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§1. Introduction

In [7], Kaplansky introduced the notion of the radical for a field F as the
subgroup R(F)={a€F; Di{1, —a)=F} of the multiplicative group F=F —{0},
where Dp{1, —a) is the subgroup of all elements of F' which are represented by
a 1-fold Pfister form {1, —a). An interesting result concerning the radical R(F)
was given in [2] as follows: Let ¢p=<{ay,..., a,», n=2, be a quadratic form over
a field F and let ry,..., r, be elements of R(F). Then Dp(@)=Dplr ay,..., 'ya,.
This fact suggests us that the radical would play a rdle of the group F2? to some
extent.

On the other hand, in case when K is a quadratic extension field of F, Hilbert
Theorem 90 says that N-!(F2)=F . K2, where N: K—F is the norm map. Re-
placing groups of squares 2 and K2 by radicals R(F) and R(K), we can set up a
conjecture: N-1(R(F))=F-R(K). This conjecture is valid if F is a pre-Hilbert
field and |F/R(F)|<o ([5]). In case when |F/R(F)|=c0, we shall introduce
topologies on the groups F/F2, K/K? so that the norm map N: F/F2->K/K? is
continuous and R(F) is closed. Therefore the conjecture, which we call ‘H-
conjecture’, must be of the form: N-1(R(F))=(F - R(K))~, where the bar means
the topological closure of F-R(K). In case when F/R(F) is finite, the topology
can be neglected.

The main purpose of this paper is to show that if F is a pre-Hilbert field and
K=F(\/a), a& R(F), then N~Y(R(F))=(F - R(K))™.

In the forthcoming paper, part II, we shall discuss the case of a quadratic
extension K=F(\/E), a € R(F), where F is not necessarily assumed to be a pre-
Hilbert field.

§2. Definitions and preliminaries

In this section, we set up the definitions and notations to be used in this paper,
and state some basic facts about quadratic forms.

By a field F, we shall always mean a field of characteristic different from two.
Let F denote the multiplicative group of F. Diagonalized quadratic forms over
F are denoted by @p=<{xy,..., X,», and we define D(p)={a € F | ¢y represents a}.
If De(p)=F, ¢ is called universal. - To simplify the notation, we denote Dy({x,,



444 Daiji KumMa and Mieo NisHI

ooy Xp») bY Dpxy,..., X,». A subgroup of central importance throughout will
be the radical R(F)={x€F|Dy{1, —x)=F}. Another formulation is R(F)=
Nyer Dr{1, —x). The fields with a unique nonsplit quaternion algebra were
called pre-Hilbert fields by L. Berman [1], instead of generalized Hilbert fields.
We also use the term pre-Hilbert.

The following propositions are stated in [2], [3] respectively.

PROPOSITION 2.1. Let ¢ be a quadratic form over a field F with diagonali-
zation {@y,..., a,y, n=2. And let ry,...,r,€ R(F). Then D(¢p)={ria,..., r,a,.

PROPOSITION 2.2. Let F be a pre-Hilbert field. For a, beF,
Dg<1, —a) = Dg{1, —b) if and only if abe R(F).
ReMARK. The if part is valid for any field from Proposition 2.1.

In [2], Proposition 2.1 is stated under the assumption that F is a non-formally
real field, and in [3] Proposition 2.2 is stated under the assumption that F is a
non-formally real field with |F/F2|<c. However, Proposition 2.1 is valid for
any field, and Proposition 2.2 is valid for any pre-Hilbert field.

PROPOSITION 2.3. A field F is a pre-Hilbert field if and only if Dg{l, —b)
has index 1 or 2 for every be F and has 2 for at least one be F.

The if part of this well known result was first observed by Kaplansky [7].
The following three lemmas will be used frequently in this paper.

LeMMa 2.4 ([4], Lemma in §2). Let F be a field. Then for any a, be F,
D1, —a) N D1, —b) = D1, —ab).

LEMMA 2.5 ([1], Lemma 3.5). Let F be a field, and K=F(\/a), ae F —F>2.
If xe F, then

D1, —x> N F = Dp1, —x>-Dp{1, —ax).

LemMA 2.6 ([6], Norm Principle 2.13). Let ¢ be a form over F, and K=
F(/a), aeF—F? Let N=Ng/p denote the norm map from K to F, and xe K.
Then, N(x) € Di(¢) - De(@) if and only if x € F - D(¢).

In particular, if ¢ is a 1-fold Pfister form {1, —b), Dx(¢) is a subgroup of F.
Then Norm Principle says that N(x) € Dp{1, —b) if and only if x € F- D1, —b),
i.e. N"1(Dg{1, —b))=F-Dg{l, —b}.

Let A be a set. Then we denote the cardinality of 4 by |A]. Let A, iel,
be a family of subsets in A. We say that the intersection N A4;, is irredundant if
A;$P N Ajforeveryiel. Let G be a group and A be a subset of G. Then we
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denote by (A4) the subgroup of G generated by the set A.

§3. Properties of a pre-Hilbert field

In this section, we investigate some characterizations and properties of a
pre-Hilbert field.

LeMMA 3.1. Let V be an n-dimensional vector space over Z,=Z/[2Z.
Then the number of (n—1)-dimensional subspaces of Vis 2" —1.

The proof is elementary and omitted.

DEFINITION 3.2. We put Up,=F/R(F). A subgroup A of Uy is called a
P-group if there exists an a € F — R(F) such that A=Dg{1, —a)/R(F).

PROPOSITION 3.3. Let F be a field with dim,, Ur=n<oo. Then the follow-
ing statements are equivalent:

(1) F is a pre-Hilbert field.

(2) n=1 and any (n—1)-dimensional subspace of Ug is a P-group.

Proor. (1)=>(2): Let L be the set of P-groups in Ug, and let f be the map
from F—R(F) to L, defined by f(a)=Dg{1, —a)/R(F). Then, using Propo-
sition 2.2, we have the induced map f from the set Up— {1} to L; namely, f(a@)=
f(a), where @ means a mod R(F). The map f is injective. The surjectivity of f
is clear, and so |[L|=2"—1. Now Lemma 3.1 and Proposition 2.3 show that
any (n— 1)-dimensional subspace of U is a P-groups.

(2=(1): In this case, f is well-defined and surjective from Remark of
Proposition 2.2. So |L|<2"—1. The statement (2) and Lemma 3.1 imply that
any P-group has index 2 in Uz. Now apply Proposition 2.3. q.e.d.

In order to analyse some conditions which characterize a pre-Hilbert field F
with |Ug| < oo, we need some lemmas on a vector space over Z,.

LeMMA 3.4. Let V be a vector space over Z,, and W, (i=1,...,t) be sub-
spaces of index 2 in V. If N <;<, W, is irredundant, then V| N W, is a t-dimen-
sional vector space.

PrROOF. We use induction on t. By the induction hypothesis, we can see
that V/Ni<ige-1 W, is (t—1)-dimensional. Since W, N ;<;<,-1 Wi, we have
Wi+ Nizisi-1 Wi=V. So VIW,=Ni<ici—1 Wil/N1<j<cW; is a 1-dimensional
vector space. © q.e.d.

LeMMA 3.5. Let V be an n-dimensional vector space over Z,, and W,
(i=1,...,t) be subspaces of V such that for any j=2,...,t, N\i<i<j-1 W:EW,.
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If dim V/W, 22, then t<n.

LeMMA 3.6. Let V be a vector space over Z,, and W, (i=1,...,t) be sub-
spaces of V such that N, <;<, W, is irredundant. If dim V/N\;<;<, W;=t, then
for any i, dim V/W,=1.

The proofs of these two lemmas are easy and omitted.

From now on, for a subset B of F, N,.zDr{(1, —b)> will be sometimes
denoted by I(B), or simply by I(B) if there is no fear of confusion. For a subset
C of Uy, we also write I(C)=I«(C)=\;p Dr{1, —d) where D is the inverse
image of C by the canonical homomorphism ¢: F—»Up=F/R(F). If C={x},
I(x) stands for I({x}). By Remark of Proposition 2.2, for any a € ¢~(x), I(x)=
I(a)=Dg{1, —a).

PRrOPOSITION 3.7. For any field F and xe Uy, B€ Uy, the following state-
ments hold:

(1) If xe{B), then I(x)=21(B).

(2) If<{B>=U, then I(B)=R(F).

(3) If Niepl(x) is irredundant, then B is linearly independent in Ug.

Proor. (1) Since x € {B), there exist y,,..., y,€ B such that x=y,;.---- y,.
Then by Lemma 2.4, I(x)2 N <3<, I(y) 21(B). -

(2) Using (1), we have I(B)=I(Ug)=R(F).

(3) If Bis linearly dependent, then there exist x, yi,..., ¥, € B such that x=
Vi -y, and x#y; for any i. The assertion (1) implies that I(x)2 N <;<, 1))
which contradicts the assumption of (3). q.e.d.

We now consider the following three conditions which are the converse of the
statements (1), (2) and (3) in Proposition 3.7.

(A-1) If I(x)=1(B), then x € {B).

(A-2) If I(B)=R(F), then {B)=U.

(A-3) If B is linearly independent in U, then N, I(x) is irredundant.

PROPOSITION 3.8. Let F be a pre-Hilbert field, and B be a finite subset of
Ur. Then for xe U, (A-1) holds.

Proor. There exists a subset B’ B such that I(B)=I(B')=\ g I(y) is
irredundant. Let B'={y,..., y,}. By (3) of Proposition 3.7, {y,,..., ya} is
linearly independent. Since U/I(y;) is a 1-dimensional vector space, it follows
from Lemma 3.4 that U/ ,p I(y) is an n-dimensional vector space. Let K be
the set of P-groups I(x), xe{(B’Y. Let L be the set of P-groups which contain
I(B), and M be the set of subspaces of index 2, containing I(B), in U. Then
KcLc M. Thefirst inclusion is clear and the second one follows from Propo-
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sition 2.3. Using Proposition 2.2, we see that |[K|=2"—1 and |M|=2"-1,
because Ug/I(B) is an n-dimensional vector space by Lemma 3.4. Hence K=L
and the proof is completed. q.e.d.

COROLLARY 3.9. Let F be a pre-Hilbert field with |Ug|<oo. Then-the
following statements are satisfied.

(1) For any xe U and any B2 U, (A-1) holds.

(2) For any Bc U, (A-2) holds.

(3) For any B U, (A-3) holds.

ProoF. The assertion (1) follows immediately from Proposition 3.8. More-
over we can readily see that (1) implies (2) and that (1) implies (3). q.e.d.

Conversely, if |Ug| <o, then the statements (1), (2) and (3) of Corollary 3.9
characterize a pre-Hilbert field.

PROPOSITION 3.10. Let F be a field with 1#|Ug|<oo. If any one of the
statements in Corollary 3.9 holds, then F is a pre-Hilbert field.

Proor. It is enough to show that (2) or (3) characterizes F being a pre-
Hilbert field. '

(2): For B Uy, I(B)=R(F) implies (B)=U. Suppose F is not a pre-
Hilbert field. Then we can find a; € U such that dim U/<a;)=2. We can con-
struct a sequence {a,, a,,..., a,} inductively, such that I(a,,..., a))$1(a;,,) for
any j=1,...,t—1, and I(a,,..., a)=R(F). By Lemma 3.5, t<dimU. Hence
{aj,..., a,y#U. But this contradicts the hypothesis of (2).

(3): For B U, if B is linearly independent, then N, I(x) is irredundant.
Let {a,,..., a,} be a free base of U over Z,; then by (3), N, <;<, I(a;) is irredundant.
Since dim U/I(a;)=1 for any i, dim U/N,;<,I(a;)2t, and hence is equal to t.
By Lemma 3.6, dim U/I(a;)=1 for any i. Now any non-unit element can be
chosen as a member of a free base, and therefore for any x e U, dim U/I(x)<1.
Apply Proposition 2.3. q.e.d.

We end this section with the following proposition.

PROPOSITION 3.11. Let F be a pre-Hilbert field, and B be a subspace of U
such that dim U/B=1. If B contains a finite intersection of P-groups, then B
is a P-group.

PrROOF. We can assume that B contains an irredundant intersection
Ni<isal(a). Then {ay,..., a,} is linearly independent in U. By Proposition
2.2, the number of P-groups which contain N c;<,I(a;) is at least 2"—1. . Since
any P-group has index 2 in U, Lemma 3.1 yields that B is a P-group. g.e.d.
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§4. Applications of 1(A)

By abuse of notation, we also denote I(A4)/R(F) by I(A), where A is a subset
of U.

LEmMMA 4.1. Let F be a field. Let x and y be elements of U. Then, x € I(y)
if and only if y e I(x).

PrROOF. Let x’ and y’ be representatives of x and y in F, respectively. Then

x e I(y) if and only if x’ € Dg{1, —y’>, and similarly, y € I(x) if and only if y'e
Dg{1, —x'). The assertion follows immediately from these observations.

g.e.d.

PROPOSITION 4.2. Let F be a field. For a subset A of U, we have
I(4) ={xeU|A < I(x)}.

ProOOF. The assertion x € I(A) is equivalent to saying that x € I(a) for every

a€ A, and the latter statement is equivalent to the fact a € I(x) for every ae 4
by Lemma 4.1. This observation implies that x € I(4) if and only if A <I(x).

g.e.d.

For a subset A of U, we put E(A)=I(I(A)).

PROPOSITION 4.3. Let F be a field. Then for subsets A, B€ U, the following
statements hold:

(1) If A<B, then E(A)<E(B).

(2) AcE(A).

(3) E(E(A))=E(A).

PrOOF. Suppose that x € E(4). Then, by Proposition 4.2, we have I(A)<
I(x), and therefore I(B)<I(x). Again by Proposition 4.2, we see that x € E(B).
Thus the assertion (1) is settled.

The assertion (2) follows immediately from the definition.

As for the assertion (3), we first show that I(E(4))=1(A4). In fact, if x € E(4),
then I(A)=I(x) and so I(A)<I(E(A)); conversely, since A< E(A), I(E(A)) <I(A).
Suppose now that x e E(E(A)). Then I(E(A))<I(x) and so I(A)<I(x), which
implies that x € E(A). Conversely, if x € E(4), then we can show that x € E(E(4))
similarly. q.e.d.

COROLLARY 4.4. For a subset A of U, E(A) is the intersection of all P-
groups which contain A.

ProOOF. From (2) of Proposition 4.3, it is clear that E(A4) is an intersection



Kaplansky’s radical and Hilbert Theorem 90 449

of some P-groups which contain A. So it is enough to show that any P-group
which contains A also contains E(A4). If I(x)2 A, then xeI(A)=I(E(A)) and
hence I(x)2 E(A). q.e.d.

PROPOSITION 4.5. Let F be a field. The following statements are equiva-
lent:

(1) For any xe U, E(x)={(x).

(2) If for a,beU, I(a)=I1(b), then ab=1€eU. Moreover any two P-
groups are incomparable.

Proor. (1)=>(2): We assume that I(a)=1I(b). Then ae E(b) by Propo-
sition 4.2. So ae(b), and so ab=1. We now assume that I(a) and I(b) are
P-groups (i.e. a#1, b#1) and I(a)&I(b). Then we have b=a by the fact be
E(a)=<{a). But this contradicts the assumption I(a) & I(b).

The implication: (2)=>(1) is similar and the proof is omitted. q.e.d.

COROLLARY 4.6. Let F be a pre-Hilbert field. Then for any xe U, E(x)=
x).

Proor. It follows from Proposition 2.3 that F satisfies the statement (2) in
Proposition 4.5. g.e.d.

Let F be a field, and K=F(\/a), aeF—F2. Then there is an interesting
characterization of R(K)n F.

PROPOSITION 4.7. Let F be a field and K=F(\/a), ae F—F2. For beF,
the following statements are equivalent:

(1) beR(K).

(2) Ix(b)=21g(a) and Ix(b)-Ix(ab)=F.

Proor. (1)=>(2): By Lemma 2.6 (Norm Principle), N(Dg{1, —bd)<
Dp{l, —b)>. Let b be an element of R(K). Then Dy {1, —b>=K. Hence,
Dp{l, —ad=N(K)=N(D {1, —bd)=Dg{1, —b), hence I(b)21-(a). By Lem-
ma 2.5, D1, —b>-Dp{l, —abd=Dy{1, —b>NF=F, ie. Iy(b)-Ig(ab)=F.

(2)=>(1): We must show that Dg{1, —b) is universal. The fact I(b)-I¢(ab)
=F shows that Dg(l, —bY2F. Hence Dy{l, —bd=F.Dy{1, —b>. By the
corollary to Lemma 2.6, N~} (D1, —bd)=F.Dy{1, —b>. The another as-
sumption Iz(b)=2I(a) shows that N(K)=Dz{1, —b>. So K=N"1(Dg1, —b))
=F-Dg{l, —b>=Dg(1, —b). q.e.d.

COROLLARY 4.8. Let F be a field and K=F(\/a), a€ F—F2. Let a be the
image of a in U. If E(@)={a), then R(K) N F ={R(F), a).

ProoF. The fact that N-Y(Dp(l, —bY)=F.Dg(l, —b)> implies R(F)<
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R(K). Thus it is obvious that R(K) N F2<R(F), a). Conversely, it follows from
Proposition 4.7 that I(a)<I(b) for any be R(K)NF. Let b be the canonical
image of bin U. Then b eI(I(ad))=E(a)=<a). Hence b=1 or a; hence R(K)
N F={R(F), a). q.e.d.

LEMMA. Let V be a finite dimensional vector space over Z,. Then any
subspace of V can be expressed as a finite intersection N W; of subspaces of W;’s
such that dim V/W;=1 for any i.

The proof of this lemma is easy and omitted.

PROPOSITION 4.9. Let F be a pre-Hilbert field, and X be a subspace of Ug
containing a finite intersection of P-groups. Then E(X)=X.

Proor. By Proposition 3.11, any subspace of index 2 in Uy, which contains
a finite intersection of P-groups, is a P-group. By the above lemma, X can be
expressed as an intersection of P-groups. Apply Corollary 4.4. q.e.d.

§5. The relation between Uy and Uy

Throughout this section, we let F be a field, and K=F(,/a) be a quadratic
extension of F.

LEMMA 5.1. N-Y(R(F))=F - R(K).

PrOOF. From Norm Principle, N~(D;{1, —b))=F-Dy{l, —b) for any
beF. Let fa be an element of F-R(K), where fe F and a« e R(K). Since fae
F.Dy(l, —b) for any be F, N(fa)e Dg{1, —b) for any be F. Hence N(fa)
€ R(F). q.e.d.

LemMA 5.2 ([2], Corollary to Proposition 3). R(K) n F2(R(F), a).
By Hilbert Theorem 90, there is an exact sequence (A);

(A) 1 — FIKF?, aY —5, KJK2 N, FJF2,
From (A), we get a sequence (B);

B) 1 — Ugl{a) 5 U, N, U,

where, x (resp. y) being a representative of X in F/{F2, a) (resp. y in K/K?),
&X)=¢(x) mod R(K) and N(y)=N(y) mod R(F). Here note that £ and N are
well-defined by Lemma 5.1 and Lemma 5.2.

PROPOSITION 5.3. The following statements hold:
“(1) (B) is exact at Ug/{a) if and only if R(K) N F ={R(F), a).
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(2) (B) is exact at Uy if and only if N"Y(R(F))=F - R(K).

PrOOF. We consider the following commutative diagram, where & and N
are the restriction maps of ¢ and N respectively. It is clear that the sequences (2),
(4), (5) and (6) are exact.

1 1 1
| N
1 — <a, R(F))[{a) = R(K)—> R(F)------(1)

L Lo .
1— F/{a, F*) —°  K/K? X, F|F2...... (2)=(4)

l . b5
[ —— UF/<a> < Uk > Up - (3)=(B)
l l l
! ! !
@) Q) (6)

Then, (B) is exact at Ug/{a)<>¢ is injection

<R(K) N F[{a, F?)={a, R(F))/<{a)

<R(K) n F={a, R(F))»

(=>(1) is exact at R(K)).
(B) is exact at Ug<>N"1(R(F))=<{R(K), F/{a, F?)><>N-Y(R(F))=F - R(K) (<N
is onto). q.e.d.

COROLLARY 5.4. Let F be a pre-Hilbert field. Then & is an injection.

ProoF. The assertion follows immediately from Corollary 4.6, Corollary
4.8 and Proposition 5.3. q.e.d.

Let K=F(\/a), ae F—F?, be a quadratic extension of F. We say that K
is a radical extension if a € R(F), and a non-radical extension otherwise.

COROLLARY 5.5. Let K be a radical extension of F. Suppose that dim Uy
=n<o. Then, N"}(R(F))=F-D(K) if and only if dim Ug=2n.

ProoF. By Proposition 5.3, it is enough to show that R(K) N F=R(F).
By Lemma 2.5, Dg<{1, —x) N F=Dg{l, —x) for any xe€F, and the assertion
follows from Lemma 5.2. q.e.d.

COROLLARY 5.6. If dim Ug/Ig(a)=1 (K must be a non-radical extension)
and dim Up=n< oo, then N"Y(R(F))=F - D(K) if and only if dim Ugx=2(n—1).

ProOF. It is easy to show that E({a))=<{a), where {a) is considered as a
subgroup of Up. Hence £ is injective, and the assertion is obvious. q.e.d.
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§6. H-conjecture when |Uy| < oo

Throughout this section we assume that F is a pre-Hilbert field and K=
F(\/a—) is a non-radical quadratic extension, i.e. a¢ R(F), unless otherwise stated.
We need several results in [S], and so we borrow them here. We shall give a
proof of one of them, Proposition 6.5, which is based on a different idea from that
in [5], as a preliminary step to § 7, the main part of this paper.

LeMMA 6.1 ([5], Proposition 2.6). For x € K— N~1(R(F)), we have F-Dg{1,
—x>=K.

Lemma 6.1 does not need the assumption that ae& R(F).

LeMMA 6.2 ([5], Corollary 3.4). If xeK, then FnDg{l, —x>=D1,
— N(x)>.

LEMMA 6.3. For x € N"\(R(F)), we have Dg(1, —x>2 N-1(R(F)).

Lemma 6.3 is given in the proof of [5], Proposition 3.7, by using a transfer
method.

LEMMA 6.4 ([5], Theorem 3.8). If F is non-formally real, then K is a pre-
Hilbert field. '

PROPOSITION 6.5 ([5], Proposition 3.9). If |Ug|<oo, then N~Y(R(F))=
F-R(K).

PrOOF. By Lemma 5.1, N-Y(R(F))=F-R(K). Conversely we take an
element x€ N~!{(R(F))—R(K). Then by Lemma 6.3 and Lemma 6.4, N(Dg{1,
—x>)/R(F) has index 2 in N(K)/R(F)=1I(a). By Proposition 4.9 and Corollary
4.4, N(Dg<1, —x»)/R(F)=Ig(a) n Ix(b) for some be F—{a, R(F)). Then D1,
—x>=N"YDg{l, —b))=Dg{1, —b), and hence bx € D(K) by Proposition 2.2.

g.e.d.

The following Lemma 6.6 is valid for any field F and any quadratic extension
K.

LEMMA 6.6. N~Y(R(F)) = Ny F - Ig(b).

PROOF. Let x be an element of K. Then x e N"}(R(F)) if and only if N(x)e
Ix(b) for any b & F, and the latter statement is equivalent to the fact that x € F - I (b)
for any b e F (Norm Principle). g.e.d.

In particular, by Lemma 6.2, I(b)2F for any be F; therefore N~!(R(F))
= Nper Ix(b)- '
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We can generalize Proposition 6.5 as follows.

LEMMA. Let V and V' be vector spaces over Z,, and f: V-V’ be a linear
map. Let W, i=1,..., n, be subspaces of V such that dim V/W,=1 for any i and
Kerfe nW. If nW,and n f(W,) are both irredundant, then f( n W)= n f(W).

Proor. It is clear that f(n W)< n f(W,). It follows from Lemma 3.4 that
dim V/n W;=n. So dimf(V)/f(n W;)=n by the assumption that Kerf< n W,.
Since dimf(V)/f(W)=1 for any i, dim f(V)/n f(W,)=n, again by Lemma 3.4.
This implies that f( n W)= n f(W). q.e.d.

PROPOSITION 6.7. Suppose that, for any x € N"Y(R(F)), there exists a finite
subset B of F such that Iy(x)21(B). Then N~'(R(F))=F - D(K).

ProOF. We may assume that Ix(B)=\,p Ix(y) is irredundant. Then B is
linearly independent in Ug by Proposition 3.7 (2). Hence B is linearly inde-
pendent in U,/<a, R(F))>. By Proposition 3.8, for a finite subset B< Uy, (4-3)
holds. This shows that N, gIp(y)NIg(a) is irredundant, because BU {a} is
linearly independent in Up. On the other hand, N(Ig(y))=1I1¢(y) n Ix(a) for any
yeF by Norm Principle. Then the above lemma says that N(Ix(B))=IxB)n
I(a). Hence N(Dg<1, —x))2Ix(B) N Ix(a), and by Proposition 4.9, E(N(Dg{1,
—x))/R(F))=N(Dg{1, —x)»)/R(F). By Corollary 4.4, there exists beF—{a,
R(F)) such that N(DgLl, —x>)/R(F)=Iga)nIg(b). Then Di{l, —x)=
N-Y(Dg{1, —b))=Dg(1, —b), which implies that bx e R(K) by Proposition 2.2.

q.e.d.

§7. Topologies on U induced by P-groups

In what follows, we let K be a non-radical quadratic extension of a pre-
Hilbert field F, namely K="F(,/a) with a¢ R(F).

Let G be an abelian group and {P;},; be a non-empty family of subgroups
of G. Let {R;};.; be the set of all finite intersections of P;’s. We first state the
following two propositions based on the theory of topological groups.

PROPOSITION 7.1. There exists a unique topology S of G so that G becomes

a topological group under S and {R;};.; is a complete neighbourhood system of
the unity of G.

PROPOSITION 7.2. Let M be a subset of G. Then we have M={xeG|
XR; N M #¢ for any jeJ}, where the bar means the topological closure.

DEFINITION 7.3.  We consider the following three kind of topologies S, S,
and S; on K:
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(1) S, is defined by {P;} ={Ix(x)|x e K}.
(2) S, is defined by {P;}={Ix(x)|xe N~ (R(F))}.
(3) S, is defined by {P;} ={Ix(x)|x e F}.

PROPOSITION 7.4. The following statements are equivalent:
(1) N-Y(R(F)) = F-R(K).
(2) The topology S, coincides with the topology S;.

Proor. We first assume the equality (1). Since Iy(x)=Igx(xy) for any
x €K and any y € R(F), we have {I(x)|x e N"Y(R(F))}={Ix(x)|x € F}.

Conversely, suppose that the assertion (2) holds. Then, for any xe
N-!(R(F)), we can find a finite subset B of F such that I (x)2Ix(B). Apply
Proposition 6.7. q.e.d.

LEMMA 7.5. Let G be an abelian group with the unity e. Assume that for
any xe€G, x>=e. Let {P;};.; be a family of subgroups of G and S be the to-
pology defined by {P;};.;. Then for a subset M of G, M= nR;M. In particular
{e}=Nia Ps.

The assertion follows immediately from Proposition 7.2.

PROPOSITION 7.6. If F is not formally real, then the topologies S, and S,
are different to each other.

ProOOF. Suppose, on the contrary, that the topologies S; and S, coincide.
Then for any x € K — N~!(R(F)), we have I (x)2I(B) for some finite subset B of
N~Y(R(F)). Since K is a pre-Hilbert field by Lemma 6.4, it follows from Propo-
sition 3.8 that x € (B, R(K)) = N~1(R(F)). This is a contradiction. q.e.d.

We define the topology on F by {P;}={Ix(x)|x€F}. By Lemma 7.5, we
see that R(F)= N P;={e} is a closed subgroup.

LemMa 7.7. For any topology S; 1<i<3, on K, the norm map N: K—F
is continuous.

Proor. We have only to show that N is continuous at the unity 1 of K.
Let V be a neighbourhood of the unity 1 of F, namely V=\,Ix(x) for some
finite subset B of F. Since N(Ix(x)) =Ig(x) by Norm Principle ([8], VII, Theorem
4.3), we see that N(Ig¢(B))<Ix(B)=V. We can readily see that I¢(B) is a neigh-
bourhood of 1 €K for any topology S;. Thus the assertion is settled. q.e.d.

In order to prove our main theorem (Theorem 7.9), we need the following

LEMMA 7.8. Let V be a vector space over Z,, and W; (i=1,..., n) be sub-
spaces of V such that dim V/W;=1 for any i. Suppose that Ni<i<, W; is ir-
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redundant and let I be a subset of {1,..., n}. Then we can find an element x of V
so that xe W, for ieI and x&W,; for j&1.

Proor. We see that |[V/N\; <;<, Wi|=2" by Lemma 3.4. Let L be the set of
all subsets of {1,..., n}. We define a map ¢: V/n W,»L by o(x)={i|xe W]},
where x is a representative of X in V. We can readily see that the following two
statements concerning elements x and y of V are equivalent: (1) x+ye nW,
(2) For any i, x € W, if and only if y e W,. This equivalence implies that ¢ is well-
defined and that ¢ is injective. Since |V/n W;|=|L|=2", ¢ is surjective. Thus
the proof is completed.

THEOREM 7.9. Let K be a non-radical quadratic extension of a pre-Hilbert
field F. Then we have N~Y(R(F))=(F - R(K))~, where the bar means the topo-
logical closure with respect to the topology S,.

ProoF. Since N"Y(R(F))=F - R(K), R(F) is closed in F and N is continuous,
it is clear that N-Y(R(F))=(F-R(K))~. Conversely, we take an element o of
N-1(R(F)). By virtue of Lemma 7.5, we have to show that for any finite subset
X of K, aeI(X)-F.

Step 1. First we show that we may assume X N N"!(R(F))=¢. Let X=
X, U X, be the partition of X such that X, N N"!(R(F))=¢ and X,<= N~1(R(F)).
Then, since F<I(X,) by Lemma 6.2, we see that I(X)-F=(Ix(X,) N I(X,))-F
=I(X,)-FnIgX,). Lemma 6.3 implies that N~!(R(F))<Ix(X,). Therefore,
to show that a € I(X)- F, we have only to prove that a eI (X,)-F.

Step 2. In this step we prove our theorem under the additional assumption
that Ig(N(X))=Nx Dp{l, —N(x)) is irredundant. What we have to do is to
find an element fe F such that fa e I (x) for any xe X. Note first that I (x) n F
=I4(N(x)) by Lemma 6.2 and I(x) has index 2 in K by Lemma 6.4 for any x € X.
It follows from these observations that, x being an element of X, if a € I(x), then
Sfaelg(x) for any fe Ix(N(x)) and if ag Ix(x), then fa € Ix(x) for any f & I(N(x)).
Therefore it is sufficient to show that there exists fe F such that for any xe X,
o € Ix(x) if and only if fe I{(N(x)). Let I be the subset of X such that I={xe X |
aely(x)}. Apply now Lemma 7.8.

Step 3. Finally we consider the general case. Let Y be a subset of X such
that Ip(N(x))=\,y If(N(y)) is irredundant. Then, by Step 2, we can find an
element fe F such that faeI(Y). We then show that fa e I (x) for any x € X.
It follows from Proposition 3.8 that N(x)e{N(Y), R(F)) because of the fact
I{(N(x))2 nI(N(Y)). Therefore x=g-y,-----y,, where ge N~Y(R(F)) and
V1>---» Ya€Y. Then, fais an element of Ix(g) N (N <i<n Ix(y:)), which is contained
in Ix(x) by Lemma 2.4. Thus we see that fa e Ix(x) and the proof is completed.
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