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An infinite-dimensional semisimple Lie algebra
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The following has been an open question which is asked at the end of [1]:

If a Lie algebra Lover a field of characteristic zero is locally finite and semisimple,
is Lnecessarily locally finite-dimensional-and-semisimple? We will give a negative

answer to this question and investigate an interesting property of the Lie algebra

constructed for the above purpose. We should notice that the converse of this

question is true.
First we consider a well known Lie algebra. Let V be a vector space of in-

finite dimension over a field of characteristic zero, S the set of all transformations
of V considered as a Lie algebra, A the set of elements of S of trace zero (in the
sense in §4 of [2]) and F the set of elements of S of finite rank. It is shown in [2]
that A is infinite-dimensional and simple and that Cs(A) = {xeS: [x, >1] = {0}} is
the set of scalar multiplications. It is easy to see that F2 = A and F is locally finite.

Further the only ideals of F are {0}, A and F. Let σ(F) be the locally solvable
radical of F. Since [σ(F), ^4] = {0} by the fact that A is not locally solvable,
σ(F) s CS(A) n F = {0}. Thus F is semisimple.

Next we construct an infinite-dimensional semisimple Lie algebra. Let
ϊ be a field of characteristic zero and 5f be a Lie algebra over ϊ with basis {x,, yi9

hi} and multiplication [Xf, yf] = hi9 \_xh fcj = 2xi9 \_yi9 ft£] = — 2y t for ι = l, 2,....
Let z be a derivation of ®?=ί St defined by xti-*2xi9 y^—2yi9 h^O for ΐ = l,

2,... . Consider the split extension L= ®f=ί Si + ϊz.

Let σ(L) be the locally solvable radical of Land take an element w= Σ?=ι ^iχt

+ Σ?=ι bjyj + Σl=ι ckhk + dz (ai9 bj9 ck, del) of σ(L). Since [w, Sπ+m+p+1]c:
σ(L) n Sn+m+p+l = {0}, we have d = 0. Therefore w e σ(L) n ΘΓ=ι ^ = {0}. This
implies that Lis semisimple.

THEOREM. There are locally finite and semisimple Lie algebras over a
field of characteristic zero which are not locally finite-dimensional-and-

semisimple.

PROOF. Let M be a locally finite-dimensional-and-semisimple Lie algebra

over a field of characteristic zero. Then for each element x of M there is a finite-

dimensional and semisimple subalgebra Fx of M containing x. Since M =

Σ.eM F* and M2 3 Σ*eM PI = ΣxeM Fx = M, we must have M = M2.
Let F and L be the Lie algebras given above. Then F2 = >4 ̂  F and L2 =



608 Fujio KUBO

0?L1 S.^L. Therefore F and Lare locally finite and semisimple but not locally

finite-dimensional-and-semisimple. Q. E. D.

We will show an interesting proerty of our Lie algebra L.

PROPOSITION. Every finite-dimensional subalgebra F of L containing z is

of the form S®R where S is a semisimple subalgebra of F and R is the non-

trivial solvable radical of F.

PROOF. Throughout the proof all ah bj and ck will be elements of I.

Let X= Σ Γ=ι be,, Y= Σ?=ι IΛ and H = ΣΓ=ι ϊΛ,

Let w = x + y + h be an element of F where xeX, ye Y and heH. Then

[w, z] = 2(x - y) e F. Hence 2x + h e F and x = [2x + ft, z]/4 e F. Therefore
ft e F and y eF.

If F n X = {0}, then F is solvable. Hence we may assume that F n X^{Q}.

Further assume that F^0?=1 Sf + fz and put ^4 = {1,..., n}. For x=Σ?=ι fl^e
(FnX)-{0) we put A(x) = {ieA:at*0}. Consider Σ = {A(x): xe(F n X)-
{0}} and Σ* be the set of all minimal elements of Σ with respect to the order given
by inclusion.

(2) If A(x) = A(x') G Σ*, then x and x' are linearly dependent.
Put Σ* = {A(ul)9...9 A(um)}. Then by (2) the ut are determined up to scalar.

We denote A(u^ by A(i). Let [uh F n Y] ̂  {0} with i= 1,..., p and [wί? F n 7] =

{0} with i = p+ 1,..., m. When [wί? F Π Y] = {0} for ί = 1,..., m, [F n ̂ Γ, F n 7] =

{0} and hence F is solvable (see the proof of (5)).

(3) For each ut = Σ j6χ(o *Λ C1 ̂  ̂  P) there exίsts υt = ΣjeAw btfj e F n 7
such that ajbj = l for any jeA(ϊ). We put ^ = [«,-, ^f] = ΣyeX(o ^y ^or I = 15 5 P

Let / = Σi?=ιCΛjk be an element of F such that [ui9 X]^0. Then [wί?

[Wf, /]] = 2Σ j6A(o αycΛ e (F n X) — {0}. By (2) there exists a non-zero element
α in I such that αjcj = ααj for any j eA(i). Now v^y'/a satisfies the condition.

(4) A(ι) n A(j) = 0 for 1 < i <j < p.
Let us write Uj=^keA(jΊakxk. If >l(z) n A(j)^0, then [M ,̂ ίJ^O. Hence

A(ΐ) n ̂ ( ) e Γ. By minimality of A(j ) we have ^4(ί) n A(j) = ̂ (7). This implies

that A(i) = A(j). Therefore i =j by (2).

(5) Let B = A - Wf= 1 A(ί). Then F n Z = Σf=ι I", + (̂  n Σίe* ϊ^ί) and [F n

Let x=Σ?=ι^i^i be an element of F Γ \ X . Since [x, t J = 2 Σj6χ(i) αΛ' 6

F Π X , Σ,jeAwajXj = biUι for some fcfet by (2). Therefore by (4) we have x =

Σf=ι(Σ^(oflΛ)+Σ;6B«Λ = Σf=ιMί+Σy 6B «Λ> wWΛ implies the first
assertion. To prove the second assertion we assume that there exist x =

ΣjeBβjXj and y = ΣZ=ι ckyk in F such that [x, y]^0. Let C = {jeB: ajCj^ϋ}.
Then C^0 by our assumption. Since [x, [x, >>]] e(F n 30-{0}, CeΣ. We
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can take q with p<q<m such that A(q)^C. But since [uq9 y~] =£0. We have
1 < q < p. This is a contradiction.

(6) F Π r=Σf=ιfo i + (f'n Σ«ΪΛ) and [Fn ΣieB^ Fn X] = {0} can be
shown as in (5).

(7) F n f f = Σ f = ι &,+(*" nΣ M iΛι)
Let /ι= Σ?=ι cfc^k be an element of F n # and write ι/ f= Σj eχ(o αjxy (1 ̂  ̂

p). Then [uί5 /ι] = 2 Σje^α) αjcΛ E ̂  n ̂  ^ (̂ ) there exists ftfe! such that
ajcj = biaj for any 7 eX(i). Therefore by (4) ή = Σf=ι (Σfc6A(o CA)+ Σfceβ ̂ A =

(8) Conclusion. Let 7] = ΪMί + ϊt;ί + ϊίj for z = l,...,p. Since [uί? 1;̂  = ̂ ,
[Mί9 ί J = 2wf and [t;ί5 ίj = - 2vt by (3), 7] is simple. By (1), (5), (6) and (7) we have

F=Σ?=ι Tf + (F n ΣωbcO + ίί1 Π Σ«ΪΛ) + (f n ΣteB^ + k We now put S =
Σf=ι η and R = (F n Σ^ϊ^) + (F Π Σ«I^ι) + (F n Σ teBlΛι) + I(Σf=ι ί|-^) By
simple computation we have [S, Σf=ι fi-z] = {0}. Thus [5, ̂  = {0} by the
definition of 5, and we have F = S®R. Since Σf=ι Ti=®f e l T£ by (4), S is
semisimple. On the other hand RW = {0} by (5) and (6), # is solvable. Q. E. D.
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