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Continuity of contractions in-a functional Banach space
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In the Dirichlet space theory, contractions on the real line play an important
role in connection with potential theoretic properties. A. Ancona [1] proved
that contractions are continuous in Dirichlet space. Our aim in this note is to
prove that the contractions considered in [3] are continuous in a certain func-
tional Banach space.

Let X be a locally compact space and £ be a positive (Radon) measure on X.
For measurable functions u and v on X, we define

u v v=max {u, v}, u A v=min{u, v},
ut=uvO0 and u==—(u A0).

Let =%(X; &) be a real reflexive Banach space whose elements are
measurable functions on X. We denote by |u| the norm of ueZ, by &* the
dual space of &, and by {u*, u) the value of u*e Z* at ue .

Throughout this note, let @ be a strictly convex function on £ such that

(i) @(w)=0 for all ueZ and & (u) =0 if and only if u=0;

(ii) if {u,} =& and lim,_, , ®(u,)=0, then u,—»0in &';

(iii) ¢ is bounded on each bounded subset of &'; and

(iv) @ is differentiable in the sense of Géteaux, i.e., there is an operator
G: ¥ ->Z* such that for any u, ve Z,

’ tio t ’

The operator G is called the gradient of @ and denoted by V' &.
We shall use the following elementary properties of & and F® without
proof:

(?,) LetueZ and u*eZ*. Then u*=pF ®(u) if and only if

u*, v —uy £ P@) — d(u) for any veZ.
(®,) P& isbounded, i.e., it maps bounded sets in & to bounded sets in Z*.
For a non-negative measurable function g on X, we define an operator T, by

Tiu=u*tng for ueZ.
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The operator T*=T, with g=co will be called the positive contraction. We
shall say that T, operates in & (with respect to @) if Tfu e % and

DPu + T, (v —u) + P — T(v — u)) £ P(u) + P(v)

for any u, ve%. If T, operates in &, then it is continuous at 0eZ. From
this it follows that if the positive contraction T* operates in £ and u,—u in &,
then u Au,eZ and u Au,»u in Z.

Hereafter we assume that & is a functional space, i.e., the following axiom
is satisfied (cf. [2]):

Axiom a. For any compact set K< X, there exists a positive constant M
such that

SK luldé < Mllu|  forall ued.
Lemma 1. If T operates in & and u,—u in &, then Tju,—»T;u weakly
inZ. '

ProOF. It is easy to see that T, is a bounded operator in %, so that {T, u,}
is bounded. By using Axiom a, we see, in the same way as [2; Lemma 2.1], that
T u,— T, u weakly in Z.

In the same way as [2; Proposition 2.1], we have the next lemma.
LEMMA 2. The contraction T; operates in & if and only if T;ue % and
FP(u+ Tfv)— Fd(u),v—Tjv) 20
forany u, veZ.

LemMA 3. Let {u,} =% be a sequence converging to ueZ and set v,
=uAu, If T" operatesin &, then T*v,»T u in &.

ProOF. By (®,) we have
D(ut — vy) = PPt — vp), ut — vy
= POt — v}), u — v,y + FPut — o), u= — v;).

Since v,—»u in & and {Fo(u*—vy)} is bounded in Z* by virtue of (&,), the
first term tends to zero as n—»oo. Since v} A (v; —u”)=0, (u* —v})+wtr=u* and
w—w"=u"—v,, where w=v,+u~. Hence by Lemma 2, we obtain

lim sup (P P(u* — vf), u™ — v;) < limsup Fd(ut), u™ — v;) = 0.
n->o n—o
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It follows that limsup,. ., ®(u* —0v;$)=<0, which implies that v} -»u* in & on
account of (ii).

CoROLLARY. If T* operates in Z, then T is continuous.

Proor. Let {u,} be a sequence in 2 which converges to ue%. Then,
by the above lemma we find that

(uvu) =((—w)A ()" — (=) A (—u) — (—u)" — (—u) = u*

in . Hence we have again by Lemma 3 that
uf =@ v u) + @ Au) —ut—ut in %,
which means that T+ is continuous.

Now we are ready to prove our main result.

THEOREM. If T* and T} operate in %, then T, is continuous.

Proor. Suppose u,—u in & and u,A0=0 for each n. Set w,=uvu,.
Then w,—u in Z, and hence (w,—u)A g—0 in & by the continuity of T, at 0.
Using (®,), we have

PUuAg—w, AGDSZTOUANG—W, Ag),UuNGgG—W,Ag)
=FOuAg—wirhg)UAg+Wa—u)Ag) =W, Ag)
—PO(u A g—w,Ag)(Wp—u)Agy.
Since T (uAg+w,—u)Ag)=w,Ag=T,w,, Lemma 2 yields
lim sup (P @(u A g = Wy A g), (U A g+ (W —U) A g) =W, A gD
élifﬂ,i}“’(V‘p(u A ungt+tw,—uyAg—w,Agy=0

with the aid of Lemma 1. Hence lim sup,_, , ®(u A g —w, A g) <0, which implies
that w,Ag—uAg in & by (ii). If we write

Uy Ag=w, Ag+UAgG Au,—uAhg,

then we see that u, A g—u A g in & by using the fact that vAu,—»vAu in & for
veZ because T is continuous. Thus our theorem is proved.
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