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0. Introduction

In this note, we construct a series of irreducible and unitarizable represen-

tations of Lie superalgebras Q\(p\q) (l^p, q^ oo). Our representations have two

faces — a generalization of discrete series representations for su(n, 1) and a

supersymmetric analogue of the basic representation of the infinite rank Lie

algebra gl(oo).

It is well known that the vertex representation of gl(oo) has deep connections

to some areas in non-linear differential equations and mathematical physics such

as KP-hierarchies, soliton theory, dual resonance models and statistical models.

In section 4, we shall give a Boson picture of our representations for $l(co\q)

which is a natural extension of the vertex representation of gl(oo).

1. Lie superalgebra §l(p\q)

Let Z be the set of all integers, and N (resp. No) the set of all positive (resp.

non-negative) integers. We set N=N\J {4-oo, oo}, which is a totally ordered

set with the natural linear order in N and n < 4- oo < oo for every neN. For

n e N9 define subsets ^ n , ^ * and 6?* of Z as follows:

if n = oo

{jeN0;j<n} if n < oo,

Fix p and q in N, and define the complex vector spaces gl(p, q)0 and

q)ι as follows:

)o = { Σ

where aip bkh cmn and drs are complex numbers such that for any integers u and v

the number of non-zero aij9 bkl, cmn9 drs with i, k, m, r>u and j , /, n, s<v is finite.
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Then gl(p, q) = Ql(p, g)oθcjl(p, q)ι is a Lie superalgebra with (anti-) commutation
relations

Now define Heaviside functions Y± and σ on Z by

ί 1 if J ^ 0

r+ϋ) =
[ 0 if j < 0,

y_0) = l - y+(j)

and

ί 1 if j > 0

I - 1 if 7 ^ 0,

and introduce the 1-cochain Ψpq on gl(p, ζf) as follows:

) = °
We put

if p, q ^ + oo

D, q) © Cc otherwise,

and define the Lie bracket in §l(p\q) by

[X, 7 ] = [X, 7 ] ' if p9 q ^ + oo

and

[X + Ac, 7+μc] = [X, 7 ] ' + Ψp>q&X, YJ)c otherwise.

Then $l(p\q) is a Lie superalgebra with the even part

if p, q < oo

?> #)o θ ^ c otherwise

and the odd part oH(p\q)ί = ql(p, q)v Note that the Dynkin diagram of $l(p\q)

is given by the following:

ô  o ® o o ••• o o -® o o
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ii)

o o ® o o ••• o o ® o o
p-l

iii) $l(p\q)(l^p,q<co):

o o ••• o o ® o o ••• o o

p - l 4-1

The Lie superalgebra Ql(p\q) carries the involutive conjugate-linear automor-
phism ω defined by

\ ω(c) = - c,

which satisfies

, 7]) = (-l)'^lly '[ω(Z), ω(Y)]

for all homogeneous elements X and Y in §l(p\q)9 where \X\ stands for the
homogeneous degree of X, i.e., \X\ =j if X e $l(p\q)j.

2. Irreducible representations of c\\(p\q)

Fix p and q in N. Let A(p) be the Clifford algebra over C generated by 1
and {φj9 ψj; jeyp} satisfying the anti-commutation relations ψiΨj + ΨjΨi = O,

Ψ*Ψj+'ΨjΨΐ = Q a n d ΨiΨj+ΨjΨi = δtj L e t B(P) b e t h e l e f t i d e a l i n Λ(P)
generated by {ψj;jey-}[]{\l/J'Je^p and ^O}. Let JίTp denote the set of
all finite sequences / = (*,,..., i[, iί9...9 is) in yp such that

For the above / e JΓp, we put

s — r if / is not empty

0 if / = 0 is the empty set.

Then the complex vector space U(p) = A(p)IB(p) is spanned by monomials

where {̂  = 1.
Next we put
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ί Cly/JeSr*! if q > 1
W(q)=\

[ C if q = 1

and

r_o )^-, a*. = F+O ) A

for jeό?%. Let Jtq be the set of multi-indices (x = (aj;je&?*) with coefficients
in No such that αy = 0 for all but finite j . For α e Jt^ we put

j ^ T-r ^ I I _ y Vα

and

Now we set V(p, q)=U{p)®W(q), and let

be the Euler operator on V(p, q), where

and

:akaf: = akaf + Y-(k)δktl

are normal products. Note that [£, ψ.~] = ψi, [E, ψ * ] = - ^ f , [£, ak] = ak and
[E, tfj] = -^f. For each wieZ, the m-eigenspace F(p, ̂ f)m of £ is spanned by
monomials £jjFα with |/| + |α| = m, and is called the set of physical states with charge
m.

Now, for any complex number v, we define the linear operators on V(p, q)
as follows:

πv(E<y») = (v-E)ψJ, πv(^°>) = akψj, πM\") = :akaf:9

πM1o1)) = ak, πM\ί)) = (v-E)aΐ, πv(E^) = v - E,

πv(c) = 1 if p or q = oo

for every ί, j e yp and A:, / e Sf*. Then, by a simple computation, one obtains

THEOREM 2.1. (πv, F(jp, g)) is a representation of $l(p\q).

In the case when v e R, we set
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V^(p, q)= ΦV(p,q)m.
m> v

Then it is also easy to see the following

THEOREM 2.2. 1) In the case when p, q<oo:

i) The representation (πv, V(p, q)) is irreducible if and only ifve C—No.

ii) If v e No, V^(p, q) is the unique proper submodule of (πv, V(p, q)).

2) In the case when p or q is equal to oo:

i) The representation (πv, V(p9 qj) is irreducible if and only if ve C—Z.

ii) IfveZ, F(v)(jP, q) is the unique proper submodule of(πv, V(p9 q)).

3. Contravariant Hermitian form on V(v)(p, q).

Let π be a representation of the Lie superalgebra &l(p\q) on a Z2-graded vector

space F = Vo-{-V1. A Hermitian form H on Fis called contravariant if

H(π(X)u, v) + H(u9 π(ω(X))v) = 0

for all X e$ί(p\q) and u, veV. And the representation π is called unitarizable

if the contravariant form H is positive definite.

For p and q in N9 we set

ί i V 0 U { v 6 i ? ; v < 0 } if p, q < oo

[ Z otherwise,

and

{ No if p9 q < oo and v < 0

{me Z; m>v} otherwise

for v e Ωp^, and

ί Γ(m-v)IΓ(-v) if p, q < oo and v < 0

[ (m — v — 1)! otherwise

for v e ί2p>€ and m G J £ ^ .
Fix v G Ωp)9, and define the (positive-definite) Hermitian inner product ( , ) v

in F ( v ) (p, q) by requiring

for all ̂ F , e V(p, q)m and ^ F ^ e V(p, q)n such that n t , n ε Δ γ \ . Then it is easy
to see that

(πv(X)u, υ)v + (II, π ^ Z ) ) ^ , = 0
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for every X e gl(jp|g) and w, υ e F ( v ) (p, q). Thus we have proved

THEOREM 3.1. Let p, qeN and v e β M , then (πv, F ( v ) (p, q)) is an ir-

reducible and unitarizable representation of $l(p\q).

4. Vertex representations of gl(oo|#) (1 ̂ q ^ oo).

In this section, we consider the case when p=oo9 and rewrite the representation
πv on F(oo, q) or F(v)(oo, g) in terms of vertex operators. First we recall the
so-called Boson-Fermion correspondence following [1].

Let

= C\_yOi yj1, *!, x2,.. ] =
meZ

be the linear space of polynomial functions in yOi jo 1 a n ( i x/s O'^iV). For

in iV, we set Ϋ(q) = U®W(q), which has a natural Z-gradation

= Θ <
meZ

and a Z2-gradation ^(^)= P(g)oθ ^(ήf)τ5 where ί?m=C[x]3;gf and

(/ = 0, 1).
m=i(mod2)

Note that each function / in Ϋ{q) is a finite sum

/= Σ rtfm
Z

where fmeClx]®W(q). Let

£ = yodldyo + Σ : aka*k : +

be the Euler operator on Ϋ(q), and ί^(^)m be the m-eigenspace of £.
For each integer m, define a family of vertex operators with indeterminates

u and i; as follows:

ίw(w, t>)= Σ J?ίy)Ml»--' = (iι/w)III[»/(«-»)
i J e Z

ω w , = w m e x p ( £ w f c j c j exp ( - Σ w

jeZ J k = l

where
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(u, v) = exp(Σ (u*-t>

and

Σ (Φ)* - r+(m) Σ (W")k.
fcl * 0

Σ
*=0

We also introduce the following operators on l/(oo):

Y(u) = Σ ^II 1, z(v) = Σ ^ ^ -
ieZ jeZ

and

ieZ

Let < , > be the non-degenerate symmetric bilinear form on £/(oo) such that

ξjy = δI)j, and Γbe the linear operator of l/(oo) to U given by

(Σ
k=l

for every ξ e C/(oo), where

if m > 0

if m = 0

if m < 0

is called the normalized ground state vector with charge m in C/(oo). The

following lemma is due to [1]:

LEMMA 4.1. ([1]).

1) lHj9HA=jδJt-k9

2) djoT = ToHj and jxfT= ToH_j for every j e N,

3) To-.ψiψy.oT-i on C[x]y*ξ = X<fi\

4) ToYiuyT-1 on ClXbβ = y0 ® ( - l ) w Y ^ w > f ( u ) ,

5) ToZ{v)oT~l on C[x]yS = V ® (-i

For v e C, we define linear operators on Ϋ{q) by the following:

§1))f= Σ ( -
meZ
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Λ V ( ^ ? 1 ) ) / = Σ (-i)mr^m)ys+1Ϋί
Z

mεZ

^v(^1y0 ))/= Σ ( - O t " - " ' ^ " - 1 ) ^ - 1 ^ "
meZ J

AMy))f=:akaf:f, «,(£&>)/= aj,

for every i , j e Z and h,le£f* and/= £ j>$/m e Ϋ(q).
meZ

From Theorems 2.1-3.1 and Lemma 4.1, one sees that (ftv, K(<?)) is a re-
presentation of gϊ(oo|<?) equivalent to (πv, F(oo, q)), and that, in the case when
v e Z, the subspace

is invariant and unitarizable. Thus we have proved

THEOREM 4.1. Let qeNand ve C.

1) ί/v$Z, (#v, ^(#)) is an irreducible §l(oo\q)-module.
2) // v e Z, (ϋv, P(v)(g)) ΪS an irreducible and unitarizable representation of
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