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Introduction

Recently Togo [6, 7] introduced the notions of weakly subnormal and weakly
ascendant subgroups and investigated their properties. On the other hand,
Honda [2] introduced the notion of weakly serial subalgebras in Lie algebras and
investigated its property.

In this paper, following the paper [2] we shall introduce the notion of weakly
serial subgroups generalizing those of serial subgroups and weakly ascendant
subgroups, and develop its property in some types of groups.

Let H be a subgroup of a group G. In Section 2 we shall show that when
G e L(Ind(wser)-Fin), H is weakly serial in G if and only if H is serial in G, where
Ind(wser)-Fin is the class of all groups in which every non-trivial weakly serial
subgroup is of finite index (Theorem 6). We shall also show that if G is locally
finite, then H ser G is equivalent to each of the following conditions: (a) H ser K
for any subgroup K of G containing //; (b) //ser<//, x> for any xeG; (c)
Hser<//, [x, //]> for any xeG; (d) for any xeG, there exists an n = n(x)eN
such that //ser<//, [x, „//]> (Theorem 10). In Section 3 we shall show that
when G e L(<i)g, G/ζ^G) is countable and H e 9t, then H is serial in G if and only
if H is α>2-step descendant in G (Theorem 15). In Section 4 we shall give a char-
acterization of descendant subgroups (Theorem 17).

The auther expresses his thanks to Professor S. Togo for his valuable advice
and suggestions in preparing this paper.

1.

Let G be a group. As usual, χy = y~ίχy and [x, y] = x~1y~1xy for x, yeG.
For non-empty subsets X, Y of G, we write Xγ = (xy: xe X,y e 7>; [X, 7] =
<[x, y\: xeX, ye Y>; [X, 0 Π = <*>, [X, n+iΠ = LίX9 nΠ, T\ for any integer
n>0.

If// is respectively ascendant, σ-step ascendant, descendant, σ-step descendant
and subnormal in G, then we write

HascG, //<iσG, //descG, H^σG and //snG,

where σ is an ordinal. Let H< G. Then we write
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HG>° = G, HG>*+X = HHGx and HG>λ = Γ\a<λH
G<"

for all ordinals α and all limit ordinals λ. We know that for an ordinal σ σ

if and only if ifG ' = f/.

Let H<G and let Σ be a linearly ordered set. A series from H to G of type

2" is a family {Λσ, Vσ: σeΣ} of subgroups of G such that

(a) each Λσ and Fσ contains H,

(b) G-f^W^^-K,),

(c) Λτ<Vσ if τ < σ,

(d) Vσ^Λσ.

H is called serial in G if there exists a series from if to G of type Σ for some Γ.

We then write H ser G.

Togo [6] introduced the following notion generalizing that of ascendant

subgroups: For an ordinal σ, if is a σ-step weakly ascendant subgroup of G,

denoted by H<σG, if there exists an ascending series (Sα)α<σ of subsets of G such

that

(a) S0 = H and Sσ = G;

(b) if α is any ordinal <σ, then x~1Hx ^ SΛ for any x e Sα+1

(c) Sλ = \Jα<λ Sα for any limit ordinal λ<σ.

H is a weakly ascendant subgroup of G, denoted by H wasc G, if H <σ G for some

ordinal σ. When σ is finite, if is a weakly subnormal subgroup of G, denoted by

H wsn G.

Now we introduce the following notion generalizing those of serial subgroups

and weakly ascendant subgroups. For a linearly ordered set Σ, we define a weak

series from H to G of type Γ to be a family {Λσ, Vσ: σ e Σ} of subsets of G such that

(a) f f c ϊ ς c ^ c G for all σ,

(b) G-H = \jσmΣ(Λσ-V9),

(c) Λτc:J/,ifτ<σ,

(d) x '^xcK, for any x 6 Λ,,

(e) HVσ=Vσ.

We write H<ΣG if there exists a weak series from H to G of type Σ. We call

H a weakly serial subgroup of G if if < J G for some linearly ordered set Σ9 and

write H wser G. Note that if H<ΣG and Γ is well-ordered, then H wasc G.

As usual, 5» ©» E ί̂ and 91 are the classes of finite, finitely generated, solvable

and nilpotent groups respectively, and Min is the class of groups satisfying the

minimal condition for subgroups.

For a class X of groups and Δ =<i, sn or <, we write G e L(Δ)X if for any

finite subset X of G there exists an 3£-subgroup if of G containing X such that

ffJG. In particular, we write LX for L ( < ) X . The class L(<ι)g is identical

with the class M 5 of locally normal and finite groups in [4, p. 36]. For H<G

we also write G e L(if)5 if for any finite subset X of G there exists an H-
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invariant 3r-subgroup of G containing X.
Let S be a non-empty set. A local system L on S is a collection of subsets

of S such that every finite subset of S is contained in some member of L.
Any notation not explained here may be found in [3].

2.

We begin by showing some elementary properties of weakly serial subgroups.

LEMMA 1. Let G be a group.
(1) IfH<Σ G and K<G, then Hf]K<ΣK.
(2) Let f be a homomorphism of G onto a group G. If H<ΣG and

Ker/< H, then /(//)< ΣG. If H <ΣG, then f~γ{H)< ΣG.

PROOF. Assume that H<ΣG and let {Λσ, Vσ\ σeΣ} be a weak series from
H to G. Then {Λσ nX, Vσ Π K: σeΣ} is a weak series from H Π K to K and
H (]K<ΣK. If furthermore Ker/<//, then {f(Λσ)J(Vσ): σeΣ} is a weak series
from f(H) to G and f(H)<ΣG.

Assume that H<ΣG and let {Λσ, Vσ: σeΣ} be a weak series from H to G.
Then {f-ι(Λσ)J-ι(yσ): σeΣ} is a weak series from f-^H) to G a n d / - 1 ^ ) ^ 1

G.

Next, following the line of the paper [1], we shall give some characterizations
of weakly serial subgroups.

LEMMA 2. Let G be a group and let H<G. Then //wserG if and only
if there exists a binary relation c: on G satisfying the following conditions, where
x, y, zeG:

( i ) xay and yczz imply xaz.
(ii) Either x c j or yax.
(iii) If heH, then hax.
(iv) IfheH and x^H, then x<χhx.
(v) If he H and y<Xx, then y(Xhx.

PROOF. Let {Λσ, Vσ: σeΣ} be a weak series from H to G. For any xe
G — H there exists the unique element σ(x) of Σ such that xeΛσ{x)—Vσ(x). For
any Ziei/we write σ{h) = σ{ 1) and put σ(/?)<σ(j ) if j e G — //. We then define a
binary relation c on G as follows: xay if and only if σ(x)<σ(j') This binary
relation c satisfies (i)-(v) above. Here we only check that c satisfies (iv) and
(v).

(iv) Let /ieiί and x^H. We may assume that hx^H. Since xe/lσ(JC),
we have /i* 6 Fσ(JC) by (d) in the definition of weakly serial subgroups. If
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then σ(x)<σ(hx)i which contradicts hx^Vσ(hx). Hence x<χhx.

(v) Let heH and y<Xx. Then σ(x)<σ(y). We may assume that

Hence we have x e Λσ(x) c Vσiy) by (c), and so hxe Vσ(y) by (e). If yczhx, then

σ(y)<σ(Ax), which contradicts hx^ Vσ(hx). Hence y<χ Ax.

Conversely, let c be a binary relation on G satisfying (i)-(v). Let x~y

mean that xcy and ycx. Then ~ is an equivalence relation on G. By (iii)

and (iv) we have // = {xeG: x ~ 1}. Let Σ be the set of all ~-equivalenceclasses

except //. For σ, τeΣ, we write σ<τ if σ ^ τ and there exist x e σ and yeτ

such that x c y . It is a simple matter to check that < is a well-defined linear

order on Σ. Now we define the terms of a weak series determined by c :

Λσ = {xeG: x <=: y for some v e σ},

H if σ is the first element of Σ,

\jτ<σAτ otherwise.

It is easy to show that {Λσ, Vσ: σ e Σ} is a weak series from H to G. Here we

verify only (d) and (e) in the definition of weakly serial subgroups. Assume that

we have verified (a), (b) and (c).

(d) Let xeΛσ and heH. We may assume that x^H and hx^H. Since

x<χhx by (iv) and xeΛσ9 we have hxaχc=:y for some yeσ by (ii). Let hxeτ.

Then τ < σ . If τ = σ, then we have χczyczhx, which contradicts x<χftx. Hence

τ < σ . It follows that hxeAτ^ Vσ.

(e) Let ft e if and x e Vσ. Note that z e σ if and only if zeΛσ- Vσ. We

may assume that x^H and hx^H. Let x e τ . Then xeΛτ—Vτ and therefore

τ < σ . Since x e FσcΞΛσ9 we have xczy for some yeσ and ycXx. By (v) y<χhx.

Let hxeδ. Then we see that £ < σ. It follows that Ax e Λδ c Fσ.

PROPOSITION 3. Lei G be a group and let H<G. Then H wser G i/αnd

on/y (/ ίAere is a local system L of subgroups of G such that H Π L wser L for

each LeL.

PROOF. If //wserG, then we may take L = { L < G : Le©} by Lemma 1(1).

Conversely, suppose that H OL wser L for each L e L . By making use of Lemma 2,

for each L e L there is a binary relation cLonLsatisfying(i)-(v) with G replaced

by Land H by H Π L. It follows from the theory of MaΓcev systems [3, Lemma

5.13 and pp. 136-139] that there exists a binary relation c on G with the property

that if xj,..., xn, y 1 ?..., yn are finitely many elements of G then there exists a

member L of L such that xf, ^ e L (1 < / < ή) and

χ c L y. (1 < i < ή). (*)

By (*) we easily see that c satisfies (i)-(v). Hence by using of Lemma 2 again,



Weakly serial subgroups 299

we conclude that H wser G.

As a special case of Proposition 3 we have the following

COROLLARY 4. Let X be a class of groups and let GehX. Then for a

subgroup H of G, H wser G // and only ifHoF wser F for any X-subgroup F

ofG.

Now we introduce new classes of groups as follows. Let A be any of the

relations <, wser, ser, wasc, asc, desc, wsn, sn, ^ . We define a class Ind (J)-Fin

of groups: GeInd(Λ)-Fin if and only if either G = l, or for any non-trivial

subgroup H of G such that HAG H is of finite index in G. We then have

g £ Ind(<)-Fin ^ Ind(wser)-Fin,

Lδ ^ L(Ind (<)-Fin) ^ L(Ind (wser)-Fin).

In fact, by [4, Theorem 4.33] Gelnd(<)-Fin if and only if either G e g or

G is infinite cyclic.

The following proposition is a generalization of [6, Corollary(a) to Theorem

4] (cf. [8, Theorem 3]).

PROPOSITION 5. Let A be any of the relations wser, ser, wasc, asc, desc,

wsn, and let G e Ind (J)-Fin. If HAG, then H sn G.

PROOF. We shall only give the proof for the case that A is wser, since the

others can be similarly proved. Let H wser G and H±?l. Then we see that H

has finite index in G. Therefore there exists a normal subgroup N of G contained

in H such that N has finite index in G. By Lemma 1(2) we have

H/iVwserGA/Veg,

and so

H/N wsn G/Neg.

It follows from [6, Corollary(a) to Theorem 4] that

H/N sn G/N.

Thus we obtain

HsnG.

From the proof above we can show that if A is any one of wser, ser, wasc,

asc, desc, wsn and if HAG and H has finite index in G, then H sn G.

In Lie algebras the notion of weakly serial subalgebras is identical with
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that of serial subalgebras in locally solvable and finite Lie algebras [2, Theorem

2.7]. But in group case we have the corresponding result in a wider class.

THEOREM 6. Let G e L(Ind (wser)-Fin). If H wser G, then H ser G.

PROOF. Let F be any subgroup of G belonging to Ind (wser)-Fin. By

Lemma 1(1) we have

H Π F wser F e Ind (wser)-Fin.

By using Proposition 5 we obtain

Hf]FsnF.

Therefore by [1, Lemma 1] we conclude that

H ser G.

COROLLARY 7. Let G e L $ . // H wser G, then H ser G.

In connection with the second statement of [1, Theorem A] we shall show

the following

PROPOSITION 8. Let G e L(Ind (ser)-Fin) and let θ be a homomorphism of G

such that Ker0 is finitely generated. If H ser G, then 0(//) ser 0(G).

PROOF. We put N = Kerθ. It suffices to show that HN/NserG/N. For

any finite subset X of G there exists a subgroup Fx of G such that

We then define

L = {Fx/N: X is a finite subset of G},

which is a local system on GjN. Now for any finite subset X of G we have

H Π Fx ser F x e Ind (ser)-Fin.

By using Proposition 5 we obtain

H Π Fx sn F x ,

and so

(H n F*)iV/N sn Fx/N.

Since

(// Π Fχ)Λ7N = (HN Π F*)/N = HN/N Π Fj/iV,
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we have

HN/N n FxjN ser Fx/N for any Fx/N e L.

Thus by making use of [1, Lemma 1] we see that

HN/N ser G/N.

COROLLARY 9. Let G e L(Ind (wser)-Fin) and let θ be a homomorphism of

G such that Ker θ is finitely generated. If H wser G, then Θ(H) wser Θ(G).

In [5] Stewart showed the equivalence of (1) and (3) in the following theorem.

THEOREM 10. Let GeL$ and H<G. Then the following conditions are

equivalent:

(1) HserC.

(2) H ser K for any subgroup K of G containing H.

(3) H ser <//, x> for any xeG.

(4) H ser (H, [x, HJ> for any x e G.

(5) For any xeG, there exists an n = n(x)eN such that H ser <//, [x, „//]>.

PROOF. It is clear that (1)=>(2)=>(3)=^(4)=>(5). We have to show that

(5)=>(1). Let F be any finite subgroup of G and let xeF. By the condition (5)

there exists an n = n(x) e N such that

ffser<H, [x

Hence

HDFsnζH, [x, „//]> n F.

Since <// n Z7, [JC, nH n F] ><<//, [x, „//]> fl i7, we have

Hf)Fsn(H0F, [x, „

Owing to [7, Theorem 2] we see that

H Π F s n F .

Therefore [1, Lemma 2] shows that

# serG.

3.

In this section we shall mainly state the relationship of weakly serial sub-

groups, serial subgroups, weakly ascendant subgroups, ascendant subgroups,
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etc. in some types of groups. We shall first give the following result which con-
tains [7, Corollary to Theorem 1].

PROPOSITION 11. Let G be a group and H<G. Assume that G G L ( / / ) 5 Π

Min. Then the following conditions are equivalent:
(1) HSQTG.

(2) //wserG.
(3) //ascG.
(4) H wascG.

PROOF. (1)O(2) : Since GeLg, the assertion follows from Corollary 7.
(1)=>(3): There exists a series from H to G which may be well-ordered since

G satisfies Min. Namely there exists an ascending series from H to G. Hence
H asc G.

(3)=>(1) is trivial.
(3)<=>(4): See [7, Corollary to Theorem 1].

An infinite group all of whose proper subgroups are finite is called quasifinite.
Here we define a class qg of groups as follows: Geqg if and only if G is either
finite or quasifinite. Now we have

PROPOSITION 12. Let Geqft and H<G. Then the following conditions
are equivalent:

(1) H ser G.
(2) H o ω G .
(3) i/ascG.
(4) H wasc G.

PROOF. (1 )=>(3): If H ser G, then H asc G since G e Min.
(4)=>(3): Assume (4) and let H*G. Since Heft, [6, Theorem 5] asserts

that H<ωG. Since GeMin, we can use [6, Corollary (b) to Theorem 4] to see
that H asc G.

(3)=>(2): Let (//α)α^σ be an ascending series from H to G. If σ is a limit
ordinal, then Hae

<S for any α<σ. Hence α<ω for any α<σ. Therefore σ — ω.
If σ is a non-limit ordinal, then Hσ^ι e J5 It follows that σ<ω. Thus we have
//<: ω G.

(2)=>(1) and (2)=>(4) are trivial.

In connection with Proposition 5 we have the following proposition, which
is stronger than [7, Proposition 2].

PROPOSITION 13. Let A be any of the relations wser, ser, wasc, asc, desc, wsn,
and let G e L(sn)(Ind(J)-Fin). If HAG and He®, then H sn G.
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PROOF. By assumption, there exists a subgroup K of G such that

H < K sn G and K e Ind (A)-¥m.

Since HΔK, we have H sn K by Proposition 5. Thus H sn G.

Next we present a condition for a subgroup to be a descendant subgroup in

a locally normal and finite group. To do this we need the following lemma due

to Hall.

LEMMA 14 ([4, Theorem 4.34]). Let G be a group such that G G L ( < ] ) 5

and Gjζx{G) is countable. Then Gjζ^G) is embedded in a direct product of

countably many finite groups.

PROOF. Put G = Gjζγ{G). Since G e L ( < ) g , we can write G as the union of

a countable ascending chain (Gi)ί<ω of finite normal subgroups with G0 = l.

Since G is residually finite, for any i<ω there exists a normal subgroup Kt of finite

index in G such that Z f Π G ~ l . Put N^G^^i for any i<ω. Then Nt is of

finite index and normal in G. Further Gf Π iV^Gj- j , from which it follows

that Γ\i<ωNi=i. Let Θ be the natural homomorphism of G into the Cartesian

product of the G/Ni. Then Θ is injective and Im Θ is contained in the direct

product of the

As a group analogue of [2, Theorem 4.5] we have

THEOREM 15. Let G be a group such that G e L ( o ) g and Gjζx{G) is

countable. Assume that H is a subgroup of G such that Hζ1(G)lζί(G) is nilpotent

of class c. If H ser G, then / / < ] ω + c + 1 G .

PROOF. Put G = Glζx(G) and H = Hζί(G)/ζ1(G). By the proof of Lemma 14,

G has a collection (Ni)i<ω of normal subgroups of finite index in G such that

^\<ωN;=l and such that the image of G under the natural monomorphism Θ:

G->Crί<ω(G/JVf) is contained in Ότi<ω(GlNι). Let πf denote the projection

mapping D Γ ^ ^ G / ^ - ^ C J / N , and put G—nftiG) and i/f = 7^0(77). By [1,

Theorem A] //f serG f. Since G fejy, //fSnGf. Hence there exists a k = k(i)eN

such that Hfi>k = Ht. It follows that

Λ k < ω(Dr i < ω//?<>*) = D r l < ω ( n k < ω f f f ' *) = D r i < ω H ,

As D r ί < ω / f f ^ + 1 < 3 D r ί < ω H f " f c

L we have D r ί < ω H ί < 3 ω D r i < ω G i . Put K = θ~\

Dr, < ω f ί ί nfl(G)). Then K^ωG. On the other hand, it is easy to see that

K=Γ\i<ωNiH. Hence

[X, ci7] s n ^ E J V /7, CJ7] <= r\i<ωNiyc+1(Π) = n ί < ω f f , = l.

By [3, Corollary to Lemma3.12] we have H<\CK. Therefore H < j ω + CG, whence
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Hζλ{G)^ω + cG. Thus we have H<^ω + c+ίG.

COROLLARY 16. Let G be a group such that G 6 L(<α) (ESI n S) Π Min and

G/Ci(G) is countable. Assume that H is a nilpotent subgroup of G. Then the

following conditions are equivalent:

(1)
(2)

(3)

(4)

(5)

(6)

H ser G.
H wser G.

H asc G.

H<iωG.

H desc G.

H^ω2G.

PROOF. The assertion follows from Proposition 11, Theorem 15 and [7,

Theorem 3].

REMARK. We may define a weakly serial subgroup as a subgroup having a

weak series satisfying the conditions (a)-(d). That is, we may exclude the

condition (e) in the definition of a weakly serial subgroup in Section 1. The

statements of Lemma 1 (except the first part of (2)), Lemma 2 (excluding (v)),

Proposition 3, Corollary 4, Corollary 7, Proposition 11 and Corollary 16 hold for

such a weakly serial subgroup.

4.

The following result is due to Togo: For a subgroup H of G, H asc G if

and only if H wasc G with a weakly ascending series (Sα)α<σ consisting of sub-

groups.

A similar characterization holds for descendant subgroups. Namely we have

the following

THEOREM 17. Let G be a group and H<G. Then f/descG if and only if

there exists a descending series (//α)α<σ of subgroups of G such that

(a) H0 = G andHσ = H;

(b) if cc is any ordinal <σ, then x~1Hx^H(X+ί for any xe// α ;

(c) Hλ = Γ\Λ<χHafor any limit ordinal λ<σ.

PROOF. If there exists such a series, then we can easily show that HG*<HΛ

for any α < σ . Hence HGσ = H. Therefore H^σG.
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