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Introduction

In this paper we consider the following problem: Find a curve x=I[(t)>0
on [0, ) and a function u=u(x, t) on Q,, Q, being the set {(x, 1); 0<x<I(¢),
0<t< o0}, satisfying

(0.1) u—u,=0 in Q,
0.2) u(x, 0) = uo(x) for 0<x<l,
u(0, 1) = g(?) for 0<t< o0,

0.3) u,(0+,)=0 for u(0, t) > g(1),
u, 0+, =<0 for wu(0, H)=g(1),

0.4) u(l(®), ) =0 for 0 <t < o0, and
r'@y(= (@d/ani) = — u (l(H)—, ¢ for 0<t< oo,
10) =1,

(0.5)

where [, is a given positive number, u, a given initial function and g is an obstacle
function given on the fixed boundary x=0. This is regarded as a Stefan problem
of type different from those treated so far. Recently the author (cf. [8]) employed
a method which has evolved in the theory of nonlinear evolution equations
involving time-dependent subdifferential operators in Hilbert spaces in order to
show that our system admits global solutions to this problem. The purpose of
this paper is to study the asymptotic behavior of the global solutions.

As to the usual Stefan problem which is described as a system with (0.3)
replaced by the boundary conditions such as u(0, )=£(¢) or u,(0+, )=f(t), the
existence and uniqueness as well as the asymptotic behavior of the solutions have
been studied by many authors. See for instance [2-5, 9]. On the other hand,
in case g is a non-negative constant function on [0, ), Yotsutani [10, 11] dis-
cussed the system (0.1)-(0.5) and gave detailed results concerning the asymptotic
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behavior of the solutions. However these methods do not directly apply to the
above-mentioned system with non-constant obstacle g. In order to investigate
the system (0.1)~(0.5) there arise some difficulties because of the nonlinearity in
the boundary condition (0.3), which never occur in the case of constant obstacle.
In this paper we establish a new method which makes it possible to treat nonlinear
boundary condition of the form (0.3), and this is the principal virtue of our

approach.
In this paper we restrict ourselves to the obstacle g satisfying either of the

following:
(0.6) g is non-increasing on [0, o0); or

0.7) g has a non-increasing majorant § on [0, c0),

and discuss three subjects as listed below:
(@) The monotone dependence of solutions on Stefan data {I,, u,, g} and
the uniqueness of solutions.
(b) The asymptotic behavior of the free boundary x=I(t); and sufficient
conditions on ¢ in order that lim,_, ., I(f) < co.
(c) The asymptotic behavior of u; and evaluations of liminf,_, , u(x, f)
and lim sup,., , u(x, t) in terms of g.
In [8; Theorem 1.3], the uniqueness of the solution was verified for a specific
class of initial values. In section 3 of this paper we show that the uniqueness
theorem is valid for a more general class of initial values, and that the uniqueness
theorem is a direct consequence of the monotone dependence of solutions on Stefan
data {l,, u,, g}. The crucial step for the investigation of (b) is to obtain the
inequality

0=u 0+, t) = Kg(r) for a.e.t = 0 and some constant K < 0

and to prove that lim,_, I(f)<oo under the assumption that (0.6) (resp. (0.7))
holds and g € L1(0, o0) (resp. § € L1(0, o0)).
The main results of this paper will be given in section 4.

1. Quasi-variational formulation of the problem

Throughout this paper we use the Hilbert space
H = L?*0, o)
with norm |- |5 and inner product (-, -)g, and the Sobolev space
X = W20, ).

Given a curve x=1I(#)>0 on [0, ), a function g on [0, c0) and a point
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t=0, we define a function ¢} , on H by

A)lzdf if zeK, (),
Dl 4(2) = [

0 otherwise,

where
K, () ={zeX;z(0) 2g(®),z=0 on [l(), o0)}.

Clearly, the function ¢} , is proper, lower semi-continuous (l.s.c.) and convex on
H and the effective domain D(¢},) is exactly the set K, (¢). The subdifferential
0¢% , is a multivalued operator in H. For the definition and general properties
of subdifferential operators, we refer to [1]. We then consider the Cauchy
problem CP(¢} ;; u,) on [0, T]:

—u'(t)e ol (u(®),0<t < T,

CP(di4; u,)
u(0) = u,

where 0< T< o0, the initial-value u, is given in H and u'(t) denotes the strong
derivative (d/dt)u(t) in H of u(f). By a solution u of CP(¢j,; u,) on [0, T] we
mean the H-valued function satisfying

(1.1) uweC([0, T]; H) n L0, T; X) n WH(8, T; H) N L=, T; X)
forevery 0<d6<T,
u(0) = u,,
— u'(t) e 0¢} J(u(D) for a.e.te[0, T].

Also, we say that u is a solution to CP(¢} ,; u,) on [0, c0), if it is a solution to
CP(¢},; u,) on [0, T7] for every finite T>0.

We identify a function u=u(x, t) in L2((0, o) x (0, T)) with an H-valued
function u=u(t) on (0, T) in such a way that

[u(®1(x) = u(x, 1) for 0<x<oo and te(0, T).

Using the functions ¢}, we give a quasi-variational formulation of the problem

(0.1)0.5).

DerFINITION 1.1, Let 0<I,< o0, u,e H and g a function on [0, c0). Then
we say that a pair {I, u} of a positive function I in C([0, c0)) and a function u
in C([0, o0); H) is a solution to QV(l,, u,, g), if it fulfills the following conditions:

(QV1) wuis a solution to CP(¢i,; u,) on [0, c0).
(QV2) leWb%(6, T) for every 0<d< T< 0, I(0)=1, and
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(1.2) 'y= —u((@®—,t for ae.t=0.

Existence of a solution to QV (I,, u,, g) can then be discussed under the fol-
lowing assumptions (A) (or (A)’) and (B):

(A) g=0on [0, 0) and g e W20, T) for every finite T >0.

(A) g=0on [0, o) and g is non-increasing on [0, o).

(B) O<l,<oo,u,eH,u,20a.e.on[0, ), and u,=0a.e. on[I,, ).
In fact, we have:

THEOREM 1.1 (cf. [8; Theorems 1.1, 1.2]). Suppose (A) (or (A)) and (B)
hold. Then we have:

(i) Qv (,, u, g) admits at least one solution {l, u} such that t'/2l'e
L2, T), t'/2u’ € L0, T; H) for every finite T>O0, the mapping t—t|u.(-, t)|4
is bounded on (0, T7] for every finite T >0, and u(0, t)=g(t) for all t>0.

(ii) If in addition u,e X and u,(0)=g(0), then QV(l,, u,, g) has at least
one solution {I, u} such that le W4-2(0, T), ue W1.2(0, T; H) for every finite
T>0, the mapping t—|u,(-, t)|g is locally bounded on [0, o), and u(0, )=g(¢)
for all t=0.

(iii) If {l, u} is a solution to QV(l,, u,, g), then | is non-decreasing on
[0, ) and u is non-negative on [0, c0)x (0, o).

REMARK 1.1. According to the results given in [7; Chapter 1], CP(¢} ,; u,)
admits one and only one solution on [0, c0) under conditions (A) (or (A)’) and (B).
Also the solution u is continuous in (x, f) € [0, o) x (0, 00), since

ueWbh.2(8, T; H) n L*(6, T; X) (=C([0, ) x [4, TT))

for every 0<d<T< oo by (1.1). Moreover we note (cf. [8; §1]) that a function
u: [0, c0)—- H is a solution of CP(¢},; u,) if and only if (1.1) holds and u satisfies
the following system:

u(-, ) —u,(-,)=0 in L0, I(t)) for ae.t=0,

u(-,0) =u, in H,

u(-,)=0 on [I(t), 0) forall t=0,

u,)=2g(t) forall t>0,

u0+,=0 for a.e. te{t=0;u0,1) > g(t)},

u, 0+, =0 for a.e.te{t=0;u0,1) =g()}.

Therefore QV(l,, u,, g) is understood to be a weak formulation of the problem

(0.1)~0.5).
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ReMARK 1.2. Let {I, u} be a solution to QV(l,, u,, g). If we write f(f) for
u(0, ), then {I, u} is regarded as a solution to the usual Stefan problem with (0.3)
replaced by the boundary condition u(0, t)=f(¢) for 0<t<oo. Thus it follows
from [2; Theorem 1] that the solution {I, u} has the following properties:

(i) wu, and u,, are continuous on £,

(i) u(I(t)—, 1) exists and (1.2) holds for all £>0.

(iii) [ is continuously differentiable on (0, co).

We here recall the expressions of the free boundary x=I(f) which are useful
in the later argument.

LEMARK 1.1 (cf. [2-4]). Let {l, u} be a solution to QV(l,, u,, g). Then:

13) I =Is) + S: u(x, s)dx —g: u(x, dx — S w0+, D)de

for every 0 < s £t < 0.

A4 12 = Is)? +2 S: xu(x, s)dx — 2 S: xu(x, dx + 2 S' (0, )dr

forevery 0 < s St < oo,

2. Some lemmas

We first prepare the following lemma.

LemMma 2.1. Let 0<T<oo, k a constant, | a function in C([0, T]) with
I>0 on [0, T], and let v, w be functions in C([0, T]; H)n W23, T; H)n'
L*(5, T; X) such that v,,, w,,€ L*(D;) for every 6€(0, T), where Dy;={(x, t);
O<x<I(t), 6<t<T}. Assume further that

Wy — Wy SV, — U, a.e.on{(x,1);0<x<lt),0<t<T},

wx,0) S uv(x,00+k  for ae x=0,

wsov+ k on{(x,t);l(t)_s_x<oo,0<t_§T}, and

w0+, 1) — v 0+, 1))(W(O, t) — v(0, t) — k)* ; 0 for ae te[0, T].
Then

w<v+k on[0,0)x (0, T].

Proor. Note that v and w are continuous on [0, ©0)x (0, T]. Since the
support of (w—v—k)* is contained in {(x, £); 0Sx=<I(f), 0<t< T}, it follows from
the assumptions that
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(D @dDIw(e) - ) = 1
= {700 1) = 0t DO D) = o, 1) = B * s

IIA

S;"’ War, 1) = 0%, D) (W(x, 1) — v(x, 1) — K)*dx

= (0 0 1) = 05, DO, ) = o0, 1) = B

+ Wl =, 1) — v () —, D)W@), ) — v(I(1), ©) — k)*
— (W, (0+, 1) — v 0+, ))(W(O, 1) — (0, 1) — k)*
<0 for a.e. te[0, T].
Integrating this over the subinterval [§, s] with 0<d<s< T, we get
[(w(s) — v(s) — K)*|u < |(W(0) — v(6) — K)*|u.
Since  |(W(0)—v(0)—k)*|g—=|(w(0)—v(0)—k)*|z=0 as 610, we obtain
[(w(s)—v(s)—k)*|g=0 for all se [0, T]. Thus we have the conclusion.

COROLLARY 1. Let 0<T< o0, l a function in C([0, T]) with I>0 on [0, T],
g a non-negative function on [0, T] and let u, be a non-negative function in H.
Let u be the solution to CP(¢},; u,) on [0, T]. Then u=0 on [0, c0)x (0, T].
In addition, if u,e L*(0, o) and g € L*(0, T), then

u < max {|u,]L=(0,c0) 19]L=(0,1)} on [0, ) x (0, T].

ProoF. Recalling Remark 1.1 and applying Lemma 2.1 with w%O, v=u and
k=0, we have u=0 on [0, 0) x (0, T]. Next, the application of Lemma 2.1 with
w=u, v=0 and k=max {|u,|=(0,x)> |9]L=(0,7)} implies u <k on [0, 00) x (0, T].

COROLLARY 2. Let 0<T<o0, Iy, I, a pair of functions in C([0, T]) with
0<Il;£1, on [0, T], g4, 9, a pair of non-negative functions on [0, T] and let
Uy 4 Uy, be non-negative functions in H. Further let u; and u, be the solutions
of CP(¢},,,; 1) and CP(¢i,,,; uz,) on [0, T, respectively. If g,<g, on
[0, T] and uy ,<u,, a.e. on [0, ), then

u; < u, on [0, o0) x (0, T].
Proor. We infer from Remark 1.1 and Corollary 1 that
Ugy— Uy e =0=Uy, —Uy,, ac.on{(x,1;0<x<I[i(),0<t<T},
uy(x, 0) = u; o(x) < uy4(x) = uy(x, 0) for ae.x =0,

u, =0=u, on {(x,8); () =x<0,0<t=T}, and
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U 0+,0=0,u,,(04+,0)=0 for a.e.te{t = 0; u,(0, ©) > u,(0, 1)}.

Hence, the application of Lemma 2.1 with w=u,, v=u, and k=0 yields the
desired conclusion.

Next we recall a notion of the convergence for proper l.s.c. convex functions.
Given a family {*; 0<t< oo} of proper l.s.c. convex functions on H and a proper
Ls.c. convex function Y on H, we say that i* converges on H to }* in the sense
of Mosco as t— o0, if the following two conditions (a) and (b) hold:

(a) If z,—>z weakly in H and #(n)— o (as n— o), then

liminf,_, , Y'™)(z,) = ¥*(z).

(b) For each ze D(y*) and each sequehce {t(n)} with #(n)—»> oo there is a
sequence {z,} such that z,—z in H and y*®"(z,)>y*(z).
The following lemma is elementary.

LEMMA 2.2. Let | be a positive non-decreasing function in C([0, o0)) and g a
non-increasing function on [0, ) with c=lim,,, g(t)> —o0. Then D(¢5,)<
D(¢3 ), ¢1,(2)=¢} (2) for 0Ss<t<oo and zeD(¢3,) and ¢}, converges on H
to ¢ in the sense of Mosco as t— o0, where ¢ is the function on H defined by

ADlz, 1% if zeX,z(0)=candz=0on[l,, ),
2D  ¢*(2)=

0 otherwise,

and l,=lim,_ . I(t); in (2.1), the restriction that z=0 on [, o) is not necessary
in the case of 1, = 0.

LemMA 2.3. Let | be a positive non-decreasing function in C([0, 00)) with
l,=lim,,  l(f)<oo, g a non-negative non-increasing function on [0, c0) with
c=lim,, ., g(t), and let u, be a function in H satisfying u,=0 a.e. on [I(0), o0).
Then CP(¢},; u,) has one and only one solution u on [0, ©) such that
ue L*(0, co; H) and

ut) —u, in X as t—> ®©

b

where

C(l_x/loo) for 0 =x= laoa
(2.2) Ugp(X) =
0 for 1, <x< 0.

Proor. The existence and uniqueness of the solution follow from [7;
Theorems 1.1.1, 1.2.1] and Corollary 1 to Lemma 2.1 implies that ue
L*(0, co; H). Moreover, using Lemma 2.2 for the case of I, < o0, we can apply
the result of [6; Theorem 1] to obtain that u(f) converges to some u,, in H as
t—co and ¢} (u(t))— ¢ (u,)=min @* as t—oo0, where ¢® is as mentioned in
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(2.1). Hence u(t)-u,, in X as t— oo and we see that u,, is expressed as in (2.2).

LEMMA 2.4. Let | be a positive non-decreasing function in C([0, 0)), g=0
on [0, o©) and let u, be a non-negative function in H such that u,=0 a.e. on
[(0), ©). Then CP(¢},; u,) has one and only one solution u on [0, o) such that

u(x, ) — 0 ast— oo uniformly in x € [0, 00).

Proor. The existence and uniqueness of the solution follow from [7;
Theorems 1.1.1, 1.2.1]. By the definition of subdifferential d¢} , we have

W' (), u()—2)y = ¢,(2) — Pi,(u())  for zeD(di,),

for a.e. 7=0. Letting z=0, then integrating the resultant inequality over [4, t],
0<d<t<oo, with respect to 7 and finally letting 6—0, we get

Iu(t)l%;+gz) luy(-, Dlde < i for 20,

Therefore u € L®(0, co; H) and in view of Lemma 2.2 we can apply the result
[6; Theorem 1] to show that u(f)—u, weakly in H and ¢} (u()—¢ (u,)=
min ¢® (=0), where ¢* is as defined by (2.1) with ¢c=0. From this it follows
that u =0 and u(x, {)—0 as t— oo uniformly in x € [0, c0).

3. Monotone dependence on Stefan data

In this section we establish the following result.

Tueorem 3.1. Let {l,, u,, g} and {1, @,, g} be two Stefan data satisfying
(A) (or (A)) and (B). Let {l,u} and {1, i} be solutions to QV(l,, u,, g) and
ov(,, u,, §), respectively. Suppose that 1,<1,u,<iui, a.e. on [0, c0) and
g<g on[0, ). Then

3.1) I1<1on[0,©) and u =< ion [0, ) x (0, ).

ProoF. (Case 1) Assuming I,<I,, we first show that /<] on [0, c0) and
u<iion [0, o0)x (0, o). For the contrary suppose that there is a positive number
t, such that I(t,)=1(t,) and I(t)<1(t) for 0<t<t,. Then Corollary 2 to Lemma 2.1
implies that u<# on [0, 0)x(0, t,]. Now denoting u(0, t) (resp. #(0, t)) by
Sf(®) (resp. (1)), we see that f< f on (0, t,], and that {I, u} (resp. {I, ii}) is the
solution to the usual Stefan problem with the boundary condition u(0, t)=f(t)
(resp. #(0, t)=f(t)) for 0<t<t,. Hence it follows from a well-known result
concerning the monotone dependence of solutions on Stefan data (see [2]) that
I<1 on [0,t,]. This is a contradiction. Thus I<l on [0, ) and u<i# on
[0, o0) x (0, o).
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(Case 2) We next consider the case when [,=1,. In this case, a sequence
{l,,} can be taken such that I,<I,,,,<l,, and I,,—~], as n—>co. Evidently,
{Ion U, g} satisfies (A) (or (A)) and (B). Therefore, denoting by {I,, u,} the
solution to QV(l,,, i1,, g) that is given by Theorem 1.1, we infer from the proof
of Case 1 that

(3.2) l<1l,,; <1,on[0, o), i <u,.y <u,on[0, ) x (0, ),
' 1<1l,on[0, ), and u < u,on [0, ) x (0, o).

Also, taking account of (1.3) of Lemma 1.1, we have
L =10 = 1) = 16) + | wnlx, 5) = e, 9)dx — | x, 1
3.3
t
— (x, 1)dx — S (U o0+, 7) — G0+, D)dr
for 0<s<t<oo. Moreover we have
(3.9 U, 0+, 1) 2 @0+, 7) for ae.7=0.

In fact, u,,(0+,7)=0 and u,(0+,7)<0 for a.e. 7€{r=0; u,(0, 7)>u(0, 7)
(2 3(v))}, and (3.2) yields

un,x(0+’ T) = limxlo (un(x’ T) - un(09 T))/x
= limxlo (i‘-(xa T) - ﬁ(o, 1:))/x = ax(0+’ 1")
for a.e. 7€{r20; u,(0, t1)=u(0, 7)}. Hence (3.4) holds. Consequently, (3.3),
(3.2) and (3.4) together imply
0 <0 =10 S L©) = 1) + | wlx, 5) = aCx, 9dx

for 0<s<t<oo. Letting s} 0 in this inequality, we have
o<Lm-In=sl,, -1, for t=0 and n.

This shows that I, converges to ! uniformly on [0, c0) as n—o0. Thus we can
apply the convergence result [7; Theorem 2.7.1] (or [8; Proposition 3.3]) to
obtain

u,— i in C([0,T]; H) as n—
for every finite T>0. Therefore (3.1) follows from (3.2).

COROLLARY. Suppose (A) (or (A)) and (B) hold. Then QV(l,, u,, g) has
at most one solution.
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4. Asymptotic behavior of the solutions

The first main result of the present paper is stated as follows.

THEOREM 4.1. Suppose (A) and (B) hold. Let {l, u} be the solution to
ov(l,, u,, g). Then I, =lim,_ , I(t)<oo if and only if ge L1(0, cv). Moreover,
in this case, u(-, t)—0in X as t— 0.

In order to prove this theorem, we need the following

LemMMA 4.1. Suppose (A)' and (B) hold. Let {l, u} be the solution to
QV(l,, u,, g). Then there are numbers T>0 and 0<6<1, such that

“4.1) u(x, t) =2 (1—x/6)g(t)  for xe€[0,0] and t=T.
PrOOF. We first choose T>0 and 0<d <, satisfying
u(x, T) 2 (1-x/0)g(T)  for xe[0,d];

we see from the facts as mentioned in Remark 1.1 that such T and 6 exist. Next,
we take a sequence {g,} of smooth functions on [0, c0) such that g, is non-
increasing on [0, o), g,<g on [0, o) and g,(t)—~g(t) as n—>oo for a.e. t=0.
Then, comparing u with the function v(x, f)=(1—x/d)g,(t) on [0, 6] % [T, o),
we have

4.2) uzv on [0,6] x [T, o0).
In fact, we have
U — Ve = (1=x/0)g,() £ 0 =u, —u,, on (0,6) x (T, ),
ox, T) = (1-x/8)g,(T) £ (1—x/0)g(T) S u(x, T)  for 0=x =39,
v(0, 1) = g, < g(t) < u(0, 1) for T<t< o0, and
v(6, ) =0=u(d, t) for TSt < o0,
so that the maximum principle for the linear heat equation implies (4.2), i.e.
u(x, t) =2 (1-x/6)g,(t) for xe[0, 6] and te[T, o).
Letting n— oo in this inequality now gives (4.1).
COROLLARY. Under the same assumptions as in Lemma 4.1, we have
4.3) u 0+, = —06"9(t) for ae tel[T, o).

Proor. Since u(0+, £)=0 for a.e. te{t=0; u(0, £)>g(t)}, it -suffices to
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show that (4.3) holds for a.e. te {t=0; u(0, t)=g(#)}. At such point ¢, Lemma
4.1 yields

x“Hu(x, 1) — g(0) 2 — 679(1).
Therefore, letting x | 0 gives (4.3).

PRrROOF OF THEOREM 4.1. First assume [, <oo. In this case, ue L*(0, co; H)

by Corollary 1 to Lemma 2.1. Also, taking account of (1.4) of Lemma 1.1,
we have

2 S; g(r)dr < 2 S; (0, 7)dv

— I — 13— 2 Sm xu (x)dx + 2 Sm xu(x, f)dx
0 0

< 13 = 13— 2 xu,(9dx + 202020l

which implies that g € L1(0, o). Since g(t)—0 as t— o0, it follows from Lemma
2.3 that u(-, )=0in X as t—o0.

Conversely, assume g e L1(0, o). Then by the Corollary to Lemma 4.1
and (1.3) of Lemma 1.1 we have

I(t) = IT) + S: u(x, T)dx — S: u(x, ydx — ST w0+, V)dr

< I(T) + Sm u(x, T)dx + 6-1 S°° g(v)de
1] T
forallt > T. Thus [ <o0.

THEOREM 4.2. Suppose (A) and (B) hold. Let {l, u} be the solution to
Qv(,, u,, g). Then we have:

(a) If g is bounded on [0, o©) and 1, <00, then ge LY(0, c0). Moreover,
if g(t)—0 as t—o0, then u(-, 1)-0 in X as t—o0.

(b) If there exists a non-increasing function § in L0, o0) such that
g=4 on [0, ), then | < c0.

PROOF. Assertion (a) is obtained in the same way as in the proof of the
“only if’’ part of Theorem 4.1. In order to show (b), consider the solution
{1, a} to QV(l,, u,, §). Then Theorem 3.1 implies that I<] on [0, ©). Since
lim,_, ,, I(f)< oo by Theorem 4.1, it follows that I, < co.

Finally, we establish the following result:

THEOREM 4.3. Suppose (A) (or (A)’) and (B) hold. Let {l, u} be the solution
to QV(l,, u,, g). Furthermore, set
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g, = liminf,,  g(¥) and g% =limsup,., g(1).
Then

(4.4) liminf,_  u(x, t)=g, uniformly on each bounded interval of x, and
(4.5) limsup,., u(x, t) < g® uniformly in x € [0, o).

Proor. First we show (4.4). If g,=0, (4.4) is trivial. Assume g,>0.
In this case we infer from Theorem 3.1 and (a) of Theorem 4.2 that I, =lim,_, , I(t)
=o00. Let ¢ be any positive number with ¢<g, and L an arbitrary positive
number. Then there is a number ¢,>0 such that

) >L and g(t) > g, — ¢ for t>t,.
We then consider the Cauchy problem CP(/; u(t,)) on the interval [¢,, 00):
—v'()edy(u(n)), t, < t < o0, u(t;) = u(ty),

where  is a proper lL.s.c. convex function on H defined by

1/2)|z, 1% ifze X, z(0) =2 g, —e¢and z=0o0n [L, o),

‘ 00 otherwise.

By virtue of Lemma 2.3, CP({/; u(t,)) admits a unique solution v such that
v(t)— v, in X as t—> oo,

where

vs,L(x) =
for L< x < o0.

[ (9o—8)(1—x/L) for 0<x=sL,
Furthermore, Corollary 2 to Lemma 2.1 yields
u=v on [0, o0) x (2, ).
Therefore
liminf,, , u(x, t) = v, ;(x) uniformly in xe[0, o),

from which we obtain (4.4).

Next we show (4.5). To this .end, it suffices to prove (4.5) under the as-
sumption that g*<oo. Let ¢>0 and choose ¢,>0 such that

g)<g® + ¢ for t=1,.

Also, let h=0 on [t,, 00) and let v be the solution to CP(¢} ,; u(t,)) on the interval
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[t., o). Then it follows from Lemma 2.1 that

utv+g°+e on [0, o) x (t,, ),
since
Uy— Uy, =0, — U, =0 on {(x,8);0<x<t),t,<t< o0},
u=v=0 on {(x,1);l())Sx<o00,t,<t< 0},
u(t,) = v(t,), and
u, 0+, =0,v(0+,)<0 for ae.te{t=t;u0,1t)>0v(0,1)+g>+¢}.

Moreover, Lemma 2.4 implies that v(x, t)->0 as t— oo uniformly in x e [0, o),
and so

limsup, o u(x, 1) < g* + ¢ uniformly in x e [0, o).

Since ¢ is arbitrary, we get the desired estimate.
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