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0. Introduction

In this note, we construct a series of irreducible and unitarizable represen-
tations of Lie superalgebras gl(plq) (1< p, < 0). Our representations have two
faces — a generalization of discrete series representations for su(n, 1) and a
supersymmetric analogue of the basic representation of the infinite rank Lie
algebra gl(0).

It is well known that the vertex representation of gl(co) has deep connections
to some areas in non-linear differential equations and mathematical physics such
as KP-hierarchies, soliton theory, dual resonance models and statistical models.
In section 4, we shall give a Boson picture of our representations for gl(co|q)
(1£q £ ), which is a natural extension of the vertex representation of gl(co).

1. Lie superalgebra gl(p|q)

Let Z be the set of all integers, and N (resp. V,) the set of all positive (resp.
non-negative) integers. We set N=NU {+ o0, o0}, which is a totally ordered
set with the natural linear order in N and n< + <o for every ne N. For
ne N, define subsets &,, &* and & of Z as follows:

Z if n=o
&, =

{jeNy; j<n} if n< oo,
F¥=9,- {0}, L=, n(£N).

Fix p and g in N, and define the complex vector spaces gl(p, q), and
gl(p, q); as follows:

sl(p, 9)o = { Y a;;E9 + . > l;ktEfrlzl)}
i &

i,jesp ,leZq

lp i ={ T cnERP+ T 4E0

(m,n)espX¥q (r,s)es qX&p

where a;;, by, ¢, and d,, are complex numbers such that for any integers u and v
the number of non-zero a;j, by, ¢y, dys With i, k, m, r>u and j, I, n, s<v is finite.
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Then gl(p, 9)=9l(p, 9)o®Dgl(p, q), is a Lie superalgebra with (anti-) commutation
relations

[E@P, EGP] = 05,0 E? — (— 1)£“+ﬂ)(Y+e)5aa5i1E£yjm-

Now define Heaviside functions Y and o on Z by

1 if j=0
Y (j) = .
0 if j<O,
Y_() =1-Y,())
and
1 if j>0
o()) = i
-1 if j£0,

and introduce the 1-cochain ¥, , on gl(p, q) as follows:
¥, (EN9) =6, .6,;Y_()
Y, (EGY) = — 6, .0, Y_(k)
¥, (EQV) = ¥, (E{®) = 0.
We put
ol(p, 9) if pgs+

gl(plg) = _
gl(p, 9 ® Cc  otherwise,

and define the Lie bracket in gl(p|q) by

[X, Y]=[X, YT if pgs+
and

[X+4c, Y4uc]l =[X, Y] + ¥, ([X, Y])c otherwise.
Then gl(p|q) is a Lie superalgebra with the even part

al(p, 9)o if pg<oo

gl(plg)o = _
al(p, 9)o ® Cc otherwise

and the odd part gl(p|q); =gl(p, 9);. Note that the Dynkin diagram of gl(p|q)
is given by the following:
i) gl(eolg) 1=g<+00):

+0—0—@®——0——0 ¢+ 0O—O0—— Q@ ——O0——0 -

q-1
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i) gl(ploo) (1= p< +0):

+0—0—Q®—0—0 =+ 0—0—Q@®——0——0 -

p—1
i) gl(plg) (1=p, g <0):

0—o0 -+ 0—0—@—0——0 +«+ 0O—O0

p—1 q-1

The Lie superalgebra gl(p|q) carries the involutive conjugate-linear automor-
phism o defined by

O(EGY) = — ER, o(ERY) = — o(EL?
o(ERY) = — a(k)o(DELY, fc) = —c,
which satisfies
o([X, YD) = (= D¥M[a(X), (Y)]

for all homogeneous elements X and Y in gl(p|q), where |X| stands for the
homogeneous degree of X, i.e., | X|=j if X egl(plg);.

2. Irreducible representations of gl(p|q)

Fix p and q in N. Let A(p) be the Clifford algebra over C generated by 1
and {y;, Y¥; je &,} satisfying the anti-commutation relations Y;+y y;=0,
YIY+yIYF=0 and Y¥+y¥y;=6,;. Let B(p) be the left ideal in A(p)
generated by {y;;je#,}U{Y¥;jes, and j=0}. Let ¥, denote the set of
all finite sequences I=(i,,..., i}, iy,..., is) in &, such that

i <<ip<0=2i; <+ <.
For the above I € ¢, we put
s—r if I is not empty
= 0 if I = g is the empty set.
Then the complex vector space U(p)=A(p)/B(p) is spanned by monomials
{Er = Yy, s TEX,),

where £, =1.
Next we put
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Cly;; je#3] if g>1
W(q) = ‘
if g=1

and
_ R .~ 0 * N 0 .
a; = Y+(])yj_y—(]) B—yj, aj; = Y+(])a—y—_ + Y—(])J’j
Jj Jj

for je % Let .4, be the set of multi-indices a=(x;; j € #}) with coefficients
in N, such that a;=0 for all but finite j. For a €., we put

= Mo/ ldl=% a;- 3 a

jes¥ jesy jesy
and

Hy

jeyq

Now we set V(p, q9)=U(p)® W(q), and let
E = 2 Wyt + X raat:

i€esp key’;
be the Euler operator on V(p, q), where
Yt =yyr — Y_()é;,;
and
wqaf: = aaf + Y_(k)oy,
are normal products. Note that [E, y,]=V,, [E, ¥¥1=—vy¥, [E, a,]=a, and
[E, af]=—a}. For each me Z, the m-eigenspace V(p, q),, of E is spanned by

monomials &, F, with |I| + |a| =m, and is called the set of physical states with charge

m.
Now, for any complex number v, we define the linear operators on V(p, q)

as follows:
n(EQO) = ki, n(EQY) =i, n(ERY) = yaty
m(EGP) = 0—EWS, m(ELY) = e, m(ERY) =:aalt,
m(ER) = @y, m(EGY) = 0—Baf, m(EHY) = v — E,
n,(c) =1 if porg=o0
for every i, je %, and k, le ¥ Then, by a simple computation, one obtains
THEOREM 2.1. (m,, V(p, q)) is a representation of gl(p|q).

In the case when v e R, we set
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Vo)X p, q) = ,f?vV(P’ Do

Then it is also easy to see the following

THEOREM 2.2. 1) In the case when p, g<o0:
i) The representation (w,, V(p, q)) is irreducible if and only if ve C— N,.
ii) If ve Ny, VO)(p, q) is the unique proper submodule of (rn,, V(p, q)).
2) In the case when p or q is equal to 0
i) The representation (w,, V(p, q)) is irreducible if and only if ve C— Z.
i) Ifve Z, VO)X(p, q) is the unique proper submodule of (r,, V(p, q)).

3. Contravariant Hermitian form on ¥ ")(p, q).

Let = be a representation of the Lie superalgebra gl(p|q) on a Z,-graded vector
space V=V,+V;. A Hermitian form H on Vis called contravariant if

H(n(X)u, v) + H(u, n(o(X))v) = 0

for all X egl(plq) and u, ve V. And the representation = is called unitarizable
if the contravariant form H is positive definite.
For p and g in N, we set

[Nou{veR;v<0} if pg<owo

i Z otherwise,

and
(v)_[No if ppg<oandv<0
re {meZ; m>v} otherwise

forveQ,,, and

I(m—v)|T(—v) if pg<owandv<0
Epalm) = _

(m—v-1)! otherwise
forveQ,,and me4).
Fix veQ,,, and define the (positive-definite) Hermitian inner product (, ),

in V)(p, q) by requiring
(&iFp &1Fp), = EQy(m)- ol 8150,

for all ¢;F, € V(p, q),, and &,F€ V(p, q), such that m, ne 43"}, Then it is easy
to see that

(m(X)u, v), + (u, m(@(X))v), = 0
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for every X € gl(p|q) and u, ve V) (p, q). Thus we have proved

THEOREM 3.1. Let p,qeN and veQ,, then (m,, VOXp,q)) is an ir-
reducible and unitarizable representation of gl(p|q).

4. Vertex representations of gl(co|q) (1= ¢= ).

In this section, we consider the case when p = oo, and rewrite the representation
n, on V(o0, q) or V()(o0, q) in terms of vertex operators. First we recall the
so-called Boson-Fermion correspondence following [1].

Let

U = C[Yo, }’61, X1s x29"'] = ”?Zc[x]y'g

be the linear space of polynomial functions in y,, yo! and x;’s (je N). For g
in N, we set ¥ (q)=0® W(q), which has a natural Z-gradation

7@ = & 0.@Wa)

and a Z,-gradation ¥ (q)=P(q)5® P(¢)1, where U,,= C[x]y5 and

m=i(mod
Note that each function fin P(q) is a finite sum

f= "Ez V8 Sm

where f,,€ C[x]®W(q). Let
E = y,0/0y, + Z* taat: +j§vjxj8/6xj

kes g

be the Euler operator on P(g), and ¥(g),, be the m-eigenspace of E.
For each integer m, define a family of vertex operators with indeterminates

u and v as follows:

X (u, v) = P Xmutv=l = (u/v)"[v/(u—0)1m(X (4, v) = (v/u)™)

i,J€

Pm(u) = ¥ Pui = umexp (kg ukx,) exp (— é u=*D,)

ieZ

2m() = 3 20 = ol mexp (— 3\ vhx,) exp (3 07Dy,
j k=1 k=1

jeZ

where
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Dk = k-—lak = k_la/axk,

2, 1) = exp(F (= M)x) exp(~ 5 w*—v)Dy)

and
[o/(u =) = Y-(m) 3 (/) = Yo(m) 3 (wfo)".
We also introduce the following operators on U(o0):

Y) = 3 gty Z0) = X, §io)

JjeZ

and
Hy= 3 :yita:  (ne2).

Let { , > be the non-degenerate symmetric bilinear form on U(co) such that
(&, E;>=0;,;, and T be the linear operator of U(c0) to U given by

TE = 3 y5CE, exp (3 xHYO
for every & e U(o0), where
VoW Ymoy if m>0
Em =1 if m=0
Yk ¥y if m<O

is called the normalized ground state vector with charge m in U(w). The
following lemma is due to [1]:

LemMma 4.1. ([1D).
1)) [Hj’ H,] =j6j,—k’
2) 0;T= TeH; and jx;oT=TeH_; for every jeN,
3) Towpp*:oT~1on C[x]ys = X{m,
4) ToY(u)T ' on C[x1y = yo ® (= )™+™ Y (u),
5) TeZ(v)T~!on C[x]y% = y5! ® (= 1) DY+™m=HZ(p)

For ve C, we define linear operators #,(E{2?) on P(q) by the following:
R(EQO) = 3 yuX(w [,
meZ

B (EGO)S = 3 (=m0 ygti 20,
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#,(EFV)f = 5 (= D"+ m g1 Pt £,
#(EGP) = (v = B) T (= D07 ygmi 2o,
#,(EUO)S = T (= )rDreeygo1Zima, f,,

(LGS = aat: f, R(ERD)S = aif,
#(EG)f = (v—E)atf, #(EG)f = (v—-E)f,
w()f =f

for every i, je Z and k, le #* and f= ): y2f.€ P(g).

From Theorems 2.1-3.1 and Lemma 4.1, one sees that (#,, P(q))is a re-

presentation of gl(oo|q) equivalent to (n,, V(c0, q)), and that, in the case when
ve Z, the subspace

PO g) = k) (@)

is invariant and unitarizable. Thus we have proved

1Y)
2)

[11]

(2]

(31
[4]

[51]
[61

[7]

THEOREM 4.1. Let ge Nand ve C.

If vee Z, (#,, V(q)) is an irreducible gl(oo|q)-module.

If ve Z, (#,, V©)(q)) is an irreducible and unitarizable representation of
gl(co|g).
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