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1. Introduction

Let X be a Banach space over the real field R. Let Q be a subset of [a, b) x
X(a<bZ ) and A4 a continuous function from Q into X. In this paper we study
the initial-value problem for a nonautonomous differential equation in X
(1.1 u' = A(t, u), u(t) = z,
where (7, z) is given in Q.

This problem has been studied by many authors and the present paper is
related to the works of Crandall [1], Deimling [2], Kato [3], [4], Kenmochi
and Takahashi [5], Lakshmikantham, Mitchell and Mitchell [7], Lovelady and
Martin [8], Martin [9], [10], and Pavel and Vrabie [11]. In the works [1], [7]
and [9] the problem is treated in cace of cylindrical domain Q (i.e., Q is of the
form [a, b)x D); and in [5], [4], Kenmochi and Takahashi, and then Kato,
generalized the results as obtained in the works [7] and [9] to allow the Q to be
genuinely noncylindrical.

Our purpose of this paper is to establish an existence and uniqueness theorem
for solutions of (1.1) under three general conditions (called herein (22), (Q23) and
(24)) in addition to the condition (Q1) that A4 is continuous. Although precise
statements of these conditions are given in Section 2, we here make some mention
of them in order to illustrate features of this paper. Condition (22) imposes on
the domain Q a closedness condition in a certain sense. For instance, if Q=
[a, b)x D and D is a closed subset of X then condition (2) is satisfied. Con-
dition (23) is the so-called subtangential condition (cf. [5]) which is utilized to
construct approximate solutions for (1.1). Condition (24) is a relaxation of
dissipativity conditions as employed in the papers cited above and guarantees the
unicity of solutions to (1.1). Accordingly, condition (Q4) generalizes most of
conditions which are usually treated in the theory of ordinary differential equations.
Under these conditions, we first investigate the local existence of solutions to (1.1).
We then give a global existence theorem via the local existence result as well as the
continuous dependence of solutions on initial data. Our result on the global
existence is obtained under general conditions as mentioned above. Hence it
extends most of the known results concerning the global existence of solutions of
nonautonomous equations of the form (1.1).
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In Section 2 some basic notation and terminologies are introduced and the
uniqueness of solutions to (1.1) is discussed. Section 3 is devoted to construct
approximate solutions for (1.1). The approximate solutions are constructed in
a way similar to, but more refined than, that of [5]. In Section 4 it is verified
that the approximate solutions converge to solutions to (1.1). This section
contains a local existence theorem for solutions of (1.1). Finally, in Section 5,
the global existence of solutions is discussed. This section contains the main
result of this paper (Theorem 2).

2. The initial-value problem

Let X be a Banach space over R=(—o00, + o) with norm || |. Given a
subset Q of R x X we denote by Q(t) the section of Q at te R, i.e., Q()={xe X;
(t, x) e Q}. In what follows, let [a, b) be a fixed subinterval of R and Q a fixed
subset of [a, b) x X such that Q(f)#¢ for all te[a, b). By A we mean a given
function from Q into X.

Given (7, z) € Q, we consider the initial-value problem

u'() = A(t, u(®)), T<t<b,
(IVP; 1, 2) {
u(t) = z.
Let J be a subinterval of [a, b) written in the from [, ¢] or [, ¢) and u a continu-
ous function from J into X. We say that u is a solution to (IVP; 7, z) if u(t)=
z, (t, u(t)) e Q for all te J, u is differentiable on J, and u satisfies u'(¢) = A(t, u(t))
for all teJ. (If tis an endpoint of J, u'(¢) is understood to be the associated
one-sided derivative of u at t.)
For each x, y e X we define

2.1 [x, y1- = limyyo A7 '(lx + byl — [|x])
= supy<o K '(Ix+hyl —Ix[).
Note that ||x| <|x—hy|+h[x, y]_ for all h>0. For each (¢, x)e Rx X and
r>0 we define
S, x)={(s, y)eR x X; |s—t| <r, |y—x| <r}.
Moreover, if xeX and D is a subset of X we define the distance between {x} and

D by
d(x, D) = inf {|x—y|; ye D}.

Let g be a function from [a, b) X R into R satisfying the following conditions:
(gl) g(t, w) is continuous in w for each fixed ¢ and Lebesgue measurable in
t for each fixed w; and for each r>0, there is a locally integrable function M,(¢)
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defined on [a, b) such that |g(t, w)| S M,(?) for te[a, b) and for w with |w|=r.
(g2) g(t,0)=0; and w(¥)=0 is the maximal solution to the initial value
problem for the ordinary differential equation:
{ wi(t) =g(t, w(t)), a<t<b,
w(a) = 0.

Given (1, d) € [a, b) X R, we denote by m(t; 7, §) the maximal solution of the
initial-value problem

{ wi() =gt w1) Tt
w(t) = 6.
ReMARK 1. Condition (gl) is often called the Caratheodory’s condition.

Condition (g2) states that for all T € [a, b), a maximal solution m(t; 7, 0) exists on
[z, b) and m(t; 7, 0)=0.

In the following, we impose four conditions below on the function 4: Q— X.
(1) A is continuous from Q into X.
Q2) If(, x)eR, t,ttela, b)in R and x,—x in X as n— o0, then (¢, x) e Q.
(Q3) liminf,,, h~1d(x+hA(t, x), Q(t+h))=0 for all (¢, x) € Q.
(Q4) [x—y, A(t, x)—A(t, Y)]-=g(t, [|x—yl) for all (¢, x), (, y) e Q.

We first cite the following well-known results (for the proofs, see e.g. Lakshmi-
kantham and Leela [6]).

LeMMmA 1. Let t€[a, b) and let [z, c] be a compact subinterval of [z, b).
Then there is a number §,>0 such that for each 6 €(0, d,), a maximal solution
m(t; T, 8) exists on [z, c] and

limg, o m(t; 7, 8) = 0 wuniformly on [z, c].

LemMMA 2. Let [7, c] be a subinterval of [a, b) and o an absolutely con-
tinuous function from [, c] into R. Suppose that a satisfies

alts) -« (t)5 [ g0, atopa
for i<t <t,=<c. If m(t; 7, O) exists on [z, c], then a(t) <6 implies
at) S m(t;t,0)  forall te[r, c].
Using the above lemmas we now show the uniqueness of solutions.

PROPOSITION 1. Suppose that condition (Q24) is satisfied. Let [, c) be a
subinterval of [a, b) and (7, z;)€ Q. i=1,2. Let u; be solutions to (IVP; t, z;)
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on [, ¢), respectively. If m(t; 1, ) is defied on [, ¢), then |z, —z,|| < implies
lus()—u (DIl = m(t;7,6)  forall telr, c).
In particular, (IVP; t, z) has at most one solution on [z, ¢) for all (z, z)e Q.

ProOOF. Let at)=]|u,(t)—u,(?)| for each te[r, ¢). Then a is absolutely
continuous on each compact subinterval of [z, ¢) and left-differentiable on (z, ¢).
It follows from (2.1) and (24) that

(dfdt)~o(t) = [uy() —u,(1), ui(H)—ui(0)]-
= [uy () —ux(1), A(t, uy(1))— AL, ux(1)]-
= g(t, a(1))

for all te(z, ¢). Hence we have
t2
) — a(ty) < (" gt o)

for t<t;<ty<c (cf. [10]). The first assertion then follows from Lemma 2.
The second assertion follows from the first assertion and the fact that m(¢; 7, 0)=0
on [7, ¢). The proof is complete.

3. Approximate solutions
This section is devoted to construct an approximating family for the solution

of the initial-value problem (IVP; t, z).

PROPOSITION 2. Suppose that conditions (Q1)~(Q3) are satisfied. Let
(r,z2)eQR. Let R>0 and M>0 be such that T+ R<b and ||A(t, x)| =M for
(t, x)e Q2 n Sg(t, z). Then for each Te(0, R/(M+1)] and for each e€(0, 1),
there exists an X-valued function u on the interval [t, T+ T] and a partition
{t:}o<i<n of [7, T+ T1] with the properties listed below:

(i) tiyy—t;,se for 0Sis<N-1,

(ii) u(r) = z and |u(®)—u(s)| < |t—s|(M+e) for t,selr,t+T],

(ii) (1, u(t))€Q N Sg(r,z) for 0=i=N,

(iv) u is linear on [t;, t;,,] and

llu(s) —u(t) — (s — 1) A(t;, u(t))|| = (s—t)e
for selt, t;,;],0=is<N-1,

(V) lf (sl’ yl)) (s2, yZ)EQ n Sry(ti’ u(ti))7 where rp= (ti+1—ti)(M+1) ’
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then [A(sy, y1) — A(sz, y2)l Se¢ for 0Si<N -1
In this case, u has the following additional property:

(vi) for each 6 > 0 such that 6 <t;., —t; for 0Z i< N —1, there
exists an X-valued, strongly measurable function v on [1, 1+ T]
such that

(a) o(t) = u(ty) for 0Z i< N and (s,0(s))eQ n Sk, 2),
(b) fu(s)—v()ll =3¢  for se[r,t+T],

(© S., lo(s) — (s — 8) = BA(s, o(s))||ds < 14Td.

The family of functions u obtained through the above proposition provides
the aimed family approximating the solution of (IVP; 7, z). In the following we
call the function u given for a positive number ¢ an e-approximate solution for
(IVP; z, z).

In what follows, we assume that conditions (Q21)-(Q3) are satisfied. We
begin by preparing a few lemmas. The first lemma is due to Kenmochi and
Takahashi [5, Lemma 1].

LeMMA 3. Let (t, x)e Q and €¢>0. Let r>0 be such that | A(s, y)— A(t, x)|
<efor (s, y) e Qn S,(t, x). Also let M>0 be such that | A(s, y)| M for (s, y) &
QnS,(t, x) and set ho=min {r, r/M, b—t}. Then for each he(0, hy) there
exists an element yeQ(t+h) such that (t+h, y)eQnS(t, x) and |y—x—
hA(t, x)|| < he.

REMARK 2. The above lemma seems to be a refinement of Lemma 1 of [5]
since the latter lemma only asserts that d(x + hA(t, x), Q(t+ h)) < he for h e (0, hy).
But the proof involves the verification of the last half of the above lemm:s.

LeEMMA 4. Let (t,x)eQ and e€(0,1). Let r>0 satisfy t+r<b and
[A(s1, y1)—A(sz, Y S€ for (s, y1), (52, y2) € R NS¢, x).  Also, let M>0 be
such that |A(s, Y)ISM for (s, y)eQnS,(t, x). Let hel0, r[(M+1)), ye
Q(t+h), and |y—x|Sh(M+1). Then for each he(h, r/(M+1)] there exists
an element 9 € Q(t+h) such that (t+h, $)e 2 n S(t, x) and

19—y —=(h=m)A(t+h, p)| < (h—he.

ProoF. Let he(h, r/((M+1)]. Set f=(h—h)(M+1). Then Si(t+h, y) =
S.(t, x). Hence ||A(s', y)—A(t+h, y)|<e and [|A(s', y)|SM for all (s, y)e
QnS,(t+h, y). Hence, by Lemma 3, there exists an element § € Q(t+h) such
that (t+h, $)eQnSit+h, ) =cQn S, x) and ||§—y—(A—h)A(E+h, y)|<
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(A—h)e. This completes the proof.

LEMMA 5. Let (t, x)eQ, e€(0, 1) and let r be a positive number such that
t+r<b and ”A(sla yl)'—A(SZa y2)” é& for all (51, yl)s (52a yZ)EQ n Sr(t’ X).
Also, let M >0 be such that | A(s, y)|| <M for all (s, y)eQn S/t, x). Lett and
0 be such that >0 and t+0<t<t+r/(M+1). Then there exists an X-valued,
strongly measurable function v on [t, ) with the following properties:

(i) o) =x,

(ii) (s, v(s)eQnS(t,x) for se[t ),

(i) [lu(s)—x—(s—nNA@t, 0| = 2(s—e  for se[t, 1),

@iv) |o(s)—uv(s—38)—38A(s, v(s))| < 76  for se[t+4d,1).

Proor. For each nonnegative integer n, let N(n) be an integer satisfying
t+N(n)o/2" <t<t+(N(n)+1)6/2". Set tf=t+kd/2" for n=0, 0<k<N(n) and
I,={t}; 0k=N(n)} for n=20. Note that I,=I,,, and #}*'el, for k even.
Now, for each n>0, we define a step function y, on [t, ) with values in I, by

L for SE[t;", t;:+1)5 OékéN(n)“l,
’)’,,(S) =
thn for se[thuy 1)-
It is easy to see that the sequence {y,},>, satisfies the following:

(B.1) ypls)=s for sel,, n=0;
(3-2)  Ymu(s)) = Va(¥m(s)) = ¥m(s)  for 0= m < n,sel[t, 1);
(3.3) p,(s=8)=7y,06)— 9 for n=>0,se[t+6,1); and

(3.4) the sequence {y,(s)},>0 is monotone increasing for each se[t, ) and
ya(s) 1 s as n—oo0.

We then aim to construct a sequence {v,},>o of X-valued step functions on
[t, ) which satisfies the following:

(3.5) v,(t) = x and (y,(s), v,(s)) € R n S.(t, x) for n=>0,s€e[t,1);
(3.6) |lvg(s)—vo(s—06)—A(Pe(s—9), vo(s—9))|| < de for se[t+4,1);
B o) —xll = uls)-)(M+1)  for n20,s€e[t, 1);
(3-8) [oa(s)—x—(u(s)— DA, X)|| = 2(y(s)—D)e  for n=0,s€[t,1);
(3:9)  1104(8) =0 1(8) = V() = V= 1(NAWn- 1(5); Vy— 1 ()

S () =Vu-s(s))e for nz=1,se[t,?) and
(3.10)  [[w(s) — vo(5) = (¥(8) — Yo(SDA(¥o(s), vo($)) |
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= 2 —vo(se  for nz1,sels, D).

To this end, we begin by choosing a sequence {vy(t2)}o<r<n(oy Of €lements in X
such that

(3.11) (12, vo(1) e Q n S,(t, x) for 0=k = N(0),
(3.12)  loo(R) —vo(R- 1) —SA(R -1, vo(R- DI S 0¢  for 1<k = N(0),
(3.13) o) —x| = @—0(M+1) for 0=k= N,
(3.14) o) —x—(R— DA, x)| £2(—1e  for 1=k = N(0).
This is accomplished induction on k. Set v,(#3)=x. Let j be an integer such
that 0<j<N(0)—1 and assume that a sequence {vo(t)}o<x<; has been chosen so
that (3.11)(3.14) may hold for 0<k<j. Applying Lemma 3 with h=t%—¢ and
ﬁ=t‘}+1 —t=h+0, one can choose an element vy(t%9,,)€X such that (19.,,
vo(1941)) €Q N S,(t, x) and
lvo(t3+1) — vo()) — SA(LS, vo(IN)] < €.
We have  [|vg(t9+ 1) — x|l = [lvo(t9+1) —vo(t9) =AY, vo(tD)|l
+ oot — x| + S A9, vo(EMI

<de+ (O-)(M+1) + M

< (04— O(M+1)
and "l’o(t?+ 1) — X — (t(}+ 1 —DA(L, x)||

< lloo(t3+1) — vo(t) — A3, v
+ lloe(t)) — x — (F3—DA(t, )|l
+ 011415, vo(19) — A(t, %)l

< 68 + 2(19—1t)e + O¢

= 2(t9,, — 1.

This means that the desired sequence {vy(t)}o<k<n(o) can be constructed such
that (3.11)«(3.14) hold. Set vy(s)=vo(yo(s)) for se[t, #). Then it follows from
(3.11)—(3.14) that v, satisfies (3.5) through (3.8) (and (3.9), (3.10) in a trivial sense)
for n=0and se[t, t). Thiscompletes the first stage of our construction. Next
we define a sequence {v,},, in the following way. Let j be a positive integer and
assume that a sequence {v,}9<,<; has been defined in such a way that (3.5)~(3.10)
hold for 0Sn<jand se[t, 7). To construct the (j+ 1)th function v;,; on [t, 1),
we first specify the values of v;,, on the set of mesh points I;,,. Letsel;,;.
If sel;, we set v, (s)=v)(s). If sel;,;—1I;, then by use of Lemma 3 with
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h=y,(s)—t, y=v,s) and h=s—t, one finds an element, say v;+1(s), such that
(s, v;+1(s)) €20 S,(t, x) and
[0;+1(8)—0(8) = (s =7, (NAM (), v;(NII = (s—y;(5))e.
We now set v;,(s)=v;,1(7;4+:(s)) for se[t,7). Then we infer from the defi-
nition of v;,; that (y;,(s), v;,1(s)) € 2 n S,(¢, x) and
I Uj+1(5)—vj(s)_()’j+ 1(5)_'}’j(5))A(7j(S)s Uj(s))" = ('Yj+1(s) - )’j(s))g'

Moreover we have

””j+ 1()—x||
S 1041 = 0(8) =+ 1() =7 (DA (5), vi(s)I
+ o (8) = X[l + (74 1(8) =y (NN A (5), v
S 110 =7i(Ne + G =DM +1) + (7+1(5) — v,(s)HM
S @) —D(M+1),
0+ 1(8)—x—= (74 1(s) — DA, x)]|
S 041 —0(8) = (4 1(9) =1 (D) A (5), v()]
+lv(s)—x—(y,(s) — DA, %)l
+@5+1(8) =7 (NN A (), vi() — A(t, X)|
S 2(94+4(5)— 1)e,
and
[0+ 1(8) = 0o(8) = (7 + 1(8) = Po()) A(Yo($), vo(s)I
< 110,41) = 0,() = (314.1(8) = 7D A 5), v
+ 10(5) — 00(5) = (1(5) = Yo(S)A(Ho(S), vo(s)
+ (37418 = 7NN AGLS), v1(5) — Ayo(5), va(s))]
= 2(7;+1(8) = vo(s)e.
This means that v, , satisfies (3.5) through (3.10) with n=j+1. Thus a sequence
{n}nz o Of functions satisfying (3.5)—(3.10) is constructed.

We now find an X-valued function v on [t, t) possessing the properties
(i)—(iv) as listed in the statement of the lemma. Since (3.9) implies

104(8) = Va1 ()N = (V(8) = Vw1 () (M + 1)

forn=1and se[t, ?) and lim,_, y,(s)=s, the sequence {v,(s)},5 o is a Cauchy sequ-,
ence for each se[t, 1). Hence one can define a function v on [t, 1) by v(s)=
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lim,_, v,(s). v is clearly strongly measurable. Since (y,(s), v,(s)) € 2, y,(s) T s in
R and v,(s)—v(s) in X, it follows from (Q2) that (s, v(s))e Q. By (3.7) we have

lo(s) — x| S (s—t)y(M+1)<r  for se[t 1),
and hence (s, v(s)) € 2 n S,(t, x). Moreover, by use of (3.8) and (3.9), we obtain
[v(s) — x — (s—1A(L, x)|| < 2(s—1)e for selt, 1),
and
lo(s) — vo(s) — (s —=Po(8))A(Yo(s), V(NI = 2(s —o(s))e
for se[t, 7).
Hence it follows that
lo(s) — (s — ) — SA(s, v(s))|
< [lo(s) — vo(s) — (s—70()AMo(s), vo(s)I
+ lo(s—6) — vo(s—8) — (s—7o(5))A(yo(s —9), vo(s =)
+ [vo(s) — vo(s—8) — dA(Yo(s—9), vo(s— )l
+ (s =Po(NIA(Mo(s), vo(s)) — A(yo(s —9), vo(s— )|
+ 6l A(yo(s —8), vo(s —9)) — A(s, v(s))|
< 2(s—7o(8))e + 2(s —7yo(s))e + d& + (s—7po(s))e + ¢
< 76¢

for all se[t, 7). This completes the proof of Lemma 5.

ProoF of Proposition 2. The existence of e-approximate solutions u for
(IVP; 1, z) satisfying (i)—(v) of Proposition 2 was already verified in Kenmochi
and Takahashi [5; Proposition 2]. So it suffices to show that the g-approximate
solution u has the last property (vi) of Proposition 2.

Let 0<i<N-—1. We first observe that if (s, y)eQ, |s—t;]|<(t;4,—1) X
(M+1) and |y—u(t)|| <(t;s;—t)(M+1), then (s, y)eQn Sg(z, z) and hence
|A(s, y)| £M. Using this fact together with the property (v) and applying Lemma
5 with t=t; and i=t,,,, we see that there exists an X-valued measurable function
v; on [t;, t;,,) satisfying:

(3.15) v(t) = u(1y),

(3.16) (s, v{s)) e 2 n Sg(z, z) for se[t;, t;1 1),

(3.17)  llods) — u(t) — (s— 1) A, u®))| = 2s—t)e for se [t tivy),
(3.18) |lvs) — vi(s—98) — OA(s, v(s))|| < 70¢ for se[t;+9, t;yy).
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For each se [1, 7+ T, we set
{ v(s) = v(s) if selt, tivd),
v(t+T) =u(z+T)

Then it is clear that the function v has the property (a). Let se[t;, t;.¢). It
follows from (iv) and (3.17) that

lu(s) — v()I = lluls) — u(t) — (s— )AL, u(t))|
+lo(s) — u(t) — (s— 1A, u(t)|
S 3(s—te
< 3g2
which is nothing but (b). To see that v has the property (c), we estimate the
norms ||v(s)—v(s—0)—dA(s, v(s))||, se[t+0, t+T]. If ;+5=s<t;,, for some
i with 0<i< N —1, then (3.18) yields
lo(s) — v(s—8) — SA(s, u(s))ll = Toe.
If t,<s<t;+06 for some i with 1 <i< N —1, then (iv), (v) and (3.17) together imply

llo(s) — v(s—8) — 6A(s, v(s))ll
< llo(s) — u(ty) — (s—t) A, u(@))|l
+ flu(t) — utiy) — (4 — t;i- DAy, u(t; )
+ flo(s—0) — u(tiy) — (s—0—1t;- )A(t: -y, u(ti— 1))l
+ (G + =9 A, u(@)) — A(ti—y, u(t;- D)
+ O] A(s, u(s)) — A(t;, u(t)
S2(s—t)e+ (ti—ti_1)e + 2(s—0—1t;_;)e + (t;+5—s)e + Je

S 7(t—t- e

Hence we have

§j: lo(s) — v(s—08) — SA(s, v(s))llds

= 25 {1 fots) — o(s=8) — 64(s, o(s)ds

ti+

+ 225 (7 ots) - o(5-8) = 84Gs, o(oDlds

ti

S XN Uty —t)oe + XN T(t—t;- ()oe
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< 14Tbe,

which completes the proof.

4. Local existence
In this section we establish a result on the local existence of solutions to
(IVP; 1, 2).

THEOREM 1. Suppose that conditions (21)«(Q4) are satisfied. Let (1,2)€
Q. Let R>0 and M>0 satisfy t+R<b and ||A(t,x)| <M for (t,x)efn
Sr(z, z). If Te(0, R/(M+1)], then (IVP; 1, z) has a unique solution u on
[t, ©+ T] such that |u(t)—u(s)| EM|t—s| for all t, se[r, T+ T].

Proor. Let Te(0, R/(M +1)] and {g,},», a null-sequence in (0, 1). Then,
by Proposition 2, there is an g,-approximate solution u, for (IVP; t, z) on
[z, 7+ T] for each n=1. We denote by {t7}o<;<nw the partition of [7, 1+ T]
associated with u,. Let m and n be positive integers. Let 6>0 be such that
o<ty —tr for 0Si<N(m)—1 and o<t —1t7 for 0Sj<N(n)—1. Then
Proposition 2 implies that to u, and u,, there correspond X-valued strongly
measurable functions v,, and v, having the properties (a)-(c) as mentioned in
(vi) of Proposition 2, respectively. By (Q24), we have '

“4.n lom(s) — va(S)l
= llon(s) — v4(s) — S(A(s, vu(s)) — A(s, V(NI
+ 69(s, [vm(s) — v
= llow(s—8) — v(s—9)|
+ [Vn(8) — vp(s—0) — SA(s, v,(s))l
+ [[v(s) — vals—6) — SA(s, v ()l
+ 6g(s, [vm(s) — va(I)
for se[t+06, t+T]. Let t; and t, be such that 1<t <t;+6<t,<7+T. In-
tegrating both sides of (4.1) from ¢, +6 to t,, we obtain
@2 {7 oo = 6lds = [ o) - volds
<8{” g6 loals) = o) DDds

+ S:"‘é "Um(s) - Um(s_(s) - 5A(S, vm(S))"ds
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+ S,, l0a(s) = vi(s=8) — 8AGs, v,(s))llds
=0 SZZH 9(s, 10.(s) — va(s))ds + 14Td(e,+¢,) -

Set U, ()= llu,(s)—u,(s)| and V,, (s)=v.(s)—v,(s)ll for se[r, t+T]. Then
(4.2) is written as

t2 t1+o
@.3) S,  Vnalo)s — S, Vi o(5)ds
< S"H 90, Vn(8)ds + 14T6(e, +6,).
Siﬂce I Um,n(s) - Vm,n(s)l é " um(s) - Um(S)” + ” un(s) - Un(S) “ é 3(831 + Bﬁ) and l Um,n(t) -

U, )] = tin(8) = () | + () —un(| S 2l —s|(M + 1) for 1, se[r, t+T], we

obtain
t2
t

6Una(t) = |*_ Upa(t)ds

< S  Vias)ds + 363 +2) + 265(M +1),
t2—

and
' ti+o
SUna(ty) = |7 Up(t1)ds
ty
t1+o
> g Voo(s)ds — 36(c2 +62) — 264(M +1).
ty
Hence
t2 t1+o
G4 Ut = U0} S (7 Vi = "7V, 05
t2—d ty

+ 65(e2 +¢€2) + 463 (M +1).

Combining (4.3) with (4.4) yields
“5) Una1) = Unalt) S |7 g5, Vars)ds + Cle+2)
1

for some constant C>0 which depends only on R and M. Since |U,, (1)—
Upn(®)IS2]t=s|(M+1) and |U, ()| =2(s—1)(M+1) for t,se[r, t+T], the
family of functions {U,, ,},mz1,,>1 is €quicontinuous and uniformly bounded.

We now claim that

lim,, ¢, po0 Upu(s) = 0 for all sel[z, t+T].

If this were not true, there would be an sye[r, t+T] and subsequences
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{m(k)}gs 1, {n(k)}xs1 such that m(k)— oo, n(k)—co as k—oco, and lim,_ o
Uiy n(80) #0.  Since {Upn}k=1 18 also equicontinuous and uniformly
bounded, we can assume with the aid of Ascoli-Arzela’s theorem that

(4.6) lim, Um(k),n(k)(s) = U(s)

for some continuous function U on [t, T+ T, U(sg)#0, where the convergence
is uniform on [t, 7+ T]. On the other hand, |U,,(s)—V,, .(s)| = 3(e% +¢€2), and
so we see that

4.7 limy o Vm(k),n(k)(s) = U(s)

holds uniformly on [z, 7+ T]. It, thus, follows from (4.5), (4.6), (4.7) and the
Lebesgue convergence theorem that

U(t,) — U@ty < Slzg(s, U(s))ds whenever 1 <t <t, <1+ T.
ty

However, we must have U(s)=0 by Lemma 2, which is a contradiction. Thus
lim,, 00 ysoo Upa(s)=0 holds for se[7, 74+ T]. Since {U, ,}mz1.21 1S €quicon-
tinuous, the convergence is uniform on [, 7+ T]. This means that {u,},>, is
uniformly Cauchy on [, T+ T1].

We then define u(t)=Ilim,_, u,(t) for each te[r, 7+ T]. Then u(r)=z and
lu(t) —u(s)|| < Mijt—s]| for t, se[r, 7+ T]. Since (¢, u,(t})) € Q, it follows from
(Q2) that (¢, u(t))eQ for all te[r, 7+ T]. Also, we infer from (Q1) and the
property (iv) as mentioned in Proposition 2 that

lim,,_ o, u,(t) = A(t, u(t)) forae. telr, t+T].

Therefore, the application of the Lebesgue convergence theorem yields
u(t) = lim, .., u,(f) = lim, .., {z + g' u'(s)ds) = z + S’ ACs, u(s))ds

for all te[t, T+ T]. This shows that u is a solution to (IVP; t, z) on [t, T+ T].
Since the uniqueness follows from Proposition 1, the proof of the theorem is now
complete.

COROLLARY 1. Suppose that conditions (21)-(Q4) are satisfied. Let
(t, z)€ Q. Then there is a number c with the following properties:
(i) t<c<b and (IVP; 7, z) has a unique solution u on [z, c].
(ii) Let £¢>0, then there is a number r>0 such that t+r<c and for every
(t, x)eQn Sz, z), IVP; t, x) has a unique solution v on [t, c] with
lo(c)—u(e)l e.

ProOF. Let R>0 and M >0 be such that t+R<b and ||A(t, x)| =M for



78 Toshiyuki IwAMIYA

(t, x) e Q= Sg(t, z). We shall show that any number ¢ in the interval (z, 7+
R/(M +1)) is the desired one. The first property follows from Theorem 1. To
show that ¢ has the second property, let e>0. By Lemma 1 >0 can be found
such that the maximal solution m(s; 7, J) exists on [z, ¢] and m(c; 7, 6)<e. Let
r>0be such that t+r<e¢, 1—r+(R—r)[(M+1)=c and r(M +1)Sinfo <, <, m(t+
0;1,0). Take any (¢, x)eQn S,(z, z) and set #P=R—r. Since |A(s, YI=M
for all (s, y) € 2 n Sy(t, x), (IVP; t, x) has a unique solution v on [t, t+#/(M +1)]
by Theorem 1. Since t+2#/(M+1)>t—r+(R—r)/(M+1)=c, we infer that v
is defined on [1, ¢]. If t<7, then

() — u(@)| = llo(2) — xI| + lIx — z||
<M@E-t)+r
<M+Dr
< m(z; 1, 9).
Hence ||v(c)—u(c)|| Em(c; 1, §)<e by Proposition 1. If t>r, then we have
lo®) — u@l = lIx — z|| + [u(®) — z|
<r+ M(it—r)
<M+Dr
= m(t; t, 9).
Hence |v(c) —u(c)|| S m(c; T, 6)<e by Proposition 1. Thus the proof is complete.

A concluding REMARK. As is easily seen from the above arguments, the
conclusion of Theorem 1 remains valid even if (22) is replaced by the following
condition (which is a localized form of (Q2)):

(22),,c For each (t, z)eQ, there is a number R>0 such that whenever
(t,, x,)€2n Sg(t, 2), t,1 te[a, b) and x,—»x as n—oo, we have
(t, x)e Q.

Hence in particular, if Q is locally closed and (1), (23) and (24) are satisfied, the
conclusion of Theorem 1 is valid.

5. Existence in the large

In this section we examine the maximal interval of existence of solutions to
(IVP; 7, z) and give our main result on the global existence.

Suppose that conditions (21)-(24) are satisfied. Let (7, z)€ Q and let u be a
solution to (IVP; 7, z) that is noncontinuable to the right. We denote its final
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time by T(z, z); hence 7<T(t, z)<b and u is a solution to (IVP; 1, z) on
[z, T(z, z)). Since (IVP; 7, z) has a unique solution, T(z, z) is well-defined for
every (7, z) €. We consider T as a function from the metric space Q into the
extended real line R U {c0} endowed with the usual topology.

We first show that T is continuous.

LEMMA 6. Suppose that conditions (Q1)~(Q4) are satisfied. Let (z, z)€ Q.
Let de(z, b) be any number such that (IVP; z, z) has a solution u on [z, d].
Then there eixsts a number r>0 with t+r<d such that for any (t, x)e2n
S,(z, z), (IVP; t, x) has a solution on [t, d].

ProoF. Since the set {(s, u(s)); se[t, d]} is compact in Q, (Q1) ensures
that there are numbers R>0 and M >0 such that ||A(t, x)|| <M for (¢, x)eR2n
Usere, a1 Sr(S, u(s)).  Let ¢ be any number with the properties (i) and (ii) as men-
tioned in Corollary 1; we may assume that c<d. Let ¢ be a positive number
such that the maximal solution m(s; ¢, ¢) exists on [¢, d] and m(s; ¢, )<R on
[c, d], r a positive number satisfying (ii) as mentioned in Corollary 1 for the ¢,
(t, x) € Q n Sg(t, z), and let v be a noncontinuable solution to (IVP; t, x). Clearly
T(t, x)>c. We then demonstrate that T(¢, x)>d. Assume that T(t, x)<d.
Then, by Proposition 1, [o(s) —u(s)| < m(s;c,e) <R on [c, T(t, x)). This
implies that |A(s, v(s))|SM for selc, T(t, x)) and hence |[ov(s;)—v(s,)| <
M|s, —s,| for sy, s,€[c, T(t, x)). Therefore, vo=lim,,r(,, v(s) exists in X
and (T(t, x), v) € Q by (£22). But, in view of Theorem 1, this contradicts the
fact that v is noncontinuable to the right of T'(¢, x) and the proof is complte.

LEMMA 7. Suppose that conditions (21)«(Q4) are satisfied. Let {(t,, X))}nz1
be a sequence in Q converging to (1, z)eQ and let de(t, b). Assume that
(IVP; t,, x,) has a solution u, on [t,, d] for each n=1. Then (IVP; 1, z) has
also a solution u on [, d].

Proor. Let u be a noncontinuable solution to (IVP; 7, z). We aim to show
that u is defined on [7, d]. To this end, let ¢ be a number with the properties (i)
and (ii) as mentioned in Corollary 1; we may assume that t,<c<d for all n>1.
Let ¢ be a positive number for which the maximal solution m(t; ¢, 2¢) exists on
[c, d]. (The existence of such ¢ is guaranteed by Lemma 1.) Let r be a number
satisfying (ii) (mentioned in Corollary 1) for the ¢. Let (¢, Xn), (¢, X,)€QN
S,(t, z). Then

lum(c) — ux()l £ lum(c) — u()l + lulc) — u(e)| < 2e,
and hence

lum(®) — u, (DIl = m(t; ¢, 2¢) on [c, d].

In view of Lemma 1, this means that the sequence {u,},>, of functions is uniformly
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Cauchy on [c, d]. Set G(t)=lim, . u,(t) for all te[c,d]. Since u,(t)=
u,(c) +St A(s, u,(s))ds for all t e [¢, d] and G(c)=1lim,_, u,(c)=u(c), we have

ﬁ(t)=u(c)+§t AGs, a(s))ds  forall te[c, d]

by the Lebesgue convergence theorem; hence 0 is a solution to (IVP; c, u(c)).
Since (IVP; 7, z) has a unique solution u, G must coincide on [c, d] with u.
This means that T(z, z)>d; and the proof is complete.

PROPOSITION 3.  Suppose that conditions (Q1)-(24) are satisfied. Given a
(z, 2) € Q, let T(z, z) be a final time of a noncontinualbe solution to (IVP; 1, z).
Then T is a continuous function from Q into R U {o0}.

Proor. Let {(t,, x,)},>1 be a sequence in Q converging to (7, z)eQ2. We
wish to show that lim,.., T(t,, x,)=T(t, z). To this end, let de [z, T(z, z)).
By Lemma 6, d<T(t, x,) for sufficiently large n. Hence d<Iliminf,_,
T(t,, x,). Since d was arbitrarily chosen, we have

(5.1) T(z, z) < liminf, ., T(t,, X,).

Let d (1, lim sup ., T(t,, x,)). Then there is a subsequence {(t,u) Xnu))}xz1 Of
{(ts» Xp)}nz1 such that t,4)<d <T(t,u), X,q) for all k=1 and (t,4), Xuq)—(7, 2)
as k—»oo. By Lemma 7, (IVP; 1, z) has a solution on [7, d] and hence d<
T(z, z). Since d was arbitrarily chosen, we conclude that

(5.2) lim sup,.o, T(t,, x,) < T(z, 2).

Combining (5.1) and (5.2) we obtain lim,_, T(t,, x,)=T(z, z) and the proof
is complete.

We are now in a position to state our main result of this paper.

THEOREM 2. Suppose that conditions (21)-(Q4) are satisfied. Let C be
a connected component of Q and set d=sup {te[a, b); C(t)#¢}. Then for each
(z, z)e C, (IVP; 7, z) has a unique solution on [t, d) and the interval [z, d) is
the maximal interval of existence of solution. In particular, if Q is connected,
then for each (t, z) € Q (IVP; 7, z) has a unique solution on [z, b).

Proor. We show that T takes the constant value d on C. Let ¢, ¢’ e T(C).
We may assume that ¢c<c¢’. Set C;={(t, x)eC; T(t, x)<c} and C,={(t, x)e
C; T(t, x)>c}. Since T is a continuous function by Proposition 3, C, is an open
subset of C. Let {(,, x,)},>1 be a sequencein C, converging to (¢, x)e C. Then
T(t, x)=lim,., T(t,, x,)=c. Assume that T(t, x)=c>t. Then t,<c<T(t,, x,)
for n sufficiently large and (IVP; t,, x,) has a solution on [t,, ¢] for n sufficiently
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large. Therefore, it follows from Lemma 7 that (IVP; t, x) has a solution on
[t, ¢]. However, in view of Theorem 1, this contradicts the assumption. There-
fore T(t, x)> ¢, which means that C, is a closed subset of C. Since C is connected,
C=C, U C, (disjoint union) and C, # ¢, we conclude that C,=¢. Thus ¢'=c;
and hence c=¢’. It turns out that T(C) is a singleton set {c¢}. Since t<T(t, x)=c
for all (¢, x) e C, we have d=sup {t; C(t)# ¢} =<c. On the other hand, it is clear
that c=T(¢t, x)<d for (t, x)e C. Consequently, we have T(C)={d} and the proof
is complete.

Finally, we consider the case where Q is a cylindrical domain. In this case
it is natural to assume b= +00. Then d= + o0 and Theorem 2 may be restated
in the following form.

COROLLARY 2. Let D be a closed subset of X and suppose that conditions
(Q1), (23) and (Q4) are satisfied with Q=[0, +o0)x D. Then for each ze D,
(IVP; 0, z) has a unique solution on [0, + o0).
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