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1. Introduction

Consider the initial value problem

(1.1) y'=f(χ,y), y(*o) = yo,

where the function f(x, y) is assumed to be sufficiently smooth. Let y(x) be

the solution of this problem and

(1.2) xtt = x0 + nh (n = l, 2,...;ft>0),

where h is a stepsize. Let yt be an approximation of y(xι) obtained by some

appropriate method. We are concerned with the case where the approximations

yj 0 = 2, 3,...) of y(Xj) are computed by two-step methods. Conventional

explicit two-step methods such as linear two-step methods [1] and pseudo-

Runge-Kutta methods [1,2] compute yi (j = 2, 3,...) with starting values y0

and yt. Methods of order at most fc-h2 (fc = 2, 3, 4) have been found for k

function evaluations per step [1, 2, 3].

In this paper, to achieve the order k + 3 at the cost of providing an additional

starting value yv, we introduce off-step nodes

(1.3) xM+v = xo + (n + v)/ι (n = 0, 1 , . . . ; 0 < V < 1 )

and propose a method for computing approximations yn+v and yn+1 (n = l, 2,...)

of y(xn+y) and y(xn+1) respectively. Let

(1.4)

(1.5)

where

(1.6)

(1.7)

fco=/ι
fc, = /(

= y«

= y»

=/(*„- i + v> Λ - i + v). k2=f(xn, yn)9

(1.8) fli-frio + a - v ^ u + fcu + S ^ i c y , O < 0 f : g l (i = 3,4,..., r)
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and ai9 bik, c{j (ί = 3, 4,..., r; /c = 0, 1, 2; j=0, 1*..., z — l)9pj (7 = 0, 1,..., r) and s

are constants. The method (1.4)—(1.5) is called an explicit method if bi2 = 0

(ί = 3, 4,..., r) and an implicit one otherwise. The explicit method requires r— 1

function evaluations per step. The stepsize control is implemented by comparing

(1.4) with the method

where kr+i=f(xn+u yn+1) and Wj (j = 0, 1,..., r+1) and z are constants.

It is shown that for r = 3, 4 there exist an explicit method (1.4) of order r + 2,

a method (1.5) of order r + 1 and a method (1.9) of order r + 1 with w r + 1 =0

and that for r = 3, 4 there exist an implicit method (1.4) of order r + 3, a method

(1.5) of order r + 2 and a method (1.9) of order r + 2. Predictors for implicit

methods are constructed. The implicit method (1.4) can be used also as an

explicit three- or four-step method of order r + 3 with r —1 function evaluations

if yn + 1 is predicted with sufficient accuracy and the corrector is applied only

once per step.

2. Preliminaries

Let

(2.1) yn+1 = yn + s(yn — yn^ί) + h Σrj=oPjkjn (r = 3, 4),

(2.2) yn + v = yn + brQ{yn-yn_γ) + brί(yn-yn_ί + v) + br2(yn+ι-yn)

(2.3) tn + 1 = u(yn-yH-t) + h Σrji\>VjkJn9

(2.4) Λ + ι = Λ + ί(Λ-Λ-i)

+ hLΣΐ=O #2«-3+i+Σ]=O Qj + 4Kn-3+j + K Σ} = 0

(2.5) zn+ι=yn+1 + tn+1,

where <5ι7 is Kronecker's delta, v = ar and

(2.6) /cOw = k2n-ι, kίn — krn-ί9 K+ίn — /c2w+i> k2n =/(xWJ yn),

kin = fiXn + aih, yn + bi0(yn-yn_ί) + M ^ - Λ - i + v) + to

(2.7) flί = bi0 + (1 - v)bfl + 6 i2 + Σpo cίj9 0<at

From (2.1) and (2.2) we have

(2.8) yn+1+σ = (s + w + l).yM+(T - (s + w + sw)jπ_1+ff

+ hΦσ(xn9 yn_2, yn.l9 yn, yn+ί, yn+2, yn_ί+v9 yn+v; h)
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where w= - b r l . Hence the method (2.1)-(2.2) is stable if

(2.9) - 1 < S < 1 , - 1 < W < 1 .

Denote by y(x) the solution of (1.1) and let

(2.10) α0 = - ! , « ! = α r - 1, a2 = 0, α r + 1 = l,

(2.11) Xx) + s(y(x)-y(x-h)) + AΣj-o py

(2.12) M(XX)-XX-Λ)) + A ΣfJoVjy'ix+ajh) = Σ3=i U/.hJlβ)yU\χ) + 0{h9),

(2.13) Xx) + t(y(x) -y(x - Λ)) + /» Σ?-o «y/(* + (J ~

r^ ΣJ=o ί 7 +y/(* + (β 3 +7-2)h) - y(x

(2.14) Xx) + Σ j-o fc./X^) - X * + «jΌ) + bf2(X^ + h) - y(x))

+ h Σpo Cij/ix + ajh) - Xx + β,Λ) = Σ5-i e ^

Then we have

(2.15) (-ίf-'s + kΣ^oa^Pj-ί^S, (fc=l,2,...,8),

(2.16) (- l)*-i« + fc Σ5U β j " 1 ^ = ̂ '

(2.17) (-l)*->( + /cΣ?=o0-3r

+ KkΣU0(a3-2 + if-ιqΊ + i - 1 = T,,

(2.18) ( - l^-'ftjo - fl^π + bi2 + k ΣPo βj-'cy - flf = βa,

Let

(2.19) kfn = y'(x. + a,h) ( i=0, 1, 2, r +1),

(2.20) fcf, = / ( x , + α,A, Xx n )+Σ)=o fc(j

(2.21)

(2.22) Γ(xn) = Xxπ) + s(Xxn)-Xxπ_,)) + h Σ'j-o Vjk% - y(xn+ί),

(2.23) R(xn) = "(XxJ-Xx^i)) + h ΣΫ=\ v}k%,

(2.24) T*(xπ) = Xxn) + ί(Xxn)-Xxπ_,)) + Λ Σ?-
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(2.25) Tv(xπ) = y(xn) + Σ U KiiyM-y(*n + ath)) + br2(y(xn+ι)-y(xn)

+ Λ Σ5=o crJkJn - y(χn+v),

(2.26) F k + 1 = ΣUlCikPh Gk + 2 = Σi=3α^ikPi 5

 Hk+2 =

Lk+ ! = Σ ' = 3 CrΛik ( f c = 5, 6, 7) ,

(2.27) X, = fl|(fl|+l), Bf = (aj-eOA,, C, = (fli-

(2.28) d = 2a! 4- 1, ̂ i = 5af - a
x
 - 2, d

2
 = 6a? - a

x
 - 3,

m = 3ald
1
 - a

3
(3a

1
 + l)(a

ί
 -1) - d

2
,

Ml
 = 7a| - 5(a! + l)a§ + (a

1
-4)a

3
 + 2a

1?

(2.29) mt = M i - axd29 wt = 3a? + 2 a I ( l - a 1 ) - a 1 ?

r. = a.(3af + 4) - 2a1(2a i + 3), M, = 2a£ + a1(4a ι - 3 ) - 5a? (i = 3, 4),

(2.30) X = aί + a3, 7 = a !a 3 , U = ax + a 3 + a4, F = a x a 3 + a x a 4 + a 3 a 4 ,

(2.31) R, = 3 + 5X + 107, i^2 = 2 + 3Z + 57, £ 3 = 22 - 27Z + 357,

Rt = 27 - 35Z + 507, Λ5 = 10 4- 14JSΓ + 217,

R6 = 130 - 154Z + 1897, RΊ = 15 + 20Z + 287,

# 8 = 225 - 260X + 3087

Choosing eik = 0 (fe=l, 2, 3, 4; f = 3, 4), we have

(2.32) fcl0 - fliftn + bi2 4- Σ p o c v = ai9

-bi0 - a\bn 4- bi2 4- 2 Σ } - i ^ v = aj,

-bi0 - α?(2α14-3)feίl + 5bi2 4- 6 Σ}=\ AfilJ = αf(2α, + 3),

dftί0 + α?(α1+2)fc ί l 4- ( 7 - l O α i ) ^ + 1253c ί 3 = afri9

A\bn - ^dxbi2 4- 2^^3023 - u^ = 2dei5,

4(α1-l)2fc ί2 + 2w353c ί3 - Bf = βί6 + 2(1 -ax)ei59

A^lbn 4- 2mB3cί3 - A^m, = dtei6 + 2( l-α 1 )(3α?-l> i 5 ,

UiB3ci3 - (fl,-l)Bf = e ί7 4- (1-2*0*16 (r = 4),

(2.33) T(x) = Σ?-i Sj(hJlJl)yU\χ) + Σ

G%'()3;<
fc
)(x) 4- H

k
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(2.34) R(x) = Σ?«

+ Mk+2hg'(x)y«\x) + Nk+2hg\x)y«\x) + 0(/ι2)],

(2.35) Γ*(x) = Σ?=i TjihJ/jDy^ix) + ΣJ=s (Λ'

(2.36) Γ
v
(x) = ΣJ-i e

r
μιηjΐ)yUKx) + ΣZ-s (Λ

Let

(2.37) Pj(x) = 5x
2
 - 1, P

2
(JC) = 5x

2
 + x - 1, P

3
(x) = 35x

2
 - 89x + 49,

P
4
(x) = 25x

2
 - 60x + 31, P

5
(x) = 21x

2
 + 7x - 4,

P
6
(x) = 189x

2
 - 497x + 284,

(2.38) Q0(x) = P^P^x) + P2{x)PAϋx\ QM = P5(x)P*(x) ~ Pi(x)P6(x),

Q2(x) = P2(x)P6(x) + P3(x)P5(x),

(2.39) gx = lS62al - 8736α| + 12922α4 - 5641,

lt = 24598^ - 150192a2. + 294938a4 - 187657,

gt = 399α2 - 10710, + 577, /, = 5271α? - 24087af + 26177 (i = 3, 4).

The choice S, = 0 (i = l, 2,..., 5) yields

(2.40) Σ5=o p, = 1 - s, 2 Σrj=i (aj + ϊ)pj = 3 - 5, 6 Σ j - i AJPJ = 5 + 5,

12 Σ;=3 ̂ p y = 7 - lOfl! - ds, 60C4/?4 = ,R4 + Λ^,

- Λ3 = 1056,

s - Λ6 = 60S7 + 70(1 -X)S6,

-R6 + Ίa4R3 = 60S7 + 70(1-U)S6 (r = 4),

i^8 + 2α4K6 = 105S8 + 120(1 -U)SΊ - 140(U-V)S6.

Setting Uj = 0 (1 g ; g r +1), we have

(2.41) Σ ϊ ί U = -u, Σ'jtHaj + ϊϊΌj = -11/2, A^i + Σ ^ U Λ = W6,

12 Σ5U B ^ = - ί « , 60 Σ 5 ϋ C Λ - PiW = 12E/5,

60Σ; U ^ C Λ + R2M = 10t/6 + 12(l-X)/75,

ii?y - R5u = 60C/7 + 70(l-X)I/6 - S4(X-Y)U5,

)M = 60UΊ - Ί0UU6 (r = 4),

)w = 105l/8 - 120C7l/7 - 140(l-F)U6.

Choosing 7J = 0 ( l ^ ί ^ r + 3), ^4 + ̂ 5 + ̂ 6 = 0 and # 7 = —̂f8, we have
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(2.42) Σ?=o4; = 1 - *, Σ J = o O ' - 3 ) ^ - <Z4 + Qβ + ^ 8 = (1 + 0/2,

= (9 + 0/12,

(a1+2)A1q6 + (54,E3<z8 = (251 + 19ί)/120,

(aί+2)Aίq6 +.δ4rE3qs = [448 + 16*-^(251

δ4r2520(a3-a4)(a3-a4 + l)E3q8 - grt - lr = 60Γ7,

= 105T8 (r = 4).

3. Explicit methods

In this section we set bi2 = 0 (ι = 3, 4) and show the following

THEOREM 1. For r = 3, 4 there exist an explicit method (2.1) of order r + 2

and a method (2.2) of order r + 1 which embed a method (2.5) of order r + 1.

3.1. Case r = 3

Choosing S, = 0 (i = l, 2,..., 5), [7^ = ̂  = 0 (; = 1, 2, 3, 4) and £>31=ι;4 = 0,

we have

(3.1) db30 = a\r3, 6Atc3l - b30 = α|(2

- 2 c 3 0 + 2(f l 3 -l)c 3 1 - b30 = a\, c30 + c 3 1 + ^ 3 2 + b30 =

(3.2) P^έia)* = - PM, l2A3p3 = 17

(3.3) 12i43ι?3 = -dii, ^L^i + ^ 3 t ; 3 = u/6, a3υx + v2 + (α3 + l)i?3 = -t*/2,

(3.4) 10S6 = R2s - R39 12U5 = -Rxu, 10l/6 =

2de35 = -

For any given M # 0 and a3Φ\\2 such that Sa\Φ\, other constants are

determined uniquely. The method is stable if and only if (15 — λ /65)/10<α 3 <l.

For example the choice α 3 = ( 6 —λ/5)/5 yields s — 0.

3.2. Case r = 4

Setting Si = 0 (i = l, 2,..., 6), Uj = eij = 0 0 = 1, 2,..., 5; i = 3, 4) and ι>5=0,

we have

(3.5) A\b3l = u3Al db30 + a3

1(a1+2)b3ί = αlr 3 ,
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b 3 0 -

b 3 0 - a\b3l - 2c 3 0

(3.6) A\b^ + 2RtB3c43 = w4Λi </b40 + α?( f l l + 2)i>41 + 12£ 3 c 4 3 =

~ b 4 0 - αfb 4 1 - 2c 4 0 + 2α x c 4 1 + 2α 3 c 4 3 = a%9

bto - α!&41 + c 4 0 + c 4 1 + c 4 2 + c 4 3 = α4,

(3.7) n t5 = n2, 60C 4p 4 = K4 + i^tS

Po + Pi + P2 + P3 + p 4 = 1 - s,

(3.8) 6OC404 = î xw, β 3ϋ 3 + β 4 ϋ 4 = -du/12, Aίvί + A3υ3 + AAvA = w/6,

ί̂O + Vl + ^2 + ^3 + V4 = - « ,

(3.9) 6057 = -(R5 + Ίa4R2)s - R6 + 7α4K3, 10l/6 = (R2 + α4R

βOUΊ = -(24 + 35l/ + 56F+105ίf)w + 70l/l/6> e 3 6 = - J 5 | ,

e 4 6 = 2w3B3c4 3 - Bl

where

(3.10) nt = 2α 3 P!(α 4 ) + P2(fl4), n 2 = P 3 (α 4 ) - 2α 3 P 4 (α 4 ) .

For any given uΦO, c4 3, a3 and α 4 ^l/2 such that α 3 ^ α 4 and n ^ O other
constants are determined uniquely. For instance we have s = 0 and 60S7 =
-317/550 for α3 = 19/22 and α4 = 2/5.

4. Implicit methods

In this section we show the following

THEOREM 2. For r = 3, 4 there exist an implicit method (2.1) of order r + 3,
a method (2.2) of order r + 2 and a method (2.5) of order r + 2.

This method can be used also as an explicit method if the corrector is applied
only once per step.

4.1. Case r = 3
Choosing S, = 0(i = l, 2,..., 6), Uj = e3j = 0 (j=l, 2,..., 5),

b31 =0, we have (3.2) and
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(4.1) 4^632 = -u3Al db30 + (17-10α3)ί>3 2 =

-2b30 + 5b32 + 6D3c3ί = α§(2α3 + 3),

-b30 + b32 - 2c 3 0 + 2aίc31 = a\,

*>30 + b32 + ^30 + C3ί + C32 = fl3,

(4.2) 15<4 - 36α| + 14a§ + 9a3 - 4 = 0,

(4.3) 1 2 0 ( 2 - Λ 3 ) ( l - α 3 K = i^w, B3v3 + B4t;4 = -dιι/12,

2y4 = w/6,

(4.4) 120£3^6 = 699 - 251α3 + (35 —19α3)f, - £ ^ 4 + £ 3 ^ 6 = (251 + 190/120,

-3^0 ~ 2^! - q2 - q4 + <lβ = (1 + 0/2,

(4.5) 60S7 = -Λ 5 s - Λ6, 10t/6 =

60ί/7 = (210tf!-147tf|-63tf3

e36 = 4 ( Λ l - l ) ^ 3 2 - Bl 60T7 = - ^ 3 r - Z3.

For any given uΦO, t and α 3 satisfying (4.2), other constants are determined

uniquely. For instance the choice a3 = 0.7809341293 yields s = 0.2974663081.

4.2. Case r = 4

Setting Sf = 0 (i = l, 2,..., 7), 1/̂  = ̂  = 0 ( j = 1, 2,..., 6; Z = 3, 4),

^ 6 = 0, qΊ= —q8 and b 4 1 = 0 , we have (3.7) and

(4.6) 4(α 4 -2) 2 fc 3 2 = β§, A?b3 1 - Adxb32 =

d b 3 0 + al(aί+2)b3ί + (17-10α4)fo3 2 = a2

3r3,

-b30 - a2

1(2aί + 3)b3ί + 5ί>32 + 6D 4 c 3 1 = α|(2α3

-b30 - a\b31 + fc32 - 2c 3 O + 2alC31 = βf,

(4.7) 2 m £ 3 c 4 3 = ^ 4 £ 4 m 4 , 4 d 1 6 4 2 - 2£ 1 B 3 c 4 3 .

db40 + (17-10α 4 )b 4 2

- 2c 4 0 + 2axc4ί + 2α 3 c 4 3 =
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(4.8) UQoiaJal + 2Qx(a^a3 - Q2(a4) = 0,

(4.9) 120(α 3 -l)(l-α 4 )(2-a 4 )ι; 5 = (R2 + a4R1)u9

2(l-a3)(2-a4)v5 = Λ^/60, ΣUBΛ =

Λ4v4 + Λ5v5 = u/6, a4rv1 + υ2 + Σ

(4.10) (α3

E4q6 + E3q8 =

4- £ 3 ^ 8 = (251 + 190/120,

+ D4q6 + i>3^8 = (9 + 0/12,

+ î - (βi-l)*4 + fliίβ +(^3-1)^8 =

^o ~ 2«! - ^ 2 - g 4 + q6 + ί 8 = (1 + 0/2,

(4.11) 10558 = (i?7 + 2α4i^5)s - R8

60C77 = -(24 + 35l/ + 56F+

105L/8 = (35 + 48ί/ + 70F+112^)M + 120UUΊi

315T8 =

For any given w^0, ί, α3^=l and a4φ\\2 satisfying (4.8) such that

diφ0 and α 3 ^ α 4 , other constants are determined uniquely. For instance the

choice α 3 = 0.4574042350 and α 4 = 0.8812655341 yields s = 0.
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