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1. Introduction

Consider the initial value problem

(L.1) V' =f(x,¥), ¥(xo0) = Yo,

where the function f(x, y) is assumed to be sufficiently smooth. Let y(x) be
the solution of this problem and

(1.2) X, =Xxo+nh (n=1,2,...; h>0),

where h is a stepsize. Let y; be an approximation of y(x;) obtained by some
appropriate method. We are concerned with the case where the approximations
y; (j=2,3,..) of y(x;) are computed by two-step methods. Conventional
explicit two-step methods such as linear two-step methods [1] and pseudo-
Runge-Kutta methods [1, 2] compute y; (j=2, 3,...) with starting values y,
and y,. Methods of order at most k+2 (k=2, 3, 4) have been found for k
function evaluations per step [1, 2, 3].

In this paper, to achieve the order k+ 3 at the cost of providing an additional
starting value y,, we introduce off-step nodes

(1.3) Xpiy = Xo + (n+v)h (n=0,1,...;0<v<]1)

and propose a method for computing approximations y,,, and y,., (n=1, 2,...)
of y(x,.,) and y(x,. ) respectively. Let

(1.4) Ynt1 = Yn + S(Wn—Ya-1) + h X< Djk;,
(1.5) Yty =Y + bpo(Va=Yn-1) + bps(Vu=Yn-1+3) + bra(Vns1—¥n)
+ h Xrzb ¢ ik;,
where
(1.6) ko =f(Xn-1>Yu-1)s ki =f(Xu-14v Yu-14+v)s k2= (xu, ¥0),
(1.7) ki = f(xp+ash, yo+bio(Vu—Yn-1)+bis(Va— Yu-14+v) + bi2(Vns 1= V)
+ hXizhcik;),
(1.8) a;=bip + (1=Vby + by + Tizhey, 0<a; =1 (i=3,4,...,7)
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and a;, by, ¢;; (i=3,4,...,r; k=0,1,2;j=0, 1,...,i—1), p; (j=0, 1,...,7) and s
are constants. The method (1.4)-(1.5) is called an explicit method if b;,=0
(i=3, 4,...,r) and an implicit one otherwise. The explicit method requires r—1
function evaluations per step. The stepsize control is implemented by comparing
(1.4) with the method

(1.9) Zywt = Yn + Z(Yp—Yu-1) + h 2;2{) ijj,

where K,y =f(X,4 1, Vus1) and w; (j=0, 1,..., r+1) and z are constants.

It is shown that for r=3, 4 there exist an explicit method (1.4) of order r+2,
a method (1.5) of order r+1 and a method (1.9) of order r+1 with w,, ;=0
and that for r=23, 4 there exist an implicit method (1.4) of order r+ 3, a method
(1.5) of order r+2 and a method (1.9) of order r+2. Predictors for implicit
methods are constructed. The implicit method (1.4) can be used also as an
explicit three- or four-step method of order r+3 with »—1 function evaluations
if y,., is predicted with sufficient accuracy and the corrector is applied only
once per step.

2. Preliminaries
Let
Q1) Yurr=Yu+ 30n=Va-1) + h X0 pjkju (r=3,4),
(22) Yty = Yo+ bro(Vu=Yu-1) + b (Vo= Vu-142) + br2(Pus1=10)
+ h 252b ¢k
(2.3) tye1 =u(Yp—Yn-1) + h X5E6 0k,
Q24 yie1 = Vn+ = Ya-1)
+ h[X=0qikon-3+it XF=0dj+aKkm-3+;+04r =0 97+ jk3n-2+,1
(2:3) Zus1 = Ynar + tso
where 9;; is Kronecker’s delta, v=a, and
(2.6) kow=kam-1, Kin="Km-1, Ker1n=Kanr1, kow=Ff(Xn ¥n),
kin = f(Xy+aih, yu+bio(¥n—Yn-1) + bis(Vu—=Yu—1+v) + bi2(Yus1—Yn)
+ h iz ek (B=Sisr),
2.7 a;=byp+ 1A=v)byy + b + izhe;, 0<a; 1.
From (2.1) and (2.2) we have

(28) Yn+146 = (S+W+1)yn+a' - (S+W+Sw)yn—1+o' + SWYp—2+4
+ th(xn’ Yn=25Yn—15Vns Yn+15 Yn+25 Yn—1+w Yn+vs h) (0’=1, V),
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where w=—b,,;. Hence the method (2.1)-(2.2) is stable if

(2.9)

—1l<s<l1l, —-1l<w<l.

Denote by y(x) the solution of (1.1) and let

(2.10)
@2.11)

(2.12)
(2.13)

(2.14)

ap=—-l,a,=a,—-1, a,=0, a,,;=1,
y(x) + s((x)=p(x—h)) + hX5=0 p;y'(x+a;h) — y(x+h)
= 231 SR [INyI(x) + O(h®),
u(y(x)—y(x—h) + h Tt vy'(x+azh) = X5, U(hi[jHy0(x) + O(h?),
y(x) + (y(x)=p(x—=h)) + h T30 q;y" (x+(j—3)h)
+ hEic04+4y'(x+(a,+j—3)h)
+ Oarh X0 g7+ ¥ (x+(a3+j—2)h) — p(x+h)
= i1 T(H[jHy9(x) + O(h?),
Y(x) + Xj=o bij(y(x)—y(x+a;h)) + bip(y(x+h)—y(x))
+ h Y izh ey (x+a;h) — y(x+ah) = 38-, ¢;;(hi[j)y¥(x) + O(h?).

Then we have

2.15) (=1 s+kXYhoaklp,—1=8, (k=1,2,.,8),
(2.16) (—1)F"u + k¥sthaktv; = Uy,
217 (=DM + kX0 (i=3)1q; + k Xi0(a,— 3+ "qa4;
+ 04k Y lholas =2+ gy, — 1 =T,
(2.18) (=1)¥"1bjo — akb;; + by + k Xizhak~Ic;; — ak = ¢,
Let
2.19) k¥, = y'(x,+ah) (i=0,1,2,r+1),
(2.20) k¥, = f(xp+aih, y(x,)+ 2 j=o bij(y(x,) = y(xp+a;h)) + bip(¥(Xy 4 1) — ¥(X,))
+ h Xizh ekt (B=isn),
(2.21) g(x) = f(x, y(x)),
(2.22) T(x,) = y(xa) + s(y(x) = y(Xp-1)) + h Ll=o PikTn — ¥(Xn+1),
(2.23)  R(xp) = u(y(x,)—y(x,-1)) + k255 v;kF,,
(2.24) T*(x,) = y(x,) + €¥(x) = Y(Xy-1)) + h X0 GikZn-3+

+ 230 qasikfu-3s; + 0uh Thao qr4ik¥nc24i — Y(Xni1)s
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(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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Txn) = ¥(xa) + Xloo br(¥(x0) — y(x, + aih)) + bya(¥(Xns1) — ¥(Xn))
+ h 2520 ¢ jkTn — Y(Xa4) s
Fiyr = 2icseabs Gyro = Xi=3 @€uPis Hiry = Cas€3iPas
Kiv1 = Xi=s ey, Myyry = Xio3aia0i, Nivo = Cazesibs,
i1 = ed7+3qs), Lyyy = X=3 ¢ (k=5,6,7),
4; = afa;+1), B; = (a;—a,)4;, C; = (a;—a3)B;, D; = afa;—1),
E,=(a;+1)D; (i=1,2,3,4),
d=2a,+1,d =5a%—a, -2, dy=06a%—a, — 3,
m = 3a3d, — a3;(3a,+1)(a;—1) — d,,
u; = 7a3 — 5(a, +1)a% + (a; —4a; + 2ay,
m; = ad, — a,d,, w; = 3a? + 2a(1—a,) — ay,
r; = aj3a;+4) — 2a,2a;+3), u; = 2a; + a,(4a;—3) — 54} (i=3,4),
X=a,+a; Y=aja;, U=a;+a;+ay, V=a,a;+ a;a, + aza,,
W = a,asay,
R, =3+ 5X +10Y, R, =2 + 3X + 5Y, R; =22 — 27X + 35Y,
R, =27 — 35X + 50Y, Rs = 10 + 14X + 21Y,
Rg = 130 — 154X + 189Y, R, =15 + 20X + 28Y,
Ry = 225 — 260X + 308Y.

Choosing ;=0 (k=1, 2, 3, 4; i=3, 4), we have

(2.32)

(2.33)

bio — aibyy + by + Xizhey; = ay,

—byp — atb;y + by, + 2 Yizhajc;; = a?,

—byo — a3(2a; +3)by; + 5b;; + 6 X i2h Ajc;; = a#(2a;+3),

db;y + a3(a;+2)b;; + (7—10a,)b;, + 12B3c;3 = a?ry,

A3b;, — 4d b;; + 2R Bsc;3 — u;A? = 2de;s,

4(a,—1)?b;, + 2w;3B;c;3 — B? = e, + 2(1—a,)e;s,

AE3b;; + 2mBjc;; — A;Em; = dyeg + 2(1—a,)(3a2—1)e;s,

uyBsciy — (a;—1)B} = e + (1-2ay)e;s  (r=4),

T(x) = L=y S{H[[HyI(x) + Li=s (WK [Frs19(x)yEH(x)
+ Gr2hg (x)y®(X) + His2hg?(x)y®(x) + O(h?)],
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(2.34) R(x) = =1 Uj(W[iNyYAx) + Xi=s (B kD [Ky 4 19(x)y*(x)
+ My 2hg' (x)y®X(x) + Ny 2hg*(x)y®(x) + O(h?)],
(2.35) T*(x) = X3=1 Ti(W [jHyD(x) + X]=s (B KD [t 19(x)y®(x) + O(D)],
(2.36) Ty(x) = X5=1&,(h [Ny V(x) + Ti=s (B1/kY) [Ly 4 19(x)y®(x)+ O(h)] .
Let
(2.37) Py(x) =5x2 — 1, Py(x) = 5x2 + x — 1, P;5(x) = 35x2 — 89x + 49,
P,(x) = 25x% — 60x + 31, Ps(x) = 21x2 + 7x — 4,
Pg(x) = 189x2 — 497x + 284,
(2.38)  Qo(x) = Py(x)P3(x) + P5(x)Py(x), Q4(x) = Ps(x)P4(x) — P,(x)P¢(x),
Q2(x) = Py(x)Pg(x) + P3(x)Ps(x),
(2.39) g, = 1862a3 — 873642 + 12922a, — 5641,
I, = 24598a3 — 15019242 + 294938a, — 187657,
g; = 399a? — 1071a; + 577, I, = 5271a? — 24087a; + 26177 (i=3, 4).
The choice S;=0 (i=1, 2,..., 5) yields
(240) Yropi=1—523"%1(a;+)p; =3 =5, 635, A;p; =5+,
123 %3 B;p; =7 — 10a, — ds, 60C,p, = Ry + R;s,
60a,C4p, + Rys — Ry = 108,
420a3C,ps — Rss — Rg = 60S, + 70(1 — X)S,,
—(Rs+7a4R,)s — Rg + Ta,R; = 60S, + 70(1—U)S¢ (r=4),
(R;+42a4R5)s — Rg + 2a4Rg = 105Sg + 120(1 —U)S, — 140(U —V)S,.
Setting U;=0 (1=j=r+1), we have
(241) Yidv,= —u, T (a;+ Do, = —uf2, Ao, + XL Ap; = u/6,
1235t By, = —du, 60 X5t} Cjv; — Ryu = 12U,
60 X7tk a;,Cv; + Ryu = 10U + 12(1—-X)Us,
420 37tk a?Cv; — Rsu = 60U, + 70(1 - X)Ug — 84(X —Y)Us,
—(24+35U+56V+105W)u = 60U, — T0UU, (r=4),
(35+48U +70V+112W)u = 105U — 120UU, — 140(1 — V) U,

Choosing T;=0 (1Si=r+3), g4 +9g5+9¢=0 and g, = —qg, we have
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(242) 33.0q;=1—1 230(J=3)9; — 94 + g6 + 04,93 = (1+1)/2,
3go + 41 — (a1 —1)q4 + 6196 + d4(as—1)gs = (5+1)/12,
=240 — D144 + A196 + 64.D395 = (9+1)/12,

—Eq4 + (a;+2)A,q¢ + 04,E3q5 = (251 4+191)/120,

(a;+2)A.q¢ + 64,E;qs = [448 + 161 —a (251 +191)]/120,

04,2520(a3—ay)(az;—as+1)Ezqg — g,t — I, = 60T,

—g.t — 1, + 840(ay—a,)(az;—as+1)(7Ta5+ 14a,—34)E;qq
= 105T; (r=4).

3. Explicit methods

In this section we set b;;, =0 (i=3, 4) and show the following

THEOREM 1. For r=3, 4 there exist an explicit method (2.1) of order r+2
and a method (2.2) of order r+1 which embed a method (2.5) of order r+1.

3.1. Caser=3
Choosing §;=0 (i=1, 2,...,5), U;=e;;=0 (j=1, 2, 3, 4) and b3, =0v,=0,
we have
(3.1) dbsy = adr;, 6A4,c3; — byy = a3(2a;+3),
—2¢30 + 2az—1)c3; — byp = a3, c39 + €31 + €35 + b3o = ay,
(3.2) P(a3)s = — Py as3), 124;5p5 = 17 — 10ay — ds, A,p; + A;p; = (5+5)/6,
aspy + p2 + (@3+1)p3 =(3—=9)2, po+p1+p2+ps=1-s5
(3.3) 124303 = —du, Av, + A3v3 = ul6, azv; + v, + (az+1)v; = —u/2,
Vo + 0y +0; +03=—u,
(3.4) 10Sg = R;s — R;, 12Us = —Ryu, 10U = [R,+(1—=X)R,]u,
2de;s = —u3A3.

For any given u#0 and a;#1/2 such that 543#1, other constants are
determined uniquely. The method is stable if and only if (15—./65)/10<a;<1.
For example the choice a;=(6—./5)/5 yields s=0.

3.2. Caser=4
Setting S;=0 (i=1, 2,...,6), U;=¢;;=0 (j=1, 2,...,5; i=3, 4) and v5=0,
we have

(3.5) A3bsy = u3A3, dbso + ai(a;+2)bs, = ajr,,
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—bso — a?2(2a, +3)bsy; + 6A,c3, = a3(2a;+3),
—bso — atbyy — 2¢30 + 2a503, = @3,
b3o — ayb3; + c30 + €31 + €33 = a3,
(3.6) A3byy + 2R B3caz = usA3, dbso + ai(a, +2)bsy + 12Bscy; = ajry,
—bso — ai(2a;+3)bsy + 6A41c4y + 643c,5 = af(2a4+3),
—bao — atbay — 240 + 2a1¢41 + 2a3¢43 = ai,
bso — aybay + a0 + Cay + Cap + Caz = ay,
(3.7) n;s=n,, 60C4ps = R4 + Rys, B3ps + B,p, = (17—10a,—ds)/12,
Aipy + Asps + Ayps = (5+5)/6,
a4py + p2 + (a3+Dp3 + (as+1ps = 3-5)/2,
Pot pr+p2+pstpi=1-s,
(3.8) 60C,v, = Ryu, Byvy + Byv, = —duf12, Av, + Azv; + A, = uf6,
cagy + vy + (a3+ Doy + (ag+ Doy = —u/2,
Vg + vy +0y, +03 +04 = —u,
(3.9) 60S; = —(Rs+7a4R,)s — Rg + TauR;, 10U¢ = (Ry+asR\)u,
60U, = —(24+35U +56V+105W)u + T0UU,, es = — B2,
€46 = 2w3B3c43 — B,
where
(3.10) ny = 2a3P,(ay) + Py(as), ny = Pa(a,) — 2a3P4(a,).

For any given u#0, c43, a; and a,#1/2 such that ay#a, and n,#0 other
constants are determined uniquely. For instance we have s=0 and 60S,=
—317/550 for a;=19/22 and a,=2/5.

4. Implicit methods

In this section we show the following

THEOREM 2. For r=3, 4 there exist an implicit method (2.1) of order r+3,
a method (2.2) of order r+2 and a method (2.5) of order r+2.

This method can be used also as an explicit method if the corrector is applied
only once per step.

4.1. Caser=3
Choosing S;=0(i=1,2,...,6), Uj=e;;=0(j=1,2,..., 5), g, +95+9¢=0 and
b3, =0, we have (3.2) and
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(4.1) 4d. by, = —u3A3, dbyy + (17—10a3)b,y, = dirs,
—2bso + 5by, + 6D3c3, = a3(2a5+3),
—bso + by, — 2¢30 + 2a,c5, = a3,
bso + b3y + 30 + €31 + €35 = a3,
(4.2) 15a% — 36a3 + 14a% + 9a; — 4 =0,
(4.3) 12012—as3)(1—a3)v, = Ryu, Bsvy + By, = —du/12,
Ay + Aszvs + 20, = uf6,
Vo+ vy +0, +03+0v4= —u,
(4.4) 120E;q¢ = 699 — 251a; + (35—19a3)t, —E,q, + E3q¢ = (251+191)/120,
—2qo — D144 + D3q6 = (9+1)/12,
3qo + g1 — (a;—1)q4 + a,q6 = (5+1)/12,
—390—29: =42 —qa+ g =(1+0/2, o+ g1 + 42 + g5 =1 -1,
(4.5) 60S, = —Rss — Ry, 10Ug = (15a3+a;—3)u,
60U, = (210a3 —147a%—63a; + 32)u,
ey = 4(a, —1)%b3, — B3, 60T; = —gst — 1.
For any given u#0, ¢t and a; satisfying (4.2), other constants are determined

uniquely. For instance the choice a; =0.7809341293 yields s =0.2974663081.

42. Caser=4
Setting S;=0 (i=1,2,...,7), U;=e;=0 (j=1,2,...,6; i=3, 4), q4+qs+
q6=0, g;=—¢qg and b,, =0, we have (3.7) and
(4.6) 4(a,—2)*by, = B3, A3by, — 4d by, = u;343,
dbso + ai(a, +2)bs, + (17—10a,)b;, = dirs,
—byo — a?(2a, +3)bs; + Sbs, + 6D4c5; = a3(2a5+3),
—byo — a%bs; + b3, — 2¢50 + 2a4c5, = a},
byo — aibs, + .b32 + 30 + €31 + €35 = as,
(4.7) 2mBscys = A4E,my, 4d b,; — 2R Bscys = —uy A2,
dbso + (17—10a,)b,, + 12Bscys; = air,,
—bao + 5byy + 641cay + 643c43 = af(2a,+3),
—byg + bay; — 2¢40 + 2a5¢4y + 2a5c43 = a3,

byo + bay + Ca0 + Ca1 + Cap + Caz = ay,
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(4.8)  14Q4(as)a3 + 20,(as)a; — Qy(as) =0,
4.9) 120(a;—1)(1 —ay)(2—ayz)vs = (R, +asR)u,
Cavy + 2(1—a3)(2—ay)vs = Ruf60, X 3-3 By; = —(2a,—)u/12,
Ayvy + Azvs + Aoy + Asvs = ul6, aw; + v, + Yoz (a;+ Do = —uf2,
300 = —u,
(4.10) (az—az)(as—as+1)Esgg = (g4t +14)/2520,
E q¢ + E3qg = [699—251a,+(35—19a,)1]/120,
—E q4 + E4q6 + Esqg = (251+191)/120,
=290 — D1q4 + Duge + D3gs = (9+1)/12,
340 + g1 — (a1 = 1)q4 + a1q6 + (a3 —1)gs = (5+1)/12,
=340 — 291 — 92 — 4a + 45 + g5 = (1 +0)/2,
Qo+ 41 +d2+q3=1-1,
(4.11) 105Sg = (R;+2a4Rs5)s — Rg + 2a4R,,
60U, = —(24+35U+56V+105W)u,
105Ug = (35+48U+70V+112W)u + 120UU,,
€47 = UyB3cs3 — (a,—1)B3,
3157y = (Taz+14a,—34)(gat+1,)—3(g 1t +1,), es; = —(a;—1)B3.
For any given u#0, t, a;#1 and a,# 1/2 satisfying (4.8) such that m#£0,

d,;#0 and az#a,, other constants are determined uniquely. For instance the
choice a;=0.4574042350 and a,=0.8812655341 yields s=0.
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