 0.01833 0.00000 0.00019
55b  111110101110011 0.01833 0.00028 —0.00009
56a  112011110101101 0.40968E-60 0.01811 —0.00033 0.00008
56b  112110101110011 0.01811 —0.00004 —0.00021

*This design is also optimal with respect to the trace criterion.
1’=(2400’ leh 2004) RMO, 2801) zno: zom 1103’ 20183‘22209 2303) 10229 22[1) )llls 2113)'
noE—ny=n,10-71,
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TaBLE 2. (continued-1)

V (3000 V {3000y Vit V (000 V(000 V (a0 Vo0
—0.00113 —0.00161 0.00118 0.05315 0.00106 0.00184 0.00068
—0.00213 —0.00128 0.00151 0.06803 —0.00142 —0.00312 0.00151
—0.00567 —0.00009 0.00033 0.06250 —0.00347 —0.00496 0.00083
—0.00096 —0.00057 0.00068 0.06240 —0.00704 —0.00245 0.00218
—0.00255 —0.00004 —0.00015 0.05992  —0.00605 0.00328 —0.00251
—0.00089 —0.00114 0.00094 0.06232 —0.00712 —0.00273 0.00190
—0.00419 —0.00004 —0.00016 0.05827 —0.00771 —0.00408 0.00171

0.00116 —0.00116 —0.00000 0.05221 0.00459 0.00227 —0.00037
—0.00231 0.00000 0.00116 0.06597 —0.00347 —0.00231 0.00231
—0.00302 —0.00257 0.00291 0.06114  —0.00037 —0.00492 0.00104
—0.00218 —0.00285 0.00263 0.04679  —0.00083 —0.00013 0.00119
—0.00066 —0.00161 0.00169 0.05642 —0.00509 —0.00325 0.00270
—0.00632 0.00028 0.00020 0.05653 —0.00894 0.00321 —0.00142

0.00084 —0.00028 0.00084 0.05322 —0.00091 0.00065 —0.00078

0.00016 —0.00273 0.00251 0.04594 0.00487 —0.00285 0.00001
—0.00987 0.00061 0.00083 0.05353 —0.00113 0.00032 0.00199
—0.00234  —0.00208 0.00195 0.04261  —0.00041 —0.00050 0.00178
—0.00819 —0.00013 0.00000 0.04411 —0.00574 0.00000 0.00000

0.00384 0.00001 0.00058 0.03839 0.00556 —0.00151 0.00017

0.00186 0.00068 0.00124 0.04362 0.00195 —0.00326 0.00137

0.00450 —0.00082 0.00098 0.03786 0.00503 —0.00083 0.00086

0.01137 —0.00159 0.00063 0.04077 0.00836 —0.00105 0.00050

0.00022 0.00213 —0.00435 0.04234 0.00067 0.00157 —0.00306

0.00129 0.00069 0.00000 0.03307 0.00220 0.00000 0.00000

0.00188 0.00050 0.00020 0.04380 0.00136 0.00358 —0.00028

0.00130 0.00024 0.00260 0.03461 0.00313 —0.00132 0.00238
—0.00060 0.00060 0.00000 0.03063 —0.00024 0.00000 0.00000

0.00119 0.00000 0.00060 0.04097 —0.00008 0.00345 0.00005

0.00502 0.00013 —0.00026 0.03488 0.00505 —0.00190 0.00016

0.00193 0.00116 —0.00129 0.03797 0.00196 —0.00087 —0.00087

0.00182 0.00020 —0.00061 0.03223 0.00239 0.00126  —0.00080

0.00000 0.00081 0.00000 0.03601 0.00000 0.00000 0.00000

0.00168 —0.00031 0.00083 0.03186 0.00268 —0.00063 0.00078
—0.00152 0.00076 —0.00024 0.03242 —0.00098 —0.00044 —0.00044
—0.00015 —0.00018 0.00069 0.02918 —0.00000 —0.00061 0.00080
—0.00147 0.00026 0.00025 0.03242  —0.00098 0.00047 0.00047

0.00060 —0.00043 0.00044 0.03060 0.00141 —0.00108 0.00033

0.00099 0.00055 0.00033 0.02922 0.00144 0.00045 0.00045

0.00000 0.00088 0.00044 0.02778 0.00000 0.00000 0.00000

0.00000 0.00000 0.00000 0.02778 0.00000 0.00000 0.00000

0.00000 0.00000 0.00000 0.02778 0.00000 0.00000 0.00000

0.00028 —0.00028 0.00000 0.02778 0.00000 0.00000 0.00000
—0.00056 —0.00000 0.00028 0.02736  —0.00042 0.00014 0.00014
—0.00037 —0.00029 —0.00011 0.02730 —0.00048 —0.00015 —0.00015
—0.00091 —0.00011 0.00007 0.02691 —0.00087 —0.00002 —0.00002
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TABLE 2. (continued-2)
V (000 Vit Voo Viston V(itoy Vioony Vit
—0.00170 —0.00170 —0.00125 —0.00241 0.00524 0.00177 0.00177
0.01616 —0.02551 —0.00605 —0.00142 —0.00269 —0.00269 0.01120
0.00298 —0.01786 0.00017 —0.00099 —0.01042 —0.00694 0.01042
0.02160 —0.02007 —0.00278 0.00185 —0.00656 —0.00656 0.00733
—0.01281 0.00803  —0.00033 0.00083 —0.01099 —0.00752 0.00984
0.02157 —0.02010 —0.00249 0.00214 —0.00669 —0.00669 0.00719
0.00904 —0.01179 0.00034 —0.00082 —0.01170 —0.00823 0.00913
—0.00459 0.01327 —0.00070 —0.00335 0.00496 0.00298 0.00298
0.01736  —0.02431  —0.00463 0.00000 —0.00174 —0.00174 0.01215
0.01554 —0.02315 —0.00198 —0.00297 0.00091 —0.00107 0.00587
0.00905 —0.00880 —0.00032 0.00100 0.00160 —0.00038 —0.00038
0.02015 —0.01854 —0.00010 —0.00110 —0.00147 —0.00346 0.00349
—0.00814 0.01270  —0.00130 0.00101 —0.01056 —0.00659 0.00829
—0.01331 0.00699 0.00444 —0.00233 —0.01046 —0.00761 0.01198
0.00389 —0.00275 —0.00219 —0.00303 —0.00083 0.00183 0.00552
0.00469 0.01843 0.00162 —0.00158 —0.00498 —0.00439 0.00610
—0.00402 0.00795 0.00114 0.00086 —0.00506 —0.00221 0.00349
0.00000 0.00000 0.00000 0.00000 0.00294 —0.00276 0.00080
—0.00563 0.00005 0.00111 0.00216  —0.00339 0.00166  —0.00087
—0.00977 0.01107 0.00109 —0.00123 0.00043 0.00043 0.00043
—0.00504 0.00064 0.00036 0.00141  —0.00303 0.00202.  —0.00050
—0.01325 —0.01094 0.00126 0.00203  —0.00343 0.00119  —0.00112
0.01008 —0.01075 —0.00030 0.00202 —0.00302 —0.00302 —0.00302
0.00000 0.00000 0.00000 0.00000 —0.00243 0.00066 0.00220
0.01090 —0.01225 0.00161 —0.00224 0.00292 0.00138  —0.00055
—0.00015 0.00263 0.00131 —0.00054 —0.00262 0.00109 —0.00123
0.00000 0.00000 0.00000 0.00000 —0.00344 —0.00036 0.00119
0.01038 —0.00860 0.00091 —0.00109 0.00269 0.00115  —0.00147
—0.00383 —0.00228 —0.00038 0.00168 0.00101 0.00306 0.00024
—0.00711 0.00833  —0.00035 —0.00035 0.00371  —0.00041 0.00216
—0.00124 0.00108  —0.00082 0.00098 —0.00130 0.00076 0.00178
—0.00514 0.01029 0.00000 0.00000 0.00240 —0.00171 0.00086
0.00054 0.00159 0.00037 0.00089 —0.00051 0.00090 —0.00059
—0.00072 0.00456 —0.00018 —0.00018 0.00156 —0.00125 —0.00037
0.00021 0.00009 0.00028 —0.00051 —0.00122 0.00019 0.00002
0.00069 —0.00452 0.00012 0.00021 0.00158 —0.00123  —0.00041
—0.00081 0.00018 0.00026 0.00076  —0.00095 0.00045 —0.00107
0.00144 0.00144 0.00018 0.00018 0.00048 0.00048 0.00048
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00084 0.00084 0.00000 0.00000 —0.00042 —0.00042 —0.00042
—0.00094 —0.00094 —0.00001 —0.00001 —0.00016 —0.00016 —0.00016
0.00035 0.00035 —0.00015 —0.00015 —0.00072 —0.00072 —0.00072
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TABLE 2. (continued-3)
vEey VR VR VB Ve s v
0.02310 —0.00120 —0.00850 0.00539 0.00300 —0.00742 0.00307
0.01814 —0.00038 —0.00404 0.00638 0.00035 —0.00080 0.00125
0.01998 0.00031 0.00468 0.01162  —0.00073 0.00043 0.00314
0.01806 —0.00046 —0.00468 0.00573  —0.00003 —0.00119 0.00171
0.01889 —0.00079 —0.00172 0.00522  —0.00084 0.00032  —0.00351
0.01715 —0.00137 —0.00479 0.00563 0.00093  —0.00023 0.00127
0.01850 —0.00117 —0.00354 0.00341  —0.00084 0.00032 0.00317
0.02200 —0.00181  —0.00426 0.00368 0.00293  —0.00699 0.00298
0.01742 0.00088  —0.00364 0.00827  —0.00066 0.00066 0.00083
0.01728 —0.00102 —0.00354 0.00738 0.00191  —0.00018 0.00091
0.02206 —0.00086 —0.00347 0.00049 0.00239  —0.00665 0.00235
0.01669 —0.00161 —0.00516 0.00575 0.00125  —0.00084 0.00175
0.01665 —0.00032 —0.00296 0.00399  —0.00209 0.00177  —0.00137
0.01731 0.00022 —0.00016 0.00732 0.00005 —0.00244 —0.00301
0.01679 —0.00104 —0.00018 0.00588 0.00188  —0.00024 0.00112
0.01426 0.00096 0.00158 0.00439  —0.00099 —0.00035 0.00097
0.01454 —0.00132 —0.00125 0.00345 0.00035 0.00002 0.00018
0.01404 0.00045  —0.00468 0.00088 0.00169 —0.00263 0.00000
0.01613 0.00014 0.00231 0.00042 —0.00196 0.00078  —0.00089
0.01438 0.00134 0.00311 —0.00131  —0.00083 0.00107  —0.00024
0.01524  —0.00075 0.00155 —0.00034 —0.00099 0.00174  —0.00136
0.01498  —0.00096 0.00016 —0.00061 —0.00104 0.00179  —0.00169
0.01446 0.00160 0.00192 —0.00348 —0.00173 —0.00044 0.00066
0.01579 0.00036  —0.00209 0.00486  —0.00280 0.00260 0.00000
0.01222 0.00064 0.00275 —0.00188 0.00083 —0.00148 0.00024
0.01320 0.00024 0.00176 —0.00102 —0.00122 0.00063 0.00120
0.01481 —0.00001 —0.00118 0.00160 —0.00252 0.00211 0.00000
0.01136  —0.00006 0.00156 —0.00168 0.00094 —0.00076 0.00050
0.01173 0.00042 0.00209 0.00055 0.00057 —0.00149 0.00015
0.01071 0.00145 0.00087 0.00087 —0.00010 —0.00010 —0.00058
0.01158 0.00027 —0.00010 0.00221  —0.00070 0.00110 —0.00168
0.01032 0.00106 0.00000 0.00000 —0.00025 —0.00025 0.00000
0.01045  —0.00021 0.00073  —0.00033 0.00022  —0.00031 0.00069
0.01026 0.00101  —0.00068 —0.00068 —0.00028 —0.00028 —0.00011
0.01076 0.00010  —0.00006 0.00006 —0.00010 0.00068 0.00053
0.00968 0.00042 —0.00074 —0.00074 0.00013 0.00013 0.00013
0.01029 —0.00038 0.00020 —0.00079 0.00017  —0.00033 0.00051
0.01004 0.00078 0.00045 0.00045  —0.00037 —0.00037 0.00015
0.01014 0.00088 —0.00000 —0.00000 —0.00088 —0.00088 —0.00044
0.00926 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00926 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
0.00907 —0.00019 —0.00028 —0.00028 0.00028 0.00028 0.00000
0.00921 —0.00005 —0.00028 —0.00028 —0.00000 —0.00000 0.00014
0.00903 —0.00023 —0.00058 —0.00058 0.00028 0.00028  —0.00005
0.00916 —0.00010 —0.00046 —0.00046 —0.00005 —0.00005 0.00004
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TABLE 2. (continued-4)
Ve Vi) Voo Vo Viiou Vo Vi
0.00423  —0.00040 0.15689 0.00064 —0.09311 —0.00865 0.00177
0.00357 —0.00222 0.11894 0.00175 —0.05293 —0.00641 0.00661
0.00430 —0.00380 0.17219 0.01594 0.10969 —0.00581 0.00461
0.00402 —0.00176 0.11368 —0.00351 —0.05820 —0.00957 0.00345
—0.00467 0.00343 0.13475 —0.02150 0.07225 —0.00643 0.00398
0.00359 —0.00220 0.11366 —0.00352 —0.05821 —0.00946 0.00356
0.00433 —0.00377 0.12618 —0.03007 0.06368 —0.00642 0.00400
0.00364  —0.00099 0.09090 0.00608 —0.01625 —0.00360 0.00087
0.00215 0.00083 0.11954 0.00347 —0.05010 —0.00794 0.00694
0.00289  —0.00405 0.11702 0.00094 —0.05263 —0.00548 0.00543
0.00434  —0.00029 0.08435 —0.00047 —0.02279 —0.00004 0.00045
0.00373  —0.00321 0.11251 —0.00356 —0.05713 —0.00731 0.00361
—0.00137 0.00094 0.12752  —0.02873 0.06502 —0.00583 0.00459
—0.00586 0.00233 0.08757 0.00808 —0.02141  —0.00697 0.00008
0.00240  —0.00405 0.07254 0.00671 0.00339 —0.00574 0.00541
—0.00100 —0.00125 0.13939 —0.01221 0.08620 —0.00877 0.00526
—0.00267 0.00090 0.07901 —0.00048 —0.01747 0.00378  —0.00028
0.00000 0.00000 0.12193  —0.02807 0.07193 —0.00468 0.00088
—0.00258 0.00289 0.06601 0.00493 —0.02490 0.00117  —0.00088
—0.00361 —0.00151 0.09482 —0.00177 —0.03586 0.00047 —0.00080
—0.00305 0.00242 0.06536 0.00428  —0.02555 0.00200 —0.00005
—0.00324 0.00217 0.06615 0.01638 0.02911 —0.00319 —0.00126
0.00375 0.00220 0.08639 —0.00504 —0.03398 —0.00294 —0.00101
'0.00000 0.00000 0.06555 0.00305 —0.02820 0.00731 0.00037
0.00178 —0.00092 0.09124 0.00096 —0.04765 0.00443  —0.00020
—0.00250 —0.00019 0.06257 —0.00202 —0.00410 0.00109  —0.00099
0.00000 0.00000 0.04973  —0.00027 0.01223 0.00027 0.00027
0.00205 —0.00089 0.07724  —0.00054 —0.03665 —0.00110 —0.00018
—0.00191 0.00092 0.05957 0.00633 —0.00524 0.00121 —0.00033
—0.00058 —0.00058 0.08272 0.00170  —0.03765 0.00035 0.00035
0.00038 0.00141 0.06024 0.00295  —0.02309 0.00335 0.00046
0.00000 0.00000 0.08076 —0.00026 —0.03961 0.00000 0.00000
—0.00072 0.00078 0.06124 —0.00205 —0.00284 0.00292  —0.00095
—0.00011 —0.00011 0.07278 —0.01029 0.03164 —0.00028 —0.00028
—0.00088 —0.00071 0.04759  —0.00022 0.01448 —0.00218 0.00061
0.00013 0.00013 0.07189 —0.01014 0.03283 —0.00135 —0.00005
—0.00090 0.00063 0.05601 —0.00351 —0.00054 0.00100 —0.00098
0.00015 0.00015 0.05352 0.00144  —0.00898 0.00018 0.00018
—0.00044 —0.00044 0.04861 0.00000 —0.00694 —0.00231 0.00000
0.00000 0.00000 0.04861 0.00000 —0.00694 —0.00231 0.00000
0.00000 0.00000 0.04861 0.00000 0.01389 —0.00231 0.00000
0.00000 0.00000 0.04819 —0.00042 0.01347 —0.00189 0.00042
0.00014 0.00014 0.04693 —0.00168 —0.00863 —0.00231 —0.00000
—0.00005 —0.00005 0.04633 —0.00228 0.01161 —0.00192 0.00039
0.00004 0.00004 0.04639 —0.00222 —0.00917 —0.00248 —0.00017
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TABLE 2. (continued-5)

409

(20,02) (20,11) (20,11)

VGaio Visoon Vision Vo vty Voo VGaory
0.01913  —0.00978 0.00064 0.00064 —0.00978 0.01688 0.00299
—0.00120 —0.00680 —0.00420 —0.00941 0.01403 0.01961  —0.00036
—0.01276 0.00298  —0.00744 —0.00744 0.02381 0.01329  —0.00060
—0.00436 —0.00306 —0.00045 —0.00566 0.01778 0.01771  —0.00225
—0.01338 —0.00516 0.00526 0.00526  —0.02599 0.01328  —0.00061
—0.00425 —0.00311 —0.00050 —0.00571 0.01772 0.01670  —0.00327
—0.01336 0.00354  —0.00688 —0.00688 0.02437 0.01328  —0.00061
0.01228  —0.00992 0.00050 0.00645  —0.00397 0.01638 0.00299
0.00099 —0.00818 —0.00223 —0.00818 0.01860 0.01609  —0.00077
—0.00449 —0.00256 —0.00256 —0.00851 0.01232 0.01392  —0.00206
0.00789  —0.00527 0.00515 —0.00080 —0.01122 0.01393 0.00142
—0.00631 —0.00023 —0.00023 —0.00619 0.01465 0.01318  —0.00280
—0.01277  —0.00449 0.00593 0.00593  —0.02532 0.01053  —0.00066
0.00158 0.01862 —0.00018 —0.00125  —0.02839 0.01014 0.00069
—0.00427 0.00049  —0.00461 —0.00328 0.01245 0.01392  —0.00206
—0.00848 —0.00708 0.00622 0.00843  —0.01994 0.00851 0.00014
0.00261 0.00554 0.00340 0.00233  —0.02064 0.01008  —0.00184
0.00643 0.00000 0.00000 0.00000 0.00000 0.01095 0.00045
—0.00640 0.00130 0.00414 —0.00154 0.00130 0.01110  —0.00060
0.00489  —0.00244 0.00040 0.00419  —0.01380 0.00837 0.00009
—0.00557 0.00090 0.00374 —0.00194 0.00090 0.01004 —0.00166
—0.00628 0.00050 0.00166  —0.00065 0.00050 0.01014  —0.00156
0.00787 0.00325  —0.00254 —0.00485 0.01019 0.00772 0.00065
—0.01005 0.00000 0.00000 0.00000 0.00000 0.00981  —0.00022
—0.00483  —0.00004 0.00111  —0.00352 0.00458 0.00888 0.00039
0.00387  —0.00265 0.00430 0.00152  —0.01237 0.00819  —0.00006
—0.00668 0.00000 0.00000 0.00000 0.00000 0.00899  —0.00027
0.00075 0.00253 0.00160  —0.00303 0.00299 0.00685 0.00006
—0.00188 0.00015 0.00054 —0.00101  —0.00757 0.00859 0.00036
0.00035 0.00272  —0.00384 0.00388  —0.00962 0.00659 0.00042
—0.00591 0.00242 0.00127 —0.00105  —0.00221 0.00657  —0.00031
0.00000 0.00403  —0.00253 0.00519  —0.00832 0.00653 0.00035
0.00213  —0.00276 0.00357 0.00251  —0.01199 0.00567  —0.00012
—0.00028 —0.00563 0.00136 0.00399  —0.00985 0.00652 0.00034
—0.00354 0.00088  —0.00036 —0.00023 —0.00147 0.00860  —0.00150
0.00125 0.00617  —0.00164 —0.00424 0.00878 0.00535 0.00004
0.00398  —0.00529 0.00314 0.00215  —0.01025 0.00555  —0.00008
0.00018 0.00222 0.00048 0.00048  —0.00820 0.00648 0.00031
0.00231 0.00000 0.00000 0.00000  —0.00694 0.00628 0.00088
0.00231 0.00000 0.00000 0.00000 —0.00694 0.00540 0.00000
—0.00463 0.00000 0.00000 0.00000 0.00000 0.00540 0.00000
—0.00421 0.00000 0.00000 0.00000 0.00000 0.00498  —0.00042
0.00231 0.00084 0.00084 0.00084 —0.00610 0.00540 0.00000
—0.00424 —0.00031 —0.00031 —0.00031 —0.00031 0.00498  —0.00042
0.00215 0.00052 0.00052 0.00052  —0.00643 0.00535  —0.00005
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TABLE 2. (continued-6)
R VR VB VR vEy VG v
—0.00395 —0.00286 —0.00170 —0.00054 —0.01096 0.03883 0.01453
0.00514 —0.00038 —0.00067 —0.00009 —0.01658 0.04106 0.01676
—0.00523 0.00248 0.00017 0.00132  —0.00562 0.04167 0.01736
0.00325 0.00187 0.00158 0.00216  —0.01433 0.03840 0.01410
—0.00524 —0.00252 —0.00020 —0.00136 0.00559 0.04154 0.01723
0.00223 0.00233 0.00204 0.00262  —0.01387 0.03819 0.01389
—0.00524 0.00252 0.00020 0.00136  —0.00558 0.04123 0.01693
—0.00346 —0.00265 —0.00149 —0.00083 —0.01124 0.03869 0.01488
0.00783  —0.00496 0.00033 —0.00033 —0.01124 0.03435 0.01054
0.00742  —0.00417 0.00046 0.00245 —0.00913 0.03091 0.00710
—0.00415 —0.00145 —0.00029 0.00169  —0.00872 0.03634 0.01253
0.00668 —0.00322 0.00141 0.00339  —0.00818 0.02970 0.00589
—0.00259 0.00264 —0.00084 —0.00084 0.00032 0.03118 0.00737
—0.00197 —0.00682 0.00037 0.00073 0.00884 0.04246 0.02038
0.00742  —0.00421 0.00040 0.00242  —0.00918 0.03040 0.00765
0.00103 —0.00001 —0.00124 0.00048 0.00388 0.02737 0.00462
0.00553 —0.00379 0.00155 0.00190 —0.00433 0.02893 0.00685
—0.00695 0.00000 0.00000 0.00000 0.00000 0.02047 —0.00161
0.00352 —0.00014 0.00038 —0.00067 —0.00477 0.02423 0.00529
—0.00279 —0.00186 —0.00060 0.00108  —0.00228 0.02352 0.00458
0.00246 0.00037 0.00089 —0.00016 —0.00426 0.02398 0.00504
0.00294 0.00032 0.00070 —0.00007 —0.00431 0.02348 0.00497
0.00052 0.00077 —0.00116 —0.00194 —0.00155 0.02374 0.00522
—0.00370 0.00000 0.00000 0.00000 0.00000 0.02149 0.00452
—0.00501 0.00191  —0.00079 0.00075 —0.00195 0.01861 0.00163
—0.00292 —0.00136 —0.00021 0.00164 —0.00183 0.02133 0.00373
—0.00258 0.00000 0.00000 0.00000 0.00000 0.02107 0.00410
—0.00210 0.00176  —0.00071 0.00083  —0.00395 0.01970 0.00272
—0.00478 —0.00166 0.00116 —0.00089 0.00194 0.01820 0.00226
—0.00267 —0.00024 —0.00024 —0.00024 —0.00024 0.01735 0.00140
—0.00063 0.00170 0.00080 —0.00100 —0.00190 0.01983 0.00388
—0.00273 0.00000 0.00000 0.00000 0.00000 0.01648 0.00053
—0.00051 —0.00122 0.00079 0.00026  —0.00236 0.01951 0.00421
—0.00274 —0.00004 —0.00004 —0.00004 —0.00004 0.01631 0.00102
0.00459 —0.00127 0.00013 0.00092  —0.00231 0.01648 0.00119
—0.00064 —0.00006 0.00006 0.00010  —0.00209 0.01731 0.00201
0.00125 —0.00121 0.00069 0.00019  —0.00022 0.01966 0.00437
—0.00278 0.00006 0.00006 0.00006 0.00006 0.01550 0.00161
0.00011 0.00044 0.00044 0.00044 0.00276 0.01642 0.00254
—0.00077  —0.00000 0.00000 0.00000 0.00231 0.01620 0.00231
0.00154 0.00000 0.00000 0.00000 0.00000 0.01620 0.00231
0.00112 0.00000 0.00000 0.00000 0.00000 0.01620 0.00231
—0.00077 —0.00000 —0.00000 —0.00000 0.00231 0.01578 0.00189
0.00112 —0.00000 —0.00000 —0.00000 —0.00000 0.01615 0.00226
—0.00082 —0.00010 —0.00010 —0.00010 0.00221 0.01559 0.00170
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TaABLE 2. (continued-7)

VR VR v =va Vit
—0.00631 —0.00283  —0.00283 0.01453
0.00027 0.00027 0.00200 —0.00581
0.00000 —0.00347 0.00000 —0.01736
—0.00240 —0.00240  —0.00066 —0.00847
—0.00013  —0.00360 —0.00013 —0.01749
—0.00261 —0.00261  —0.00087 —0.00868
—0.00043 —0.00391  —0.00043 —0.01780
—0.00645 —0.00248 —0.00248 0.01488
0.00360  —0.00037 0.00360 0.00360
—0.00382 0.00015 0.00015 0.00015
—0.00880 —0.00483  —0.00483 0.01253
—0.00502 —0.00105  —0.00105 —0.00105
0.00192 —0.00602  —0.00007 —0.00751
—0.00142  —0.00070 0.00179 —0.02236
—0.00380 —0.00026 0.00048 0.00026
—0.00011  —0.00425 0.00033 —0.00395
—0.00383 —0.00312  —0.00063 —0.00116
—0.00161  —0.00303 0.00053 0.00267
0.00213 0.00213  —0.00039 —0.00608
0.00158 0.00284  —0.00031 0.00521
0.00188 0.00188  —0.00064 —0.00633
0.00149 0.00149  —0.00082 —0.00661
0.00175 0.00175  —0.00057 0.00753
0.00452 —0.00165  —0.00011 —0.00705
—0.00068 0.00241  —0.00068 —0.00184
—0.00009 0.00084  —0.00148 0.00373
0.00410 —0.00208  —0.00053 —0.00748
—0.00098 0.00211  —0.00098 —0.00005
—0.00102 0.00258  —0.00025 —0.00160
0.00121 0.00172 0.00044 0.00063
0.00311  —0.00101 0.00002 —0.00615
0.00034 0.00085  —0.00044 —0.00024
—0.00161  —0.00003  —0.00152 0.00316
0.00012 —0.00041  —0.00085 0.00075
0.00094 —0.00013  —0.00030 —0.00179
0.00003 —0.00055  —0.00096 0.00301
—0.00202 —0.00037 —0.00189 0.00573
0.00016 0.00016 0.00016 —0.00013
0.00022 0.00022 0.00022 0.00254
0.00000 0.00000 0.00000 0.00231
0.00000 0.00000 0.00000 —0.00463
0.00000 0.00000 0.00000 —0.00463
—0.00042 —0.00042  —0.00042 0.00189
—0.00005 —0.00005  —0.00005 —0.00468
—0.00062 —0.00062 —0.00062 0.00170

411



Masahide KuwADA

412

.AN:N awwﬂN anN .w«oN amauN SnuN .»:.N :w.:N SnuN SuﬁN .«awN Ganw SoaN nevoN Sequ"\N

768100 00000°0 000000 000000 000000 000000 SETI00 IvLOv0 2209204084844 0! I8
768100 00000°0 970000 000000 9¢000°0— 000000 092100 vZ01¥°0 ITELTTTEETITIOL 08
99810°0 $£000°0— 02000°0 LY0000— ¥L000°0— 9%000°0 SIE10°0 EEVIVO ITITTITIONIIZIT 6L
888100 LT000°0 770000 0£000°0— 69000°0— LS000°0— IZE10°0 8561¥°0 ITLLITITIONITIT 8L
016100 6£000'0— 97000°0 000000 ¥9000°0— 6£000°0 LEETOO 06¥Cy'0 ITITITIIOTTIINL  LL
$0610°0 000000 £1000°0 ¥$000°0— 00100°0— 000000 LLETOO 098¢1°0 ITTLTITI00NTCZ. 9L
$0610°0 000000 £9000°0 Ly000'0—  * T8I00°0— 00000°0 88v10°0 SSEEV'0 TTITTITI00TIZIT  SL
$T610°0 01000°0— 990000 ¥7000°0— LLT000— ¥1000°0— 86¥10°0 ¥88¢1°0 LITLTTTIOOTIZTT vL
¥9610°0 000000 69000°0 000000 1L100°0— 000000 60S10°0 LIvvy0 LTITTITIOOTETTY €L
€6610°0 ¥2000'0— $L000°0 65000°0 85100°0— 9¢000°0— SES10°0 0ELSY'0 ITITITIIOOITIIO 2L
680200 ¥2000°0 £0000°0 §5000°0 06000°0— 6L000°0— L9Y10°0 S8¥91°0 LTTTTOLIOTITITT IL
8L02T0°0 12000°0— £5000°0 9¥000°0 L9100°0— L9000°0 9510°0 wiLy'o ITIITIOI00TICIT (V3
0¥120°0 $0000°0— $$000°0 80100°0 ¥S100°0— €1100°0 L6S10°0 788Y°0 ITITTTOI0OTTITL 69
6¥770°0 000000 60000°0— €0100°0— ¥6000°0— 00000°0 SESI0°0 £916v°0 TOTITITLLITITON 89
970’0 000000 $€000°0 ¥8000°0 ¥9100°0— 000000 CI910°0 89005°0 LITITION00I0CIT L9
SLTT0'0 61000'0— 9£000°0 85100°0 05100°0— 9%000°0— 9$910°0 £9115°0 T11TTI010010C1T 99
€7€70°0 01000°0— 0£000°0— 6£000°0— 98000°0— 9L000°0 60910°0 8¥0CS°0 TOTITIOITTITICO! s9
68¢70°0 000000 LT000°0— L0000°0 9L0000— 0riooo 97910°0 €81€6°0 TOTETTOLITITION ¥9
LLYTO'0 18000°0 1S000°0— $9000°0— LL1000— L8100°0— (42101 CI8YS°0 TOTTTOITITITCOT €9
€6£70°0 000000 $$000°0— 62000°0 8L000°0— 00000°0 96910°0 81T¢S°0 TOLTTIOTITIOZOC 29
(43740} C1000°0— $S000°0— 980000 99000°0— L£000°0— 0TL10°0 LLEISO TOTTTTI0LTTIOCOT 19
005200 00000°0 15000°0— $100°0 1S000°0— 000000 6vL10°0 §99LS°0 TOITITOTITIONOl 09
$6S20°0 L0000 69000°0— $0000°0 99100°0— 90100°0— C1610°0 Sv8S°0 10TTTO0LTTITZO1 6S
6¥920°0 880000 99000°0— 99000'0 ¥$100°0— 99000°0— 0¥610°0 §6565°0 IOLTIOOTITITION 8¢
¥8920°0 6L000°0 79000°0— 86000°0 9%100°0— 6L000°0— $¥610°0 LSTI90 TOITIOOTITITI00 LS
GESA@ESa GNBa 4 G4 @4 @4 Gon ¥ N

A uonnjosal1 jo susissp JAg-,¢ [ewndo-ade1), ‘¢ ATAVL



413

Optimal Balanced Fractional 3™ Factorial Designs

L1900°0 000000 000000 000000 000000 000000 0000070 000000 000000 000000 000000
£¥900°0 00000°0 000000 000000 00000°0 000000 000000 000000 0000070 000000 000000
$6900°0 920000—  970000—  ¥80000—  [+000°0 L1000°0—  00000°0—  000000—  €¥#0000—  +1000°0 £4000°0—
00L00°0 €1000°0— €I000°0—  [L0000— €¥0000—  ST1000°0 $€000°0—  v£000'0—  €£000°0 $2000'0—  12000°0—
10L00°0 000000 00000'0—  85000°0—  6£000°0 610000— 0000070 000000 6£0000— 610000 00000°0
¥LLOO'O 92000'0—  97000'0—  61100°0— 000000 000000 000000 000000 00000°0 000000 0¥000°0—
$€800°0 92000'0—  970000—  61100°0— 000000 000000 000000 000000 000000 000000 0¥000°0—
8¢800°0 €10000—  €10000— 901000— #0000'0—  ¥00000—  €£000'0—  €£0000—  L0000'0—  LOOOO0O— 02000°0—
0¥800°0 000000—  00000'0—  €6000°0— 000000 000000 000000 000000 000000 000000 000000
Ly800°0 €000°0 T€000°0 190000— 600000—  60000°0—  08000°0—  08000°0—  8I0000—  81000°0— 840000
66L00°0 1L000°0—  90000°0 8¥1000—  ¥¥000°0 810000 710000—  680000—  TI0000 0¥0000—  €8000°0
¥9800°0 850000—  S€000°0 €2100°0—  ¥#000°0—  £€0000°0 01000°0 $0100°0 900000—  0v000°0 89000°0
69800°0 LEO00'0— 9500070 70100'0—  [¥000'0—  S00000 76000°0 98100°0 010000 LS000°0 0€100°0
¥1800°0 ¢E1000 99000'0—  86100°0— 000000 000000 000000 000000 000000 000000 °€100°0—
£8800°0 811000—  16000°0 8¥100°0— 000000 000000 000000 000000 000000 000000 SE100°0
L8800°0 860000— 111000 8710000—  10000°0—  [00000—  LLOOO'O—  LLOOO'0O—  ST0000—  SI0000—  ¥8I00°0
LS800°0 L6000°0 85000'0—  TIT000— +€0000—  [Z000'0— 120000 090000 $0000'0—  1T000°0 69000°0—
£9800°0 91100°0 6£0000—  €61000—  8T0000—  910000—  €I1100°0 751000 910000 1¥000°0 £0000°0—
886000 £9000°0 8£0000—  €€£€00°0—  800000—  €+000°0 0£000°0—  90100°0— 880000 $11000—  66000°0—
L8800°0 LS000°0 9€000'0—  ITT00'0— 000000 000000 000000 000000 000000 000000 ¥1000°0—
£6800°0 LLO0D0 91000°0—  10Z000— €00000—  €0000°0—  880000—  880000— 6[0000—  610000—  ¥¥000°0
00600°0 £6000°0 000000—  S8100°0— 000000 000000 000000 000000 0000070 000000 £6000°0
€1010°0 920000 90000°0 9€€00'0—  [v000'0—  ¥E000°0 12000°0 900000 £6000°0 8L0000—  €10000—
810100 9%000°0 92000°0 91€00'0—  8€000°0—  8£000°0 LO100°0 76000°0 60100°0 790000—  £¥000°0
1€010°0 1L000°0 1S000°0 76200°0—  6¥0000— 970000 700070 L0000°0 L8000°0 +80000—  LL0000

(0000) worn @oom) ©010) ©010) (0000) (0001) (0000) (0010) ©0000) ©00%)
aoan A4 aron aron aron woron 4 @oon4 wzon 4 (0zon 4 aoon A4 aoron 4 oron

(1-penunuod) "¢ ATEAVL



Masahide Kuwapa

000000
000000
LOT00'0—
¥5000'0—
000000
LOI00°0—
LO100°0—
$5000°0—
000000
¥€100°0
80000°0
11100°0—
10000°0—
6£000°0
60700°0—
98000°0—
16000°0—
9£000°0
05000°0—
6L100°0—
9¥000'0—
91100°0
86000°0—
££000°0
8£700°0

8LLTOO
8LLTO0
1L920°0
€TLT0°0
8LLTOO
1L920°0
1L970°0
YZLT00
8LLTO0
1162070
016700
$€620°0
¥¥0€0°0
8¥0£0°0
750£0°0
SLIE00
881€0°0
SIEL0'0
810£0°0
£62£0°0
9Tve0’0
885€0°0
80T€0°0
0veEe00
wse0o

00000°0
00000°0
$7000°0—
80000'0—
00000°0
97000°0—
70000~
210000~
00000°0
0£000°0
$5000'0—
S£000'0—
£1000'0—
€0100°0
$90000—
170000~
250000
08000°0
$€000'0
$1000'0
£/000°0
LLO00'0
910000
15000°0
£6000'0

000000
970000
020000
¥7000°0
970000
20000°0
£9000°0
990000
690000
$L000°0
000000—
650000
¥9000°0
60000'0—
1S000°0
$$000°0
97000°0—
02000°0—
¥000'0—
6£000'0—
£€000°0—
92000'0—
0S000°0—
$Y000°0—
€000°0—

(0008)
ozon A

(0000)
:;.Sv\»

(0100)
::.Sv\n

(1000)
o4

414

(Z-panunuod)



415

Optimal Balanced Fractional 3= Factorial Designs

000000 000000 00000°0 60£00°0 000000 00000°0 000000 000000 000000 000000 000000
000000 92000°0 92000°0 $£€00°0 000000 000000 000000 000000 000000 000000 000000
020000 €5000'0— 00000 TLE0O0 000000 00000°0 00000°0 000000 210000—  CTI000°0—  CTI0000—
TT0000—  TS000'0—  S0000°0 TLE000 02000'0—  0T0000— 0T0000—  0T000°0—  800000—  800000—  80000°0—
610000 1S000°0— 900000 €L£00°0 000000 000000 000000 000000 000000 000000 0000070
000000 T9100°0—  L0000'0—  95+00°0 000000 00000°0 000000 000000 010000— 010000—  01000°0—
000000 8€100°0— 910000 6L¥00°0 000000 00000°0 00000°0 000000 T10000—  CTI000'0—  CTI0000—
700000—  8€1000— 910000 6L¥00°0 72000'0—  TT000'0—  TTO0D'0—  TTO000—  900000—  900000—  90000°0—
000000 LET00'0—  LI0000 08000 00000°0 000000 000000 000000 000000 000000 000000
900000—  9€1000— 610000 781000 €5000°0—  €5000°0—  €£S000'0—  £5000'0—  S1000°0 $1000°0 S1000°0
82000°0—  TI000'0—  €10000—  vEVOO'O ¥0000°0 110000 88000°0 €4000°0— 790000 €€000°0— 110000
£4000°0 89100'0— 610000 915000 12100°0—  TI000°0 18000°0—  £5000°0 L8000°0—  [T000'0—  9¥000°0
¥¥000°0 891000— 610000 915000 £60000—  0¥000°0 €5000'0— 080000 #80000—  LI0000—  0S000°0
000000 £€100°0 87000°0—  LSY000 000000 000000 000000 000000 Iv100°0—  [L0O0O'0 ¥9000°0—
000000 €6100°0—  CT0000 $¥S00°0 000000 000000 000000 000000 791000—  TP000'0—  6L000°0
000000—  €61000—  TTO00'0 9¥$00°0 7€0000—  T€000'0—  TE0000—  TE€0000—  I91000—  0V0O00'0— 0800070
L£O000 121000 ST000'0—  98¥00°0 Twi000—  TI0000 §90000— 060000 912000—  1¥0000 6¥000°0—
6£000°0 TCio0o ¥20000— 981000 911000—  6£000°0 6€0000— 911000 602000—  6¥000°0 1¥000°0—
¥91000—  TEVO0'0 6L1000—  £6L00°0 000000—  8£000°0—  $T000°0 €10000— 6£1000—  $S000°0 10100°0—
000000 §rioo’o 020000— 105000 000000 000000 000000 000000 6L7000— 010000 8¥000°0—
100000— 911000 61000°0—  10500°0 62000°0—  6C0000— 620000—  6T0000—  SLZOO'0—  ¥I0000 £¥000°0—
000000 911000 610000—  T0S00°0 000000 000000 000000 000000 0L7000— 610000 6£000°0—
911000—  LI¥000 ¥L1000—  LI800°0 02100'0— 100000 620000—  T6000°0 90200'0—  9€000°0 0L000°0—
SII000—  LIY00O ¥L100°0— 818000 680000—  TE000°0 10000°0 (44 v X\ 00200'0—  I¥000°0 ¥9000°0—
€C1000—  ITv00°0 0L100°0—  TT800°0 6¥1000—  620000— 6S0000— 790000 TLI000— 690000 9€000°0—
WA A G4 @4 SN Ema @NSa N34 @4 @4 SN

(g-ponunuod) ¢ F1EVL



Masahide KuwADA

000000 000000 000000 000000 000000 97600°0 000000 00000°0 00000°0
000000 000000 000000 000000 000000 926000 00000°0 000000 00000°0
91000'0— 91000°0— 910000— w0000 91000°0— 896000 L£000'0— L£€000°0 020000
80000°0— 80000°0— 80000°0— 050000 80000°0— 9L600°0 9£000°0 9£000°0 T7000°0—
00000°0— 000000 000000 850000 000000 ¥8600°0 6£000°0— 6£000°0 610000
81000°0— 81000°0— 81000°0— $L000°0 81000°0— 10010°0 000000 000000 00000°0
81000°0— 81000°0— 81000°0— $L0000 81000°0— 10010°0 000000 000000 000000
600000— 60000°0— 60000°0— ¥8000°0 60000°0— 010100 20000°0— 700000 70000'0—
000000— 00000°0 00000°0— £6000°0 000000 610100 000000 000000 000000
12000°0 12000°0 12000°0 ¥1100°0 12000°0 00100 90000°0— 90000°0 90000°0—
89000°0 L1000°0— 090000 090000 L£000°0 LIT10°0 901000~ 010000 $1000°0
£€9000°0— £2000°0— 0L000°0 0000 L1000°0 101100 £7000°0— £2000°0 €2000°0—
95000°0— 91000°0— LLO000 6¥000°0 ¥2000°0 801100 £v000°0— ¥2000°0 £20000—
TE100°0— 050000 91100'0— L1000°0 000000 061100 000000 00000°0 000000
Iv100°0— 5000°0— LST00°0 <7000°0— 8£000°0 €0C10°0 000000 000000 000000
£€100°0— £¥000°0— 991000 €1000°0— 9¥000'0 112100 000000— 000000 000000—
LETO00— ££000°0 ¥¥000'0— ¥000°0— 7L000°0 90¢10°0 0¥000°0— 110000 ¥1000'0—
1€200°0— 6£000°0 6£0000— 6£000°0— LLO000 cIeloo 6£000°0— £€1000°0 £1000°0—
6£000'0— 90000°0— 06000°0— $1000°0 870000 $S€10°0 €L100°0— 780000 w0000
78¢€000— 110000 85000°0 8C100°0— €L100°0 0LY10°0 000000 000000 000000
9L£00°0— 81000°0 ¥9000°0 12100°0— 081000 9LY10°0 100000— 10000°0— 10000°0—
0L£00°0— £€2000°0 69000°0 911000— $8100°0 18v10°0 000000 000000 000000
¥7100°0— €2000°0— L1000°0 $5000°0— L6000°0 96v10°0 L1200°0— $0100°0 $7000°0
LET00'0— 91000°0— $2000°0 9¥000°0— $0100°0 €0S10°0 91200°0— 90100°0 970000
611000— 100000 ¥000°0 62000°0— TC100°0 126100 ¥TT000— 860000 810000
35 A=A WA @A @4 4 B4 @4 @

416

(p-panunuos) ‘¢ IV



Optimal Balanced Fractional 3™ Factorial Designs

TaBLE 4. Determinant-optimal 34-BFF designs of resolution V

417

N 2 det (V) i VGooor ¥ Goooy
57 010111011011110 0.19202E-60 0.01787 0.00031 —0.00033
58 011110111110011 0.10700E-60 0.01777 —0.00056 —0.00037
59 111111011011110 0.60360E-61 0.01741 0.00024 —0.00055
60a  101101101111101 0.31857E-61 0.01721 0.00000 0.00005
60b 011111010111011 0.01721 0.00008 ~0.00003
6la 111111001111011 0.18235E-61 0.01665 —0.00000 0.00033
61b  111101101111101 0.01665 0.00000 0.00033
6lc  111110110111011 0.01665 —0.00049 —0.00016
62a 101111111101101 0.10835E-61 0.01725 0.00000 —0.00016
62b 011111111110011 0.01725 —0.00024 0.00008
63  010111011111110 0.57380E-~62 0.01637 0.00142 -—0.00012
64 011110111111011 0.31979E~62 0.01626 —0.00169 —0.00017
65 111111011111110 0.18654E-62 0.01612 0.00141 —0.00030
66a 011111010011111 0.10465E-62 0.01640 0.00005 ~—0.00065
66b  101101101011111 0.01640 —0.00095 0.00035
67a  111111010011111 0.59918E-63 0.01581 0.00047 —0.00080
67b  111111010101111 0.01581 0.00144 0.00017
67c  111101101011111 0.01581 —0.00097 0.00063
*68a  101111111111101 0.34807E-63 0.01535 0.00000 ~—0.00094
68b  011111111111011 0.01535 —0.00141 0.00047
69a 010111011011111 0.20120E-63 0.01544 —0.00090 —0.00059
69b 001111110101111 0.01544 0.00044 0.00075
70a 011111011011111 0.11327E-63 0.01505 —0.00122 —0.00079
70b 101101111011111 0.01505 —0.00179 —0.00022
*71a  111111011011111 0.66048E-64 0.01467 —0.00079 —0.00090
71b  111101111011111 0.01467 —0.00174 0.00005
72a  000111111101111 0.38764E-64 0.01517 0.00000 0.00080
72b  000111111011111 0.01517 —0.00120 —0.00040
73a 010111111101111 0.22205E-64 0.01454 0.00000 0.00110
73b  001111111011111 0.01454 —0.00165 —0.00055
74a  011111111101111 0.13107E-64 0.01425 —0.00039 0.00095
74b  011111111011111 0.01425 —0.00162 —0.00028
75a  111111111101111 0.77673E-65 0.01399 0.00000 0.00082
75b  111111111011111 0.01399 —0.00123 —0.00041
76a  101111101111111 0.46213E-65 0.01378 0.00083 0.00023
76b  101111110111111 0.01352 0.00110 —0.00007
77a  111111101111111 0.26958E-65 0.01337 0.00077 0.00051
776 111111110111111 0.01337 0.00116 0.00013
78 000111111111111 0.16172E-65 0.01323 0.00000 0.00000
79 001111111111111 0.95038E-66 0.01289 —0.00041 —0.00014
*80a  101111111111111 0.56099E-66 0.01260 0.00000 —0.00026
80b 011111111111111 0.01260 —0.00039 0.00013
*81 111111111111111 0.33244E-66 0.01235 0.00000 0.00000

*This design is also optimal with respect to the trace criterion.
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TaBLE 4. (continued-1)
vy vy VB VB VR vE vy
0.00070 —0.00021 0.00043 0.02677 0.00067 0.00015 0.00015
0.00028 —0.00028 —0.00056 0.02609 0.00000 —0.00028 —0.00028
—0.00047 —0.00032 0.00024 0.02580  —0.00029 0.00012 0.00012
—0.00090 0.00061 0.00000 0.02602 —0.00105 0.00000 0.00000
0.00114 —0.00007 —0.00068 0.02628 0.00066 —0.00009 —0.00057
—0.00098 0.00009 0.00007 0.02602  —0.00105 0.00000 0.00000
—0.00091 0.00016 0.00000 0.02602 —0.00105 0.00000 0.00000
—0.00014 —0.00019 0.00035 0.02598 0.00037  —0.00001 0.00047
—0.00237 0.00047 0.00000 0.02493  —0.00214 0.00000 0.00000
0.00047 —0.00047 —0.00095 0.02528 0.00000 —0.00012 —0.00071
—0.00015 0.00002 —0.00036 0.02546 0.00000 0.00058 —0.00019
—0.00059  —0.00005 0.00022 0.02477 —0.00069 —0.00071 0.00006
—0.00103 —0.00009 —0.00039 0.02426  —0.00121 0.00047 —0.00031
0.00277 0.00003  —0.00014 0.02319 0.00231  —0.00004 —0.00000
0.00054 0.00077 0.00060 0.02428 0.00052 —0.00040 0.00060
0.00177 —0.00009 0.00021 0.02289 0.00201 0.00007 0.00011
—0.00007 0.00052  —0.00041 0.02408 0.00020 0.00046  —0.00050
0.00055 0.00032 0.00061 0.02428 0.00052 —0.00040 0.00060
—0.00103 —0.00009 0.00000 0.02249  —0.00132 0.00000 0.00000
—0.00045 —0.00028 —0.00019 0.02395 —0.00052 —0.00049 —0.00027
0.00208 0.00017 0.00029 0.02164 0.00158 —0.00036 0.00015
0.00046 0.00071 —0.00025 0.02422 0.00045 0.00049  —0.00023
0.00126 0.00013  —0.00004 0.02138 0.00132 —0.00052 —0.00001
0.00055 0.00036 0.00020 0.02261 0.00039  —0.00093 0.00030
0.00055 0.00003 0.00024 0.02089 0.00083  —0.00040 0.00012
0.00055 0.00603 0.00024 0.02260 0.00038  —0.00097 0.00027
0.00000 0.00101 0.00000 0.02288 0.00000 0.00000 0.00000
0.00227 0.00025 0.00076 0.02116 0.00156  —0.00057 0.00052
0.00000 0.00055 0.00000 0.02288 0.00000 0.00000 0.00000
0.00123 0.00014 0.00041 0.02084 0.00123  —0.00068 0.00041
—0.00066 0.00048 —0.00019 0.02237 —0.00051 —0.00019 —0.00019
0.00120 —0.00014 0.00042 0.02084 0.00123  —0.00070 0.00039
—0.00123 0.00041 0.00000 0.02179  —0.00109 0.00000 0.00000
0.00062 —0.00021 0.00062 0.02026 0.00065 —0.00051 0.00058
0.00000 0.00060 0.00042 0.02084 0.00001 0.00034 0.00034
0.00110 0.00007 0.00000 0.02028 0.00118 0.00065 0.00008
0.00000 0.00026 0.00039 0.02083 0.00000 0.00039 0.00039
0.00116 —0.00013 0.00000 0.02025 0.00116 0.00058 0.00000
0.00132 0.00044 0.00000 0.01961 0.00109 0.00000 0.00000
0.00062 0.00034  —0.00021 0.01910 0.00058 —0.00017 —0.00017
0.00000 0.00026 0.00000 0.01852 0.00000 0.00000 0.00000
0.00058 0.00006 —0.00019 0.01910 0.00058 —0.00019 —0.00019
0.00000 0.00000 0.00000 0.01852 0.00000 0.00000 0.00000




Optimal Balanced Fractional 3™ Factorial Designs

TABLE 4. (continued-2)

419

v VAR VB Ve v vy vew
0.00057 —0.00322 —0.00018 0.00025  —0.00091 —0.00007 0.00035
—0.00168 0.00210  —0.00000 —0.00042 —0.00126 —0.00042 0.00000
0.00100 —0.00278  —0.00003 0.00039  —0.00155 —0.00071  —0.00029
0.00000 0.00000 0.00000 0.00000 0.00019  —0.00052 0.00126
—0.00082 0.00323  —0.00042 0.00054  —0.00057 —0.00021 0.00046
—0.00013 0.00094  —0.00013 0.00094 0.00031  —0.00040 0.00031
0.00000 0.00000 0.00000 0.00000 0.00019  —0.00052 0.00126
—0.00009 0.00396 0.00034 —0.00063 —0.00081 —0.00045 0.00022
0.00000 0.00000 0.00000 0.00000 —0.00036 —0.00107 0.00071
—0.00160 0.00178  —0.00030 0.00012  —0.00053 —0.00018 0.00000
0.00162 —0.00301  —0.00052 0.00025  —0.00006 —0.00006 0.00109
—0.00276 0.00187 0.00035 —0.00042 —0.00041 —0.00041 0.00074
0.00193  —0.00270  —0.00042 0.00035  —0.00072 —0.00072 0.00043
0.00020 0.00005 0.00019 0.00000  —0.00130 0.00106  —0.00089
—0.00109 0.00026 0.00031 0.00006 0.00129 0.00017  —0.00058
0.00091 0.00076 0.00027 0.00008  —0.00154 0.00082 —0.00113
0.00208 0.00103  —0.00005 —0.00014 0.00128 0.00004 —0.00101
—0.00109 0.00026 0.00030 0.00005 0.00129 0.00017  —0.00058
0.00000 0.00000 0.00000 '0.00000 —0.00198 —0.00066 0.00132
—0.00263 0.00167  —0.00002 0.00009 0.00029  —0.00037 0.00062
—0.00102 —0.00025 0.00010 0.00036  —0.00091 0.00063  —0.00014
0.00130 0.00022 —0.00022 —0.00058 0.00194 0.00040  —0.00068
—0.00169  —0.00091 0.00006 0.00032  —0.00118 0.00037  —0.00040
—0.00273 0.00190 0.00009 —0.00022 0.00029 0.00029  —0.00064
—0.00089 —0.00012 0.00018 0.00044  —0.00148 0.00006  —0.00071
—0.00273 0.00190 0.00013  —0.00017 0.00028 0.00028  —0.00064
0.00000 0.00000 0.00000 0.00000 0.00218 0.00000 0.00000
—0.00100 —0.00018 0.00025 —0.00002 —0.00033 0.00076  —0.00006
0.00000 0.00000 0.00000 0.00000 0.00218 0.00000 0.00000
—0.00174  —0.00093 0.00017 —0.00010  —0.00058 0.00051  —0.00031
—0.00087 —0.00087 —0.00010 —0.00010 0.00192 —0.00026 —0.00026
—0.00174  —0.00092 0.00019 —0.00008 —0.00058 0.00051  —0.00031
0.00000 0.00000 0.00000 0.00000 0.00163 —0.00054 —0.00054
—0.00087  —0.00005 0.00029 0.00002  —0.00087 0.00022  —0.00060
0.00174  —0.00174 0.00024 0.00024 0.00116 0.00000 0.00000
0.00176 0.00089  —0.00008 —0.00037 0.00000 0.00058  —0.00029
0.00174 —0.00174 0.00019 0.00019 0.00116  —0.00000 0.00000
0.00174 0.00087 —0.00000 —0.00029 0.00000 0.00058  —0.00029
0.00000 0.00000 0.00000 0.00000 0.00054 0.00054 0.00054
—0.00087 —0.00087 —0.00012 -—0.00012 0.00029 0.00029 0.00029
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
—0.00087 —0.00087 —0.00010 —0.00010 0.00029 0.00029 0.00029
0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
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TABLE 4. (continued-3)
visy v veE e vee vE va
0.00910 —0.00016 0.00035 0.00035 —0.00011 —0.00011 0.00021
0.00907 —0.00019 0.00014 0.00014 —0.00014 —0.00014 —0.00028
0.00898 —0.00028 —0.00024 —0.00024 —0.00016 —0.00016 0.00012
0.00879 0.00041 —0.00116 0.00181  —0.00008 0.00048 0.00000
0.00870 —0.00016 0.00010 0.00018 0.00020 —0.00060 —0.00010
0.00866 0.00028 —0.00117 0.00082 0.00013  —0.00031 0.00001
0.00866 0.00028 —0.00115 0.00182 0.00014 0.00069 0.00000
0.00867 —0.00019 0.00014 0.00006 0.00017 —0.00063 0.00002
0.00847 0.00024  —0.00107 0.00047  —0.00020 0.00032 0.00000
0.00835 —0.00047 —0.00018 0.00012 0.00034 —0.00028 —0.00030
0.00836 0.00004 —0.00005 0.00098 0.00008 —0.00035 0.00000
0.00834 0.00002 —0.00026 0.00077 0.00004 —0.00039 —0.00006
0.00823 —0.00009 —0.00064 0.00039 0.00001 —0.00042 —0.00008
0.00824 —0.00003 0.00095 —0.00046 —0.00044 0.00025  —0.00004
0.00788 0.00057 0.00057 —0.00096 —0.00000 0.00028 0.00026
0.00820 —0.00006 0.00070 —0.00071  —0.00047 0.00022 0.00005
0.00781 0.00054 —0.00023 —0.00104 —0.00009 0.00019  —0.00022
0.00774 0.00043 0.00056 —0.00097 0.00022 0.00050 0.00025
0.00814 —0.00009 —0.00051 0.00103  —0.00043 0.00009 0.00000
0.00766 —0.00035 —0.00045 0.00077 0.00045 —0.00047 —0.00010
0.00812 0.00012 0.00094 0.00006 —0.00054 0.00041 0.00015
0.00726 0.00050 0.00032 —0.00056 0.00013 —0.00016 —0.00004
0.00802 0.00003 0.00053 —0.00034 —0.00056 0.00039  —0.00001
0.00761 0.00034 0.00032 —0.00071 —0.00017 0.00011  —0.00003
0.00799  —0.00000 0.00033 —0.00055 —0.00059 0.00036 0.00007
0.00742 0.00015 0.00032 —0.00071 0.00007 0.00035  —0.00006
0.00686 0.00069 0.00000 0.00000 0.00005 0.00005 0.00000
0.00744 0.00017 0.00076 —0.00006 —0.00028 —0.00001 0.00025
0.00672 0.00055 0.00000 0.00000 0.00027 0.00027 0.00000
0.00740 0.00014 0.00051 —0.00031 —0.00031 —0.00003 0.00017
0.00665 0.00048 —0.00033 —0.00033 0.00024 0.00024 —0.00010
0.00716 —0.00011 0.00054 —0.00027 —0.00005 0.00022 0.00016
0.00658 0.00041 —0.00062 —0.00062 0.00021 0.00021 0.00000
0.00709 —0.00017 0.00025 —0.00056 —0.00008 0.00019 0.00025
0.00663 0.00046 0.00000 0.00000 —0.00011 —0.00011 0.00017
0.00690 0.00015 0.00065 —0.00021 —0.00015 —0.00044 0.00000
0.00643 0.00026 0.00000 0.00000 0.00013 0.00013 0.00019
0.00662 —0.00013 0.00058 —0.00029 0.00013  —0.00016 0.00000
0.00654 0.00036 0.00054 0.00054 —0.00018 —0.00018 0.00000
0.00648 0.00031 0.00025 0.00025 —0.00022 —0.00022 —0.00008
0.00643 0.00026 0.00000 0.00000 —0.00026 —0.00026 0.00000
0.00624 0.00006 0.00029 0.00029 0.00003 0.00003  —0.00010
0.00617 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000




Optimal Balanced Fractional 3™ Factorial Designs

TABLE 4. (continued-4)

421

VO VR Ve vBR vER v e
0.00021 0.00021 0.04182 0.00173 0.00331  —0.00097 0.00040
—0.00028  —0.00028 0.03998 —0.00011 0.00147  —0.00126 0.00011
0.00012 0.00012 0.03840 —0.00169 - —0.00011  —0.00134 0.00003
0.00000 0.00000 0.04446 —0.00018 —0.01358 —0.00024 0.00076
0.00025 0.00027 0.04256 0.00135 0.00181 0.00040 0.00025
0.00001 0.00100 0.04409 —0.00192 —0.00627 —0.00047 0.00014
0.00000 0.00000 0.04446 —0.00018 —0.01358 —0.00025 0.00075
—0.00033  —0.00035 0.04077 —0.00044 0.00002 —0.00019  —0.00004
0.00000 0.00000 0.04184  —0.00445 0.01175  —0.00220 0.00089
0.00006 0.00024 0.03971  —0.00018 0.00160 —0.00077 0.00018
0.00103 0.00013 0.04022 0.00125 0.00395  —0.00037 0.00053
—0.00109  —0.00019 0.03836 —0.00061 0.00209  —0.00066 0.00024
0.00095 0.00005 0.03704 —0.00193 0.00077  —0.00077 0.00013
—0.00008 0.00011 0.03314 0.00301 0.00204 0.00068  —0.00026
—0.00094  —0.00009 0.04165 0.00001  —0.01248 —0.00003  —0.00034
0.00001 0.00020 0.03143 0.00130 0.00034 0.00049  —0.00045
0.00094 0.00013 0.03915 —0.00106 0.00874 —0.00001  —0.00052
—0.00095  —0.00010 0.04165 0.00001  —0.01248 —0.00002 —0.00033
0.00000 0.00000 0.03048  —0.00019 0.00039  —0.00064 0.00071
—0.00076 0.00023 0.03823  —0.00063 0.00218  —0.00033 0.00027
—0.00037 0.00051 0.03212 0.00303 0.00310 0.00038  —0.00006
0.00047  —0.00040 0.04096 0.00076 0.01056 —0.00015  —0.00059
—0.00053 0.00035 0.03040 0.00131 0.00138 0.00029  —0.00014
—0.00106  —0.00024 0.03465 0.00001  —0.00547 0.00010  —0.00034
—0.00045 0.00043 0.02910 0.00001 0.00008 0.00011  —0.00033
—0.00108  —0.00026 0.03465 0.00001  —0.00547 0.00011  —0.00033
0.00000 0.00000 0.03889 0.00000 0.01111 0.00000 0.00000
—0.00084  —0.00002 0.03212 0.00304 0.00312 0.00056 0.00007
0.00000 0.00000 0.03889 0.00000 0.01111 0.00000 0.00000
—0.00092  —0.00010 0.03039 0.00131 0.00139 0.00036  —0.00013
—0.00010 —0.00010 0.03741  —0.00148 0.00964 —0.00016 —0.00016
—0.00093  —0.00011 0.03039 0.00130 0.00138 0.00833  —0.00016
0.00000 0.00000 0.03611  —0.00278 0.00833 —0.00031 —0.00031
—0.00084  —0.00002 0.02908 0.00000 0.00008 0.00018  —0.00031
0.00017 0.00017 0.03299 0.00000 —0.00521 0.00000 0.00000
0.00058  —0.00029 0.03040 0.00132 0.00002 0.00021  —0.00022
0.00019 0.00019 0.03299 0.00000 —0.00521 0.00000 0.00000
0.00058  —0.00029 0.03038 0.00130 0.00000 0.00029  —0.00014
0.00000 0.00000 0.03058 0.00280 0.00280 0.00039 0.00039
—0.00008  —0.00008 0.02908 0.00131 0.00131 0.00018 0.00018
0.00000 0.00000 0.02778 0.00000 0.00000 0.00000 0.00000
—0.00010 —0.00010 0.02908 0.00130 0.00130 0.00014 0.00014
0.00000 0.00000 0.02778 0.00000 0.00000 0.00000 0.00000
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TABLE 4. (continued-5)
V(300 V (oo Vit 4T Vit V(oo V3o
0.00176 0.00110 0.00016 —0.00174 0.00426 0.00524  —0.00006
0.00147 —0.00168 —0.00074 0.00116  —0.00484 0.00519  —0.00011
0.00140 0.00100 0.00006 —0.00184 0.00416 0.00519 —0.00011
—0.00172 0.00000 0.00000 0.00000 0.00000 0.00494  —0.00002
0.00009 —0.00063 —0.00056 0.00158  —0.00529 0.00473 0.00015
0.00075 0.00010 0.00166 0.00060 —0.00478 0.00452 0.00017
—0.00173 0.00000 0.00000 0.00000 0.00000 0.00459  —0.00037
0.00011 —0.00005 0.00003 0.00217 —0.00470 0.00471 0.00013
—0.00297 0.00000 0.00000 0.00000 0.00000 0.00497 —0.00018
0.00113 —0.00178 —0.00071 0.00142  —0.00445 0.00425  —0.00018
0.00143 0.00108 —0.00085 —0.00162 0.00340 0.00449 0.00016
0.00114 —0.00165 0.00028 0.00105  —0.00397 0.00445 0.00012
0.00103 0.00116 —0.00077 —0.00154 0.00347 0.00444 0.00011
0.00019 —0.00018 —0.00020 —0.00005 —0.00145 0.00462  —0.00009
0.00074 —0.00053 0.00131 —0.00031 0.00014 0.00415 0.00030
—0.00001 0.00041 0.00039 0.00054  —0.00087 0.00460 —0.00011
—0.00103 0.00094 —0.00038 0.00031 —0.00101 0.00407 0.00019
0.00075 —0.00054 0.00131 —0.00031 0.00014 0.00380  —0.00005
—0.00141 0.00000 0.00000 0.00000 0.00000 0.00467 —0.00028
0.00088 —0.00176 0.00023 0.00122 —0.00374 0.00360 0.00006
0.00090 —0.00025 0.00106 0.00029 0.00021 0.00437  —0.00009
—0.00103 0.00043 —0.00089 —0.00011 —0.00143 0.00374 0.00051
0.00081 —0.00093 0.00038 —0.00039 —0.00047 0.00437  —0.00010
0.00062 —0.00135 0.00011 0.00088 0.00096 0.00402 0.00017
0.00062 —0.00043 0.00088 0.00011 0.00004 0.00434  —0.00013
0.00062 —0.00135 0.00011 0.00088 0.00096 0.00372  —0.00013
0.00000 0.00000 0.00000 0.00000 0.00000 0.00357 0.00048
0.00096 —0.00029 0.00101 0.00020 0.00011 0.00395 0.00010
0.00000 0.00000 0.00000 0.00000 0.00000 0.00322 0.00014
0.00077 —0.00087 0.00044 —0.00038 —0.00046 0.00393 0.00008
—0.00016 —0.00043 —0.00043 —0.00043 —0.00043 0.00321 0.00012
0.00073  —0.00087 0.00044 —0.00038 —0.00046 0.00366 —0.00019
—0.00031 0.00000 0.00000 0.00000 0.00000 0.00319 0.00010
0.00059 —0.00044 0.00087 0.00005  —0.00003 0.00364  —0.00021
0.00000 0.00087 0.00087 —0.00087 —0.00087 0.00345 0.00036
—0.00065 0.00087  —0.00043 0.00043  —0.00087 0.00353 0.00029
0.00000 0.00087 0.00087 —0.00087 —0.00087 0.00315 0.00006
—0.00058 0.00087 —0.00043 0.00043  —0.00087 0.00325 0.00002
0.00039 0.00000 0.00000 0.00000 0.00000 0.00340 0.00031
0.00018 —0.00044 —0.00044 —0.00044 —0.00044 0.00337 0.00028
0.00000 0.00000 0.00000 0.00000 0.00000 0.00334 0.00026
0.00014 —0.00043 —0.00043 —0.00043 —0.00043 0.00310 0.00002
0.00000 0.00000 0.00000 0.00000 0.00000 0.00309 0.00000
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TABLE 4. (continued-6)
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(02,02)

(02,11)

(02,11)

(02,11)

V (0002) V (0000 V (0001) V (o010) Von Vit Vi
—0.00073 —0.00009 0.00001 0.00022 —0.00199 0.01533 0.00187
—0.00077 —0.00000 —0.00011 —0.00032 0.00189 0.01515 0.00168
—0.00078 —0.00003 0.00007 0.00028 —0.00193 0.01486 0.00139

0.00158 0.00000 0.00000 0.00000 0.00000 0.01327 0.00009
—0.00134 0.00021 0.00019  —0.00053 —0.00055 0.01390 0.00073
—0.00110 —0.00005 0.00052 —0.00054 0.00003 0.01344 0.00026

0.00123 0.00000 0.00000 0.00000 0.00000 0.01327 0.00009
—0.00137 —0.00028 —0.00025 0.00046 0.00048 0.01371 0.00053

0.00162 0.00000 0.00000 0.00000 0.00000 0.01300 —0.00018

0.00002 0.00036 0.00000 —0.00071 0.00125 0.01442 0.00125
—0.00108 0.00063 —0.00002 —0.00027 —0.00092 0.01305 0.00070
—0.00113 —0.00072 —0.00007 0.00018 0.00083 0.01287 0.00052
—0.00114 0.00068 0.00003 —0.00023 —0.00087 0.01268 0.00034
—0.00033 0.00007 —0.00014 0.00005 —0.00154 0.01251 0.00089

0.00092 —0.00052 —0.00004 0.00026 —0.00064 0.01180 0.00018
—0.00035 0.00014  —0.00007 0.00012 —0.00147 0.01231 0.00069
—0.00060 0.00065 0.00014  —0.00033 —0.00084 0.01180 0.00019

0.00057 —0.00051 —0.00003 0.00027 —0.00064 0.01180 0.00018

0.00133 0.00000 0.00000 0.00000 0.00000 0.01190 0.00000
—0.00040 —0.00038 0.00012 —0.00021 0.00028 0.01221 0.00031
—0.00009 —0.00032 0.00011 —0.00014 —0.00109 0.01164 0.00083

0.00037 0.00026 —0.00018 0.00008 —0.00036 0.01110 0.00030
—0.00009 —0.00036 0.00008 —0.00018 —0.00113 0.01137 0.00056

0.00080 —0.00063 —0.00014 0.00012 —0.00078 0.01117 0.00037
—0.00012 —0.00028 0.00015 —0.00010 —0.00106 0.01117 0.00037

0.00050 —0.00059 —0.00010 0.00015 —0.00075 0.01117 0.00037

0.00048 0.00000 0.00000 0.00000 0.00000 0.01035 0.00000

0.00072 —0.00047 0.00002 0.00029 —0.00060 0.01090 0.00056

0.00014 0.00000 0.00000 0.00000 0.00000 0.01035 0.00000

0.00070 —0.00053 —0.00004 0.00023 —0.00067 0.01071 0.00036

0.00012 —0.00005 —0.00005 —0.00005 —0.00005 0.01022 —0.00013

0.00044 —0.00052 —0.00003 0.00024  —0.00066 0.01071 0.00036

0.00010 0.00000 0.00000 0.00000 0.00000 0.01008 —0.00027

0.00042 —0.00047 0.00002 0.00029 —0.00061 0.01057 0.00022

0.00036 0.00012 0.00012 0.00012 0.00012 0.00984 0.00000

0.00015 0.00029 —0.00014 0.00014  —0.00029 0.01013 0.00029

0.00006 0.00010 0.00010 0.00010 0.00010 0.00984 —0.00000
—0.00013 0.00029 —0.00014 0.00014 —0.00029 0.01013 0.00029

0.00031 0.00000 0.00000 0.00000 0.00000 0.00953 0.00027

0.00028 —0.00006 —0.00006 —0.00006 —0.00006 0.00940 0.00015

0.00026 0.00000 0.00000 0.00000 0.00000 0.00926 0.00000

0.00002 —0.00005 —0.00005 —0.00005 —0.00005 0.00940 0.00014

0.00000 0.00000 0.00000 0.00000 0.00000 0.00926 0.00000
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TABLE 4. (continued-7)
Ve  Vain Vi =V Vi
—0.00076 0.00008  —0.00013 0.00250
—0.00095 —0.00011 —0.00032 0.00231
—0.00124 —0.00040 —0.00061 0.00202
0.00152 —0.00133 0.00045 —0.00151
—0.00113 0.00030 —0.00006 0.00031
—0.00007 —0.00078 —0.00007 0.00076
0.00152 —0.00133 0.00045 —0.00151
—0.00132 0.00010 —0.00025 0.00012
0.00125 —0.00160 0.00018 —0.00178
—0.00160 —0.00018 —0.00053 0.00231
—0.00046 —0.00046 0.00031 0.00109
—0.00063 —0.00063 0.00014 0.00091
—0.00082 —-0.00082 —0.00005 0.00072
0.00024 0.00178  —0.00017 0.00015
0.00121 0.00065 —0.00025 0.00070
0.00003 0.00157  —0.00038 —0.00005
0.00123 0.00025  —0.00044 —0.00107
0.00121 0.00065 —0.00025 0.00070
0.00017 —0.00116 0.00050 —0.00132
—0.00126 —0.00060 0.00006 0.00097
0.00107 0.00107 0.00029 0.00114
0.00053 0.00053  —0.00024 —0.00078
0.00080 0.00080 0.00002 0.00087
0.00060 0.00060 —0.00017 0.00068
0.00060 0.00060 —0.00017 0.00068
0.00060 0.00060 —0.00017 0.00068
0.00109 0.00000 0.00000 —0.00000
0.00034 0.00088 0.00007 0.00096
0.00109 0.00000 0.00000 —0.00000
0.00015 0.00069 —0.00013 0.00077
0.00096 —0.00013 —0.00013 —0.00013
0.00014 0.00069 —0.00013 0.00077
0.00082 —0.00027 —0.00027 —0.00027
—0.00000 0.00054  —0.00027 0.00063
0.00058 0.00000 0.00000 0.00000
—0.00043 0.00072 —0.00014 —0.00058
0.00058 0.00000 0.00000 0.00000
—0.00043 0.00072  —0.00014 —0.00058
0.00027 0.00027 0.00027 0.00027
0.00015 0.00015 0.00015 0.00015
0.00000 0.00000 0.00000 0.00000
0.00014 0.00014 0.00014 0.00014
0.00000 0.00000 0.00000 0.00000
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TaBLE 6. Determinant-optimal 3°-BFF designs of resolution V

(00,00) (00,10) (00,01)
N a det (V7) V (0000) V (0000) V (0000)

*51 100001001000110100000  0.19350E-86  0.03406 0.00021 —0.00245
*52 200001001000110100000  0.96752E-87  0.03085 —0.00091 —0.00183
53a  210001001000110100000 0.53825E-87  0.02977 —0.00087  —0.00201

53b  210000011001100100000 0.02977 0.00258 0.00144
53¢ 201001100000011100000 0.02977 —0.00087  —0.00201
54a  220000011001100100000 0.30709E-87  0.02975 0.00259 0.00146
54b  211001001000110100000 0.02975 —0.00090  —0.00203
54c  202001100000011100000 0.02975 —0.00090  —0.00203
55a  000100110001001100000 0.95051E-88  0.03492 0.00325 0.00049
*55b  000100110011000001000 0.03492 —0.00089  —0.00187
56a  100000111010000000100 0.46404E-90  0.02349 0.01029 0.00146
56b  100011010000001000100 0.03105 0.01016 0.00200
57a  110010000100000011000 0.90107E-91  0.02362 —0.00695 0.00390
57b  110000100001000101000 0.02362 0.00238  —0.00543
58a  111100000010000011000 0.22389E-91  0.02188 —0.00722 0.00027
58b  111010000100000011000 0.02188  —0.00402 0.00348
58¢c 111001000000100101000 0.02188 —0.00321  —0.00375
*59a  121001000000100101000 0.11849E-91  0.02160 —0.00285  —0.00318
59b  211010000100000011000 0.02160 —0.00335 0.00302
60a  000101110000001000010 0.18214E-92  0.02322 —0.00203  —0.00459
60b  000110110001000000001 0.02322 —0.00588 0.00331
6la  100001010010001000100 0.16994E-93  0.01685 0.00106  —0.00035
61b  100000110010001000100 0.01685 —0.00106 —0.00035
6lc  100001010110000000001 0.01685 0.00106  —0.00035
61d  100000110110000000001 0.01685 —0.00106  —0.00035
6le  010100010011000000001 0.01685 0.00106  —0.00035
62a 110000000001100101000  0.32998E-94  0.01901 —0.00084 0.00027
62b  101000000110000011000 0.01901 0.00083 0.00028

63 111000000001100101000  0.88735E-95  0.01844 0.00000 0.00067
64 121000000001100101000  0.44367E-95  0.01776 0.00000 0.00053
65a  000100110010001000100 0.10224E-95  0.01604 0.00078  —0.00026
65b  000100110011000000001 0.01604 0.00000 0.00052
66 100011001000110000100  0.51687E-96  0.01593 0.00042 0.00048
67a  101001000000010100001  0.22224E-96  0.01656 0.00035  —0.00086
67b  110000010001000100001 0.01656 0.00146 0.00025
67c 110000001100000010010 0.01656 0.00111 0.00060
68 111010000000100001100  0.89610E-97  0.01649 —0.00112 0.00033
*69 211000100010000001100  0.46112E-97  0.01551 0.00048  —0.00083
70 000110101001010000001  0.62939E-98  0.01552 —0.00121 0.00040

* This design is also optimal with respect to the trace criterion.
2’=(2500! ]0509 2005, 1(10’ 1401’ 21‘01 20[1’ 2104) Z014: 1320, 2302’ 12803 1082! 1208’ 2028) 28113 2181’
2113 4331, Az1gy A13s). ME—ny=ny10-"1.
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TaBLE 6. (continued-1)

431

Vi  Vioe  Vine Voo Ve Vi Vo
—0.00319  —0.00301 0.00195 0.04994  —0.00660 —0.00693 0.00220
—0.00152  —0.00233 0.00140 0.04955 —0.00699 —0.00672 0.00242
—0.00151 —0.00186 0.00126 0.04955  —0.00699 —0.00671 0.00242
—0.00644 —0.00021  —0.00039 0.05273  —0.00900 —0.00565 0.00176
—0.00151 —0.00186 0.00126 0.04955  —0.00699 —0.00671 0.00242
—0.00640 —0.00028 —0.00038 0.05273  —0.00900 —0.00566 0.00175
—0.00166 —0.00186 0.00120 0.04950  —0.00704 —0.00674 0.00240
—0.00166 —0.00186 0.00120 0.04950 —0.00704 —0.00674 0.00240
—0.00958 —0.00129 0.00002 0.04824  —0.00775 —0.00530 0.00127
—0.00532 —0.00271  —0.00144 0.04795  —0.00564 0.00540  —0.00197
—0.00347 —0.00204 —0.00344 0.049500 0.01968 0.00514 0.00360
—0.01659 0.00234  —0.00379 0.03858 0.00463 0.00064 0.00064
—0.01043 0.00008 0.00057 0.04346 0.00974 —0.00565 —0.00588
—0.00158  —0.00287  —0.00238 0.02947 0.00038 —0.00099  —0.00276
—0.00218 —0.00100 0.00254 0.04387 0.01548 —0.00315 —0.00160
—0.00660 0.00048 0.00106 0.03851 0.00479  —0.00493  —0.00516

0.00101  —0.00206 0.00148 0.02908  —0.00001 0.00179 0.00356

0.00035 —0.00164 0.00129 0.02864  —0.00045 0.00109 0.00286
—0.00554 0.00032 0.00067 0.03695 0.00323  —0.00386  —0.00409

0.00010  —0.00251 0.00240 0.02803 —0.00118 —0.00108 0.00036
—0.00923 0.00060 0.00071 0.03812 0.00460 —0.00229 —0.00229
—0.00087 —0.00003  —0.00048 0.03009 0.00231  —0.00106  —0.00106

0.00087  —0.00003 0.00048 0.03009 0.00231 0.00106 0.00106

0.00087 —0.00003  —0.00048 0.03009 0.00231 —0.00106  —0.00106
—0.00087  —0.00003 0.00048 0.03009 0.00231 0.00106 0.00106

0.00087 —0.00003  —0.00048 0.03009 0.00231 —0.00106 —0.00106
—0.00609 0.00052  —0.00032 0.02691  —0.00087 0.00059 0.00059

0.00013  —0.00155  —0.00175 0.02653 0.00084 —0.00046 —0.00115
—0.00405 0.00063 0.00000 0.02568  —0.00210 0.00000 0.00000
—0.00343 0.00015 0.00000 0.02568  —0.00210 0.00000 0.00000
—0.00090 —0.00010 0.00030 0.02621  —0.00099 0.00022 0.00080

0.00000 —0.00040 0.00000 0.02687 0.00141 0.00000 0.00000
—0.00043  —0.00042 0.00002 0.02524  —0.00023 0.00016 0.00016

0.00220  —0.00030 0.00043 0.02681 0.00528 —0.00049  —0.00025
—0.00078 0.00069  —0.00056 0.02656 0.00156 —0.00057 —0.00149

0.00052 0.00026  —0.00099 0.02510 0.00080 —0.00008 —0.00124
—0.00144 0.00076 0.00059 0.02494  —0.00006 0.00021 0.00114

0.00113  —0.00038  —0.00030 0.02539 0.00386 0.00002  —0.00021
—0.00137  —0.00039 0.00010 0.02425  —0.00114 0.00006  —0.00016
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TABLE 6. (continued-2)
VR VO VB vy vGW vy vany
0.01037 —0.00898 —0.00084 0.00052 —0.00772 —0.00654 0.00423
0.01095 —0.00840 —0.00061 0.00076  —0.00791 —0.00674 0.00404
0.01095 —0.00840 —0.00063 0.00074 —0.00790 —0.00673 0.00404
0.00955 —0.00804 —0.00037 0.00015 —0.00641 —0.00764 0.00440
0.01095 —0.00840 —0.00063 0.00074 —0.00790 —0.00673 0.00404
0.00954 —0.00805 —0.00034 0.00017 —0.00641 —0.00764 0.00439
0.01076 —0.00860 —0.00063 0.00074 —0.00798 —0.00680 0.00397
0.01076 —0.00860 —0.00063 0.00074 —0.00798 —0.00680 0.00397
0.00690 —0.00582 —0.00090 —-0.00012 —0.00413 —0.00493 0.00330
—0.00634 0.00786 0.00060 —0.00040 —0.00646 —0.00560 0.00331
—0.00521 —0.01215 —0.00273 —0.00402 —0.00834 —0.00680 —0.00603
—0.00926 —0.01389 0.00129 0.00231 —0.00154 —0.00463 —0.00309
0.01311 0.01705 —0.00107 —0.00081 —0.00053 —0.00385 —0.00277
0.00478 0.00408 —0.00134 —0.00113 —0.00239 —0.00108 0.00008
0.00203 0.00689 0.00035 0.00032 —0.00875 —0.00674 —0.00759
0.00666 0.01060 —0.00174 —0.00149 —0.00136 —0.00468 —0.00360
—0.00354 —0.00285 0.00173 0.00152 —0.00282 —0.00151 —0.00035
—0.00272  —0.00202 0.00120 0.00100 —0.00259 —0.00128 —0.00012
0.00418 0.00811 —0.00138 —0.00113 —0.00045 —0.00377 —0.00269
—0.00298 0.00205 0.00008 —0.00000 —0.00230 —0.00038 0.00081
0.00787 0.01218 —0.00082 —0.00082 0.00135 —0.00248 —0.00104
—0.00000 —0.00694 —0.00096 0.00135 —0.00231 —0.00231 —0.00000
—0.00000 —0.00694 0.00096 —0.00135 —0.00231 —0.00231 —0.00000
0.00000 0.00694  —0.00096 0.00135 —0.00231 —0.00231 —0.00000
0.00000 0.00694 0.00096 —0.00135 —0.00231 —0.00231 —0.00000
0.00000 0.00694  —0.00096 0.00135 —0.00231 —0.00231 —0.00000
0.00301 0.00301 0.00017 0.00017 —0.00087 —0.00087 0.00145
—0.00010 0.00372 0.00002 0.00013 —0.00147 —0.00147 —0.00089
0.00000 0.00000 0.00000 0.00000 —0.00134 —0.00134 0.00097
0.00000 0.00000 0.00000 0.00000 —0.00134 —0.00134 0.00097
0.00197  —0.00295 0.00064 —0.00100 —0.00143 —0.00085 0.00021
—0.00042 0.00536 0.00000 0.00000 —0.00054 —0.00169 0.00024
0.00209 —0.00370 0.00006 0.00006 —0.00061 —0.00177 0.00016
0.00125 0.00079 0.00164 0.00095 —0.00330 —0.00029 —0.00314
0.00570 0.00431  —0.00000 —0.00078 0.00208 0.00023  —0.00147
0.00182 —0.00049 —0.00077 —0.00039 0.00077 —0.00039 —0.00116
—0.00251 —0.00112  —0.00033 0.00044 0.00195 0.00010 —0.00160
—0.00075 —0.00029 —0.00105 —0.00035 —0.00267 0.00034  —0.00252
—0.00209 0.00301 0.00026 0.00015 —0.00029 —0.00116 0.00032
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TABLE 6. (continued-3)
Voo Voo Ve VG Ve Ve Ve
0.01361 —0.00146 —0.00409 0.00303 0.00065 0.00015 0.00181
0.01349 —0.00158 —0.00442 0.00271 0.00052 0.00002 0.00192
0.01346 —0.00161 —0.00441 0.00271 0.00060 0.00010 0.00189
0.01240 —0.00094 —0.00502 0.00165 0.00060 —0.00002 0.00205
0.01346 —0.00161 —0.00441 0.00271 0.00060 0.00010 0.00189
0.01237 —0.00096 —0.00506 0.00161 0.00066 0.00004 0.00205
0.01344 —0.00162 —0.00451 0.00261 0.00060 0.00009 0.00186
0.01344 —0.00162 —0.00451 0.00261 0.00060 0.00009 0.00186
0.01241 —0.00080 —0.00388 0.00208 0.00076 0.00010 0.00170
0.01251 —0.00150 —0.00223 0.00183 0.00031 0.00002 —0.00122
0.01102 0.00021 —0.00174 —0.00174 —0.00050 —0.00102 —0.00172
0.00970 0.00044 —0.00193 —0.00193 0.00101  —0.00054 —0.00006
0.01204 0.00301 —0.00732 —0.00662 0.00151 0.00074 0.00150
0.01670 0.00613  —0.00320 —0.00251 0.00318 0.00401 0.00168
0.01015 —0,00066 —0.00084 —0.00084 0.00030 —0.00021 0.00118
0.01193 0.00290 —0.00638 —0.00569 0.00160 0.00083 0.00162
0.01508 0.00451 —0.00570 —0.00501 0.00240 0.00322  —0.00081
0.01396 0.00339  —0.00439 —0.00370 0.00157 0.00239  —0.00044
0.01119 0.00217 —0.00468 —0.00398 0.00136 0.00059 0.00100
0.01311 0.00241  —0.00147 0.00045 0.00139 0.00224  —0.00102
0.00975 0.00049 —0.00359 —0.00359 0.00120 —0.00034 0.00028
0.00932 0.00006 0.00087 0.00087 0.00061  —0.00093 0.00048
0.00932 - 0.00006 —0.00087 —0.00087 0.00061 —0.00093 —0.00048
0.00932 0.00006 —0.00087 —0.00087 0.00061 —0.00093 0.00048
0.00932 0.00006 0.00087 0.00087 0.00061 —0.00093 —0.00048
0.00932 0.00006 —0.00087 —0.00087 0.00061  —0.00093 0.00048
0.00919 0.00086 —0.00046 0.00093 0.00053 0.00099 0.00023
0.00932 0.00029 —0.00159 —0.00055 —0.00025 —0.00106 —0.00022
0.00891 0.00058 —0.00189 —0.00050 0.00045 0.00092 0.00000
0.00889 0.00055 —0.00177 —0.00038 0.00036 0.00082 0.00000
0.00888 0.00020 —0.00170 0.00032 0.00023 —0.00064 —0.00021
0.00866 —0.00060 0.00000 0.00000 0.00082 —0.00073 0.00000
0.00865 —0.00061 —0.00017 —0.00017 0.00081 —0.00073 0.00001
0.00850 —0.00006 0.00062 —0.00076 —0.00079 0.00022 0.00009
0.00858 0.00118 —0.00257 —0.00326 0.00011 0.00050 —0.00033
0.00907 0.00143 0.00149 —0.00175 0.00082 0.00121 0.00046
0.00851 0.00110 —0.00187 —0.00256 0.00004 0.00043 0.00030
0.00824 —0.00032 0.00045 —0.00094 —0.00047 0.00053 0.00033
0.00812 —0.00048 —0.00146 0.00061 0.00063 —0.00058 —0.00004




Masahide KuwaDpA
TABLE 6. (continued-4)
Ve VR vEEw vt vay v vaw
0.00138 —0.00162 0.06292 —0.00181 —0.00403 —0.01175 0.00355
0.00149 —0.00151 0.06205 —0.00267 —0.00490 —0.01211 0.00320
0.00146 —0.00153 0.06205 —0.00267 —0.00490 —0.01211 0.00320
0.00242 —0.00165 0.15002 —0.03387 0.03224 —0.01460 0.00423
0.00146 —0.00153 0.06205 —0.00267 —0.00490 —0.01211 0.00320
0.00242 —0.00166 0.14997 —0.03392 0.03219 —0.01450 0.00432
0.00142 —0.00157 0.06124 —0.00348 —0.00570 —0.01214 0.00317
0.00142 —0.00157 0.06124 —0.00348 —0.00570 —0.01214 0.00317
0.00201 —0.00151 0.14676  —0.03299 0.03725 —0.01408 0.00497
—0.00098 0.00091 0.05410 —0.00162 0.00515 —0.01079 0.00388
—0.00018 —0.00172 0.06250 —0.00000 —0.00000 0.00608 0.00029
—0.00006 —0.00006 0.10069 0.00347 0.03125 —0.00386 —0.00309
0.00173 0.00220 0.09710 0.00196 0.03182 —0.00276 —0.00122
0.00345 0.00230 0.05497 0.00497 0.01747 —0.00468 —0.00029
—0.00036 0.00118 0.05421 —0.00360 0.00109 0.00150 —0.00134
0.00185 0.00232 0.08869 —0.00645 0.02341 —0.00364 —0.00210
—0.00258 —0.00143 0.05111 0.00111 0.01361 —0.00589 —0.00149
—0.00222 —0.00106 0.04956 —0.00044 0.01206 —0.00491 —0.00051
0.00123 0.00169 0.08476 —0.01038 0.01948 —0.00307 —0.00153
—0.00294 —0.00182 0.04091 0.00117 —0.00731 —0.00142 0.00045
0.00028 0.00028 0.09433  —0.00265 0.02536 —0.00128 —0.00128
0.00048 0.00048 0.05208 0.00347 —0.00347 —0.00174 —0.00058
—0.00048 —0.00048 0.05208 0.00347  —0.00347 0.00174 0.00058
0.00048 0.00048 0.05208 0.00347  —0.00347 0.00174 0.00058
—0.00048 —0.00048 0.05208 0.00347 —0.00347 —0.00174 —0.00058
0.00048 0.00048 0.05208 0.00347  —0.00347 0.00174 0.00058
0.00023 0.00023 0.05497 0.00497 0.01747 —0.00350 0.00066
—0.00022 0.00036 0.04451 0.00059 —0.00167 —0.00224 —0.00010
0.00000 0.00000 0.04762  —0.00238 0.01012  —0.00391 0.00025
0.00000 0.00000 0.04707 —0.00293 0.00957 —0.00348 0.00069
0.00037 —0.00088 0.04063 —0.00089 —0.00075 —0.00116 0.00004
0.00000 0.00000 0.05047 0.00244  —0.00392 0.00000 0.00000
0.00001 0.00001 0.04878 0.00075 —0.00562 —0.00006 —0.00006
—0.00014 0.00055 0.03222 0.00167 0.00028 0.00100 —0.00039
0.00106 0.00021 0.04959 0.00740 0.01522 —0.00062 —0.00149
0.00208 0.00100 0.05753 0.00406 —0.02024 —0.00093 —0.00069
—0.00109 —0.00024 0.04328 0.00110 0.00891 0.00004 —0.00083
0.00057 —0.00013 0.03097 0.00041  —0.00098 0.00116  —0.00023
—0.00091 0.00043 0.03982 —0.00168 —0.00152 —0.00111 —0.00008
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TaABLE 6. (continued-5)
vy v VB VIR vE ve v
—0.00197 0.00199 —0.00375 —0.00551 0.00958 0.01502 —0.00325
—0.00232 0.00228 —0.00346 —0.00522 0.00987 0.01488  —0.00339
—0.00233 0.00228 —0.00346 —0.00522 0.00987 0.01467 —0.00360
—0.00472 0.01321 —0.00790 —0.00809 0.01247 0.00656  —0.00082
—0.00233 0.00228 —0.00346 —0.00522 0.00987 0.01467 —0.00360
—0.00463 0.01320 —0.00791 —0.00809 0.01246 0.00639  —0.00098
—0.00235 0.00197 —0.00377 —0.00553 0.00956 0.01467 —0.00360
—0.00235 0.00197 —0.00377 —0.00553 0.00956 0.01467 —0.00360
—0.00376 0.01669 —0.00765 —0.00746 0.00987 0.00670  —0.00066
—0.00228 —0.00619 0.00280 0.00510 —0.00674 0.01480 —0.00342
0.00145 0.00651 —0.00043 —0.00391 0.00998 0.00748 0.00062
—0.00231 0.01100 0.00174  —0.00058 0.01100 0.00742 0.00107
0.00033  —0.01052 0.00013 0.00314  —0.00705 0.00525 0.00045
—0.00283 —0.00061 —0.00061 0.00008 0.00008 0.01121  —0.00051
0.00277  —0.00964 0.00095 0.00338  —0.00687 0.00556  —0.00046
—0.00055 —0.01160 —0.00095 0.00206 —0.00813 0.00516 0.00036
—0.00404 0.00196 0.00196 0.00126 0.00126 0.01084 —0.00088
—0.00306 0.00153 0.00153 0.00083 0.00083 0.01021  —0.00151
0.00002 —0.01016 0.00049 0.00350 —0.00668 0.00508 0.00027
—0.00115 —0.00146 —0.00087 0.00110 0.00169 0.01017 —0.00130
—0.00128 —0.00765 0.00168 0.00456 —0.00694 0.00414 0.00028
0.00058 —0.00174 0.00058 —0.00289 0.00637 0.00682 0.00064
—0.00058 —0.00174 0.00058 —0.00289 0.00637 0.00682 0.00064 -
—0.00058 0.00174  —0.00058 0.00289  —0.00637 0.00682 0.00064
0.00058 0.00174  —0.00058 0.00289  —0.00637 0.00682 0.00064
—0.00058 0.00174  —0.00058 0.00289  —0.00637 0.00682 0.00064
—0.00212 0.00116 0.00116 0.00116 0.00116 0.00542 —0.00013
0.00204 —0.00131 —0.00102 0.00245 —0.00421 0.00574 0.00086
—0.00252 0.00000 0.00000 0.00000 0.00000 0.00540 —0.00016
—0.00209 0.00000 0.00000 0.00000 0.00000 0.00506  —0.00049
0.00125 0.00172  —0.00035 —0.00180 0.00307 0.00587 0.00049
0.00000 0.00167 —0.00046 0.00359  —0.00547 0.00400 0.00014
—0.00006 —0.00159 0.00053 —0.00352 0.00555 0.00400 0.00014
—0.00039 0.00087 0.00041 0.00087  —0.00098 0.00596 0.00048
—0.00236 0.00134  —0.00023 0.00012  —0.00144 0.00510 0.00057
0.00093 0.00047 —0.00254 0.00116  —0.00046 0.00442 0.00041
—0.00169 —0.00108 0.00048 0.00013 0.00169 0.00503 0.00050
—0.00023 —0.00040 0.00007 —0.00040 0.00145 0.00557 0.00009
0.00095 —0.00123 0.00089 0.00219  —0.00264 0.00382 0.00012
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TABLE 6. (continued-6)
Voo Vo Vo V{3sie Vi Vo Vi
0.00395 —0.00717 0.00229 0.00283  —0.00391 0.02860 0.00724
0.00380 —0.00705 0.00241 0.00295 —0.00380 0.02850 0.00714
0.00360 —0.00699 0.00247 0.00301  —0.00373 0.02848 0.00712
0.00107 —0.00168 0.00079 0.00089  —0.00127 0.02599 0.00463
0.00360 —0.00699 0.00247 0.00301 —0.00373 0.02848 0.00712
0.00090 —0.00167 0.00080 0.00090 —0.00126 0.02599 0.00463
0.00360 —0.00699 0.00246 0.00301  —0.00374 0.02836 0.00700
0.00360 —0.00699 0.00246 0.00301  —0.00374 0.02836 0.00700
0.00124 —0.00158 0.00072 0.00084  —0.00149 0.02343 0.00210
0.00382 0.00727 —0.00241 —0.00300 0.00352 0.02672 0.00540
—0.00084 0.00172 0.00005 0.00018 0.00313 0.02353 0.00810
—0.00219 0.00064 0.00039 —0.00141 —0.00167 0.01861 0.00318
0.00028 0.00117 0.00091 —0.00011 0.00194 0.01890 0.00370
0.00398 0.00319 0.00049 0.00029 0.00221 0.01697 0.00177
0.00045 —0.00171 0.00071 —0.00007 0.00004 0.02389 0.00869
0.00018 0.00106 0.00080 —0.00023 0.00183 0.01876 0.00356
0.00360 —0.00277 —0.00007 0.00014  —0.00179 0.01650 0.00130
0.00298 —0.00250 0.00020 0.00041  —0.00152 0.01638 0.00118
0.00010 0.00085 0.00059  —0.00044 0.00162 0.01822 0.00302
0.00305 —0.00304 —0.00032 —0.00003 —0.00194 0.01607 0.00194
—0.00049 0.00010 0.00010 0.00010 0.00010 0.01620 0.00208
—0.00244 0.00096 0.00058 —0.00058 —0.00096 0.01591 0.00203
—0.00244 —0.00096 —0.00058 0.00058 0.00096 0.01591 0.00203
—0.00244 0.00096 0.00058 —0.00058 —0.00096 0.01591 0.00203
—0.00244 —0.00096 —0.00058 0.00058 0.00096 0.01591 0.00203
—0.00244 0.00096 0.00058 —0.00058 —0.00096 0.01591 0.00203
0.00125 0.00006 0.00006 0.00006 0.00006 0.01534 0.00145
0.00061 0.00073 0.00063  —0.00053 0.00169 0.01660 0.00271
0.00123 0.00000 0.00000 0.00000 0.00000 0.01515 0.00126
0.00090 0.00000 0.00000 0.00000 0.00000 0.01515 0.00126
—0.00181 0.00035  —0.00072 0.00111 0.00003 0.01370 0.00039
—0.00063 0.00000 0.00000 0.00000 0.00000 0.01486 0.00155
—0.00063 0.00000 0.00000 0.00000 0.00000 0.01486 0.00155
—0.00053 0.00049  —0.00067 0.00003  —0.00252 0.01515 0.00288
—0.00088 0.00173 0.00067 —0.00030 —0.00136 0.01353 0.00126
0.00087 0.00123 0.00069 0.00031 0.00116 0.01323 0.00096
—0.00095 —0.00175 —0.00069 0.00027 0.00133 0.01352 0.00125
—0.00091 —0.00100 0.00016 —0.00053 0.00201 0.01443 0.00216
—0.00049 —0.00050 0.00017 —0.00027 0.00040 0.01272 0.00057
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TABLE 6. (continued-7)

Ve o vaiy Ve =vahy Viny
—0.00360 —0.00279 0.00002 —0.00026
—0.00369 —0.00289 —0.00008 —0.00036
—0.00371 —0.00291 —0.00010 —0.00038
—0.00123  —0.00333 0.00093 —0.00277
—0.00371 —0.00291  —0.00010 —0.00038
—0.00123 —0.00333 0.00093 —0.00277
—0.00383  —0.00303  —0.00022 —0.00050
—0.00383 —0.00303 —0.00022 —0.00050
—0.00128 —0.00392 0.00063 —0.00085
—0.00430 —0.00307 —0.00046 0.00064
—0.00116  0.00270  —0.00000 0.00231

0.00087  0.00087 0.00010 0.00048
—0.00024  0.00092 —0.00032 0.00261

0.00308 —0.00054 0.00061 —0.00054
—0.00028  0.00219 0.00030 0.00580
—0.00038  0.00078 —0.00046 0.00248

0.00261 —0.00101 0.00015 —0.00101

0.00250 —0.00113 0.00003 —0.00113
—0.00091 0.00025  —0.00099 0.00194
©0.00219  —0.00008 0.00094 —0.00007
—0.00152  0.00016 —0.00080 —0.00020
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068
—0.00106  0.00125 0.00010 —0.00068

0.00299 —0.00164 0.00068 —0.00241
—0.00124  0.00107  —0.00009 0.00175

0.00281 —0.00182 0.00049 —0.00259

0.00281 —0.00182 0.00049 —0.00259
—0.00056 —0.00018 —0.00008 0.00061
—0.00205  0.00123  —0.00012 —0.00064
—0.00205  0.00123  —0.00012 —0.00064

0.00103  0.00373 0.00087 0.00026

0.00236  0.00020 —0.00022 —0.00171

0.00235  0.00181 0.00057 0.00158

0.00235  0.00019 —0.00023 —0.00172

0.00031  0.00301 0.00016 —0.00046

—0.00144 —0.00057 —0.00013 0.00032
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