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Introduction

This paper deals with the problem of existence and periodicity of weak
solutions of the initial-boundary value problem for the Navier-Stokes equations
in domains with smoothly moving boundaries. Hopf [5] proved the existence
of a global weak solution in a cylindrical domain by using the Faedo-Galerkin
approximation. On the other hand, Fujita-Sauer [4] and Lions [8] obtained
the same result in the case of time dependent domains with Lipschitz continuous
boundaries by a penalty method ([4]) or a singular perturbation method ([8]).
Our main purpose in this paper is to show that the method of Hopf [5] can be
applied with a slight modification to the case when the domain moves smoothly.
An advantage of Hopf’s method is that we can show the existence of a periodic
solution when the domain moves periodically and the boundary data are small
enough.

To show the existence of a weak solution we reduce in Section 1 the given
problem to the one in a cylindrical domain, assuming the existence of a dif-
feomorphism which sends the given time dependent domain to a cylindrical one.
In doing so, the velocity and the pressure gradient will be transformed as vector
fields. Similar techniques are used in Bock [1] and in Inoue-Wakimoto [6],
where the existence of a unique local strong solution is proved by the Faedo-
Galerkin method ([1]) or the method of evolution equation in Hilbert space ([6]).
However, Bock [1] does not regard the velocity and the pressure gradient as vector
fields, and so the calculation given in [1] is complicated. In [6] Inoue and
Wakimoto treat the velocity and the pressure gradient as vector fields, but they
assume that the Jacobian of the diffeomorphism is equal to 1, which is a strong
limitation. In this paper we assume that the Jacobian of the diffeomorphism
depends only on time variable. As will be shown in Section 4, this assumption
for the Jacobian is of no restriction.

Section 2 deals with the construction and estimate of approxiamte solutions.
We first construct approximate solutions for the reduced problem by choosing a
suitable Galerkin basis, and then return to the original problem on a time de-
pendent domain to get an energy inequality, which together with a modification
of the compactness argument given in [5] enables us to choose a subsequence of
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the approximate solutions converging in L? space to a weak solution. Further,
we shall show the uniqueness of our solutions in the case of two-dimensional flow.

Applying the argument in [9, pp. 483-486] to our construction, we show in
Section 3 the existence of a periodic solution. In the two-dimensional case, our
periodic solution seems to be unique and stable if the data are small enough.
This will be discussed in the forthcoming paper.

In solving the initial-boundary value problem for the Navier-Stokes equations
under nonhomogeneous boundary conditions one has to extend the given boundary
data to the whole of the space-time domain as divergence-free vector fields. So
we discuss in Section 4 the extensibility of the data representing the condition
that a fluid adheres to the (moving) boundary. We shall show that the boundary
data can be extended if and only if the volume of the moving domain is independent
of time.

We wish to express our hearty thanks to Professors A. Inoue and F-Y. Maeda
for helpful discussions and constant encouragement. In particular, Professor
Inoue has pointed out to us kindly the problem discussed in Section 4.

1. Formulation of the problem
Let O, =\U,g Q(t) x {t} be a noncylindrical space-time domain, each ()
being a bounded domain in R" (n=2, 3,4) with smooth boundary 0Q(¢). In
Q. we consider the initial-boundary value problem for the Navier-Stokes
equations:
ovjot — v+ (v, Pyo=f— Pp, xeQt), t>0,

divo =0, xeQ(t), t>0,
(1.1
v=_,, xeoQ(t), t>0,
v(x, 0) = vo(x), x€eQ(0).

Here v={v/(x, t)}1-;, p=p(x, t) denote respectively the unknown velocity and
pressure, while f={fJ(x, H)}"-,, vo={v{(x)}"=; denote respectively the given
external force and initial velocity; f={p/(x, t)}"-, is given on the boundary
Uer 0Q(t) x {t}. For Q(t) and  we impose the following conditions:

(A.1) There exist a cylindrical domain §,=0xR and a level-preserving
C= diffeomorphism @: 0,—0.,
(s 8) = O(x, 1) = (P'(x, 1),..., ™(x, 1), 1)
such that

(1.2) det [0¢i(x, t)/0xi] = J()"t >0, for (x,t)eQ,.
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(A.2) B is the restriction to \U,.g 0Q(t) x {t} of a C? vector field y, which is
divergence-free on each Q(¢) and bounded on @, together with its first and second
derivatives.

According to (A.2) the problem (1.1) can be reduced to the case of zero bound-
ary values. Setting v=y +u, we obtain from (1.1),

oufot — Au+ (u, P+ (Y, P)u+ (u, Pu=F — Pp, xeQ(t), t >0,
1.1y divu =0, xeQ(), t=>0,
u=0, xeoQ(), t>0,
u(x, 0) = a(x), xeQ(0),

where F=f+ Ay — (Y, V)Y —0y[0t; a(x)=ve(x)—yY(x, 0).

Our purpose in this paper is to show the existence of a global solution for
(1.1)’ As in [6] we regard u, a, and F as vector fields and p a scalar field on
Q(t). So, if we set

#(y, 5) = L=y (0y7[0xu(D~(y, 5))
and similarly for a, ¥, F, and
By, s) = p(®7Y(», 5))
then (1.1)' is transformed into the following problem on ., :

0ii/ds — Lii + Mii + Nyii + Nyii = F — 7,p, ye, s>0,

divi = X1, 0di[dyi = 0, ye@, 520,
i=0, yedl,s>0, iy, 0)=d(y), ye@,
where
(La)t = g/* P,
(M)t = (dyi[ot)F;iit + (Oyi/ox¥) (92xk[dsdy )i/,
(N @) = Pivat + @i vplt,  (N,i) = il i,
(P,p) = g*(0p/oy’),
and

gl = (0y[0x*)(0yi[0x*), g;; = (0x*[0y*)(0x*[dy7),
vt = 0atfoyl + I' ik,
VPt = o(Vat)joy* + T'i, viat — I'y; P,
2I'Y; = g*(0gul0y’ + 0g;,/0y" — 0g:;/0¥")
= 2(0y*/oxY) (02x}/DyiDyY).
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Here and hereafter we use summation convention, i.e. take sum over repeated
indices; furthermore for each vector field w on Q, W will always mean a vector
field on §,, obtained by the transformation

Wi(y, s) = (0yI[ox*)wK(@~1(y, 3)),

and conversely.

Note that F; is the covariant differentiation with respect to the Riemannian
connection induced from the metric (g;;). From the assumption (A.1) it is easy
to see that

(1.3) (g")! = (g;)), det(gy) = J(O)*

It is to be noticed that because of (1.2) the divergence operator is left invariant
under the coordinate transformation. Finally we note that 0ii/ds+ Mii and Li
correspond respectively to ou/0t and Au under the transformation @; see [6,
Th. 2.5] for the details.

2. Existence of weak solutions

Throughout this paper we shall denote by the letter C, with or without indices,
various constants; sometimes we shall denote different constants by the same
letter, whenever this will not lead to confusion.

We introduce some function spaces. By Ca‘j‘,(f)) we denote the space of all
smooth divergence-free vector fields with compact support in &. Let A and V7
be respectively the closures of CZ () in (L(3))" and in (H(2))", and define
H, and V, similarly on Q(t). H is a Hilbert space with respect to any of the inner
products defined by

@ i, 05, = gy (0 DTGy
see (1.3). To H, we give the usual inner product
2.2) (u, v), = g wi(X)pi(x)dx.
2(t)
For i, i€ ¥ their inner product in ¥ is defined by
@3 <P, B3 = | gy, 0680, DRI P50y,

Note that for any fixed ¢ (2.1) is transformed into (2.2) by the coordinate trans-
formation ¢! and (2.3) is transformed into
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2.4) (Pu, 7o), = gﬂm (0 [0x7) (0vH/0x)dx.

For each de A we set |i|,=<il, i)}/?> and for each die V' |Fiil,=< Vi, Fi)l/>.
The norm corresponding to (2.2) is denoted by | -||,, For each ¢, V¥ denotes
the dual space of V,. The norm of fe V{ is defined by | f|¥=sup {{f, v);; veV,,
[Pv]l,<1}. Similarly we define the norm on V* and denote it by |- |*. Now we
define a weak solution of the problem (1.1)".

DEerFINITION 2.1. For ae Hy and FeL*0, T; V¥), T>0 being fixed, we
call a function ue L*0, T; V,) n L*(0, T; H,) a weak solution of the problem
(1.1), if and only if the following identity is satisfied:

25 - SZ Cai(t), (1) di— g: Cai(t), M), di + SZ CPA(t), P30t

T T
+ {7 N0+ N0, 50, di=<a, 5O + [ <D, 30Dl

for any #(f)=h(t)W such that w e ¥ and he C([0, T]; R), h(T)=0.

In what follows we write
b(u, v, w) = ((u, F)v, w), = S ui(0vi[oxH)widx,
Q(t)

where u, v and w are elements of V,. Since n<4, it follows from the Sobolev
imbedding theorem that the form b can be defined and estimated as follows:

(2.6) [b(u, v, W) < llull I Poll W, < CllPulll Pol )l Pwll,,
(see [11]). Note that since div u =0, integration by parts gives
2.7 b(u, v, v) = 0.

THEOREM 2.2. Fix an arbitrary T>0. Then for each ae H, and each
FeL*0, T; V¥) there exists a weak solution of (1.1)" on [0, T].

We shall prove this in several steps. Let {¢ j} be a sequence of linearly
independent vectors in ng,((z) total in ¥, and {Wi(y, O} be its Schmidt ortho-
gonalization with respect to the inner product (2.1). Note that W(£)=Wy, t)
thus obtained is smooth in (y, t). In fact, it is a finite linear combination of
{¢;} with coefficients in C*([0, T]; R).

We define approximate solutions ,(t), m>1, by the following equations:

am(t) = Z?=l h_}m(t)wj(t)’
ﬁm(o) = 27=1 h(}mwj(o)’ h?m = <d’ wj(0)>0:
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where {h,,(t)} is defined by

(2.8) i (1), Wi1)>, = Lty (1), Wi(1)) — (M (1), Wi(2)D, — <N yihy(1)
+Nath, (1), WD), + CF(), wi(1)), (1<j<m).

It is easy to see that #,(t) is determined uniquely by (2.8) in a neighborhood of
t=0. The proof of the next lemma guarantees that i,,(¢) is defined on the whole
interval [0, T].

Lemma 2.3, {u,(t)} remains bounded in L*(0, T; H,) n L0, T; V)).

Proor. Multiplying (2.8) by h;,(t), taking sum in j and returning to Q,
we obtain

(2.9)  (@/dD)|un(ONI? + 21 Pun() 17 = — 2b(un(D), Y(©), up(1) +2(F (1), (D))
Here we have used (2.7). By (A.2) there is a constant C;>0 such that
(2.10) |b(un(1), Y(2), un(D)| < sUPgey | PPO] um(DI7 < Crllun(D)]Z.

Integrating (2.9) in t, we obtain

@1 Juy0l +2 | 170, @

t t
< lalg + 2C; | lun@2de + 2 IFOI217 00l e
< lal3 +2C; || fu@l2de + | 1F@122de + | 1 Pun(@)12dz.
From this we have
T
0

@1 a0l < lal + 26 || lun@l2de + (| 1F)2dr,

which brings the boundedness of {u,(f)} in L*(0, T; H,) by Gronwall’s lemma.
Then from (2.11)

@13) [ 1Pl < a1 + 20 | lualzde + ] IFOIt
This shows the boundedness in L0, T; V,), which completes the proof.
Next we shall prove
Lemma 2.4.  {u, ()} is precompact in L%, T; H,).

To do this we need the following lemma.
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LEMMA 2.5. For each &>0 there exists a positive integer N=N,
independent of t € [0, T] such that for any veV, we have

(2.14) loll? < 281 (0, wiD)? + &l Poll?.

PROOF OF LEMMA 2.4.  Put p,, (t)=(u,(t), wi(t)), for m=j. We shall show
that {p,,j(t)}n>; is uniformly bounded and equicontinuous on [0, T] for each fixed
Jj. In fact, since there exists for each j a constant M; such that

le(xa t)l < Mja ,ij(x) t)l < Mj’ l(a/at)wj(x7 t)l < Mj9
for all xeQ(t), te[0, T],
it follows from Lemma 2.3 that
(2.15) [omi(D] < MIQDM2|u, (D < M.
Furthermore, for t€ [0, T) and s>0
t+s
@16)  Ipust+9) = o] = || (@l @y, w0t
t+s ) . t+s ,
<1 o, wiende |+ [§7 @ao, wionds |
tts t+s
< (7 1P, P + (7 bt e w) @l
t t
+

1o, sy w)@lde + {7 bl ¥, w) @lde

+ S I(F(2), wi@)ild + S |(un(2), WilD)).ld
< Cj St+s “ Vu,,,(‘f)”zdf + Si+s ||um(T)||r|| Vum(r)”rd‘f

t+s t+s
[ hu@nae + [ 1))
T
0

< ¢ (s 1 +sup, Ju 1] 1 a2} "
+ sxsup, [up(D)l, + 5112 {SZ IFla ),

where C; is a constant depending only on n and M;. So the equicontinuity is
obtained. Therefore, applying the diagonal argument we can choose a sequence
{m} of positive integers such that {p,, (t)},,.>; converges uniformly on [0, T]
for each fixed j. Substituting v=wu,, —u,, into (2.14) and integrating in t, we
obtain
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T T T
[ =0, O17dt < T30, [ 10uf= p 0P+ 20 50D, P17,
Letting k, [— 0,

T T
i sup | i (6)— (D171 < 25 5upy | | P17t
0

Since £>0 is arbitrary and {u,,} is bounded in L?(0, T'; V,), the proof is completed.
PrOOF OF LEMMA 2.5. Obviously it is enough to show
(2.17) 817 < 0=y <8, Wi0)>? + el 7,dl7,

for all 5e ¥ and all te[0, T]. Suppose that (2.17) is false. Then there exist a
8>0 and sequences @, € V, t,,e [0, T] such that

1 = lﬁmIth > Z?:l <5m’ wj(tm)>t2m + 5{ Vgﬁm tzm'

This shows that {f,,} is bounded in 7. Therefore we may assume, using Rellich’s
lemma, that $,,—, € ¥ weakly in ¥ and strongly in H, and further ¢,—1, € [0, T].
For each fixed k we have

(218) 1= wmltzm > Z§'=l <5m9 Wj(tm)>t2m + 5' Vgamltzm (7”2]()

Since {g;;(t)} depends smoothly on ¢, there exists a constant C>0 such that for
each 1[0, T]

C|Ppl, <73, forall peV.

Since the norm |7, - |,, is lower semicontinuous with respect to the weak topology
of ¥, by letting m— oo in (2.18) we obtain

1= || = Xk_; {Bo, Wilto)>% + 6C| P, Bol%.

to =

Since k is arbitrary and {W;(t,)} is an orthonormal base in H with respect to the
inner product (2.1) at t=t,, we see that | V3, |,, = || Pvoll,, =0, so that v, is constant
on €(t,). But since v,eV,, it follows that vy=0, which is absurd because
|Bol,=1. This completes the proof.

PrOOF oF THEOREM 2.2. By Lemmas 2.3 and 2.4 we may assume that there
exists a u in L®(0, T'; H,)) n L%(0, T; V,) such that

u,,—u in the weak topology of L%(0, T'; V) and in the weak-star topology of
L*, T; H,); u,—u in L?0, T; H,).

Take h in C!([0, T]; R) with h(T)=0 and set #(f)=h(t)%;. Multiplying (2.8)
by h, and returning to Q, we obtain by integration by parts
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(ur(2), 0(D));
= = (Pun(2), Po(0)); — b(u(2), un(1), (1)) — blu,(1), Y(2), v(2))
— b(Y(D), u, (1), (1)) + (F(1), v(D)),.

Integrating by parts, we obtain
T T
= {7 wnto), vOYdt + §] (P, Peionas
T T T
07 bt 4y 0) Ot + B 0, ) @0 + b, 1, 0 0
o
T
= (), 0O + | (F(), o0
Since u,(0)—a in H,, by letting m— oo we obtain
T T
= . @, vepar + | (o, roepar
T T T
{7 bt w, o) e + b, o) 0t + (b, u, o) (1
0 0
T
= (@, 6OV + | (FO0, w0,
The convergence of the nonlinear term is assured by the fact that

T T
S b(u,, u,, 0)()dt = —g b(u,, v, u,) (D)t
0 0

and that v is smooth because of its construction; see [11, Chap. 3]. Expressing
the above equality in §, we have

T T T
219 - go Cii(t), 3'(1))dt — go <iI(t), M(1)),dt + SO CPiE(e), Pai()).de
T T
+ SO N (D), 5(6),dt + SO (D), 50 dt
=<a, 5(0)), + SZ (F(1), #(t),dt.

By linearity this holds for #=3"'_; h(t)W(¥), h;e C*([0, T; R) with h(T)=0.
Now let us recall our construction of {W;(t)}. Each é ; can be expressed as a
finite linear combination of {W;(f)} whose coefficients are functions in C*([0,
T]; R). So, in (2.19) we can take 5=Z’j=1hj(t)d3j, h; as above.  Since
{$;} is total in ¥, we see that (2.5) holds for general ¢ in ¥ and he CY([0, T];
R), (T)=0. Thus we have proved Theorem 2.2.
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REMARK 2.6. By taking ¢ € CZ,(Q) and he CP((0, T)) in (3.5), we see that
in the sense of distribution

(d]dt) (1), @, = (1), M), — {Fi(t), V,d.
— N0+ Ni(), ¢, + <F(1), @)

By the definition of M, N, and the estimate (2.6), we see that the right-hand side
defines an element of L!(0, T; V*). By applying Lemma in [11, Chap. 3, §1],
it follows that @'(¢) exists as an element of L1(0, T; ¥*) and so i is weakly conti-
nuous on [0, T with values in H since i e L*(0, T; H). Hence we have i#(0)=
din H.

Furthermore, as will be indicated in the proof of Lemma 2.7 below, we have for
each eV,

(dfdr) <a(t), @, = <@ () +Mii(t), ¢, + <@t), M),

Hence,

(2.20) <@'(1)+Mii(t), §e+ < Fyii(t), P, $o+ N ii(1)+ Noi(1), §5,=<F (1), §..

Next we shall discuss the uniqueness of our solutions for two dimensional
flow. In this case the estimate (2.6) can be replaced by

(221)  [b(vy, vz, W =1b(vy, w, V)| 2 2{ oy [ [l Pyl 312 {Nwa ]l Pe2ll 3721 Pl

for vy, v,, we V,; see [11]. From this it follows that the time derivative @’ of a
weak solution @ belongs to L2(0, T'; ¥*) since # belongs to L®(0, T; H).

LEMMA 2.7. If we L%0, T; V) and W' € L0, T; V*), then W is continuous
on [0, T] with values in H. Further we have

(2.22) (d]dt) |W|2 = 2{W + MW, W,.
ProOF. We calculate directly (d/dt)|Ww|?, assuming we CX([0, T]; V).
For general W one has only to regularize it in ¢ after defining w=0 outside
(0, T); see [11, Chap. 3].
(@l W02 = | g, ORIy
+20_ g0 oIy

+ [ gawi0m I dy

=1, + 1, +1;.
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J'(t) in I; will be calculated as follows: Consider on Q, the divergence-free
vector field @/t which is transformed by @, into (0y’/0r)(0/0y )+ (d/0t) on
0.. By claculating the divergence of the transformed vector field, we obtain

0 = J()1{(2/0y)) (J() (3y7[01)) + (2]o0I(1)}
= 7@yi[on) + IO @),

so that
J'(t) = =J(®)Foyi]ot).

Since W e V, substitution of this into I gives
I3 = — Sé gi()WiOW (D)) Pyt /ondy

= | e O 0I0} @y 130dy.

Note that /) is the covariant differentiation with respect to (g;(1)), so Vg ;(t)=0,
P J(£)=0. Therefore,

I5 = 2 g0 @y 100 ()P DI0dy.
On the other hand, since
g () = (9%x!/010y7) (Ox![0y*) + (0%x![0tdy*) (0x'/dy7),
the integrand in I is written as follows:

{(02x![010y) (0x![0y*)Wi(t)WH(t) + (0%x![0tdy*) (Ox'[ay )Wwi(t)wk(1)}J(f)
= 2(02x!/3tdy™) (Ox* /3y )Wm(E)W(£)J (F)
= 29 (1) (0y’[0x") (0*x![otoy™)wm(t)wk(£)J (1) .

So we have
I, =2 SQ g(1) (8y7[0xY) (92x* [Btdym)iom(£)Wk(2)J (1)dy.

Adding these we have the desired equality; refer to the notations in Section 1.
We have also proved the absolute continuity of |W|,, From this and the weak
continuity of W stated in Remark 2.6 it follows that W is continuous on [0, T]
with values in H.

THEOREM 2.8. When n=2, the solution given in Theorem 2.2 is unique.
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PrOOF. Let u, v be solutions for the same a and F. Setting w=u—v we
obtain from (2.20)
(2.23) WO+ MWD, $3o+<Tw(0), 7, $>+ (N W(8), §,
+ (N,ii(t)—N,i(t), §, =0  foreach eV
and W(0)=0. On the other hand,
(N @) — (N, 0) = @i Pl — 5175 = a4 Pwt — wi P,
so that, by (2.21)
[<KN,ii(t) = N, 5(1), W), = |b(u, w, w)(#) — b(w, v, w) ()|
= |b(w, v, W) ()| < CIW@O| P, (D)l P,8(0)],-
Since W' € L2(0, T; V*) it follows from (2.23) and Lemma 2.7 that
(1/2)(d]d)) [W()Z + | 7, w(D)]?
= — AN W), W(1)), — {NLii(2) — N, (1), WD),
S Co W@l 7w(@0l, + ColW (O POl 7,501,
By Schwarz’s inequality,
(d[dn) [w(D)|? < (C3+ Cal Z0IDIW(D)I7.
Hence

W < {{ €5+ i@ s

Applying Gronwall’s lemma we obtain w=0, which completes the proof.

3. Existence of periodic solutions

In this section we assume that the movement of Q(tf), the boundary data
Y(x, t) and the diffeomorphism &(x, t) are periodic with period T>0. This
implies that the tensor (g,/(y, t)) is also periodic with period T. So, by our
construction, {W;(y, )} and {w(x, t)} are periodic with the same period.

THEOREM 3.1. Let Q(t), Y(x, t) and ® be as above. If maxo<r|V Y|,
is sufficiently small, then for each F € L%0, T; V¥) there exists a function u in
L*, T; H)n L*0, T; V,) satisfying (2.5) with some a=u(0)=u(T) in H,.

Proor. Take for each m>1 a function &S arbitrarily from the subspace of
7 spanned by {Wi(y, 0)}1<j<m and then determine #,(t) with i,(0)=a5 by the
equation (2.8). Using (2.6), we obtain from (2.9)
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(dld)un DN + 2| Pun(DI17

< 2IFOIFN PumONl e — 2b(m, WY, ) (1)

< IFOIF* + [ Pun()I? + CK Pun(D)17,
where K=maxy,<r [|F¥(?)|, and C is the constant in (2.6) which depends on the
size of Q(t). Hence,
(3.1) (danlunOI? + 17 u D17 < IFOIF? + CKIF u(1)]7.
Now assume that
3.2) CK < 1.

Then, by the Poincaré inequality we obtain

dld)llu(D)Z + C'llu, (D2 < [FOIF2,
so that

T
(3.3) CTu(TZ < |un(O)3 + S o€t | F(1) | ¥2dt.
If we choose r>0 so that
T
r(1—e €Ty > So e=C T=O|| ()| #2dt,

it follows from (3.3) that |u,(T)|r<r if |u,(0)]|o<r. On the other hand, it is
easily checked that the map: u,(0)—u,(T) is continuous. Since by periodicity
both u,(0) and u,(T) are in the finite dimensional linear span [w,(x, 0),
vy Wo(X, 0)]=[w,(x, T),..., w,(x, T)], the Brouwer fixed point theorem ensures
the existence of a u,, such that u,(0)=u,(T) and ||u,,(0)|o=lu.(T)|r<r. From
now on we shall fix such r>0 and u,, for each m. Since r is independent of m, the
arguments in the proofs of Lemmas 2.3 and 2.4 are applicable. So we may
assume that there exists a u in L®(0, T; H,) n L*0, T; V,) such that

u,,—u in the weak topology of L%(0, T; V,) and in the weak-star topology of
L*(0, T; H,); u,—u in L%0, T; H,).
u,(0)=u,(T) converges in the weak topology of Hy=H; to an element a.

Obviously u satisfies (2.5). Further, multiplying (2.8) by he CY([0, T]; R) with
h(0)=0, integrating in ¢t and letting m—oc0, we see that @ satisfies (2.19) with
{d, (0)>, replaced by <d, #(T)>;. Since #(t) is weakly continuous on [0, T]
with values in H, it follows that #(0)=#(T)=4. This completes the proof.

REMARK 3.2. By applying the method in [6] we can show the existence of a
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unique strong solution on [0, T] when n=2, assuming aeH, and Fe
C([0, T]; H). This seems to enable us to apply the result in Serrin [10], con-
cerning the uniqueness and stability of periodic solutions, to the two-dimensional
flow. This problem will be discussed in the forthcoming paper.

4. A remark on the assumptions (A.1)-(A.2)

In this paper we have discussed the solvability of the initial-boundary value
problem (1.1) assuming (A.1)—(A.2). In this section we first show that the con-
dition (1.2) in (A.1) is of no restriction. The techniques of the proof of this can
be applied to the discussion on the extensibility of the boundary data representing
the condition that a fluid adheres to the (moving) boundary, i.e., the so-called
no-slip condition. In fact, it will be shown that (A.2) holds for § corresponding
to the no-slip condition if and only if the volume |Q(#)] of Q(¢) is independent of
t. All of our arguments are based on the following result due to Ebin-Marsden
([2, Th. 8.6])).

LeMMA 4.1. Let ot € R) be a family of volume elements on Q(0) depending
smoothly on t such that w, is the canonical volume element in R". Assume that

gw, = S w, forall teR.
Then there exist diffeomorphisms ®,: Q(0)—Q(0) with ®,=the identity such that
dF¥w,=w, for all t.
Using this we can prove

LEMMA 4.2. In Lemma 4.1 we can choose @, which, moreover, satisfy ®,=
the identity on 0Q(0).

PrOOF. Let &, be the diffeomorphisms given in Lemma 4.1. If the dif-
feomorphisms y,: Q(0)—Q(0) satisfy
(4.1) prwy = wo; = 71 on  30),

then &,=® oy, are the desired ones. We shall show that such g, exist. Let
Y,=(d®;!/dt)-P, be the vector fields which are tangential to 4Q(0). It is known
(see [7]) that there exist vector fields X, on Q(0) such that div X,=0 in Q(0) and
X,=Y, on 0Q(0). If we define u,(x), x € Q(0), as the solution of the initial value
problem:

dyldt = X(y), y(0) = x,

it is easy to see that y, actually satisfies (4.1). This completes the proof.
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We are now ready to prove the following which shows that condition (1.2)
is of no restriction.

THEOREM 4.3.  Suppose we are given diffeomorphisms ¢,: Q0)—Q(t), te R,
such that ¢,=the identity. Let K(t)=|Q(t)| be the volume of Q(t). Then there
exist diffeomorphisms y,: Q(0)—Q(t) with o= the identity such that

D ¥Ye=¢ on 020), (i) YFo,= K(@HK(O)  w,,
where w, is the canonical volume element in R".

PrROOF. Choose linear transformations {, on R" depending smoothly on ¢
such that {,=the identity and (Ffw,=K(0)K(f) lwy, and set Q'(¥)={(Q(1)).
Then |Q'(f)]=|2(0)| for all t. So the volume elements w,= ¢*w, (¢, ={,¢,) on
Q(0) satisfy the assumption of Lemma 4.1, and we can choose, by Lemma 4.2,
diffeomorphisms @,: (0)—Q(0) such that ®*w,=w,; P, =the identity; ®,=the
identity on 0Q(0). It is easy to see that the diffeomorphisms y,=¢,o®, satisfy
the desired properties. This completes the proof.

Let us now discuss the extensibility of the boundary data representing the
no-slip condition, which is expressed as

4.2) Pi(x, t) = (0x[01) (y(x, 1), 1), xe Q)
where (y, t)=®(x, t)=(¢;1(x), t) € 20) x R.

THEOREM 4.4. For f defined by (4.2) we can choose s satisfying assumption
(A.2) if and only if |Q(t)|=|Q(0)] for all teR.

PrOOF. Suppose that |Q(t)|=|Q(0)| for all . By Theorem 4.3 there exist
diffeomorphisms &,: Q(0)—Q(t) such that &*w,=w, and &,=¢, on 09Q(0). Thus,
the vector field

Yilx, 1) = (d&ifdn) (&71(x)), xe (1)

satisfies div iy =0 in each Q(#) and Y =f§ on each 0Q(¢).
Conversely suppose that there exists ¥ such that diviy =0 in each Q(¢) and

Y =P on each dQ(t). Define n,(y), y € Q0), as the solution of the initial value
problem:

dz/dt = y(z, 1), z(0) = y.

It is easy to see that ¥,=p,: Q(0)— (1) satisfy ¥}w,=w, and ¥,= ¢, on 09(0).
Hence |Q()| =|2(0)|, which completes the proof.
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