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Introduction

Harish-Chandra's profound investigations tell us many important facts
concerning semisimple Lie groups. The following is one of them; a connected
real semisimple Lie group G has discrete series if and only if G has a compact
Cartan subgroup. If a connected noncompact real simple Lie group has a com-
pact Cartan subgroup, its Lie algebra is of inner type. One can find the classi-
fication of real simple Lie algebras of inner type in Murakami [6]. For affine
symmetric spaces, in [3] Flensted-Jensen has proved a similar result to Harish-
Chandra's. That is to say; if an affine symmetric space G/H of a connected
noncompact real semisimple Lie group G has a compact Cartan subspace, then
the regular representation of G on L2(G/H) contains closed invariant subspaces.
Recently, in [5] Matsumoto has given a sufficient condition for that

(*). Some representations belonging to the discrete series of a connected
semisimple Lie group G appear as closed invariant subspaces in the regular
representation of G on L2(G/H). Here L2(G/H) is the space of all square inte-
grable functions on an affine symmetric space G/H with respect to the invariant
measure.

In this article, we shall sort symmetric real simple Lie algebras which satisfy
the condition in [5]. For this, we shall describe the condition in terms of the
root theory. Let (g, σ) be a pair consisting of a real simple Lie algebra and its
involutive automorphism (the so-called symmetric Lie algebra). In our case g
may be determined by a Dynkin diagram and a simple root, and σ will be charac-
terized by a Satake diagram. A classification of all symmetric real simple Lie
algebras has been shown by Berger, so that we will search the list in [2]. Also,
Flensted-Jensen has obtained a sufficient condition for (*) ([3], Theorem 7.14).
In view of the classification, his condition seems different from Matsumoto's.

Throughout the paper, we assume that Lie algebras are defined over the

field of real numbers, and we denote the dual space of a real or complex vector
space Vby V*. In addition, we denote by Vc the complexification of a real vector

space V.

1. Preliminaries

This section is devoted to recalling some basic terminology. Let g be a
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Lie algebra and σ be an involutive automorphism of g. Then a pair (g, σ) is
called a symmetric Lie algebra. Let Aut (g) be the group of all automorphisms
of g and Int (g) be the connected component of the identity element of Aut (g).
Two symmetric Lie algebras (g, σ) and (g, σ'), of the same Lie algebra g, defined
by the involutive automorphisms σ and σ', are said to be isomorphic, if there
exists an automorphism φ in Int(g) such that σ'^φσφ"1 ([2]).

Let (g, σ) be a symmetric Lie algebra. Let ί) denote the 1-eigensubspace of

σ in g and q denote the (— l)-eigensubsρace of σ in g. Then g = ί) + q (direct
sum) and ί) is a subalgebra of g. We shall refer to this decomposition of g as the
decomposition with σ. We assume that g is noncompact semisimple and we
identify the Lie algebra of Int(g) with g. Let H be the analytic subgroup of
Int(g) corresponding to I). Then there exists a Cartan involution Θ of g com-
mutative with σ, and every Cartan involution of g commutative with σ is conjugate
under //; it can be written as hθh'1 with an h in H ([4], Lemmas 3 and 4).

By (9> cr, Θ) we denote a triple consisting of a noncompact semisimple Lie
algebra g, an involutive automorphism σ of g and a Cartan involution θ of g
commutative with σ. Such a triple is called a symmetric Lie algebra, too.
Let g = l-f p be the Cartan decomposition with θ and g = ί) + q be the decomposi-

tion with σ. Then we have g = f n i ) - f ! i l q + p n l ) + pnq (direct sum) because θ

commutes with σ. Put ί)° = ί) ίl ϊ-H(ί) Π p) and q° = /(ϊ n q) + P Π q. We define
a real subalgebra g° of gc by g° = ί)0 + q°. As usual, we extend θ and σ on gc as
complex automorphisms. Then it is easy to see that; g° is θ- and σ-stable, σ
induces a Cartan involution of g°, and g° = ί)0 + q0 denotes the Cartan decom-
position with σ. Thus (g°, 0, σ) makes a symmetric Lie algebra (the so-called
dual symmetric Lie algebra).

Here we prepare some background material. Let g be a noncompact simple
Lie algebra of inner type and g = t-fp be a Cartan decomposition. We assume
that the center 3 of ϊ is nonzero. Then dim 3 = !, and there exists an element Z
in 3 such that adZ gives a complex structure on p. Such a Lie algebra is said
to be of Hermitian type. By p+ we denote the i or (— i)-eigensubspace of adZ
in pc. Fix a Cartan subalgebra t of g contained in ϊ (i.e. a compact Cartan
subalgebra). Nonzero roots of the pair (gc, tc) are called t-roots (of g). A t-root
is said to be compact (resp. noncompact) if its root subspace is contained in lc

resp. pc). A positive system of t-roots is called compatible if g+ contains p+,
where g+ denotes the sum of all root subspaces corresponding to the positive
t-roots. Also, a fundamental system of t-roots is said to be compatible if it is
contained in a compatible positive system. It is well-known that the adjoint
representation of !c on p+ is irreducible. Therefore a compatible fundamental
system of t-roots contains a unique noncompact (simple) root. In the equation,
which expresses the maximal root as a positive integral linear combination of
simple roots, the coefficient of the noncompact simple root equals 1 ([6], Theo-
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reme 1).
In the remainder of this section, we consider the condition in [5], under the

assumption that the Lie algebra is simple. Let (g, σ, Θ) be a symmetric non-
compact simple Lie algebra. Let g = ϊ) + q denote the decomposition with σ and
g = ϊ + p denote the Cartan decomposition with Θ. In the next place, we restate
the condition in [5].

MCl: g is of Hermitian type ([5], A III).

MC2: Let tq be a maximal abelian subspace in ϊ n q. Then tq is a maximal
abelian subspace in q consisting of semisimple elements of g ([5], A I).

MC3: tq contains the center of f ([5], A III).

MC4: The centralizer of tq in g is contained in ! ([5], A II).

Remark; [MC] refers to the above four statements.

LEMMA 1. Let (g, σ, Θ) be a symmetric noncompact simple Lie algebra

satisfying [MC]. Let g = ί) + q denote the decomposition with σ and g = f + p
denote the Cartan decomposition with θ. Then there exists a compact Cartan
subalgebra t of g contained in f such that t is σ-stable and t n q is a maximal
abelian subspace in q.

PROOF. Note that ! = f π ί ) + !πq (direct sum). Let tq be a maximal abelian
subspace in ! n q and m be the centralizer of tq in ! n I). Put b = a Cartan sub-
algebra of m and t = b + tq. Obviously t is σ-stable. It is easy to see that

[ϊ Π ί), ! n q] is contained in ! n q and [! n q, t Π q] is contained in f n I). Therefore
a usual argument implies that t is a Cartan subalgebra of !. Because g is of
Hermitian type, we have a required Cartan subalgebra of g.

Such a Cartan subalgebra in Lemma 1 is called compatible. Let a sym-
metric noncompact simple Lie algebra (g, σ, θ) satisfy [MC]. Let (g°, 0, σ) be
the dual symmetric Lie algebra and t be a compatible Cartan subalgebra of g, I),
q, ϊ, and p denote as in Lemma 1. Set α = t n ί) + i(t n q). Then α is a σ-stable
Cartan subalgebra of g° and its vector part is maximal. [Let g0 = ί)° + q° denote

the Cartan decomposition with σ. MC2 means that ι'(t n q) is a maximal abelian
subspace in q0.] Let η be the conjugation of gc relative to g°. Note that tc

( = αc) is ^/-stable. For α in t*, we define ηoc in tj by conj. a(η ); conj. denotes the
complex conjugate. Let (A, η) be a pair consisting of t-roots and the involution
on t* defined as above. Then the pair (A, η) becomes a normal σ-system of roots
([1], 1.5). Let {Hj'J = l,...,dimt} be a basis of it such that {Hf, j = l,...9

dim t n q} makes a basis of ι(t n q). By MC3, we may assume that iHi belongs
to the center of! and gives a complex structure on p. Let A+ denote the positive
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system of t-roots with respect to the lexicographic order on it* corresponding to

H/s.

LEMMA 2. Retain above notations. Then A+ is compatible and σ-positive',
if a positive root α is not equal to — ηa, then η<x is positive, too.

PROOF, ad H1 is an involution on pC9 hence A+ is compatible. Every t-root
takes real values on it. The conjugation η is — identity on i(t Π ί)) and identity

on i(t Π q). These imply the rest of the lemma ([1], 2.8).

In view of Lemma 2, a compatible fundamental system of roots is called

σ-fundamental if the corresponding positive system becomes σ-positive (with
respect to the dual symmetric Lie algebra). Under [MC], a compatible σ-
fundamental system will enable us to describe two real forms, symmetric Lie
algebra and its dual.

2. The principle of the classification

In this section, we shall state the principle of the classification of symmetric
noncompact simple Lie algebras which satisfy [MC]. We start with the following.

DEFINITION. Let (5, β) be a pair consisting of the Satake diagram of a
σ-fundamental system of a normally extendable irreducible σ-system of roots
([1], 2.3) and a simple root in S (we shall abuse the notation by treating as a
σ-fundamental system). (S, β) is called an mc-pair if;

mcί: In the equation, which expresses the maximal root as a positive
integral linear combination of simple roots, the coefficient of β equals 1, and

mc2: In S9 β is denoted by a white circle and connected to no circle (simple
root) by a curved arrow.

LEMMA 3. Let a symmetric noncompact simple Lie algebra (g, σ, Θ)
satisfy [MC]. Let t be a compatible Cartan subalgebra o/g. Let (S, β) denote
the pair consisting of the Satake diagram of a compatible σ-fundamental
system of t-roots and the unique noncompact simple root. Then (S, β) is an
mc-pair.

PROOF. Clearly MCX implies mcv. Let (g°, Θ, σ) denote the dual symmetric
Lie algebra of (g, σ, 0), and η be the conjugation of gc relative to g°. Then η
commutes with Θ. Hence, if a t-root α is compact (resp. noncompact), //α is
compact (resp. noncompact). Let g = i) + q denote the decomposition with σ.
Then MC2 and MC4 imply that no noncompact root vanishes on t Π q. This
means that β is denoted by a white circle in S. Since S contains a unique non-
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compact simple root, β cannot be connected to any circles by a curved arrow.

For a symmetric noncompact simple Lie algebra satisfying [MC], the mc-
pair in Lemma 3 is said to be associated. Let (S, β) be an mc-pair and D be the
Dynkin diagram which has the same shape as S. The Dynkin diagram D

determines a simple compact Lie algebra u. Let t denote a Cartan subalgebra of
u and Hβ denote the unique element in it such that βHβ = l and aHβ = Q for all
simple roots α's in S which are different from β, here we identify S with a
fundamental system of roots of the pair (uc, tc). Set Θ = QxpπίaάHβ in Int(ιιc)
and τ = the conjugation of uc relative to u. Let η be a conjugation of nc charac-
terized by the Satake diagram 5. We may assume that ηϊ — ϊ. Then mc2 implies
ηHβ = Hβ. Hence η and Θ are commutative with each other. Let g denote the
real form of uc corresponding to the conjugation Θτ. Theoerme 1 in [6] implies
that g is a noncompact simple Lie algebra of Hermitian type and t is a compact
Cartan subalgebra of g. Put σ = ητ. Since Θτ is commutative with σ, 9 is σ-
stable. Thus we obtain a symmetric noncompact simple Lie algebra (g, σ, 0),
which satisfies [MC]. The above considerations can be summarized as follows.

PROPOSITION 1. Let (S, β) be an mc-pair. Then there exists a symmetric
noncompact simple Lie algebra such that; it satisfies [MC], and the associated
mc-pair agrees with (S, β).

Let two symmetric Lie algebras (g, σ, 0) and (g, σ', 0') satisfy [MC]. Let
g = f) + q and g = r/-f q' denote the decomposition with σ and σ' respectively. We
assume that they are isomorphic. Let φ be an element of Int (g) such that σ'
= φσφ~ί. Then φfy = I)', </>q = q', and φθφ'1 is a Cartan involution commutative
with σ'. We may assume that θ' — φθφ'^ (see the section 1). Let t be a com-
patible Cartan subalgebra of (g, σ, 0). φt becomes a compatible Cartan sub-

algebra of (g, σ', 0'). Therefore, the following is an immediate consequence of
Corollary 2.15 in [1].

PROPOSITION 2. Two symmetric noncompact, simple Lie algebras which
satisfy [MC] are isomorphic, if and only if the associated mc-pairs equal each
other.

3. The assortment

By inspection of the list of Satake diagrams in [1], one obtains the following
mc-pairs. Here 0 denotes the unique noncompact simple root.

i) o— —0— —o
2) O 0 O -
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3) O O -O

O O O

4) 0 O •-

5) 0

6) 0 -O-

7) 0

8) 0-

/O

9) 0 O<

10) O-

11) O <

12) O (

13) O •-

14) O O O O-

O

15) O <

0

-0
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16) O O O O O 0

O

17) O O 0

It is interesting to see what an above mc-pair corresponds to in Berger's list
([2], chapitre IV, tableau II). Let (9, σ, θ) be a symmetric noncompact simple
Lie algebra satisfying [MC]. Let g = f -fp denote the Cartan decomposition with
θ and g = ί) + q denote the decomposition with σ. By 5 we denote the Satake
diagram removing 0 from the mc-pair associated with (g, σ, θ). Put f 1 = [ϊ, ϊ].
Then the Satake diagram $ is associated with the compact symmetric Lie algebra
(ϊ1, σ). Hence one knows the type of ϊ1 Π ί). MC3 implies that fnl^ϊ 1 Π ί).
The classification in [2] is based on the type of ϊ Π ί); Berger denotes ϊ Π ϊ) by gn.
By this procedure, one can sort the correspondings to the above mc-pairs 1),...,
17). In the following we give the list (for notations, see [2], chapitre III).

1)

2)

3) SU»(2n)/SL(n, C) + R

4), 5), 6), 7), 8), 9)

SO^nySO^h) + SO^n-h) [SO^l) = 0, 50^2) = R]

10) SO*(2n)/S00, C)

11) SO*(4π)/Sl/*(2n) + R

12) Sp(n, R)/SL(n, R) + R

13) Sp(2n, R)/Sp(n, C)

14)

15)

16) £?/SL7*(8)

17) EΪIEi + R
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